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Applied Analysis: Mock Exam

1. Let (X, |]|x) and (Y, ||-||y) be normed spaces and f: X — Y a map.
(a) Show that f is continuous if f is Lipschitz continuous.
(b) Show that a Lipschitz continuous linear map 7': X — Y is a bounded linear operator.

(¢) Let K C X be compact. Show that for every z € X there exists some yg € K such
that

—yollx = inf |z -yl
Iz = yollx = inf llz —yllx

2. Let f:[0,1] — R.
(a) Show that the inverse images under f of disjoint sets A, B C R are disjoint.

(b) Let Q = [0,1] and ¥ = o({[0,1/4] U (3/4,1],[1/4,3/4]}). Describe all ¥/B(R)-
measurable functions.

3. Let (X,|]]|) be a Banach space and let (zp)rew be an X valued sequence such that
Yreillzk]l < oo and such that the real valued sequence (||zg||)ren is monotonically
decreasing. Show that k| x| — 0.

[Hint: Consider the Cauchy criteria for the sequence of the partial sums of Y 72, ||zx| and
choose n,m > ng with m = 2n.]

4. Formulate the monotone convergence theorem.

5. Let (2,3, 1) be a measure space and v another measure on (2, ¥) with

u(A) > v(A) for all A € X.

(a) Let f,g: Q@ — R be ¥/B(R)-measurable functions. Show that if f = g p-a.e., then
f =g v-ae.

(b) Given some non-negative X-measurable function f: Q — [0, 00). Show that

[fan= [1av

(c) We define a map T: L?(, %, u) — L?(Q,3,v) by Tf = f for all f € L2, %, ).
If follows from (a) and (b) that 7" is well-defined. You can assume this without
proof.

(i) Prove that T is linear.

(ii) Prove that T is continuous.

6. Let us suppose that a set Q and a subset £ of the power set P(Q) is given.
(a) Define o(€) and dyn(&).
(b) Given some fixed A € dyn(E). Show that G4 := {B C Q: ANDB € dyn(€)} is a
Dynkin system.
[Hint: The identity AN B¢ = (A°U (AN B))¢ might be helpful.]



(¢)

Use part (b) to show Dynkin’s -\ theorem: If £ is stable under intersections, then
dyn(€) = o(&).

You can use without a proof the following fact: Every Dynkin system which is stable
under intersections is a o-algebra.

7. Give an example for each of the following situations. Only state your example, no further
explanation is required.

(a)

(b)

Give an example of a separable normed space where the norm does not come from
an inner product, but where there exists an equivalent norm that does come from
an inner product.

Give an example of a measure space (2,3, i) such that LP(, 3, u) C LI(Q, 3, p)
forall 1 <p<gq<oo.

8. Decide, without an explanation, if the following statements are true or false.

Every continuous function f: R — R is Lebesgue integrable.

Let (2,3, ) be an arbitrary measure space. Every Cauchy sequence in L?(€2, %, )
has an almost everywhere convergent subsequence.

Let A € B(R). Then A\(A) = 0 if and only if A is countable.

B(R) = P(R)
B(R) = o(C(R))
)

Let (£2,%,P) be an arbitrary probability space, A € ¥ and £ C X. Then A is
independent of £ if and only if A is independent of o(&).

Let (X, |||]) be a normed space and A C X. Then the closure of A° equals the
closure of A.

A nullset is always measurable.
The trigonometric polynomials are dense in (C([0, 27]), ||||o.)-

Given two norms |||, [|-||, on R? where d € IN. Then the compact sets of the normed
spaces (R4, [-||;) and (R4, ||-||,) coincide.

Let f: Q — [0,00) be measurable on (2, X). Then the uncountable intersection

U{a:EQ:f(a:)>5}

e>0

is measurable.

9. Calculate the following Lebesgue integrals, respectively limits of Lebesgue integrals.

(a)
(b)

(c)

1
—d
[ L acn
223 exp(—2?)
NxR (1 +22)"

lim [ (14 |z]+2%)~* (exp(—n*1|x]) - 1) dA(z)
R

n—0o0

d(¢ ® A)(n,x)

Here A is the Lebesgue measure on (R, B(R)) and ¢ is the counting measure in (IN, P(IN)).
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