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ABSTRACT. For Q a bounded open set in RN we consider the space H& Q) =
{ujgru € H'(RMN): u(z) = 0 a.e. outside Q}. The set Q is called stable if
HJ () = H (Q). Stability of Q can be characterised by the convergence of the
solutions of the Poisson equation

—Aup =f in D),  un € Hy(Qn)

and also the Dirichlet Problem with respect to Q, if Q, converges to € in
a sense to be made precise. We give diverse results in this direction, all with
purely analytical tools not referring to abstract potential theory as in Hedberg’s
survey article [Expo. Math. 11 (1993), 193-259]. The most complete picture
is obtained when 2 is supposed to be Dirichlet regular. However, stability does
not imply Dirichlet regularity as Lebesgue’s cusp shows.

1. Introduction. There are two natural ways to define Dirichlet boundary condi-
tions on a bounded open set 2 C R¥ for functions in the Sobolev space H* () :=
{ue L*(Q): Dju € L*(Q),j =1,...N}. The most common one consists in consid-
ering the space Hg(£2) defined as the closure of the test functions D(Q) in H().
The other natural space is

H§(Q) = {uy: uwe H'(RY), u(z) =0 a.e. on RV \ Q}.

The last one always contains H&(€2) but the inclusion is strict in general.

The purpose of this article is to characterise when both spaces coincide. We then
say that € is stable. We may associate two realizations Ag and Ag of the Laplacian
on L?(€2) associated with the form domains Hg(Q) and H}(Q) corresponding to a
“minimal” and a “maximal” realisation of the Laplacian with Dirichlet boundary
conditions. Both can be obtained by approximation, the first from the inside,
the second from the outside. If Q, T Q, that is, if Q, C ,41 are open and
Unen 20 = Q, then

otha, _, otha
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strongly in L? (€2). On the other hand, if €2, | , that is, if Q2,1 C Q, foralln € N
and [,y 2 = Q, then

etAQn N etAQ

as n — co. Thus stability of € is equivalent to the fact that e!2%= converges to etAe
if 2, | Q. The convergence of the heat semigroups is equivalent to the convergence
of the solutions of the Poisson equation

—Au=f

where u € H(Q) or u € HE(Q). Much more interesting is the relation to conver-
gence of the solutions of the Dirichlet problem

D(p,Q) heH(QNCQ), h=¢ on N

where H(€2) denotes the space of all harmonic functions. As usual we call Q Dirichlet
regular if the above problem has a unique solution for every ¢ € C(99). We will
show by rather elementary means that for a Dirichlet regular set 2, stability is
equivalent to the fact that

hp, — h uniformly on

whenever Q,, | Q,® € C(1), hy, is the solution of D(®|,, ,€,) and h the solution
of D(®,,,,€). Indeed we will study the close connections of Poisson’s equation and
the Dirichlet problem. For questions of uniform convergence, harmonic functions
are easier to treat because of the mean-value theorem. Indeed, we exploit and
generalise a clever argument by Keldys (see [22, Lemma 4.1]) and prove a very
general convergence result (Theorem 5.2). Our approach is based on elementary
arguments in analysis. There is a different approach by abstract potential theory
which is exposed in the survey article of Hedberg [21] and also subject of the books
by Landkof [23, Chapter V.5] and Adams and Hedberg [1, Chapter 11]. We obtain
several of the results of Hedberg [21] concerning stability by elementary arguments.
Such a direct approach might be welcome by analysts who encounter the stability
problem treating linear and non-linear equations such as, for instance, Dancer [13,
14, 15, 16], or [17], [L1, 10], [12], [7, 8]. Our paper in particular complements results
contained in Dancer’s paper [10].

The last section is devoted to a detailed analysis of Lebesgue’s cusp which is an
example of a stable open set which is not Dirichlet regular. In this example, the
Dirichlet problem is not solvable for a function ¢ € C(9€) which is the restriction
of an extremely regular function defined on R™ (C° and even locally harmonic).

2. The Poisson problem with Dirichlet and pseudo Dirichlet boundary
conditions. The purpose of this section is to discuss the two realisations of the
Laplace operator with Dirichlet boundary conditions, a minimal and a maximal
realisation. Let  be a bounded open set in RY. For u € L?(Q2) we denote by @ the
extension of u by 0. If u € H}(Q), then @ € H'(RY) and D;u = lf);L (see e.g. [9,
Proposition 1X.18]). We let

H3(Q) := {ujg:ue H*(RM), u =0 a.e. on Q°}.

Thus H}(Q) C HY(Q). Note that for u € H'(Q),ut € H'(Q) and Dju™ =
LiusoyDju (see [20, §7.4]). Moreover, the mapping u +— u* is continuous. It
follows that u € H}(2) implies ut € HZ(Q) and u € H}(Q) implies ut € H(Q).
Moreover, if u € HE(Q),v € HE(Q) and 0 < v < u, then v € H3(Q). This means
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that H}(Q) is a closed ideal in HE (). We shall use this property without further
comment in the sequel.
We also identify Hg () with a subspace of H'(RY) by identifying u and a. If
u € H'(Q) vanishes outside a compact subset K of Q, then u € Hj(Q) (see [9,
Lemma IX.5]). Thus, if Q1,2 are open sets such that €; C Qo, and if Q is
bounded then B
HY(©1) © H(O). (2.1)
We consider the bilinear form
a: Hy(Q) x HY Q) — R
given by
a(u,v) = / VuVoudz.
Q
Then a is continuous and coercive, that is,

alu,u) = ofull3 g,

for all w € HY(Q). In fact, let B be a ball such that Q € B. Then u € HE(B)
by (2.1) and the claim follows from Poincaré’s inequality. We denote by —Ag
the operator associated with a and call Ag the pseudo-Dirichlet Laplacian. The
operator associated with the restriction ag of a to HJ(2) x H}(Q) is denoted by
—Aq. We call Aq the Dirichlet Laplacian. The operators Aq and Ag are both
self-adjoint and invertible. Thus for f,u,v € L?(Q) we have

u € D(AQ) —AQU =f (2.2)
if and only if v € Hj(Q) and [, VuVwdz = [, fwdz for all w € Hg(2). On the
other hand,

u e D(AQ), —Aqu = f (23)
if and only if u € Hj () and [, VuVwdx = [, fwdz for all w € Hj(£2). Since the
space of all test functions D(Q) is dense in H}(2), we have

D(Aq) == {u € H}(Q): Au € L*(Q)},
AQ'LL = A’U,,
where Au € D(Q)" is understood in the sense of distributions. the that Aqg = Ag
if and only if Hj(Q) = Hj(Q). More precisely, if Hg () # Hy(Q) then D(Aq) ¢
D(Aq) and D(Ag) ¢ D(Agq). This means in particular, if Hg () ;é H(Q), then
there exists u € Hg () such that Au € L?(Q) but there exists w € H}(Q) such that

/Vqudx;é—/wAudx.
Q Q

Example 2.1. Let N =1, Q = (—1,0) U (0,1). Observe that Hl( ) C C*°(R ) (
bounded continuous functlon on R). Then HO( )={ue€ H'(-1,1): u(0) =
u(—=1) =0} and

H3(Q) ={uec H(~1,1): u(—1) = u(l) = 0} = Hj(~1,1).

(2.4)

If Q is reasonably smooth, then

Hg () = Hy (). (2.5)
A proof of the following result can be found in [25, pages 24-26].

Proposition 2.2. If Q is bounded and has continuous boundary, then (2.5) is true.
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The purpose of this article is to characterise when (2.5) holds in terms of the
Dirichlet and the Poisson problems. This section is devoted to the Poisson equation.
For A > 0 we denote by R(\, Ag) and by R()\, Ag) the resolvents of Ag and Ag at
. Since we will mainly be interested in A = 0 we let shortly

Rq = R(O,AQ) and RQ = R(O,AQ).

Thus Ro = (—Aq) ™! and Rg = (—Ag)~ L. For f,u,v € L?(2) we have Rof = u
if and only if u € H}(Q) and —Au = f in D(Q)" if and only if v € H(Q) and
Jo VuVwdz = [, fwdz for all w € H(Q). Similarly we have Rgf = v if and
only if v € Hg(Q) and [, VoVwdz = [, fwdx for all w € H}(Q). Thus Rqf and
Rg f are the solutions of the Poisson problem with Dirichlet and pseudo-Dirichlet
boundary conditions.

Next we establish some monotonicity properties.

Proposition 2.3. Let Q,Qy be bounded, open sets, such that Q1 C Qq, and let
A>0. Then

0< R()\, AQI) < R()\, AQ1) < R()\, AQZ).
Proof. Let f € L*(R™), uy := R, (\)f, 41 := Rg, (\)f and ug := Ro,(\)f. Then

/\/ujvda:—l—/Vuvad:c:/fvdx

for all v € H}(Q;),i=1,2, and

)\/alvd:v—i—/valVde:/fvd:E.

for all v € H} (). First assume that f < 0 and set v = uj". Then

)\/|uf2dx+/|Vuf2dx:)\/ulvdx—i—/Vuled:v:/fvdxSO.

Hence u = 0 and so uy < 0. This shows that Rg, (\) > 0. Since also a4} € HZ(Q1),
it follows similarly that Rg, (A) > 0.

Next let f > 0. Then wuy,u1,us > 0 by what we have just shown, and /\f(ul —
u1)v + [ V(ug —41)Vo = 0 for all v € H}(Qy). Consider v = (u; — @1)". Then
v € HE(Q1) and v < g since 4y > 0. Hence v € HE(Q1) and

)\/U2+/|VU|2dx=)\/(u1 —al)vdac—i—/V(ul —uy)Vodr =0.

Consequently, v = (u; — 41)" = 0 and so u; < 1. Moreover, from the first lines of
the proof,

/\/(ﬂl —ug)vdr + /V(ﬁl —uz)Vudr =0

for all v € Hg (1) C Hg(€2). To prove the last inequality let now v = (i —ug)™ €
H} (). Since us > 0, we have 0 < v < 1; and consequently, v € H}(Q4). It
follows that

)\/U2dx+/|Vv|2dx:)\/(a1 —ug)vdac—i—/V(al —ug)Vodz = 0.

Thus (41 — u2)™ =0, that is, 41 < us. O
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Since Q is bounded, the injections Hg(Q) — L2(Q) and H}(Q) — L%*(Q) are
compact. Thus Ag and Ag are self-adjoint and have compact resolvent. We denote

by A(©2) and A(Q) the first eigenvalues of —Aq and of —Ag, respectively. Then

HVUHQLZ(Q) . Hvu||2L2(Q) -

0<AQ)= inf ——22 < inf —207 =)\(Q). (2.6)
u€HG () H“H%Q(Q) u€H (Q) H“H%Q(Q)

We shall see next that there is equality if and only if (2.5) holds and also relate it
to properties of the corresponding first eigenfunctions.

Proposition 2.4. Let Q be an open, connected bounded set in RY. The following
statements are equivalent.
(i) Ho(Q) = Hy();
(i) A(2) = A(Q);
(iii) The first eigenfunction u of Ag lies in H}(2);
(iv) There exists f > 0 such that Rof € H3(Q).
Proof. (ii) = (i). The semigroups (e/22);5¢ and (e*22),5( are irreducible (see [2]
or [24, § 4.2] for two different proofs). Assume that A\g = A\g. If welet A = Ag— g
and B = Ag — Aq in [3, Theorem 1.3], then (i) follows. The implications (i) = (ii)
and (i) = (iii) are obvious.
(iii) = (iv). Let u be the first eigenfunction of Ag; that is, u € D(Ag) and
—Agqu = A(Q)u. Then u is strictly positive and Rqu = /\61u.
(iv) = (i) Let f > 0 such that u = Rof € H}(2). Then u(x) > 0 almost
everywhere by irreducibility. By the resolvent identity

Ro(l)u = Ro(0)f — Ra(1)f < Rg(0)f = u,
so if g € L3(Q) and |g| < cu, then
|Ro(1)g| < cRg(Lu < cu.
Hence Rg(1)g € H}(Q) by the ideal property. The set of all g € L?(2) such that

lg] < cu for some ¢ > 0 is dense in L?(2). It follows that D(Ag) = Rg(1)L?(Q2) C
HY(Q). O

We will need the following elementary regularity properties of the Laplacian (see
[19, Chapter II § 3, Proposition 6]).

Proposition 2.5. Let u € D(Q)" where O C RY is open.

(a) If Au e L}, () for some p > N/2, then u € C(Q).

(b) If Au € LY () for some p > N, then u € C'(Q).

From this proposition we obtain the following uniform local estimate. We write
w CC Q if w is open, bounded and @ C €.

Proposition 2.6. Let Q2 be open and w CC ). Let p > N. Then there exists a
constant ¢ > 0 such that

luller@y < e(llAull Lo + [lullz2@)
for all w € L*(Q) such that Au € LP(Q). Here |[ullc1(w) = |Jul oo (w) + [[ VUl Lo (w) -
Proof. The space X = {u € L*(Q): Au € LP(Q)} is a Banach space, as well as
CY(w) = {u € C*(w): u, Dju have a continuous extension to @}.

The mapping
T: X — CH@), u— ul,
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is linear and has a closed graph. Hence T is continuous. O

3. Stability of the Poisson problem. In this section we consider a sequence of
bounded open sets Q,, € RY which converges to a bounded open set @ C RY in a
sense to be made precise.

Definition 3.1. We write Q,, T Q if Q,, C Q and if for each compact set K C
there exists ng € N such that K C ,, for all n > ny.

Proposition 3.2. Let Q, 1 Q, f € L*(Q), u = Rof and u, = R, f, then u, — u
in L2(Q). If f € LY () where p > N. Then up,u € C1(Q) and

loc

lim u,(z) = u(zx)
n—oo
uniformly on compact subsets of €.

Proof. The first property follows for instance from [18, Proposition 7.1] or [4, proof
of Theorem 6.2]. Let w C wy C £ be open sets with © C wy and @1 C Q compact. It
follows from Proposition 2.6 that u,,u € C*(€2) and |[un||c1(wy) < (|| A rr@) +
lunllL2(q))- Thus sup |[un||c1 () < 00, so the sequence (uy)nen is equicontinuous
on &. Hence there exists a subsequence which converges in C'(@). Since u, — u in
L?(w), it follows that wu,, converges to u in C(&). O

Next we consider convergence from the exterior.

Definition 3.3. We write 2, | Q if
(a) ©CQ, forall n € N and
(b) A((2, N B)\ Q) — o0 as n — oo for every ball B.
Remark 3.4. Condition (b) is in particular satisfied if
(Q,NB)\Q -0 as n— oo

for each ball B where |F| denote the Lebesgue measure of a Borel set FF C RY.
This follows from the Faber-Krahn inequality (see [18, Proposition 7.6]).

Proposition 3.5. Let , | Q, let f € L*(RY), u, = Rq, f and u = Rgf. Then
u, — u in L*(RY) asn — oo. If f € LY . p > N, then u,,u € C*(Q) and
convergence is uniform on compact subsets of 2.

Proof. The first assertion follows from [18, Theorem 6.1], the second as in Proposi-
tion 3.2. O

Thus convergence from above and from below lead to different limits if
Hy () # Hy ().

On the other hand if H'(Q2) = H}(Q), then we may simultaneously approximate
from the interior and the exterior.

Definition 3.6. We write €2,, — Q if the following two conditions are satisfied:

(a) For each compact K C (2 there exists no € Nsuch that K C Q,, for all n > ny.
(b) For each ball B C R, A\((2, N B) \ Q) — o0 as n — oo.

Theorem 3.7. Let Q2 be open and bounded. The following assertions are equivalent.
(i) Ho(Q) = Hy(%);

(ii) For every sequence (2,) with 0, — Q and every f € L*(RN) we have Rq,, f —
Rof in L*(RY).
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Moreover, in this case, if f € LY. for some p > N, then Rq, f € C*(0,), Raf €

loc
CL(2) and the convergence is uniform on each compact subset of Q.

Proof. (ii) = (i) is clear from the previous discussion.
(i) = (ii) follows from [13, 25] or [18, Theorem 7.5]. The last assertion is proved
as Proposition 3.2. O

In view of this characterisation given in Theorem 3.7 we give the following defi-
nition.

Definition 3.8. An open set Q0 C R is stable if H}(Q) = H}(Q).

In the following section we will relate the notion of stability to stability of the
Dirichlet problem.

4. Stability of the Dirichlet problem. Let ) be a bounded open set with topo-
logical boundary 99Q. We say that Q is Dirichlet regular if for every ¢ € C(09)
there exists a solution of

D(@v Q) h e H(Q) N C(Q)’ hlan =¥,

where H(Q2) = {u € C?*(Q): Au = 0} is the space of all harmonic functions. There is
at most one solution of D(y, ) by the maximum principle. If for a given ¢ € C(92)
there exists a solution of D(yp, ) we say that D(p, Q) is solvable. We recall the
notion of the Perron solution and refer to [19, Chapter II § 4] for the proof of
the following proposition. The Perron solution is a generalised solution of D(p, Q)
which always exists. A function v € C(Q) is called subharmonic if —Av < 0 in
D()', that is, — [, vAwdzr < 0 for all 0 < w € D(Q). The function v is called
superharmonic if —v is subharmonic. Given ¢ € C(99Q),u € C(Q) we write u < ¢
on 0 if
lim u(z) < ()

r—z

for all z € 92 and u > ¢ on 0N if
lim u(z) > ¢(2)

T—z

for all z € Q. We let H*(Q2) := H(2) N L>°(Q), which is a Banach space for the

supremum norm.

Theorem 4.1 (Perron solution). Let Q C RY be an arbitrary open bounded set.
(a) If o € C(09), then
hy(z) = sup{u(z): v subharmonic and v < ¢ on 0N}

exists for all x € Q and defines a harmonic function hy, on 2. Moreover
hy(z) = inf{v(z): v superharmonic, v > ¢ on 0}.
(b) The mapping ¢ € C(9Q) — h, € HY(Q) is linear, positive and contractive.
(c) If D(p,w) has a solution h, then h, = h.

We call the function h,, the Perron solution of D(y,<2). Next we want to describe
the Perron solution with the help of the solution of the Poisson equation. The
following is a generalisation of [0, Lemma 2.2.a)] with a similar proof which we

include for completeness. We let Co(Q2) := {u € C(Q): u,,, = 0}.

Proposition 4.2. Let  be a bounded open set and v € Co(f2). Suppose that
Au € L*(Q). Then u € H} ().
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Proof. Let v € H}(Q) such that —Av = Au. Then h = u+v € H(Q) C C>=(Q).
Consequently, u = h —v € H}_(Q). Let € > 0. Since u € Cy(12), it follows that
(u—e)t € C.(Q) (the space of all continuous functions on  with compact support).
Let w CC Q such that supp(u—¢)™ C w. Then (u—e)* € H}(w) by [9, Lemma IX 5]
(see Section 2). If we let f := —Au, then for w € D(w),

/Vqudac:—/qudxz/fwdx.

This identity remains true for w € H}(w). Take w = (u — &)". Then

/|V(u—a)+|2d;c:/vuwu_a)wx:/f(u_g)wx

< S ll2llCu = &) ll2 < N ll2 202 o

Thus {(u —&)*: e € (0,1]} is bounded in H}(2). Hence there exists a weak limit
point v € H}(Q2) as e | 0. Since (u —e)" — ut in L3*(Q) as € | 0, it follows
that u™ = v € H}(Q). Applying this to —u instead of u, we obtain that also
u” € HE(Q). O

Corollary 4.3. Let Q be Dirichlet regular and ® € C*(Q), o = ®|,,. Let h be the
solution of D(¢,Q). Then u=h—® € H}(Q), that is, h — ® = Ro(A®D).

Next we describe the Perron solution by approximation from the interior. Keldys
[22, Theorem 2] refers to the following result as Wiener’s Theorem. We give a proof
to be complete.

Theorem 4.4 (the Perron solution by approximation from the interior). Let Q,
be Dirichlet reqular and Q0 open and bounded. Suppose that 1, T Q0 and let ® €

C(),p = ®|,,. Let hy be the solution of D(®|,, ,Qn). Then
lim hy,(z) = hy(x)
uniformly on compact subsets of Q0. Here hy, is the Perron solution of D(p, ().

Proof. (a) If we assume that ® € C?(Q2), then hy, := u,, + ®, where u,, = R, (A®)
by Corollary 4.3. By Proposition 3.2, lim,, ., %, = u uniformly on compact subsets
of Q, where u = Rq(A®).

(b) Let now ® € C(€) and € > 0 be arbitrary. Choose ® € C2(Q) such that

@ — || ey < €

and let h,, be the solution of D(é‘ oqs $2n). Then h,, converges uniformly on compact
subsets of 2 by (a). Let K C Q be compact. Then there exists ng € N such that
K c Q, for all n > ng. For n,m > ng we have

”hn - hmHLm(K)
< ”hn - hnHC(K) + ”hn - hmHC(K) + ”hm - hmHC(K)
< 2e + [[hn — hanlloe (k)
by the maximum principle. Thus (h,) is a Cauchy sequence in C(K) for every
compact subset K C Q, showing that h,, converges to a function h uniformly on
compact subsets of ).

(¢) The function h merely depends on ¢ and not on the choice of the extension
P € C(Q) of ¢. In fact, let € C(Q) such that ®|,, = ¢. Let hy, be the solution of
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D(i)‘mn ,Q,) and fix € > 0 and z € Q arbitrary. Since ® = ® on dQ there exists a
compact set K C Q containing x such that |®(y) — ®(y)| < e for all y € Q\ K. Let
no € N such that K € Q,, for all n. > ng. Then |hy, () — hn(z)] < ||<I>—<i>||Loo(aQn) <
e. Thus |h(z) — h(z)| < e, where h = lim, o0 hy and b = lim,, o hy,. Since € > 0
is arbitrary, h(z) = h(z).

(d) Let h(z) = lim, o0 hy(x) as before. We show that h = hy,. Let & €

C(Q2) such that ®|,, = ¢. Let u € C(Q2) be a subharmonic function such that
u < @ on dQ. Then & := & Vu e CQ) and ®),, = ¢. If hy, is the solution of
D(@‘mn ,Qp), then u < h,, on 09Q,,. Hence u < h,, on ), by the maximum principle
[19, Chapter IT § 4.1]. Thus u(z) < lim, e hn(z) = h(z) for all z € Q. We see
similarly that v(xz) > h(x) for all z € Q for each superharmonic function v such
that v > ¢ on J€2. Now Theorem 4.1 implies that h = h,,. O

Recall that there always exist €, of class C'*° such that Q,, C Q2,41 and Q,, T
(see [19, Lemma I11.4.2.1]). Thus Theorem 4.4 describes completely the Perron
solution. Finally we characterise the Perron solution in terms of solutions of the
Poisson problem for boundary data in a dense subspace of C(92).

Theorem 4.5 (Perron solution via Poisson equation). Let ¢ € C(952) and assume
that there exists ® € C*(Q) such that ¢ = ®|,,. Let u € H}(Q) such that

—Au=Ad in D).
Then hy, = ® + u.

Proof. Let €, be Dirichlet regular such that €, T €. Let h, be the solution of
D(@‘mn,ﬂn),un = h,, — ®. Then u,, € H}(2,) and —Au,, = A® by Corollary 4.3.
Moreover by Proposition 3.2, u,, converges to u in L?(Q), where u is the solution of

—Au=Ad inDQ), ucH}Q).

Since hy,, — h, uniformly on compact subsets of €2 by Theorem 4.4 we conclude
that w = hy, — ® on ) as claimed. O

Instead of approximating h, from the interior (that is, by considering €, T ),
we might consider Q,, D . This however leads to another harmonic function.
We quote the following facts which are proved by Keldys [22, V]. Let Q,, D
such that ﬂneN Q, =0, Q, D Q1. Assume that €, is Dirichlet regular. Let
¢ € C(89) and choose ® € C(;) such that ®|,, = ¢. Let hy, be the solution of
D(®,,, »€y). Then h,, converges to a function H, € H*(Q2) uniformly on compact
subsets of €2. This function H, does not depend on the choice of the €2, and
the extension ® of ¢ (see the proof of Theorem 4.4). Moreover, the mapping
¢ — Hy,: C(082) — Hb(Q) is linear, contractive and positive. Now consider the case
where ¢ has an extension ® € C*(Qy). Then h, = @, + u, where u, € Hj(Qy)
is the solution of —Au, = A® in D(Q,)". Tt follows from Proposition 3.5 that wu,
converges uniformly on compact subsets of Q to the function u = Rg(A®). We
have proved the following result.

Proposition 4.6. Let Q be a bounded open set, o € C(9Q). Assume that there
exists ® € C*(RYN) such that ®,, = . Then

H, =®+ Rg (A<I>|Q)
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Since the space
F:={p € C(09): ¢ has an extension ® € C*(R™)}
is dense in C'(992) by the Stone-Weierstrafl Theorem we obtain the following result.

Theorem 4.7. Let 2 be open and bounded. The following assertions are equivalent.
(i) Ho(Q) = Hg(Q);
(i) Hy = hy for all ¢ € C(09).

Keldys calls Q stable if property (ii) holds. Thus our terminology coincides with
his.

Finally, we consider arbitrary convergence of €),,, neither from the outside nor
from the inside. It is clear from the preceding theorem that then we have to assume
in general that ) is stable in order to obtain a limit.

Theorem 4.8. Let Q be an open, bounded, stable set. Let 2, be Dirichlet reqular
such that Q, — Q (Definition 3.6). Let ®: RN — R be uniformly continuous,
o =@, Let hy, be the solution of D(®,,, ,2y) and let hy, be the Perron solution
of D(p,Q). Then

lim h,(z) = hy(2)

n—oo

uniformly on compact subsets of €.

Proof. (a) Assume that ® € C%(RY), f := A®, u,, := Rq, f and u := Rqf. Then
hy, := ®+u,, is the solution of D(®|, ,€2,) and h, = ®+u (by Theorem 4.5). Since
Q is stable u,, converges to u uniformly on compact subsets of 2 by Theorem 3.7.
Thus also h,, converges to h, uniformly on compact subsets of (2.

(b) Let ¢ > 0. With the help of a mollifier we find ® € C?(RY) such that
[P — Q|| peorry < €. Let hy be the solution of D(i)‘mn,ﬂn) and let hg be the
Perron solution on Q with respect to ¢ = <i>| 0o Let K C € be compact. There
exists ng € N such that K C Q,, for all n > ng. Let n > ng, then

”hn _hcpHC(K)
< hn = Bnlle) + 1hn = hllea) + 1he = hollo)
< 2 + [|hn — hgllox)-
It follows from (a) that limsup,, ., [|hn — hellox) < 2¢. O

5. Uniform convergence. Let 2 be a bounded open set and let £2,, be bounded,
open and Dirichlet regular and ® € BUC(RY), where BUC(RY) denotes the set
of bounded and uniformly continuous functions on RY. Consider the solution A,
of D(®,, ,) and the Perron solution h of D(®),,,2). In Section 4 we showed
the following. Assume that Q is stable (that is, H}(Q) = H}(Q2)) and that Q,, —
Q (in the sense of Definition 3.6). Then by Theorem 4.8 h,, — h uniformly on
compact subsets of 2. We also saw that stability is a necessary assumption for this
convergence to hold. Now assume in addition that Q is Dirichlet regular. Then
h e C(Q) and hy,, = ®|,,. We extend h to a continuous function on RY by letting
h(z) = ®(x) for z € RN \ Q. Similarly, we let hy,(z) = ®(z) for x € RN \ Q,. Thus
h,h, € BUC(RY). It is surprising that under these hypotheses h,, converges to h
uniformly on RY. This is the main result of this section (Theorem 5.2). Its proof
is based on the following basic lemma, which is a modification and generalisation
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of Keldys Lemma VI in [22]. Our hypotheses are considerably weaker than those
given by Keldys.

Basic Lemma 5.1. Let Q,,,) bounded, open sets and
By, h, ® € BUC(RY)
such that h, = ® on RN\ Q,,, h = ® on RNV \ Q and such that h,, is harmonic on

Q,, and h harmonic on Q. Assume that

(a) hy — h in measure;
(b) for each compact set K C § there exists ng € N such that K C §, for all
n > ng.

Then h,, — h uniformly in RN as n — oo.
Proof. Let 0 < & < 2. Choose ¢ > 0 such that |z—y| < ¢ implies |®(z)—P(y)| < /2

and |h(z) — h(y)| < e/4. Such a choice is possible since ® and h are uniformly
continuous. Next choose ¢ > 0 such that

1 2 €
where o is the surface area of the unit sphere in RY. Define
F, = {2z e RY: |h,(z) — h(z)| > e/4} (5.2)

and note that since h,, — h in measure, |F,,| — 0 as n — oo. Hence we can choose
n1 € N such that

|F) < c (5.3)
for all n > ng. By assumption we can choose ny € N such that also
K :={z € Q: dist(z,00) > 0} C Q,,.
We set ng := max{ni,na}. We have to show that
hn(2) = h(z)] <& (5.4)

for all n > ng and all z € RY. If 2 € QS NQ° and n > ng, then h,(z) = ®(z) = h(z)
for all n € N and thus (5.4) follows. If z € QF N Q, then z ¢ K by definition of K.
Hence there exists y € 9 such that |z — y| < § by choice of §. As z & Q,, we have
hn(z) = ®(z) and thus

[h(=) = ha(2)] < [h(z) = haw)] + [B(y) = ()| < 2+ 5 <e.

as claimed. We finally need to show (5.4) for z € Q,,. We fix z € Q,, and n > nyg
and define
f(@) := |hn(z) = h(z)|
Then f(2) < ¢ is equivalent to (5.4). For 0 < ¢ < ¢ we consider B, := {z €
RN: |z — 2| < §} and S, := 0B,. Let w, € H(B,) N C(B,) such that
we=fVe/2 on S,
We now show that
f<w, on Q,NB,. (5.5)

Since hy,(z) — h(z) is harmonic on Q, N B, and thus f subharmonic on ©,, N B,
it is sufficient to show that (5.5) holds on 9(Q, N B,). If x € 9B, then w,(z) =
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flx)ve/2> f(z). Itz € 02, NB,NK, then x ¢ K. Thus there exists y € I such
that |z —y| < 0. As hy(x) = () we get

f(@) = |9(z) — h(2)] < [B(2) — B(y)| + hly) — h() < =+ 5 <

by choice of §. Finally, if z € 02, N B,, but ¢ Q. Then f(z) = |®(z) — ®(x)| =0,
so (5.5) is satisfied.

To prove (5.4) for z € §,, we therefore need to find 0 < g < 0 such that w,(z) < e.
For this we will use the spherical mean-value property of the harmonic function w,.
Recall that |F,,| < ¢ by (5.3) and so there exists o € [6/2, ] such that

2
5

where F, = F;, NS, and o is the surface measure of S,. Indeed, assume that

o(F,) <c- (5.6)

o(F,)>c- % for all o€ [d/2,6].

Then |F,| > f55/2 o(F,)do > (c- 2)3 = ¢, contradicting (5.3). Hence (5.6) follows.

By the mean-value theorem we have

1
o) = 5oy /S w(0)do )

1 1
-5 /S L o)+ e /F woly)do(y).

e

The second integral is estimated by (5.6) and by using that w, < fVe/2 <
2||®|| poo(mry + 1. Hence by (5.1)

1

a(S,) /F wo(y)do(y) < UN%N%(C' %) (2[|®| oo rrvy + 1)
1

! e
< (e 5) ol +1) = 5

In order to estimate the first integral let y € S, \ F,. Then |h,(y) — h(y)| < ¢/4
since y ¢ F,. Hence

) = lha(y) = h(2)] < |hn(y) = M(y)[ + [h(y) — h(z)] < e/d+e/d=¢/2.
Hence wy(y) = f(y) Ve/2=¢/2 on S, \ F,. Consequently,
1
rgg)/sgwg wo(y)do(y) < €/2,

completing the proof of the basic lemma. O

Now the L2-theory of Section 3 gives us simple criteria for h, to converge to h
in measure. When doing so we will identify Cy(€2) with a subspace of

Co(RY) := {u e C(RN): ‘zl‘igloo u(z) =0}

extending functions by 0, that is,
Co(Q) = {uec CRY) :u(z) =0if z ¢ Q}.
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Theorem 5.2. Let Q,,Q be bounded open sets such that Q,, — Q. Assume that
Q is stable. Let ® € BUC(RY). Assume that the Dirichlet problems D(®),,, , Q)
and D(®,,,,Q) are solvable. Let hy,h be the solutions extended to RY by ®. Then
hn — h uniformly on RY.

Proof. As a first step we assume that ® € C*(RY). Then h,, = ® + u, where
up € Co(p), —Auy,, = AP in D(Q,)',h = @ + u where u € Cp(£2) and —Au = AD
in D(Q)'. Tt follows from Proposition 4.2 that u,, € H}(f,) and u € HI(Q).
Now Theorem 3.7 implies that u,, — wu in L*(RY) and hence also in measure.
Thus h,, — h in measure and the claim follows from the Basic Lemma 5.1. If
® € BUC(RY), then the assertion is reduced to the above exactly as in the proof
of Theorem 4.8. O

Finally we want to establish a result on the convergence in the operator norm
(Theorem 5.6). We need some preparation.

Proposition 5.3. Let Q2 be a Dirichlet regular, bounded open set. Let N/2 < p <
oo. Then for each f € LP(Q)) there is a unique solution of the Poisson problem

ue (), —-Au=f in D). (5.7)
Proof. Uniqueness is clear from the maximum principle. The solution can be ob-

tained as follows. Denote by Ey € C®(RY \ {0}) the Newtonian potential. Then

En € LIOC(RN). Thus ® := Ey % f € C(RY). Let h be the solution of D(®),,,, ).
Then u:=h—® € Cy(Q) and —Au=Ad = f. O

We denote by RP, € L(LP(RY),Co(RY)) the operator which to each f € LP(Q)
associates the solution u of (5.7).

Proposition 5.4. R?, is a compact operator.

Proof. Let T(t) = e7*®2. Since T is dominated by the Gaussian semigroup (see
Proposition 2.5), we have

(Tl ere,r) < Ct=N/2pe=wt

for all t > 0 for some w > 0 (see [5, § 7.3]). We have Rf, = [~ T(t)dt. Let
fo — [ in LP(Q) weakly. Since T'(t) = T(t/2)T(t/2) € L(LP,Co(2)) o L(LP(R)) is

compact (since T'(t/2): LP(Q) — LP(Q) is compact) it follows that T'(¢t) f,, — T(t)f.
By Lebesgue’s Theorem we deduce that R{,f, — RLf. Thus Rf, is completely
continuous and so compact since L?(€2) is reflexive. O

We will use the following simple interpolation inequality.

1_ 6 1;9. Let X be a Banach

Lemma 5.5. Let1§p1<p2§oo,0<9<1,p—pl

space and T € L(LP*(Q), X). Then

Il 2czri@),x) S TNz wen,x) - 1T 5 Lo2 x)-
Proof. Consider T € L(X',LP*(2)’). Let 2’ € X', ||2’|| < 1. Then
N2’ || o < T2 |G | T |
ST, Lo 1T W ooy = 1T N2 on ) 1T 12 2 -

Since ([T z(ze,x) = 1T"|| £(x, 10y = SUP|arj<1 172" || 1o the claim follows. O
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Theorem 5.6. Let €),,$2 be open, Dirichlet regqular sets, all contained in a large
ball B. Assume that Q is stable. Let p > N/2. If Q, — Q, then R — R{) in
L(LP(RY), Co(RY)).

Proof. (a) First assume that p > N. Let f, — f in LP(RY). We show that
Uy, = R fn—u=R,f in Co(RM).

This implies the claim (see [18, Proposition B1]). We may assume that f,, and f
vanish outside the ball B. Let ®,, = En * f,,, ® = Ex * f. Since f, — f in LP(RY),
and since Ey € L} (RY), it follows that

loc
B, (x) = /B By — ) fuly) dy — ®(z) = /B Ex(z - 4)f () dy

as n — oo for all z € RY. Since p > N, we have D,;Ey € Lﬁ;c(RN). This shows
that ®, € C'(R") and D;®,, = D;Ex * ® is bounded in C(B). Now Arzela’s
Theorem implies that ®,, — & uniformly on B. We modify ®,, and ® outside B
such that ®,, — ® uniformly on RY. Let h,, h, hy, € C(RY) such that h,, and Ry,
are harmonic on Q,, and h,, = ®, on RV \ Q, and fzn = ® outside £2,,, h harmonic
on {2 and equal to ® outside 2. Then h,, = ®,, + u,, h = ® + u. Since ¢, — ¢
uniformly, it follows that A, —h, — 0 uniformly on RY. It follows from Theorem 5.2
that h,, — h uniformly on RY. Hence h,, — h uniformly on RY.
(b) Now let N > p > N/2. Choose ¢; > N and 1 < g2 < p, 0 < 6 < 1 such that
1 6 1-4
+ .

P @ @

Then by the preceding lemma

-6
I1RS, — Bollewr.coy < NBE, = RENzwa 00| BE, = BE | £ (Lo 00

which converges to 0 as n — oo by the first part (a) of the proof. O

6. Conclusion: The diverse notions of stability. Let Q@ C R™ be an open,
bounded set. Here we collect the diverse notions of stability and discuss their rela-
tionships. In particular, we compare the results with those established by Hedberg
[21] with the help of abstract potential theory. At first we consider the case where Q
is stable but possibly not Dirichlet regular. Lebesgue’s cusp is a concrete example
which will be discussed in detail in Section 7. Note that in (¢) and (d) below we
assume that the Dirichlet problems are solvable.

Theorem 6.1. For the purpose of this theorem we write Oy, ™\, Q if Qp, D Qyyq for
alln € N and (), oy Qn = Q. Consider the following statements.
(a) € is stable, that is, Hg () = H}(Q);
(b) If Qn \, @, © € C(h), hn € C() NH() and = Py, , then hy
converges to hy, uniformly on compact subsets, where ¢ = ®|,,.
(c) If S_)n N Q@ e C(), hy € C() NH(,), hmm_n =&, , and h €
C(Q)NH(Q), hy,, = Py, then hy — h uniformly on 2.
(d) If h € C(Q) NH(Q), then for each € > 0 there exist an open set U D Q and
k€ H(U) such that

|h = Ellow) < e
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(e) If Qn L Q, f € LP(y) for some p > N/2, u,, € Co(Qy) such that —Au,, = f
inD(Q,)" andu € Co(Q) such that —Au = f in D(Q)’, then up, — u uniformly
on 2.

Then (a) < (b) = (¢) < (d) = (e).
Proof. (a) = (b) follows from Theorem 4.7 and (a) < (c¢) from Theorem 5.2. We

prove (c) = (d). Let h € C(Q),,cn H(Qy). Choose €2, Dirichlet regular such that
0, \ Q. Then h,, from (c) converges to h uniformly on . Given £ > 0 there exists
n € N such that [[h, — hll¢q) < e. Choose U = Q,, and k = hy,.

Next we prove (d) = (c). Consider the setting of (c). Let ¢ > 0. By assumption
(d) there exists k € H(U) such that ||k — hl/c(q) < € where U is open such that
Q C U. Choose ng € N such that ,, C U. By the uniform continuity of k¥ and ®
on §2 there exists ¢ > 0 such that

|k(z) — k(2)| <&,|®(z) — ®(2)| <e whenever |z —2| <5, x,2€ Q.
Let nq > ng such that dist(92,9€,,) < 0. Let n > ny. We claim that
[h = hallc@) < 4de

For that, it suffices to show that ||k — hy[lc(q,, < 3e. (In fact, then [[h—hallo@) <
Ih = kllo@) + [IE = hnlle@,, < 4€). Let x € 0Qy. By the maximum principle it
suffices to show that |k(x) — h,(z)| < 3e. There exists z € 02 such that |z —z| < 6.
Hence [k(z)—hn ()| = [k(z)=®(z)] < [k(x)=k(2)[+]k(2)=h(2)|+|D(2) - ®(2)] < 3¢,
where we use that h(z) = ®(z).

(c) = (e) Let ® = Exf € C(RN),h, = ® +u,,h = ® +u. Then h, €
C(Q,) NH(Q), h € C(Q) NH(Q). Tt follows from (c) that h,, — h uniformly on .

Hence u,, — u uniformly on 2. O

If 2 is topologically regular, that is, Q = €, then Hedberg proves the equivalence
of (a), (b) and (d) by using abstract potential theory (see [21, Theorem 11.9],
where (i) is our (a), (iv) our (d)), and by a capacity condition which is equivalent
to Keldysh’s notion of stability (c). This may be interpreted in the following way.
Assume that Q is not stable. Then (c) is violated. Thus we find ¢ € C(9€) such
that hy, € C() (that is, hy, is a classical solution of the Dirichlet problem) but h., #
H,. This shows that the harmonic function H, obtained by approximating from
the exterior does not coincide with the classical solution. So the good generalised
solution is the Perron solution which is obtained by approximating from the interior.

We do not know whether (e) implies (a). For that we should know that the ¢
above has an extension ® € C(R") such that A® € LP(Q) on € for some p > §.
But ¢ is obtained in a very indirect way in the work of Hedberg. Things are different
if Q is Dirichlet regular. Then we obtain the following entire characterisation with
a complete proof.

Theorem 6.2. Let Q) be a bounded open set, which is Dirichlet regular. Then the
statements (a)—(e) of Theorem 6.1 are equivalent.

Proof. We have to show that (e) = (a). Let f € L>®(Q), f > 0, 4 = Rgf. By
Proposition 2.4 it suffices to show that u € Hg(€2). Let Q,, be Dirichlet regular such
that Q,, \, Q and u,, := sznf, where p > N/2. Then u,, € Cy(Q,) and —Au,, = f
in D’(€2,). Moreover u,, — @ in L?(RY) by Proposition 3.5. It follows from the
assumption (e) that wu,, — u = Rqf uniformly on Q. Thus u = 4. O
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7. Lebesgue’s cusp: An example for a non-regular domain. In this section
we provide a detailed discussion on a domain with one singular point. This means
there exists a function ¢ € C(99) such that the Dirichlet problem D(2, ¢) does not
have a classical solution. The fact which surprised us is that ¢ can be the restriction
of a very smooth function on RY which is constant in the neighbourhood of the
singular point. Even more surprisingly it can be locally near each point of 92 be
the restriction of a real analytic function. This shows that the solvability of the
Dirichlet problem does not depend on local properties of ¢ near the singular point,
but on global properties, which was another surprise to us.

The explicit construction is based on remarks in Keldys [22, page 6], who at-
tributes it to an unidentified paper of Lebesgue published in 1912.

The domain is constructed with the help of the level surfaces of the function

u(z,y,z) =1+ zlog(r — 2)

with 7 := /22 + y2 + 22. This function is analytic on its natural domain which is
R? minus the positive z-axis. An explicit calculation shows that u is harmonic on
its domain. Indeed, an elementary computation shows that

z Y

T = 5 = 5 z :1 —_ 7'1
u T W= o, og(r — z) (7.1)
and 2 2 2 2
rt—rz—=x rt—rz—y 1
Txr — ) = % 2y = ——. 7.2
U = 2r Uyy =2 U " (7.2)

Adding the latter up we see that Au = 0. The function w is radially symmetric
with respect to the z-axis, so in order to determine the level surfaces it will be
enough to look at the function of two variables v(z, 2) := u(z,0,2). By (7.2) the
function z — v(z, 2) is strictly concave attaining a maximum at z = (2% — 1)/2.
Since v(z,0) = |z| > 0 if  # 0 we have that given ¢ < 0, there exists a unique
z = z(x) > 0 such that v(z,2) = ¢. We now look at the properties of that function
z(x) for some fixed ¢ < 0.

Since that v(z,z) = r — zlog(r — z) = ¢ < 0 with z,z > 0, clearly log(r — z) < 0.
Thus by the the implicit function theorem

Vg x

(@)= T (r—z)log(r — z) >0,

showing that z(x) is strictly increasing in the first quadrant. It therefore has a limit
as ¢ — 04 which can only be zero as otherwise zlog(r — z) becomes unbounded.
We next determine 2’(0). Since v(x, 2) is decreasing in z for 0 < |z| < 1 we have
for 0 < z < |z|*, a € (0,1),

|x|27o¢

)0
VIt 41

as © — 0. Hence, if (z,2z) — (0,0) and z < |z|* for some a € (0,1) we have
v(x, z) — 0. This means that for the function z(x) defined above,

x> v(z, z) > v, |z|*) > 2]z + |z log(

: /
xli%lJrZ (x) = oc.
The contour map of v(x, z) is shown in Figure 1. Hence the surface u(x,y, z) forms
a cusp at (0,0,0) which is in fact stronger than any polynomial (The general theory
of singular points also implies that). We now take a function ¢ € D(R) with
Y(z) = ¥(—z), ¥» =1 on (0,1/2) and ¥ = 0 for x > 3/4. The curve given by
Y(x)z(z) + (1 — ¥(x))v1 — 22 in the upper half plane and —v1 — 2?2 in the lower
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FIGURE 1. Contour map of v(x, 2)

half plane is a closed C'*°-curve except for (0,0). Now let 2 be the open set enclosed
by the surface obtained by revolving that curve about the z-axis. Figure 2 shows 052
cut open to reveal the inwards pointing cusp at (0,0,0). From the above discussion

FIGURE 2. Domain with a singular point (cut open)

we know the following.

Lemma 7.1. The function u = r + zlog(r — z) is harmonic on Q and continuous
on Q\ {0}. Moreover, wu=1 on B(0,1/2) N0, but

—-1= lim u(z,y,z) < lim u(x,y,z) =0,
(z,9,2)—(0,0,0) ( ) (z,9,2)—(0,0,0) ( )

so u is not continuous at (0,0,0).
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To conclude that u coincides with the Perron solution of
Aw =0, w=ulgg
we use the following theorem proved in [22, Theorem IX].

Theorem 7.2. Let Q@ C RY be a bounded open set and ¢ € C(02). Moreover,
suppose that h is a bounded harmonic function on Q such that lim,_, h(x) = ¢(z)
for every regular point z of 0Q. Then h = hy, is the Perron solution.

Since u is continuous on 2\ {0} and harmonic in © we know that it coincides with
the Perron solution. We now use this to make some observations on the solvability
of the Dirichlet problem.

Remark 7.3. Let now ¥ be a C>°-function such that ¥ = 1ifr < 1/2 or /22 + 3% <
1/2 and z > 0, and ¥ =0 if r > 3/4 or \/2? + y? > 3/4 and z > 0. If we set

d =T+ (1- D),

then ® € C*°(R3) and ®|sq = u|sn. Hence the Dirichlet problem Au = 0 in €,
u = @ on 02 does not need to be solvable even if ¢ is the restriction of a C'*°-function
which is constant in the neighbourhood of a singular point. This means that the
local behaviour of the boundary function ¢ near a singular point has no influence
whatsoever on the solvability of the Dirichlet problem! Also the smoothness of ®
has no influence.

We further observe that ¢ = u|gpq can be seen locally as the restriction of a
harmonic function in the neighbourhood of each point. Indeed, ¢ = u|sq is the
restriction of the harmonic function u in the neighbourhood of every point of 92
except for (0,0,0). In a neighbourhood of (0, 0,0), ¢ is the restriction of the constant
function with value minus one.

The conclusion is that solvability depends on global, not local properties of ¢,
and also smoothness does not imply solvability at all. In particular, taking —1 as
the boundary function, the solution is —1 which is continuous on €, but if we take
the above example which is also —1 in a neighbourhood of the singular point, then
the Dirichlet problem is not solvable.
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