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Abstract

We introduce an empirical model for multiple scattering in heterogeneous
translucent objects for which classical approximations such as the dipole
approximation to the di�usion equation are no longer valid. Motivated by
the exponential fall-o� of scattered intensity with distance, di�use subsur-
face scattering is represented as a sum of exponentials per surface point
plus a modulation texture. Modeling quality can be improved by using an
anisotropic model whereexponential parametersare determinedper surface
location and scattering direction. We validate the scattering model for a set
of planar object sampleswhich were recordedunder controlled conditions
and quantify the modeling error. Furthermore, several translucent objects
with complexgeometryare captured and comparedto the real object under
similar illumination conditions.



1 In tro duction and Motiv ation

Translucencyis an important e�ect in realistic imagesynthesis{ many daily
life objects such as skin, fruits, or wax are translucent. Although the per-
ception of translucency is not yet fully understood [FJB04], it is clear that
humans immediately notice when translucency is wrongly missing. While
many recent publications deal with the renderingsideof translucent objects
(see,e.g., [JMLH01,CTW � 04,GLL � 04] for a comprehensive overview), only
very few deal with the problem of creating digital modelsof real translucent
objects with heterogeneousmaterial properties as shown in Figure 1.

The light scattering behavior insidea translucent object can be captured
by determininga detailedvolumetric model of the object's internal structure.
Given light transport parametersfor each point on the object's surfaceand
inside its volume and a su�cien tly accurate (and complex) light transport
simulation, perfect photorealistic renderingsof the object under arbitrary
lighting conditions can be created. Unfortunately, both model creation and
evaluation arequite complexand resource-consuming.Chenet al. [CTW � 04]
propose therefore e.g. to measurescattering parameters for homogeneous
materials as described in [JMLH01] and to determine their volumetric dis-
tribution using solid texture synthesis or classi�cation methods for volume
datasets. Alternativ ely, the object's complete light interaction properties
can be recordedin the form of a generalBSSRDF [NRH� 77] or re
ectance
�eld [DHT � 00]. By introducing the assumptionthat light transport is dom-
inated by di�use multiple scattering, the problem's dimensionality can be
greatly reducedyielding a reasonableacquisitionand storagee�ort [GLL � 04].

Although its modeling capabilities are limited, many rendering systems
use the dipole approximation to the di�usion equation [JMLH01] to model
the multiple scattering contribution inside translucent objects. Light trans-
port in strongly heterogeneousobjectssuch asthe exampleshown in Figure 1
can however not be modeled faithfully . Determining model parametersfor
locally non-
at objects by inverting the dipole approximation is furthermore
not possibledue to the underlying assumption of an in�nite half-spaceof
homogeneousmaterial.

The goal of this paper is to introduce an empirical BSSRDF model
which compactly describe the multiple scattering properties of inhomoge-
neoustranslucent objects basedon real measureddata. Global light trans-
port due to multiple scattering inside the object is hereby modeled by a
sum of exponential functions per surfacepoint. Additional surfacedetail
is included by a modulation texture. Anisotropic scattering behavior (e.g.
causedby material with preferredscattering direction or heterogeneousma-
terial structure) can be modeled if exponential parametersare determined
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per surface location and scattering direction. By moving from the physi-
cally motivated dipole model to a more generalrepresentation, we gain the
required degreesof freedom to describe the inhomogeneitieswhich can in-
cludea non-monotonicfall-o� or rotationally asymmetricbehavior. Still, the
model is well enoughadapted to the multiple scattering behavior to model
its properties realistically.

The remainderof the paper is structured asfollows: After reviewingpre-
vious work in Section2 we describe the empirical model in detail (Section3).
We then validate our approach by acquiring subsurfacescatteringmodelsfor
a set of planar material samplesand analyzing the resulting errors and the
modeling quality (Section 4). We show that heterogeneousobjects can be
described better by the proposedmodel than by a spatially varying dipole
model. In Section 5, we furthermore create complete models for several
complex objects to prove the applicability of the approach for objects with
complexgeometryfor which measurement conditions are more di�cult.

2 Previous Work

Comparedto the number of publications dealing with various rendering as-
pectsof translucent objects there are only a few papersabout object model-
ing. Jensenet al. [JMLH01] introduced the dipole approximation to model
the light transport in homogeneoustranslucent objects. They furthermore
measuredthe required physical properties (scattering and absorption coef-
�cien ts) for several materials and provided a heuristic to create synthetic
inhomogeneousmodels. This processhasbeenmademoreintuitiv eby a repa-
rameterizationof the scatteringparametersin [JB02]. Shell texture functions

Figure 1: Left: Alabaster block with heterogeneousscattering propertiesun-
der di�use illumination (image contrast enhanced).Right: Resulting asym-
metric highlight when a singlepoint on the surfaceis illuminated.
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(STF) [CTW � 04]area generaltexture function for complexobjects intended
as a fast rendering primitiv e. STFs can model translucency by combining
a volumetric model of a thick material layer on an object's surfacewith a
homogeneousobject core. Scattering models for real heterogeneousobjects
can be acquired using standard volume modeling techniques which assign
materials per voxel. Corresponding physical properties can then be looked
up in published tables such as in [JMLH01].

The above techniquesdetermineessentially the volumetric distribution of
material properties. Creating exact modelsin this way is di�cult as the vol-
ume is normally not directly accessiblefor measuring. Translucent objects
can however also be modeled by databaseapproach such as a re
ectance
�eld [DHT � 00] which is closely related to the BSSRDF [NRH� 77]. Due to
their sizeand complexity thesefull 8D data structures are extremely cum-
bersometo acquireand handle in the generalcase.One approach to reduce
complexity is to neglect the directional dependenceof the data (treating
the single scattering contribution as multiple scattering). This technique is
used in the DISCO system [GLL � 04] to acquire the 4D di�use subsurface
re
ectance function as point-to-point transfer factors.

The goal of this paper is to combine the advantagesof both approaches:
Acquisition is performed similar to the DISCO approach which allows to
e�cien tly capture a large amount of re
ectance samples. These samples
are then usedto determine the parametersof an empirical re
ection model
to create a compact representation of the object and to easily interpolate
missingvalues.

3 Subsurface Ligh t Transp ort Mo del

Jensenet al. [JMLH01] proposedto approximate multiple scattering in inho-
mogeneousmaterialsby a set of coe�cien ts for the dipolemodel per incident
light position and a global modulation texture. Our model for subsurface
light transport is based on their ideas but introduces two modi�cations:
Modeling light fall-o� by a sum of exponential functions and introducing
an anisotropic component to model material behavior that dependson the
scattering direction at each surfacelocation.

3.1 Sum of Exp onentials

The behavior of multiple scattering is strongly dominatedby the exponential
fall-o� of the intensity. We thereforereplacethe physically motivated dipole
model by a sum of exponential functions per incident light position. This
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empiricalapproach improvesmodelingcapabilitiesfor heterogeneousmaterial
and allows to adapt to a more generalsurfacegeometry The model for the
di�use subsurfacere
ectanceRd betweenthe incomingand outgoingposition
~x i and ~xo, respectively, becomesthen:

Rd(~x i ! ~xo) =
nX

k=1

ck(~x i ) � edk (~x i )j~xo � ~x i j : (1)

The multiple scattering behavior is determined for each surfaceposition by
the parametersck(~x i ) and dk(~x i ). Note that theseparametershave no phys-
ical interpretation. In our experience, n = 3 proved to be su�cien t for
most materials (see Section 5 for more details). For physically plausible
behavior, we have to ensureconvergenceduring the modeling process,i.e.,
Rd(~x i ! ~xo) ! 0 for j~x i � ~xoj ! 1 .

While the global light transport is modeled by the sum of exponentials,
volumetric structures closeto the surfaceat an outgoing position ~xo are still
modeled by a modulation texture � (~xo), i.e., the overall di�use scattering
contribution Sd is

Sd(~x i ! ~xo) = � (~xo)Rd(~x i ! ~xo): (2)

This providesa reasonablecompromisebetweena full volumetric model that
can also model parallax e�ects inside the material and modeling e�ciency
while still providing meansto represent realistic surfacestructures.

3.2 Anisotropic Mo del

Like previous models, the above model assumesa rotationally symmetric
behavior of the multiple scattering component. This is frequently inaccu-
rate, e.g., for heterogeneousmaterial (seeFigure 1) or for material with a
preferredscattering direction. We therefore introduce an anisotropic model
by determining a set of parametersfor the exponential model per direction
between~x i and ~xo. For rendering,we blend betweentheir contributions us-
ing a suitable weighting function wl (~x i ; ~xo) (e.g., a hat function for linear
interpolation):

Rd(~x i ! ~xo) =
mX

l=1

wl (~x i ; ~xo)
nX

k=1

ckl (~x i ) � edk l (~x i )j~xo � ~x i j : (3)

4 Validation for Planar Surfaces

To validate our model for di�use subsurfacelight transport against real data
we �rst perform tests for planar surfaces.This removesmany possibleerror
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Figure 2: Planar acquisition setup. The laser beam hits the test surface
almost perpendicularly from a distance dl of about 850mm. The camera
observesthe surfacefrom the closestpossibleanglewithout obstructing the
laserand a distancedc of about 600mm.

sourcesduring acquisition and allows us to study the quality of the model for
heterogeneousmaterials and simple geometryunder ideal conditions. Mea-
surements of real objects with complexgeometryshow the practical applica-
tions and limitations in Section5.

4.1 Acquisition Setup

The acquisition setup for planar surfacesis shown in Figure 2. The focused
beamof an Omicron-Laserage3-color laserprojector illuminates the surface
perpendicularly. Imagesof a small measurement area(typically 20� 20mm)
are captured separatelyper color channel with a photometrically calibrated
black-and white high-dynamic range video camera(SiliconVision Lars I I I).
The narrow laser spot sweepsthe surfacedenselyand the spot location in
captured imagesis determined with sub-pixel accuracy. For each pixel, we
selectthe input imagewherethe laserspot position ~x i is best centered in the
pixel's sampling area in order to achieve a near-regularsampling. All pixels
with intensity valuesabove a threshold de�ned by the cameranoise
o or are
then directly usedas sampless(~x i ; ~xo) of the di�use scattering contribution
Sd(~x i ! ~xo) for further processing.Dependingon the material, the dynamic
rangeof usedsamplesis on the order of 1:10,000.

4.2 Mo del Fitting

The acquisition processyields a densesampling of Rd. Each pixel directly
lit by the laser in oneof the selectedinput imagesde�nes a location ~x i . All
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other valid pixels in one of these imagesare samplesof Rd(~x i ! ~xo). The
parametersof the proposedmodel are computed in a two step process.

First, the parametersckl (~x i ) and dkl (~x i ) of the di�use re
ectance function
Rd are�tted for each selectedinput image(correspondingto the spot location
~x i ) using standard Levenberg-Marquardt optimization. We usean objective
function

Ol = log
P n

k=1 ckl (~x i ) � edk l (~x i )j~xo � ~x i j

s(~x i ; ~xo)
(4)

with logarithmic error model. This leadsto a uniform distribution of rela-
tiv e errors independent of the absoluteintensity valuesand is thereforewell
adapted to the problem. In the anisotropic case,only those samplesare
included in the �tting that are associated with the direction under consider-
ation.

Experiments with three channelRGB data haveshown that in somecases
�tting stabilit y canbeimprovedandmodelingerror decreasedby determining
only a singleset of parametersckl (~x i ) and dkl (~x i ) for the exponential fall-o�.
Color is thusmodeledasa scalefactor per channelavoiding (and suppressing)
color shifts with distance. The model from Equation 3 becomesthen

Rd(~x i ! ~xo) =

0

@
1

sg(~x i )
sb(~x i )

1

A
mX

l=1

wl (~x i ; ~xo)
nX

k=1

ckl (~x i ) � edk l (~x i )j~xo � ~x i j (5)

with scaling factors sg(~x i ) and sb(~x i ) for the greenand blue color channel,
respectively.

Oncethe parametersof the exponential model areknown, the modulation
texture � (~xo) can be determinedas averagemultiplicativ e correction factor

� (~xo) =
1

jX j

X

X

s(~x i ; ~xo)
Rd(~x i ! ~xo)

(6)

using all samplesX within a medium intensity range, i.e., X := f ~xo j t1 >
s(~x i ; ~xo) > t2g with thresholds t1 and t2. The scattering behavior of these
samplesis dominated by multiple scattering and cameranoise is still at a
minimum.

4.3 Results

Figure 3 shows the re
ectance samplescollectedfor a singleimageand a sin-
gle color channel of the marble example(Figure 5). Both the dipole model
and the proposedexponential model were �tted to the captured data. The
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Figure 3: Comparisonbetween dipole model and exponential model. The
data corresponds to a single lit surfacepoint in the marble example (Fig-
ure 5).

comparisondoesnot include the modulation texture � (~xo). It can be clearly
seenthat the sum of exponentials approximates the data much better than
the dipole model. Furthermore, the error of the dipole model correlates
strongly with the marble structure seenon the left whereasit is more uni-
formly distributed for the exponential model.

Figure 4 left showsan exampleimagefor a pieceof inhomogeneousmarble
illuminated by a laser spot and the corresponding reconstruction using the
isotropic model with modulation texture. The reconstructionerror

E(~x i ! ~xo) =
� (~xo)Rd(~x i ! ~xo)

s(~x i ; ~xo)
(7)

for this image is shown on the right for the caseof an isotropic and a 4
and 8 segment anisotropic model, respectively. The error clearly decreases
for the anisotropic case. This is also evident in Figure 5 right where the
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material isotropic anisotropic mo del
mo del (8 segments)

marble 0.0397 0.0175
apple 0.0045 0.0020
sponge 0.0411 0.0307
candle (chunky) | 0.0082
grey marble (p olished) | 0.0590
grey marble (di�use) | 0.0288
material isotropic anisotropic model

model (8 segments)
marble 0.0336 0.0189
apple | |
sponge | |
candle (chunky) 0.0225 0.0162
grey marble (p olished) 0.2354 0.1680
grey marble (di�use) 0.0691 0.0566

Table1: Meanof reconstructionerror E(~x i ) for variousplanar samples(green
channel). The upper pair of valuesshow the error when �tting the full ex-
ponential model per color channel (Equation 3). The lower pair of values(in
italics) show the error when �tting a singleexponential fall-o� (Equation 5).

reconstructionerror E(~x i ) de�ned as

logE(~x i ) =

s
1

jX j
�
X

X

(log E(~x i ! ~xo))2 (8)

with X := f ~xo j s(~x i ; ~xo) > tg and a threshold t is plotted for all image
locations l. Table 1 gives the mean of the error E(~x i ) for various materials
and the two versionsof the exponential model. It is evident that the more
generalmodel shown in Equation 3 yieldsonly in somecasesa smalleroverall
error than the model with a singleexponential fall-o� and scalingfactors for
the individual channels(Equation 5). The anisotropicversionyields however
in both casesa lower meanreconstructionerror.

5 Mo deling Arbitrary Surfaces

To acquire data from objects with complex geometry, we built an acquisi-
tion setup similar to the one used for the DISCO system [GLL � 04]: The
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object is placed on a turntable, point-wise illuminated by a laser projector
and captured with the HDR video camerafrom various positions. Data is
then collected from all imagesin which a particular location on the object
was illuminated yielding an incident light position ~x i and a set of re
ectance
sampless(~x i ; ~xo) locatedon the object surface.The object geometryis mod-
eledasa triangular mesh.Similar to the planar case,weselectfor each vertex
in the meshthe closestlight position ~x i and derive per-vertex parametersfor
the exponential model from this set of samples.

Comparedto the planar case,model �tting becomesmuch more di�cult
dueto several reasons:First, geometryand surfacee�ects such as�rst surface
re
ection and interre
ections becomeimportant and changethe total scat-
tering behavior. For thin geometricstructures and optically thin material,
single scattering can be observed. Depending on the con�guration during
acquisition, data is only sparselyavailable and sampledirregularly. Finally,
uncertainty in the observed data increasesdrastically due to inaccuracy in
the geometrymodel, misregistrationbetweeninput imagesand geometryand
other measurement error. Fitting of the anisotropic model as described in
Equation 5 proved to be too unstable. We thereforeresortedto the isotropic
model with a singleexponential fall-o� for all three color channels

fRd(~x i ! ~xo) = � (~xo) �

0

@
1

sg(~x i )
sb(~x i )

1

A �
nX

k=1

ck(~x i ) � edk (~x i )j~xo � ~x i j : (9)

All parameters(sg, sb, ck , dk) are determined per-vertex with n = 3 using
Levenberg-Marquardt optimization. The modulation texture � (~xo) is deter-
mined as higher resolution texture. In caseswhere �tting still was unstable
(mainly due to incorrect detection of the highlight position on the geome-
try), the number of exponents n wasreduced,verticesfor which no stable �t
could be achieved were were �ltered out and interpolated from neighboring
vertices.

5.1 Results

Fig. 6 comparesphoton map renderings[Jen01]of a captured model to real
images of an alabaster pig under similar lighting conditions. In the top
example,a point light sourcewas placeddirectly behind the object so that
only scattered light is visible. The secondexampleis illuminated from the
right; parts of the model are in direct illumination.

The exponential model represents many of the scattering e�ects such as
the dark leg in the top examplequite well. Most of the local surfacedetail is
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preserved by the modulation texture. The body of the pig appearshowever
too bright andregionscloseto incident illumination areoften underestimated.
This is causedby several e�ects including �rst surfacere
ection and single
scattering, uncertainty in the modeling and renderingartifacts { e�ects that
are mostly avoided in the planar example. Theseartifacts are alsomuch less
visible in typical sceneswith partially front-lit objects (seeFig. 6 (bottom)
and the accompanying video).

Figure 7 shows the candlemodel next to a photograph of the real candle
under similar illumination. Again, the intensity far away from incident light
positions is overestimated. First surfacere
ection of the quite specular is
suppressedin the photograph by a pair of polarizing �lters to make the
imagescomparable.

6 Conclusion and Future Work

We presented a new empirical model for translucent objects that models
di�use multiple scatteringasa sumof exponential functions. We �rst showed
the validit y of the model for planar geometryand comparedit to the dipole
model. The planar examplesdemonstratealso that the anisotropic version
improvesthe quality of the resulting modelsand is thereforepreferable.

Complexity increaseswhen the model is applied to objects with complex
geometry. This is mainly due to new sourcesof uncertainty in the measure-
ment processand not due to fundamental limitations of the proposedmodel.
Nevertheless,the resulting models look convincing despitethe remaining ar-
tifacts. These becomeeven lessvisible if the models are illuminated with
morecommon\soft lighting" insteadof hard point light sourceillumination.

Overall, the proposedmodel provides a good approximation to the mul-
tiple scattering behavior of heterogeneoustranslucent objects. Final models
are small (t ypically on the order of 5MB) and well suited for fast rendering.
While the �nal goal to e�cien tly acquireand handle translucent objects has
certainly not yet beenreached, we believe that the presented work servesas
an important step in this direction.

An open problem for the future is acquiring the singlescattering contri-
bution for inhomogeneoustranslucent objects. This would strongly enlarge
the classof possiblematerials but it also strongly increasescomplexity due
to the directional variation of singlescattering. A further direction for future
work is certainly the simpli�cation and accelerationof the acquisitionprocess
in order to make the technique applicable for a broader audience.
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Figure 4: The marble example. Left: Input imageand corresponding recon-
struction (isotropic model with modulation texture, logarithmically scaled
intensities). Right: Corresponding reconstruction error E(~x i ! ~xo) in the
greenchannel for the isotropic model and the anisotropic model with 4 and
8 segments.

Figure 5: The marble example (contd., imagesshow samesurfacearea as
in Figure 4). Left: Modulation texture and di�usely lit surface(black and
white due to the cameraused). Right top: Error E(~x i ) for the model from
Equation 5 in the greenchannel(isotropic model and anisotropicmodel with
4 and 8 segments). Note that E(~x i ) = 1 meansperfect reconstruction. Right
bottom: Error E(~x i ) for the dipole model in the green channel (isotropic
model and anisotropic model with 4 and 8 segments).
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Figure 6: Comparison between renderings of our model (left) and pho-
tographs of the alabasterpig under similar lighting conditions. Top: Model
illuminated by a point light sourcefrom behind. Bottom: Model illuminated
from the right.

Figure 7: Comparisonbetweenrenderedcandlemodel and photograph both
illuminated from the right. A pair of polarizing �lters was usedto suppress
the specular re
ection o� the candle.
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