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. Let K be a compact set in a normed space (X, ||-]|) and f: K — R continuous. Show that
f attains its minimum and maximum on K.

. Let K be a compact set in a normed space (X, ||-||). Then for all £ > 0 there exists an
N e N and zy,...,xy € K such that K C U]kV:1 B(xg,€). Deduce that K has a countable
dense subset.

(a) Let (X,||-||) be a normed space. Prove that {x € X : ||z| < 1} is closed in X.
(b) Let A:={x € (> :|xi| <1forall ke IN}.Is Aopen in £>°7?
(c) Let F:={x € |z, <1}. Show that I is bounded and closed, but not compact.

. Let (X, ||||) be a normed space and Aj, A, Ag,--- C X.
(a) If B, = Up_, Ak, prove that B,, = Jp_; Ay, for all n € IN.
(b) If B =2, A, prove that B D |32 Ay.

Show, by an example, that this inclusion can be proper.

(a) Let cg := {(xf) : (x) converges to 0 in IK }. Show that cg is a vector subspace of
£>° that is closed in £*°. Deduce that (co, ||-||,) is a Banach space. Show that cq is
not contained in any /F with 1 < p < co.

(b) Let coo := {(zx) : zx € K,{n € N : x,, # 0} is finite}. Show that the cgp is
contained but not closed in (7 for any p € [1, co].
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