LINEAR EVOLUTION OPERATORS ON SPACES OF PERIODIC
FUNCTIONS

WOLFGANG ARENDT AND PATRICK J. RABIER

ABSTRACT. Given a family A(t) of closed unbounded operators on a UMD
Banach space X with common domain W, we investigate various properties
of the operator D4 := % — A(+) acting from W, := {u € W1P(0,2m;X) N
LP(0,2m; W) : w(0) = u(2m)} into XP := LP(0,27; X) when p € (1,00). The
primary focus is on the Fredholmness and index of D 4, but a number of related
issues are also discussed, such as the independence of the index and spectrum
of D4 upon p or upon the pair (X, W) as well as sufficient conditions ensuring
that D4 is an isomorphism. Motivated by applications when D 4 arises as
the linearization of a nonlinear operator, we also address similar questions in
higher order spaces, which amounts to proving (nontrivial) regularity proper-
ties. Since we do not assume that +A(¢) generates any semigroup, approaches
based on evolution systems are ruled out. In particular, we do not make use
of any analog or generalization of Floquet’s theory. Instead, some arguments,
which rely on the autonomous case (for which results have only recently been
made available) and a partition of unity, are more reminiscent of the methods
used in elliptic PDE theory with variable coefficients.

1. INTRODUCTION

Throughout this paper, we assume some familiarity with the concepts of Banach
space with UMD (unconditionality of martingale differences) and of randomized
(a.k.a. Rademacher) boundedness, henceforth abbreviated as r-boundedness. The
expositions in the monograph by Denk, Hieber and Priiss [11] or alternatively in
any of the papers [3] , [8], [25], [32], are sufficient for our purposes.

If X is a complex Banach space and p € [1,00], recall that W1?(0,27; X) is
the subspace of LP(0,2m; X) of those functions whose derivatives in the sense of
X-valued distributions are in LP(0,2m; X). As is well known, WP(0,2m; X) —
C°([0,27], X), so that u(0) and u(27) are unambiguously defined in X and depend
continuously on v € W1P(0,27; X). Thus, the subspace
(1.1) WLE(0,2m; X) := {u € WHP(0,27; X) : u(0) = u(27)},

per

is well defined and closed in W1?(0,27; X).

As usual, if L is an unbounded linear operator on a Banach space, o(L) and
R(M\, L) := (L — M)~ denote the spectrum and resolvent of L, respectively and
p(L) := C\o(L) is the resolvent set of L. Our starting point is the following result
by Arendt and Bu [3, Theorem 2.3] (rephrased):
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Theorem 1.1. Let X be a Banach space with UMD and let A be a closed un-
bounded operator on X with domain W equipped with the graph norm. Then, given
p € (1,00), the operator Dy = & — A is an isomorphism of Wk (0,2m; X) N

LP(0,2m; W) onto LP(0,2m; X) if and only if o(A)NiZ = O and the set {kR(ik, A) :
k € Z} is r-bounded in L(X).

It is noteworthy that, in Theorem 1.1, the operator A need not generate a semi-
group. In fact, 0(A) may not even be contained in any half-plane. Nonetheless, the
case when +A does generate a semigroup is of course important in the applications.

In this paper, we consider the more general case when A = A(t) is 27 -periodic
with ¢t-independent domain W and discuss various extensions and complements of
the “if” part of Theorem 1.1. If W = X is finite-dimensional, it is an easy by-
product of Floquet’s theory (see for instance Farkas [13]) that the operator Dy :=
% — A(+) is similar to an operator with constant coefficients, so that everything
boils down to applying Theorem 1.1.

On the other hand, if W = X is infinite dimensional, then Floquet’s theory
usually breaks down, even in Hilbert space. Furthermore, its validity depends
upon properties of the monodromy operator which are rarely verifiable in practice,
or place drastic limitations on the size of ||A(t)|| (Massera and Schéffer [22]). See
however Chow, Lu and Mallet-Paret [7] for the case of scalar parabolic equations
in one space variable. We also point out that “obvious” variants of the condition
d(A)NiZ = () in Theorem 1.1 do not provide an adequate substitute, even in the
finite dimensional case when the r-boundedness condition is vacuous. This can be
seen on the simple scalar example X = W = C and A(t) = iae® with a € R\Z.
Clearly, o(A(t)) NiZ =  for all ¢, yet ker D4 contains u(t) := e

We shall follow a much different route and consider the broader issue of find-
ing sufficient conditions for D4 to be a Fredholm operator. Index considerations
and spectral properties are discussed in detail as well. Eventually, isomorphism
theorems will be obtained in the t-dependent case, but not under hypotheses fully
generalizing those of Theorem 1.1.

We shall always assume that X is a Banach space with UMD, that the operators
A(t) have a common domain W and that the embedding W «— X is compact. The
latter is not required in Theorem 1.1, but it is essential in our approach (see Remark
3.2). In particular, our assumptions rule out the case W = X when dim X = oo but
they are compatible with A(¢) being a differential operator acting between Sobolev
spaces. The specific hypotheses are listed in Section 2, where some (mostly known)
preliminary results are also collected for convenience.

A sufficient condition for D4 : W,2(0,2m; X) N LP(0,2m; W) — LP(0,2m; X) to
be semi-Fredholm is given in Section 3 (Theorem 3.6). Under our assumptions,
both the forward and backward Cauchy problems for D4 are ill-posed in general,
so that evolution systems cannot be used and there is no monodromy operator. In
particular, it does not even make sense to ask whether a generalization of Floquet’s
theory is available. Instead, the method consists in obtaining suitable a priori
estimates via Theorem 1.1 and a partition of unity. This line of arguments follows
Rabier [27], where (0, 27) is replaced by the whole line, and has further roots in the
work of Robbin and Salamon [29]. As a corollary, we obtain that D4 has compact
resolvent and index 0 when o(D4) # C (Corollary 3.7).

By reduction to the constant coefficient case, it is easily seen that D 4 has index
0 when dimX < oo (see also Remark 9.1) and we know of no example when
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o(D4) = C. Accordingly, we have no explicit example when index D4 # 0, but
Theorem 3.6 does not rule out their existence and even allows for problems with
index —oo. In Section 4, we show, by a duality argument and under the exact
same hypotheses, that D4 is actually Fredholm, i.e., of finite index (Theorem 4.1).
Various conditions ensuring that D 4 has index 0 without the help of any spectral
information are also given.

Section 5 addresses various spectral and related questions. The main results
there are that o(D4) and index D4 are p-independent (Theorem 5.2). Corollary
5.3 is especially relevant when A(t) is an elliptic operator with boundary conditions
on a bounded domain.

The Fredholmness of linear operators is important in its own right (Fredholm
alternative), but it is also the key to using degree arguments in nonlinear prob-
lems, especially when the index is 0. For such matters, see Benevieri and Furi [6],
Pejsachowicz and Rabier [24] and the references therein. However, there is a tech-
nical difficulty in using the results of Sections 4 and 5 in nonlinear problems, which
is explained at the beginning of Section 6 and motivates studying the operator
D, acting between the higher order spaces W22E(0,2m; X) N WE(0,27; W) and
WpP(0,2m; X).

The problem in higher order spaces is investigated in Sections 6 and 7. In Section
6, we mostly focus on extending many (but not all) results to the new functional
setting by relying on the previously developed theory or by repeating more or less
the same arguments. The purpose of Section 7 is to show that index D4 and o(D4)
(and even the multiplicity of the isolated eigenvalues) are not affected by passing
to the higher order spaces. This is substantially more demanding and is essentially
done by proving several regularity results for D 4. Thus, while higher order spaces
are better suited to nonlinear problems, the verification of the Fredholm and spec-
tral properties can safely be confined to the simpler original setting. Naturally, no
specific nonlinear application is described in this paper. Also, we did not discuss the
properties of D from WEFLP(0,2m; X) N WEE(0, 2m; W) to WE(0,2m; X)) when
k > 1, which can be done by the same methods.

In concrete problems, especially those of PDE type, it often happens that the
operators A(t) act between whole families of spaces (W, X) rather than just a single
pair of such spaces (for instance, a differential operator with boundary conditions
acts between many pairs of Sobolev spaces). It makes then sense to ask whether
index D4 and (D 4) depend upon the pair (W, X). Their independence of (W, X)
is proved in Section 8, under some natural “compatibility” conditions between such
pairs. The main regularity result of Section 7 (Lemma 7.2) is instrumental in the
proof of the (W, X)-independence.

Unlike the index of Fredholm operators, the compact resolvent property is not
stable by arbitrary compact (or even finite rank) perturbations. Thus, prior to
Section 9, the only infinite dimensional case when this property is known (-
independent case; see Theorem 4.3) is of limited use in other problems. In Section 9,
we give a sufficient condition for D4 (4_xr) to be an isomorphism when Re A is large
enough (Theorem 9.2). In particular, D44 has compact resolvent. The method of
proof does not reveal what extra condition could ensure the isomorphism property
when A = 0, that is, for Dy 4. However, such an extra condition (dissipativity) is
given in Corollary 9.3. Then, by using the (W, X)-independence results of Section
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8, the isomorphism property can next be extended to suitable pairs (W, X ) without
requiring the dissipativity in that setting.

All the statements regarding Fredholmness, nullity or deficiency (and hence also
index or invertibility) remain true in real Banach spaces, for these concepts are
unaffected by replacing X and W by their complexifications.

The spectral and index independence questions for evolution problems, especially
abstract ones, have been studied little, although partial results (p-independence of
the index) can be found in [27] for problems on the whole line and the half line.
Therefore, it is difficult to put this paper in the perspective of earlier works, which
partly explains its length. On the other hand, spectral independence in elliptic
PDEs has been investigated extensively. It is often a simple corollary to elliptic
regularity on “good” bounded domains, but a more delicate matter on unbounded
ones (see Hempel and Voigt [15], Arendt [1], the survey by Davies [9], Leopold and
Schrohe [19], Hieber and Schrohe [17], among others). Still for elliptic problems,
the index independence goes back to Geymonat [14] when the domain is bounded.
It fails when the domain is RY in the weighted spaces considered by McOwen [23]
and others, but positive results in non-weighted Sobolev spaces can be found in
Rabier [26], [28]. (Much earlier, Seeley [30] proved the index independence for a
class of elliptic singular integral operators on LP for which ellipticity is equivalent
to Fredholmness, but this requirement is not met by the operators arising from
PDEs on the whole space.)

The notations used throughout are standard. We only mention explicitly that,
as is customary, a “dot” is often used to denote t-differentiation.

2. PRELIMINARIES

From now on, X is a Banach space with UMD, W C X is a Banach space and
(A(t))tejo,2n) C LW, X). In particular, A(t) may also be viewed as an unbounded
operator on X with domain W and it thus make sense to refer to the spectrum
resolvent, etc., of A(t).

In the sequel, we shall frequently retain some or all of the following hypotheses.

(H1) The embedding W — X is compact.

(H2) A € C2,,([0,27], L(W, X)),

ie., A€ C°0,2n], L(W, X)) and A(0) = A(27).

(H3) For every t € [0, 27], there is x(t) € N such that

{kR(ik, A(t)) : k € Z,|k| > k(t)},

is r-bounded in £(X) when A(t) is viewed as an unbounded operator on X with
domain W.

Remark 2.1. None of the above hypotheses is affected by changing A(t) into —A(t).

The following preliminary result will be used in various places later on. The
(easy) proof can be found in [27, Theorem 2.1}, in a slightly different context.

Lemma 2.1. Suppose that the embedding W — X is continuous. The following
properties hold for every t € [0, 2] :

(i) If X € p(A(t)), then, A(t) — M\ € GL(W, X).

(ii) If p(A(t)) # 0, the norm of W is equivalent' to the graph norm of A(t) (hence

11f (H2) also holds, it is not difficult to see (by the compactness of [0, 27]) that the equivalence
of norms is actually uniform in ¢ € [0, 27].
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A(t) is a closed operator on X with domain W ).

(111) If p(A(t)) # O and (H1) holds, then A(t) has compact resolvent (hence o(A(t))
is discrete and consists of isolated eigenvalues of finite algebraic multiplicity).

(iv) W is a Banach space with UMD.

All the conditions required in Lemma 2.1 are fulfilled if (H1) and (H3) hold. In
particular, from (H3) and Lemma 2.1 (i), it follows that R(ik, A(t)) € L(X, W) for
k € Z and |k| > k(t). This yields an equivalent formulation of (H3) which will be
useful in Section 4:

Lemma 2.2. Suppose that the embedding W — X is continuous. Condition (H3)
holds if and only if for every t € [0, 2], there is k(t) € N such that

[R(ik, A1) : b € Z, K] > w(t)})
is r-bounded in L(X,W).
Proof. Suppose first that (H3) holds and let k € Z be such that |k| > (t). From
the relation
(2.1) ikR(ik, A(t)) = I + A(t)R(ik, A(t)),
the set {A(t)R(ik, A(t)) : k € Z,|k| > k(t)} is r-bounded in £(X). On the other
hand, (H3) also implies that {R(ik, A(t)) : k € Z,|k| > k(t)} is r-bounded in L(X).
Since, by Lemma 2.1 (ii), the norm of W is equivalent to the graph norm of A(t),
it follows that {R(ik, A(t)) : k € Z,|k| > k(t)} is r-bounded in L(X, W).
Conversely, if {R(ik, A(t)) : k € Z,|k| > &(t)}) is r-bounded in L£(X, W), then
{A(t)R(ik, A(t)) : k € Z,|k| > k(t)} is r-bounded in £(X) and (2.1) implies that
{kR(ik, A(t)) : k € Z,|k| > k(t)}) is r-bounded in £(X), so that (H3) holds. I
The technical property that r-boundedness conditions such as (2.1) are unaffected
by some perturbations will be very useful. Several results of this type are available

in the literature. In particular, by (a straightforward variant of) [25, Theorem 3.5]
and since the relatively compact operators have relative bound? 0, we obtain

Lemma 2.3. Let X be a Banach space and let Ay be a closed unbounded operator on
X with domain W equipped with the graph norm. Suppose that there is ko € NU{0}
such that {kR(ik, Ao) : k € Z, |k| > Ko} is r-bounded in L£(X), that is,
(22) T'L(X)({kR(Zk,Ao) ke Z, |k| > Klo}) < 0OQ.
Then, for every K € K(W, X) (compact operators), there is & € NU{0} such that
rex)y({kR(ik, Ao+ K) 1 k € Z, |k| > k}) < o0,

(Of course, this implies that R(ik, Ag + K) exists if |k| > k.)

It follows from Lemma 2.3 that, if (H3) holds, then it also holds when A is
replaced by A+ K, provided that K (t) € (W, X) for every ¢ € [0, 27]. In particular,
if (H1) and (H3) hold, then (H3) also holds when A is replaced by A — AI for any

A € C. This will be used repeatedly and often implicitly.
In Section 7, we shall also need the following “stability” result.

Lemma 2.4. Suppose that A satisfies (H2) and (H3). Then, (H3) also holds for
every B € Cp..([0,2n], LW, X)) with sup,c( on ||B(t) — A®)||cow,x) > 0 small
enough.

2See Hess [16] since X is reflexive.



6 WOLFGANG ARENDT AND PATRICK J. RABIER

Proof. Let ty € [0,27] and € > 0 be given. If ¢t € [0, 27| and « € W, then

1(B(t) — A(to))[|x
< (IB®) = AWl cew.x) + [[(A®) = Alto))llcw.x)) Nllw < ellzlw,

if [t —to| < & with 0 > 0 is small enough and sup,cg o [|B(s) — A(s)|[cw,x) < 5-
From the equivalence of the norm of W and the graph norm of A(tg), there is a
constant ¢y > 0 depending only upon A(tg) (and the norms of X and W) such that
H.’EHW S Co||A(t0)IHX + CQH.T”X. Therefore,

1(B(t) = A(to))z||x < c(to)el|Ato)x|[x + c(to)el|z||x,

for every x € W and every t € Jy, := (to — d,to + d) N [0, 27].

Thus, if € > 0 is chosen small enough in the first place, it follows from (H3) with
t = to and from [25, Theorem 3.5 and Remark 3.5], that there is x(g) € N such that
reox)y({kR(ik, B(t)) : k € Z,|k| > k(e)}) < oo for every t € Jy,. The conclusion
follows by covering [0, 2] with finitely many intervals Ji,. il

The next lemma reveals an important by-product of the hypothesis (H3).
Lemma 2.5. If A satisfies (H3), then W is dense in X.

Since r-boundedness implies boundedness and Banach spaces with UMD are
reflexive, Lemma 2.5 follows from the more general result below, presumably not
new but for which we have found no reference in the literature.

Lemma 2.6. Let Z be a reflexive complex Banach space and let L be an unbounded
linear operator on Z such that there is a sequence (A,) C C with lim,,_, o |An| = 00
and sup,, ||\ R(An, L)|| < co. Then, the domain D(L) of L is dense in Z.

Proof. Let p € p(L) be chosen once and for all. Since the hypotheses of the lemma
readily imply lim,, o R(An, L) =0 in £(Z), it follows that

(2.3) AR\, L)R(u, L) =
An

An = 1

Let z € Z be given. By the boundedness of the sequence A, R(\,,, L)z and the

reflexivity of Z, we may assume with no loss of generality that there is y € Z such

that A\, R(A\,, L)z = y. Thus, A\, R(\,,, L)R(, L)x = R(u, L)y. On the other hand,

by (2.3), MuR(An, L)R(pt, L) — R(p, L)z in norm, so that R(u, L)y = R(u, L)x

and hence y = z. This shows that \,R(\,, L)z = z. Evidently, \,R(\,, L)z €

D(L), whence some convex combination of the points A, R(A,, L)z (also in D(L))
tends to z in norm by Mazur’s lemma. This completes the proof. |

(R(u, L) — R(An, L)) — R(u, L) in L(Z) as n — 0.

3. SEMI-FREDHOLMNESS

In Theorem 3.6 below, we show that if p € (1,00) and the hypotheses (H1) to
(H3) hold, the operator

d
(3.1) Dy = 7 A(Y) - Wple’f((), 2m; X) N LP(0,2m; W) — LP(0, 2m; X),
has closed range and finite dimensional null-space, i.e., is semi-Fredholm of index

veZU{—oo}.
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For simplicity of notation, we shall set
(3.2) WP, = WLE(0,2m; X) N LP(0,2m; W) and &P := LP(0,27; X),

per per

so that D4 does map W}, into AP. The (natural) norms on WP, and AP will
be denoted by || - [[yyr,, and || - [[x», respectively. Both spaces are Banach spaces

for these norms. In addition, by (H1), it follows from Simon [31, Theorem 1] that
the embedding WP (0, 2m; X) N LP(0,2m; W) < LP(0,2m; X) is compact (see also
Aubin [5]). As a result, the embedding

(3.3) WP s XP

per

is compact. As the proof will show, Theorem 3.6 is then a simple by-product of
this compactness together with the inequality

(3.4) lullwg., < M ([Daullxr +[Jullxr),  Vue Wy

per?
where M > 0 is a constant independent of u.

Most of this section is devoted to proving the validity of (3.4), which is done in
Lemma 3.5. This will follow from the case when u has compact support contained
in (0,27) (Lemma 3.4), although the corresponding subspace is not dense in W, ..
In turn, the method of proof of Lemma 3.4 is loosely inspired by the classical
procedure to obtain a priori estimates for elliptic PDEs, by freezing the coefficients
and partition of unity.

Lemma 3.1. Suppose that (H1) to (H3) hold and that p € (1,00). Let so € [0, 27]
be given and let Ao € C be such that o(A(so) — Nol) NiZ = (. Then, there are
an open interval Jo about so and a constant C(so) > 0 such that Ds—r,1 €
GL(OWE,,., X?) for every s € Jo N [0,27] and that ||D,4_1(15)_>\01H£(XP,W5M) < C(s0)
for every s € JoN [0, 27].

Note: Since s is fived, Dasy—x,1 above is the operator % — (A(s) = NoI), with
constant coefficients.

Proof. By Lemma 2.1 (ii), the operator A(sg) is a closed unbounded operator on X
with domain W equipped with a norm equivalent to the graph norm of A(sy) and
hence equivalent to the graph norm of A(sg)—Aol. Next, by (H3), A(so) satisfies the
condition (2.2) of Lemma 2.3, so that, by (H1), there is x € NU{0} such that the set
{kR(ik, A(so) — NoI) : k € Z,|k| > K} is r-bounded. Since o(A(sg) — Aol) NiZ = 0,
the set {kR(ik, A(so) — Xol) : k € Z,|k|] < k} is well defined and finite (hence
r-bounded). Therefore, the set {kR(ik, A(sg) — Aol) : k € Z} is r-bounded (union
of two r-bounded sets). As a result, D 4s)—ro7 € GL(WE,,, XP) by Theorem 1.1
for A(sg) — Aol.

By (H2), the mapping s € [0,27] — Da(s—rs € LW, XP) is continu-

per?

ous. Since GL(W),,,A?) is open in LIW],,,AP), it follows that D4)-r1 €
GL(WE,,., X?) with ||D;(ls)_/\01||£(;(p’wgw) bounded by a constant C(sg) > 0 if

s € Jp and Jp is a small enough open interval about sy. This completes the
proof. I

Lemma 3.2. Suppose that (H1) to (H3) hold and that p € (1,00). There are
a finite set A C [—1,1] and a constant C > 0 with the following property: For
every s € [0,27], there is A € A such that Da—x; € GL(W?,,.,XP) and that

per»
—1
HDA(S)—’\IHL(XP,WEE,,,) <G
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Proof. Given sqg € [0, 2], it follows from Lemma 2.1 (iii) that o(A(sp)) is discrete.
As a result, the projection of o(A(sp)) onto the real axis consists of countably
many points. If Ag € [—1,1] is chosen in the complement of this countable set, then
a(A(sg)—AoI)NiR = @, so that o(A(sg) —Aol)NiZ = (). Thus, by Lemma 3.1, there
are a constant C(sp) > 0 and an open interval Jy about g such that D g(s)-xo1 €
GL(OWE,,., X?) for every s € Jo N [0, 2] and that HD,Z(ls)J\OIHL(XP,WSM) < C(so)
for every s € Jy N [0,27]. The lemma follows by covering [0, 2] by finitely many
such intervals Jp,1 < £ < N, corresponding to points s; € [0,27] and values Ay €
[—1,1]. Clearly, A := {A1,--- , Ay} and C := maxi<o<n C(s¢) satisfy the required
conditions. J

Lemma 3.3. Given p € (1,00), there is € > 0 such that, for every ¢ € C§°(0,2m)
and every u € WP, .,

(3.5) sup  [[A(s) = A(D)llcwx) S e =
s,tESupp Y
ullwe,, < e (IlWDaullar + |[pullxe + [l xr).

per —

Proof. Let u € WP, be given and set f := D u. The multiplication of both sides

per J
by ¢ € C§°(0,27) yields Da(yu) = u + ¢ f. Pick sg € Supp ¢ and let A and
Ao € A be given by Lemma 3.2. Then,

D a(so)-ro1 (1) = (A = A(s0))tbu + ¥ f + du+ Aopu
and hence, by Lemma 3.2 (see Remark 3.1 below) and since [Ag] < 1,
(36)  I[Yullwy., < CUI(A = Also))bullar + [ fllacw + [l + [[ul|x»),

where C > 0 is a constant independent of sg,u and . By writing

1(A = A(s0))0ul|x» = </S II(A(t) — A(SO))¢(t)u(t)|§(dt> "

we obtain the estimate
(A= A(s0)) Yull o < sup  [[A(t) = A(s0)l|cow,x) [[Yull e 0,20

tESupp ¥
< sup  [A(s) = AW cowx)l[vullwe, -
s,t€Supp ¢

upp ¢

By substitution into (3.6), we get

lbullwg,, <C sup  [[A(s) = A@®)l w0l [Yullwz,,

s,tESupp Y
+ Ol fllxe + l[dullxe + [[ullxr),
which yields (3.5) with & = 5 independent of u and ¢ since f := Du. I

Remark 3.1. It is trivial, yet crucial to the above proof, that u € WP, because
(Yu)(0) = (Yu)(27)(= 0). In particular, Lemma 3.2 cannot be used if v is a cut-off
function that does not vanish att =0 or t = 2w since the multiplication by v does

not preserve periodicity in this case.

We are now in a position to prove the validity of the estimate (3.4). We proceed
in two steps.
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Lemma 3.4. Suppose that (H1) to (H3) hold. Then, for every compact interval
Q C (0,2m), there is a constant M(Q) > 0 such that

(3.7) lullwe,, < M(Q) ([[Daullxr + [Jul[x»),
for every u € WP

per

with Suppu C Q.

Proof. Let € > 0 be given by Lemma 3.3. By the uniform continuity of A on [0, 27],
there is § > 0 such that [|A(s) — A(t)||zw,x) < € whenever |s —t| < d. Cover Q
with finitely many open intervals I; C [0, 2] such that |I;| < §,1 < j < n, and
choose n functions ¢; € C§°(0, 27) such that Supp+; C I; and Z;;l Y;=1onQ.

If w is as above, then u = 377 ¢;u, whence |[ullyz, < 377, ([ ullwe,, and
so, by Lemma 3.3,

n

lullwg., <Y e (Ul Daullar + ([ jullar + |9 ul|x0)-

per —

J=1

This implies (3.7) with M(Q) := 2! Z?:l(maxte[o,%] [v; ()] + |1/)] GDN |

Lemma 3.5. Suppose that (H1) to (H3) hold. Then, there is a constant M > 0
such that

(3.8) ullwg,, < M (IDaullae + llullar), V€ WE,.

Proof. Extend A to all of R by periodicity and note that (H1) to (H3) are not
affected by changing [0, 27] into [a, a + 27] where a € R is arbitrary. Thus, (3.7) in
Lemma 3.4 remains true when @ is a compact subinterval of (a, a + 27), the spaces
WE_ and X? are replaced by W,2(a,a + 2m; X) N LP(a, a4 2m; W) and LP(a,a +
27; X), respectively and Suppu C Q. Here, membership of u to WI}é’T’(a, a+2m; X)
means that u € W1P(a,a + 2m; X) and that u(a) = u(a + 27).
Given u € WP, extend u to all of R by periodicity. For j € {—1,0,1}, let
¢; € Cg°(R) be such that Supp p; C Q; C (jm, (j + 2)7) where Q; is a compact
interval, [~1,27+1] C Uj__,Q; and Z;Z_l ¢; = lon|0,2n]. Thenu = 231:_1 piu
on [0, 27], so that
1

(3.9) ||U||W,’,’W < Z ||<pju‘|le”(O,Zfr;X)ﬂLP(OQTr;W)-

j=—1
NOWv ||(p71u||W1*P(O,27r;X)F‘|LP(O,27T;W) = ||9071u||W17P(O,7r;X)ﬁLP(O,7T;W) since Y_1uU =
0 in [ﬂ-a 27T] and ||8071u|‘Wl’p(o,ﬂ';X)ﬁLP(O,ﬂ';W) < ||Q071u||W1vp(—7r,7'r;X)ﬂLP(—7r,Tr;W)'
Therefore,
(3.10) lo_qullwrr.2mx)nre 020wy < l0_1ullwrr(—rmx)nLe (—mmw)-

Since Supp ¢_ju C Q_1, it follows from (3.7) with [0, 27] replaced by [—m, 7] (see
the discussion at the beginning of the proof) that there is M(Q_1) > 0 such that
||<p—1u||W1‘T’(—7r77r;X)ﬂLP(—7r,7r;W) <
M(Q—l) (||DA(SD—1U)HLP(—WJ;X) + H(p—luHLp(—ﬂ',ﬂ';X)) .
By using Da(¢_qu) = ¢_1Dau+ ¢_qu and (3.10), this yields
o1 ullwir.2mx)0Le(0,20;w) <
2M(Q71)(E{1&§< “P—l(t” + |‘P—1(t)|) (HDAUHLP(HMT;X) + ||u||LP(f‘rr7ﬂ';X)) :
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By the periodicity of u and A, |[Daul[1r(—r,x;x) = [|[Daul|xr and [|[ul[1r(—r xx) =
[|u||xe, so that

| _1ul[wrr 0,27 x)nLr (0,20W) <
2M(Q71)(f?gl§<|9071(t)| +o_1 (D)) (1D aullxr + [|uf|x») .

Similar inequalities hold when j = 0 and j = 1 in (3.9), which yields (3.8) with
1 .

M =235 4 M(Qj)(maxier [@; ()] + [;(£)])- B

Theorem 3.6. Suppose that (H1) to (H3) hold. Then, the operator Dy : WE, —

per
XP (see (3.2)) has closed range and finite dimensional null-space for every p €

(1,00).

Proof. By the well known Yood criterion (Deimling [10], Yood [33]), it suffices
to show that D,4 is proper on the closed bounded subsets of WP_ . i.e., that if

per’

(un,) C WP, is a bounded sequence such that (Dauy,,) converges in X7, then (u,,)
contains a WP, -convergent subsequence.

By the compactness of the embedding (3.3), we may assume that (u,) is conver-

gent in X? with no loss of generality. That (u,) actually converges in WP, thus

per
follows from (3.7) with u replaced by u, — tm. 1

Another way to state Theorem 3.6 is to say that D, is semi-Fredholm of index
in ZU {—o00}.

Remark 3.2. In contrast to Theorem 1.1, Theorem 3.6 is false if (H1) is dropped.
For instance, if X = W is an infinite dimensional Hilbert space and A = 0, then
X has the UMD property and (H2) and (H3) hold trivially. Yet, kerDy = X
(constant functions) is not finite dimensional. (If (H1) holds, then o(A(t)) = C
when A =0 has domain W and (H3) fails.)

We now show that under the hypotheses of Theorem 3.6, D 4 is a closed operator
on X? with domain W2, for every p € (1, 00).

per

Corollary 3.7. Suppose that (H1) to (H3) hold. Then, the operator D4 is a

closed operator on XP with domain W, for every p € (1,00). In addition, either

o(Da) =C or Dy has compact resolvent and (hence) index D4 = 0.
Proof. Let (u,) C WP, be a sequence such that u, — u in X” and Dau, — f in
XP. By Theorem 3.6, dimker D 4 < oo, so that there is a continuous projection P €

L(WP, ) onto ker D 4. Furthermore, still by Theorem 3.6, rge D 4 is closed in X'?, so

per
that D 4 is an isomorphism of ker P onto rge D 4. By writing u,, = Pu,, + (I — P)u,
and since D4 (I — P)u, = Dau,, — fp, it follows that (I — P)u,, is convergent in

WP, and hence also in X?. Since u,, — uin X7, it follows that Pu,, = u,— (I-P)u,

is convergent in AP. Since dimker D4 < oo, this amounts to saying that Pu,, is

convergent in WP, . Therefore, u, is convergent in WP and its limit coincides

with its limit «w in AP. This shows that v € WP, . Then, by the continuity of

per:
Dy WP, — XP, it follows that Dsu, — Dju in XP, so that Dju = f. This

er
Completgs the proof that D, is closed.
Since the embedding WP, — A7 is compact, D4 has compact resolvent if
p(D4) # 0. If so, pick A\g € p(Da). The relation Dy — Aol = Dayyr,; shows
that Daix,r is an isomorphism of WP, onto XP. On the other hand, for every

A € C, the operator A + AI satisfies (H1) to (H3) (use (H1) and Lemma 2.3)
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and Dgyys € C(Wge,.,Xp) depends continuously upon A. Thus, D4y,; is semi-
Fredholm for every A € C by Theorem 3.6 and so its index is independent of A € C.
In particular, index D4 = index D 4,7 = 0. 1

In Corollary 3.7, (D 4) refers to the spectrum of D4 as an unbounded operator
on AP with domain W}, for the chosen value of p € (1,00). As we shall see in
Section 5, this value may be left unspecified since o(D 4) turns out to be independent

of p.

4. FREDHOLMNESS

By Corollary 3.7, D 4 has index 0 if 0(D4) # C. Regardless of any spectral con-
dition, we now prove that D4 is Fredholm and not merely semi-Fredholm without
any additional assumption.

Theorem 4.1. Suppose that (H1) to (H3) hold. Then, the operator Da := 4 —
A(-) : Wh,,. — XP (see (3.2)) is Fredholm for every p € (1,00).

Proof. Call j : W — X the embedding, so that j* : X* — W™ is the mapping
J*(z*) = (z*);w. By Lemma 2.5, j* is one to one and thus a continuous embedding
of X* in W*. More specifically, this means that X* can be identified with the subset
of W* of those forms that are continuous for the topology of X. Also, j* is compact
since j is compact by (H1) and W* is a Banach space with UMD since this is true
of W (Lemma 2.1 (iv)).

From (H2), A* € C°([0, 27], L(X*,W*)) and A*(0) = A*(27). In addition, given
A € C, then A*(t) — Aj* is invertible if and only if A(t) — A\j is invertible, which
shows that R(\, A*(t)) = R(X, A(t))*. Now, by (H3) and Lemma 2.2, the set
{R(ik, A(t)),|k| > &(t)} is r-bounded in L(X,W) for every ¢ € [0,2n]. Since X
is a Banach space with UMD, it follows from [25, Lemma 2.3 and Remark 3.1] that
{R(ik, A(t))*, |k| > k(t)} = {R(ik, A*(t)), |k| > k(t)} is r-bounded in L(W™*, X*).
In turn, by another application of Lemma 2.2 with X and W replaced by W* and
X*, respectively, it follows that {kR(ik, A*(t)), |k| > (t)} is r-bounded in L(W*).

In summary, W* is a Banach space with UMD and the hypotheses (H1) to (H3)
hold with X and W replaced by W* and X*, respectively and A(t) replaced by
A*(t), and hence also when replaced by —A*(t) (Remark 2.1). As a result, by

Theorem 3.6, the operator D_ 4« : XF,., — WY has finite dimensional null-space

for every p € (1,00), where p’ := -2+ and (compare with (3.2))

(41) &P = WLY(0,2m; W*) N LP (0,27; X*) and W' := LP (0, 2m; W*).

*per per

Since we already know by Theorem 3.6 that D4 has closed range, the Fredholm-
ness of Dy4 is equivalent to the finite dimensionality of ker(D 4)*. However, a direct
approach is faced with the difficulty of characterizing (D4)* (there is no simple
description of the dual of WP, ).

Instead, we shall rely on the finite dimensionality of ker D_ 4« just proved above
and show that (rge D)™ C ker D_4-, so that rge D4 has finite codimension in
LP(0,27; X). Note that (rge D)L € (LP(0,2m; X))* = LP' (0, 27; X*), the latter by
the reflexivity of X (see Edwards [12]), whereas ker D_ 4~ C Xf];er C LP'(0,2m; X*).
Thus, the claim that (rge Da)t C ker D_ 4+ is in fact an abstract regularity result
for the members of (rge D4)*.
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The precise meaning of the relation (L?(0, 27; X))* = L¥' (0, 2; X*) is that every
continuous linear form on LP(0,27; X) is given by

27
feLr,2mX) »—»/0 (f(),v"(t)) x,x~dt,

for some v* € LP' (0, 2m; X*). If now v* € (rge D4)*, then

2m
(4.2) /0 (i(t) — A(tyu(t), v* (£)) x x- dt = 0,

for every u € WP, In particular, given any x € W and any ¢ € C§°(0,2m), we
may choose u = ¢ ® x in (4.2), so that

27
| 02 - Aeteye. o ()t = 0.

This may be rewritten as

| et Oxadi— [ o040 Ohw-de =0
0 0

and, since the Bochner integral commutes with duality pairings, also as

(4.3) <a: /0 " <,b(t)v*(t)dt>X7X* - <ac /0 27r<a:,go(t)A*(t)v*(t)dt>W?W* ~0.

Now, observe that if z* € X* and x € W, then (z,2*)x x» = (z,z*)w,w~ since
x* € X* is simply identified with its restriction to W when it is viewed as a member
of W*. Thus, (4.3) also reads

<x, /0 ” gb(t)v*(t)dt>W’W* _ <x /0 Qﬂ go(t)A*(t)v*(t)dt>W$W* 0.

Since x € W is arbitrary, it follows that fo% P(t)v*(t)dt — fOM P A*(t)v*(t)dt = 0
in W*. In turn, because ¢ € C§° is also arbitrary, this means that

(4.4) P+ ATv* =0,

as a distribution with values in W*. Since A* € C°([0, 27, £L(X*,W*)) and v* €
LP'(0,2m; X*) € LP'(0,2m; W*), it follows that o* = —A*v* € L¥' (0,2m; W*) and
hence that v* € W2 (0, 2m; W*) N LP (0, 2m; X*).

To complete the proof it suffices to show that v*(27) = v*(0) (well defined in
W* since v* € W' (0, 2m; W*)), for then v* € Xf;,e,. (see (4.1)) while D_4-v* =0
by (4.4). To see this, let € W be given. The constant function v = 1 ® z is in

WP, and so, by (4.2), [T (A(t)z,v* (1)) x, x~dt = 0, that is,

27
/ (2, A% (80" (6))wy -t = 0.
0
By (4.4), this amounts to f;" (z, 0" (t))w,w-dt = 0, 1. e., [27 4 ((z, 0" ww-) (t)dt =

0. Since (z,v*)ww- € WP (0, 21), we infer that (z, v*(27))ww- = (2, v*(0))w.w+
and hence that v*(27) = v*(0) since € W is arbitrary. I
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Although the relation (rge D)t C ker D_4- suffices in the above proof, it is
easily seen (by reversing the arguments and by the denseness of (C§° (0, 2m)®C)@W
in WE_ ) that the stronger relation (rge Da)* = ker D_4- holds. As a result, we
obtain

(4.5) index D4 = dimker D4 — dimker D_ 4+,

under the assumptions of Theorem 4.1. Note that even though this formula is
established by viewing D and D_ s« acting from WP to X? and from X7 to wr',
respectively, it follows from Theorem 5.2 in the next section (invariance of the null-
space) that it remains true when D4 and D_ 4« act from WP to AP and from X{ to
W], respectively, for any choice of p,q € (1,00) (in particular, when p = ¢). This
is useful in some arguments.

In its general form, Corollary 4.2 below does not follow from the well known
property that compact perturbations of Fredholm operators do not affect the index.

Corollary 4.2. Suppose that (H1) to (H3) hold. If K € Cj..([0,27], K(W, X)),
then, Dayk is Fredholm from WP, to XP for every p € (1,00) and index Dayx =
indexDy.

Proof. For s € [0,1], set As(t) := A(t) + sK(t), so that Ag = A and A; = A+ K.
For every s € [0, 1], A satisfies (H1) to (H3) (for the latter, see Lemma 2.3). Thus,
D,, is Fredholm for every s € [0,1] by Theorem 4.1 and index D4, = index D 4,
by the local constancy of the index (Kato [18], Lindenstrauss and Tzafriri [20]).

In Corollary 4.2, the compactness of K(t) does not suffice to ascertain that
D a4k is a compact perturbation of D 4. However, this is true provided that K €
C°([0,27], L(Z, X)), where Z is a Banach space such that W C Z C X and the
embedding W — Z is compact, for then the embedding W}, — Z? := LP(0,2m; Z)
is compact by [31] and the multiplication by K is continuous from ZP to XP. In
this case, Corollary 4.2 remains true even if K(27) # K(0), so that A+ K is not
periodic (note that the condition A(0) = A(27) is not needed for D to map W2,
into X'P).

The question whether the index of D4 is always 0 in Theorem 4.1 is open (except
in the finite dimensional case). On the other hand, it can be shown that the index
is 0 under various extra conditions. A few are discussed in the remainder of this
section, that are derived from the “basic” case is when A(t) is ¢-independent:

Theorem 4.3. Suppose that, in Theorem 4.1, A(t) = A is t-independent (so that
(H2) is vacuous). Then Da : WP, — XP has index 0 and compact resolvent for
every p € (1,00). Furthermore:

(i) ker D g = D pezikeo(a)er @ ker(A —ikI), where ey, denotes the function e

(ii) rge Dy = {f € X7 : f(k) := + 02“ ft)e~*tdt € rge(A — ikl),Vk € Z}.

ikt

Proof. By Lemma 2.1 (iii), o(A) is discrete, so that there is A € R such that
(A —AI)NiZ = . Furthermore, since A\ is compact when viewed as an operator
from W to X by (H1), it follows from (H3) and Lemma 2.3 that there is x €
N such that the family {kR(ik,A — \XI) : k € Z,|k| > &k} is r-bounded. Since
{kR(ik,A — XI) : k € Z,|k| < Ky} is finite (and well defined), hence r-bounded, it
follows that {kR(ik, A — XI) : k € Z} is r-bounded. By Theorem 1.1, the operator
D 4y is an isomorphism of W2, to XP for every p € (1,00). But Da_x; = Da+Al,

per
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which shows that —X\ € p(D4). Thus, by Corollary 3.7, D4 has compact resolvent
and index 0.

We now prove the characterizations of ker D4 and rge D 4 given in (i) and (ii) of
the theorem.

(i) It is readily checked that if u := 3 ;7 ireq(a)) €6 © Tp With z € ker(A —
ikI) C W, then u € WP, and Du = 0. Conversely, if u € ker Dy, then (A —

per

ik)u(k) = 0 for every k € Z, where u(k) := 5~ OQW u(t)e~*tdt € W (see [3, Lemma
2.1]). Thus, u(k) = 0 if ik € p(A), i.e., for all but finitely many indices k by
(H3), and then Fejér’s theorem (see [2] for the vector-valued case) shows that u =

Do (kezikeo(a)y €k © u(k) (finite sum). This proves the claim.
(ii) If f € rge D 4, so that Du = f for some u € WP, then (A —ikI)u(k) = f(k:)

for every k € 7, whence f(k) € rge(A — iklI) for every k € Z. This is a restriction
only if ik € o(A). For every such k, and since A — ikI is Fredholm of index 0, we
have codimrge(A — ikI) = dimker(A — ikI) := di. Choose a complement Zj of
rge(A—ikI) in X (so that dim Zj = di) and call P, € £(X) the projection onto Zj,
associated with the direct sum X = rge(A — ikl) ® Zi. Next, define Pp:X? = X
by

Py(f) = Puf (k).
Since f € AP — f(k‘) € X is onto, it follows that ranle;c = rank P, = dj,.

Equivalently, codim ker JSk = dj.. With this notation, the necessary condition f(k) €
rge(A —ikI) whenever ik € o(A) for f to be in rge D4 reads

(4.6) rge Dg C Nireo(a) ker P,.

From part (i) and since D4 has index 0, it follows that d := codimrge Dy =
ZikeU(A) di. On the other hand, if (ﬂikGJ(A) kerf’k) N Z = {0} for some d-

dimensional subspace Z of AP, then codim Ncq(a)ker ngf > d . If so, equality

~

must hold in (4.6), whence rge Da = {f € AP : f(k) € rge(A —ikI),Vk € Z}.

Now, the space Z := @ikeU(A) er®Zy, has dimension d. If f = ZikEG(A) erRzy €
Z (2 € Zk), then Jij = 2j, so that f € Nireq(a)ker ISkf only if z = 0 for every
ik € 0(A), and then f = 0. This completes the proof. I

Remark 4.1. By replacing A by A+ Al in Theorem 4.3, it follows that A € o(D4)
if and only if X+ ik € o(A) for some k € Z. Equivalently, c(Ds) = o(A) + iZ.

Corollary 4.4. Suppose that, in Theorem 4.1, A(t) — A(0) € K(W,X). Then

D : WP, — XP has index 0 for every p € (1,00).

Proof. Use Theorem 4.3 and Corollary 4.2. 1

From the comments after Corollary 4.2, if A— A(0) € C°([0,27], £(Z, X)) where
Z is a Banach space such that W C Z C X and the embedding W — Z is compact,
then Corollary 4.4 remains true when A(0) # A(27). We complete this section with
the remark that a very different property (symmetry) also implies that the index
is 0.

Corollary 4.5. Suppose that, in Theorem 4.1, A(2r —t) = A(¢t) for t € [0,2n].
Then Da : WP, — XP has index 0 for every p € (1,00).
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Proof. For s € [0, 7], set

[ AQ)ifte0,s]U[2m — s, 27],
As(t) = { A(s)if t € (s,2m — s).

It is obvious that A satisfies (H1) to (H3), so that D, : WP, — AP is semi-
Fredholm for every p € (1,00) and every s € [0, 7] by Theorem 3.6. Also, D4, €
L(WP,,., XP) depends continuously upon s, so that index Da, = index Dy,. But

Ar = A and Ag = A(0). Thus, index D4 = 0 by Theorem 4.3 for A(0). I

More generally, by combining Corollaries 4.4 and 4.5, D4 has index 0 if A(27 —
t) — A(t) is compact for every t € [0, 27].

5. THE p-INDEPENDENCE OF THE INDEX AND SPECTRUM

In Corollary 3.7, we proved that (H1) to (H3) imply that D4 is a closed operator
on X? with domain WP, for every p € (1,00). In this section, we show that
index D4 and o(Dy4) as well as the multiplicity of the isolated eigenvalues of D4
are independent of p. The proof relies on the following “consistency” property.

Lemma 5.1. Suppose that (H1) to (H3) hold. If p,q € (1,00) and f € XP N X9,
every u € WP such that Dau = f is in WP, N W2

per per per*

Proof. Since the result is obvious if p > ¢, we assume p < ¢g. By an argument similar
to the one used in the proof of Lemma 3.5 (extension of A, w and f by periodicity),
and by noticing that WP, C AP N X, it suffices to prove the result when Suppu
is contained in a compact subinterval @ of (0, 27).

Let t9 € @ be given. Since o(A(tp)) # C by (H3), choose Ag € C such that
A(to) — Mol € GL(W, X), so that D s(,)—x,s is an isomorphism of WP, to X? and
of W4, to X? by Theorem 1.1. For € > 0, define A.(t) by

per
A(to — E) ift e [O,to — E),
Ae(t) = A(t) ift e [to —¢&,to +€],

A(to —|—€) ift e (to - 6,27‘(’].

Clearly, A. € C°([0,2x], L(W, X)) and lim._o SUPyeo,27] [|Ac(t) = A(to)llzow,x) =
0. As aresult, Da, _x,1 — Dagto)—ror in LOVE,., XP) and in LIWL,,., X7), so that

per? per?
D4, o1 is an isomorphism of WE. . to AP and of WY, to X7 if ¢ > 0 is small

per
enough. (A.(0) need not equal A.(27), but this is irrelevant since D__»,s still
maps WP, into AP.)

Now, let ¢ € C§° be such that Suppy C (tg — &,tp + €). Since Dau = f, it

follows that Da_y,ru = f + Aou and so

Da—sxo1(pu) = P f + Nothu — Pu.

Observe that Da_x,1(¢u) = Da.—x,1(¥bu) since Supp ¢ C (tg —¢,to + ) and since
Ac(t) coincides with A(t) for ¢ € [tg — e, to + £]. Therefore,

D, 1 (¥u) = ¥ f + Motpu — Yu.

Above, the right-hand side is in X? N X9 since f € AP N X7 by hypothesis and
since w € WE,, C XP N X9, From the above, ¢u is the unique solution v € WL,

per
of the equation D4__x,rv = ¥ f + Ao¥u — Yu. But this equation also has a unique
solution in WY,,. Since W, C WP, (because p < g), its solutions in W}, and

per
WY, coincide. This shows that Yu € WE,, NWL,.
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That u (with Suppu C @ C (0,27)) is in WP, N W/, follows easily by covering
@ by finitely many intervals (t9 — &, to + €) as above and using a partition of unity
on @ (as in the proof of Lemma 3.4). I

Theorem 5.2. Suppose that (H1) to (H3) hold and, for p € (1,00), view D4 as a
closed unbounded operator on XP with domain WY, (Corollary 3.7). Then, ker D 4,
index D4 (see Theorem 4.1) and o(D4) are independent of p € (1,00). Moreover,
if 0(Da) # C, every A € o(Da) is an isolated eigenvalue whose multiplicity is

independent of p € (1, 00).

Proof. First, it follows at once from Lemma 5.1 that ker D4 is independent of
p. Thus, the injectivity of Dy is independent of p. Below, we show that, given
p,q € (1,00) and k € NU{0}, the condition codimrge D4 > k when D : W, —
AP implies codimrge D4 > k when Dy : W], — X%, so that codimrge D4 is
independent of p. In particular, whether D 4 is onto X? is independent of p. Thus,
the index of D4 and its invertibility are independent of p. Upon replacing A by
A — A in the last statement, it follows that o(D4) is independent of p.

Suppose then that codimrgeDs > k when Dy : WP, — &P. There is a k
-dimensional subspace Zj, of AP such that Z, N Da(W§,,.) = {0}. Since Z is finite-
dimensional and Da(W,,.) C &P is closed, the condition Z, N D4 (WP,,) = {0} is
unaffected by small enough perturbations of Zi. In particular, by the denseness of
C°(0,27) ® X in AP, it is not restrictive to assume Z C C§°(0,2m) @ X (if k& > 0,
just approximate a basis of Zj, by members of C§°(0,27) ® X). If so, Z, C XPNX1
and if g € Z and Dau = g for some u € WY, then u € WP by Lemma 5.1. It
follows that g € Zx N Da(W§,,) = {0}, i.e., g = 0. Thus, Z N Da(Wp.,.) = {0},
so that codimrge Da > k when Dy : W], — X9. This completes the proof that
index D4 and o(D4) are independent of p.

If 6(Dy4) # C, every X € o(Dy4) is an isolated eigenvalue of finite multiplicity
(Corollary 3.7). Given p € (1, 00), the multiplicity m, of A when Ds : WP, — XPis

the (finite) dimension of the space P,(X?), where

1
=k [ Dt

Ry(¢(,Da):=(Da—(¢I)~ € L(XP) and T is a small circle around A lying entirely
in p(D4) (independent of p from the above). By the denseness of X? N X7 in AP
and the finite dimensionality of P(X?), it follows that m, = dim P,(X? N X'7).
Likewise, my = dim P,(X? N X7). But, by Lemma 5.1, R,(¢,D4) and Ry((,Da)
coincide in AP N X9, so that P,(X? N X7) = P,(XP? N X?) and hence m, = m,. 1

In the above proof, the result that ker D 4 is independent of p is also true when
A is replaced by A — A\ with A\ € C. Therefore, all the eigenspaces of D4 are
p-independent (irrespective of o(D4) being the whole plane or not).

Remark 5.1. It is readily checked that o(D4) is invariant by iZ translations, i.e.,
0(Da) = 0(Da) +iZ. This is obvious if 0(Da) = C. Otherwise, every A € o(D4)
is an eigenvalue of D 4. If u is a corresponding eigenfunction and k € Z, then \+ik
is an eigenvalue associated with the eigenfunction v := e**tu.

The next corollary is especially relevant when +A(t) is a differential operator.
Recall that a closed operator Ay on X with domain W is said to be sectorial if both
W and Ag(W) are dense in X and if (—o0,0) C p(Ag) with {CR(—(, Ap) : ¢ > 0}
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bounded in £(X). If the set {CR(—(, Ap) : ¢ > 0} is not only bounded but also
r-bounded in £(X), then Ay is said to be r-sectorial.

If Ay is an r-sectorial operator, then for # > 0 small enough, the set {CR(—¢, Ao) :
|arg ¢| < 0} is r-bounded in £L(X) (see for instance [11, p. 43]). The r-angle ¢l of
A is the infimum of those 6 € (0, ) such that the set {R(—(, Ap) : |arg(| < m7—6}
is r-bounded. The value of Corollary 5.3 below when +A(¢) is an elliptic operator -
possibly a system- associated with suitable homogeneous boundary conditions® on a
domain with compact boundary, is that there are known sufficient conditions about
the coeflicients ensuring that A(t) + p,f is r-sectorial with r-angle ¢r4(t)+utl <3
for some p, > 0 ([11, Theorem 8.2, p. 102]). As the proof of Corollary 5.3 will
show, this condition is stronger than (H3).

Corollary 5.3. Suppose that (H1) and (H2) hold and that, for every t € [0, 2n],
there is p, > 0 such that A(t)+p, 1 is r-sectorial with r-angle ¢y )4, 1 < 5. Then,
Dyg: WP, — XP is Fredholm for every p € (1,00) and its index is independent
of p.

Note: We shall prove later (Corollary 9.3) that, among other things, index Dy 4 =
0.

Proof. Upon increasing p, by any amount, it is not restrictive to assume that
A(t) + w1 is invertible. This does not affect r-sectoriality and does not increase
the r-angle (see for instance Proposition 4.3 in [11] with B=0and a = 3=0in
that proposition). Then, since ¢y )4, r < 3. it follows that {{R(—i§, A(t) + 1)
¢ € R} is r-bounded in £(X). Since this set is invariant upon changing ¢ into —¢&,
this amounts to saying that {{R(i€, A(t) + p,I) : £ € R} is r-bounded in £(X). In
particular, {kR(ik, A(t) + u,I) : k € Z} is r-bounded in £(X). By (H1) and Lemma
2.3, it follows that there is k() € N such that {kR(ik, A(t)) : k € Z, |k| > k(t)} is
r-bounded, so that (H3) holds. Thus, the conclusion for D4 follows from Theorem
4.1.

Next, observe that the hypotheses of the corollary are unchanged by changing
A(t) into B(t) := A(2m —t). Thus, Dp : WE,, — &P is Fredholm from the above.
Now, the change of variable ¢ = 27 — s changes Dp into —D_ 4, so that —D_ 4,
and hence also D_ 4, is Fredholm from W2, to XP (with p-independent index). I

per

6. HIGHER ORDER SPACES I

This section is motivated by the applications of the Fredholm theory for D4
to nonlinear problems, notably in PDEs. Typically, such applications involve a
nonlinear mapping F : WP — XP. Since WP and XP are spaces of functions on
(0,27) with values in W and X, respectively, many such mappings arise from some
F :[0,27]xW — X via substitution, that is, defined by F(u)(t) := F (¢, u(t)) where
u € WP. (Incidentally, the part —A(¢)u in D4 is also of this form.) Of course, the
properties of F' must ensure that F(u) € X? whenever u € WP.

Now, it is intuitively clear and widely corroborated by numerous examples, that
there are many more nonlinear mappings (and with better properties) defined on a
Banach algebra rather than just on a Banach space. Since WP C W1P(0,27m; X) N

3Tn practice, the boundary conditions are incorporated to the definition of W, so that these
boundary conditions must be t-independent; this is one of the limitations induced by the hypothesis
that the domain W of A(t) is ¢-independent.
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LP(0,27; W), the only obvious way for WP to embed in a Banach algebra? is when
either W1P(0,27; X) or LP(0,2m; W) is contained in such an algebra. The case
W = C already shows that this is hopeless for the latter space, so that the only
option is that W1P(0,27; X) is contained in a Banach algebra. This will indeed
happen when X is contained in a Banach algebra. However, keeping in mind that
X must also be UMD, hence reflexive, the most useful case in PDE applications
is when X is a (closed subspace of a) Lebesgue space L?()) where €2 is an open
subset of RV, Unfortunately, L?(f2) is a Banach algebra only when ¢ = oo, a case
ruled out in virtually all PDE applications.

On the other hand, it is typical that W is a closed subspace of some Sobolev
space W™4(Q) with m > 1, which is a Banach algebra when mq > N. If so,
WLP(0,2m; W) — WLP(0,2m; W™9(2)) and the latter space is then a Banach
algebra for all p > 1. This provides a motivation to look into the Fredholm properties
of D4 now acting from the space

(6.1) Wi = W2E(0,2m; X) N Wk (0,2m; W),

where

(6.2)  W2E(0,2m; X) == {u € W>P(0,2m; X) : u(0) = u(2m),0(0) = a(2m)},
into the space

(6.3) Xk = W,(0,2m; X).

It will be useful to notice that an equivalent definition of W2 is
(6.4) W;é’; ={ueWh, aeWh }.

As we shall see in this section and the next one, the Fredholm and spectral
properties of D4 in the above setting can be obtained by using a combination of
the previous results or arguments together with “regularity” properties that we shall
establish along the way. The first one is a variant of Theorem 1.1 (¢-independent
case) in this new functional framework.

Theorem 6.1. Let A be a closed unbounded operator on® X with domain W
equipped with the graph norm. If 0(A) NiZ = 0 and the set {kR(ik,A) : k € Z}
is r-bounded in L(X), then, given p € (1,00), the operator Dy = % — A is an

; ; 1,p 1,p
isomorphism of Wyl onto X).F.

Proof. Clearly, D4 is one to one on WLP since it is already one to one on WP

per per
by Theorem 1.1. To prove the surjectivity of D4, let f € Xplczf be given. Since
[ € XP and f € XP, it follows from Theorem 1.1 that there are u,v € WF,,

such that Dau = f and Dav = f. Thus, by (6.4), it suffices to show that v =
. This is obvious if f is an X-valued trigonometric polynomial, for then f =
Sh__,er® f(k) for some n € NU {0} (where, as before, e, is the function e?** )

andu=—>,_  ex® R(ik, A)f(k), so that & € WP, and Dt = ii — Aiv = f.

per
In general, that v = % follows from the above and the denseness of the X-valued

trigonometric polynomials in X2 (see below). Indeed, if (f,) is a sequence of such

polynomials such that f, — f in X2 and if u, := (Da)~' fn, then u, — u in
4There may be nonobvious ways, depending upon X and W. For example, if X = LP(0,1) and

W = W?2P(0,1), then WP C WHP((0,27) x (0,1)), which is a Banach algebra when p > 2.
5Recall that in this paper, X has the UMD property.
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W, and i, = (Da)™" fn —vin WY, Since also 1, tends to 1 as a distribution
with values in X, it follows that 4 = v.
The proof of the denseness claim is the same as in the familiar scalar case: Given

m,n € NU {0}, set

m m

Jm = Z er & J?(k)7 Gm = Z er ® (Zkf(k))
k=—m k=—m
and
fn = n+17;)gma In ?m=ogm

By Fejér’s theorem, f, — f in AP and ‘]?;.L — fin XP (the latter since the Fourier
coefficients of f are (ikf(k)) by the periodicity of f). On the other hand, it is
obvious that gm, = gm, so that f, = f,. Therefore, f, — f in X):2. I

In what follows, we shall use the notation

(6.5) AecCl, (0,27], LW, X))

per

when A, A € Cp..([0,27], L(W, X)). Thus, (6.5) is a strengthening of (H2). This
will be used repeatedly without further mention.
By using Theorem 6.1 instead of Theorem 1.1, we obtain the following variant

of Theorem 3.6:
Theorem 6.2. Suppose that (H1) and (H3) hold and that A € C,.([0, 2n], L(W, X)).

per

Then, for every p € (1,00), the operator Da = & — A(-) : WhP — XLP (see (6.1)

per per
and (6.3)) is well defined and has closed range and finite dimensional null-space.

Proof. Ifu € Wyt C WP, then Dyu € X? and 4(Dyu) = ii— Au— Ai € XP since
il € X7, A € XP and Au € AP (from the assumption that A is C1). Thus, Dau €
WLP(0,27; X). Furthermore, Dau(0) = (0) — A(0)u(0) = u(27) — A(2m)u(27),
whence Du € X)L (see (6.3)). This shows that D4 maps W2 into X 2.

The remainder of the proof follows the proof of Theorem 3.6: Lemma 3.1 re-
mains true with W2, and X replaced by W, and X2, respectively, upon using
Theorem 6.1 instead of Theorem 1.1 and the proof of Lemma 3.2 can be repeated
verbatim.

The generalization of Lemma 3.3 with the new spaces W;g; and X;e’zr’ is slightly
more delicate and requires the condition sup; ;equpp o [|A4(5) = A#)|[cw,x) < € in

(3.5) to be replaced by the stronger requirement

sup  [|A(s) = A(W)llew,x) +  sup  [JA(s) = A(t)l|cowx) S e
s,teSupp ¢ s,teSupp ¢

However, by the uniform continuity of A and A on [0,27], this is not an obstacle
to reproducing the proof of Lemma 3.4 with obvious modifications and Lemma 3.5
remains valid because of the assumptions made about A (in particular, A(0) =
A(27) ensures that the periodic extension of A is C1). Then, the argument used in
proof of Theorem 3.6 yields the desired result. Observe that the repetition of this
argument makes use of the compactness of the embedding

(6.6) WP s X 1P

per per>
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which follows at once from (6.4) and the compactness of the embedding W}, —
AP 1

It is readily checked that Corollary 3.7 is still true in the WZ};}; - Xz}e’ff setting,
provided that A € C}_,.([0,27], L(W, X)).

per

Because the proof of Theorem 4.1 relies heavily on the fact that the dual of
LP(0,2m; X) is L (0, 27; X*), it cannot be repeated when WP, and XP are replaced

per

by W;g; and Xz}éﬁi , respectively. This is a serious difficulty. To prove the validity of
Theorem 4.1 in this setting, we shall show in the next section that D4 : WLP —

per

XLP has the same index as Dy : WP, — &P (Theorem 7.3), so that the Fredholm

per
property follows from Theorem 4.1 itself. In fact, the material developed to prove

this property will yield much more than the W2 - X'L,P variant of Theorem 4.1: It

per per
will also enable us to show that the spectrum of D4 : ng; — Xz}éﬁ,’ coincides with
the spectrum of D4 : WP — XP  and, under suitable additional conditions, that

per per
ker D 4 is the same in both functional settings (Lemma 7.2 and Corollary 7.8).
After the Fredholm property has been established in the WIP-XLP setting, a

per”““per
routine check reveals that Corollary 4.2 remains true in that setting if it is also

assumed that A € CL_ .([0,2x], L(W, X)) and K € C!,, ([0, 27], (W, X)). (In fact,

per per
the multiplication by K € CY., ([0, 2x], L(W, Z))n C*([0,2x], L(W, Z)) is compact

per
from W2 to Xk if Z C X is a Banach space such that the embedding Z — X is
compact. Thus, the condition K(0) = K (27) is not needed in this case.). Likewise,
Theorem 4.3 (constant A) as well as Corollaries 4.4 and 4.5 are still valid, provided

that A € C}.,.(0,2x], L(W, X)) in the latter two.
Lemma 5.1 remains true as well, but the (simple) proof must be given. This is

done below.

Lemma 6.3. Suppose that (H1) and (H3) hold and that A € C},,.([0,27], L(W, X)).

per
Ifp,q e (1,00) and f € X}k N X4, then every u € Wyb such that Dau = f is in
Wik AW,

Proof. Since the result is trivial if p > ¢, it suffices to consider the case p < q. By
Lemma 5.1, we already have that u € WY,,.. Thus, by (6.4), it remains to show that
u e WY,.

By differentiation of the relation Dau := @ — Au = f, we get it — Au = f + Au
as distributions. Since f € X7 and u € Wi, the right-hand side is in X N X7, so

that « € W2 by another application of Lemma 5.1. I

per

By using Lemma 6.3 instead of Lemma 5.1 in the proof of Theorem 5.2, it follows
that the null-space, index and spectrum of Dy : WhE — X:2 are independent, of
p € (1,00) if (H1) to (H3) hold and A € C}.,.([0,27], L(W, X)).

7. HIGHER ORDER SPACES II

We begin with another regularity property (see also Corollary 7.5 later). The
question is simple: If u € WP, and Dju = f € XLP, is it true that u € WP ?

per per> per
Unlike in the ODE case, this does not follow by differentiating D u = f, because
the term A7 makes no sense if u is only in WP, and so the product rule cannot be
used with Au. The answer to this question is more involved than one might perhaps

expect. In a first step, we resolve the issue under an extra condition about A.
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Lemma 7.1. Suppose that (H1) and (H3) hold and that A € C},,.([0, 27], L(W, X))N
W222(0,2m; L(W, X)). Given p € (1,00), let f € X} and u € WE,,. be such that
Dju=f. Then, u € WP

per:

Proof. Tt follows easily from (H3) and the continuity of A that if k¥ € Z and |k| is
large enough, then A(t) — ikl is invertible for every ¢t € [0,2x]. Since Dau = f,
we have Dg_jpru = Dau + iku = f + iku € Xl}e’ﬁ since WP, C Xgéﬁi. Thus,
upon replacing A by A — ikI, we may and shall assume that A(t) is invertible for
every t € [0,27]. By setting B := A~! for simplicity of notation and observing
that B € Cp,,.([0, 2n], L(X, W)) N W2>°(0, 2m; L(X, W)), this makes it possible to
rewrite Du = f in the form®

d .
(7.1) u:B(ll—f)Z%(Bu)—FBu—Bf.

Let w € C§° be such that w > 0,Suppw C (—1,1) and [, w = 1. For ¢ > 0, set
we(t) := e7lw(e~t). By extending (7.1) to all of R by periodicity and convolving
with w,, we infer that
(7.2) we ¥ U = We * (Bu) + w. * (Bu — Bf).

In the right-hand side, Bu € V_VLP(O,QW; W) and Bu — Bf € Whr(0,2m; W)
since u, f € WP(0,2m; X) and B € WhH°(0,2m; L(X,W)). As a result, w. * u €
W?2P(0,2m; W) and, in fact, w. x u € W2P(0,2m; W) since convolution does not

er
affect periodicity. In particular, w. xu € )];V;;};.
To complete the proof, it suffices to show that D4 (w. * u) is bounded in Xz}e’ﬁ
as € — 0. Indeed, w. * u — u in W1P(0,27; X), hence in X;}élﬂ, so that it is
bounded in Xplé’; . Therefore, by the analog of Lemma 3.5 in the W;é’; - Xple’zr) setting

(whose validity under the assumptions of the lemma was noticed in the proof of
Theorem 6.2), the boundedness of both w. * v and Da(w. * u) in XLP implies

per
that w. % u is bounded in W2, that is, in W2E(0,27; X) and in W)2(0,2m; W).

By the reflexivity of these spaces’, there is a sequence &, — 0 such that We, * U
is weakly convergent in W2£(0,27; X) and in W)2(0,27; W). The continuity of
the embeddings W2P(0,2m; X) — XLP and WLP(0,2m; W) — XLP shows that

per per per per

both weak limits coincide with the (strong) limit u of we, * u in Xpléﬁi, so that
uwe W2E(0,2m; X) N WE(0,2m W) = WhE.

Accordingly, the remaining step is to prove the boundedness of D 4(we*u) in Xplczfr’
as ¢ — 0, which is the same as boundedness in W?(0, 27; X). First, Da(we *u) =

we *u — A(we * u), so that, by (7.2),
(7.3) Da(we*u) = w. xu— Alw. * (Bu) + w. * (Bu — Bf))
= A[B(&. * u) — we * (Bu)] — Alwe % (Bu — Bf)].
Since Bu — Bf € W?(0, 2x; W), it follows that w. * (Bu— Bf) — Bu— Bf
in WHP(0,2m; W), whence Alwe * (Bu — Bf)] — A(Bu — Bf) in W"?(0,2m; X).
Thus, the term Alw, * (Bu— Bf)] in (7.3) is bounded in W1?(0, 2m; X) and it only

remains to show that A[B(w. * u) — w. * (Bu)] is bounded as well. In turn, this
reduces to showing that

6Note that in contrast with Au, the product rule is valid with Bu.
"Recall that X is UMD and so is W by Lemma 2.1 (iv).
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(i) A[B(we * u) — w, * (Bu)] is bounded in LP(0, 27m; X),
(ii) A[B(w. * u) — &, * (Bu)] is bounded in L?(0, 2m; X),
(ili) AL[B(w. * u) — W, * (Bu)] is bounded in LP(0, 2m; X).
Both (i) and (ii) follow at once from the boundedness of B(w. * u) — we * (Bu)
in LP(0, 2m; W), proved below.
Write
t+e

B(t)(we * u)(t) — (we * (Buw))(t) = / we(t — 8)(B(t) — B(s))u(s)ds.

t—e

Since B is C! and periodic on R, there is a constant ¢ > 0 such that ||B(t) —
B(s)||z(x,wy < |t — s|. Therefore,

t+e
(7.4) |[B(t)(we * u)(t) — (we * (Bu))(8)|[w < c/ [t = slwe(t = s)[ [[u(s)l|xds

t—e
t+e
<c [ eloddt =)l lus)xds
t—e
If t € [0,27] and € > 0 is small enough, then X5, 4r)(s) = 1 whenever s €
[t —e,t + €], so that (7.4) also reads

t+e
[1B(#)(we * u)(t) = (we * (Bu))(t)||w < C/ € |we (t = )] [Ju(s)|[x X[ 27, 4] (5)ds.

t—e

Hence, for every t € R,
(7.5) [IB(t)(we *u)(t) — (e * (Bu)) ()] lw x[0,2x) (1)

t+e
<e / € 102 (t — )| [lu() | x X(_m 4m] (5)d5.
t

—E&

Now, |we(t)] = e 2|w(e )|, so that e|lw.(t)] = n.(t) with n := |&| and (7.5)
becomes

IBE)@= 5 w)(t) — (e * (Bu) O lwxio.2n(®) < en. = (ullx X2 m ) ()
and so, by Young’s inequality,
[|B(we * u) — (we * (Bu))||Le(0,2mw) < elnallor@l|ullLe (—2m amx)-

. 1 C
Since ||775HL1(]R) = H77||L1(1R) and HUHLP(—27r,47r;X) =3r ||'UJ||LP(0,27T;X) by periodicity,
we find

|| B(we * u) — (we * (Bu))HLP(O,27T;W) < 3%c||n”L1(R)Hu||LP(O,27r;X)7

which proves the boundedness of B(w. *u) — (we * (Bu)) in LP(0,27; W) as € — 0.

In the above arguments, we may replace u by u or B by B (even though B
is not C, it is C%! and this is the property of B actually used to obtain (7.4)).
Thus, both B(w, * i) — (we * (Bi)) and B(w. * u) — (w. * (Bu)) are bounded in
LP(0,2m; W) as € — 0, which implies that % [B(w. * u) — we * (Bu)] is bounded in
LP(0,27; W). But then, A<L[B(we *u) — @, * (Bu)] is bounded in LP(0, 27; X). This
is the requirement (iii) and the proof is complete. I

The method of proof of Lemma 7.1, by mollification and a priori estimates, is
a standard way to establish elliptic regularity in PDEs. In evolution problems, it
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was also used by Robbin and Salamon [29] in a special case (p = 2, X Hilbert, A(t)
selfadjoint) for related but different purposes and in a different spirit.

With the help of Lemma 7.1, we can now show that, under the additional condi-
tion A € W2°°(0,2m; L(W, X)), then ker D4,index D4 and o(D,) do not change
when W?_ and XP are replaced by WP and XLP, respectively. The extra condi-

per per per>
tion about A will be removed later.
Lemma 7.2. Suppose that (H1) and (H3) hold and that A € C},,.([0,27], L(W, X))N

W22(0,2m; LW, X)). Then, for every p € (1,00), the operators D4 : WP, — XP

per

and Dy : WP — XLP are Fredholm and ker D 4,index Da and o(D4) are the

per per

same in both settings (and independent of p).

Proof. The semi-Fredholm property is just Theorems 3.6 and 6.2. That ker D 4 is
the same follows from W2 C WP, and Lemma 7.1. If f € XLP and f ¢ Da(WLP),

per per per per
then f ¢ Da(WE,) by Lemma 7.1. Thus, if Z C X2 is a finite dimensional
subspace such that Z N Da(W)E) = {0}, then also Z N DaA(WE,,) = {0}. This

shows that the codimension (finite or infinite) of D4(WE,.) in AP is no less than

per
. . 1, . 1,
the codimension of Da(W,2) in X)P.

To prove the converse, let now Z C XP be a finite dimensional subspace such
that Z N Da(W.,.) = {0}. By the denseness of C§°(0,27) ® X and the closedness
of Da(WP,,) in XP, it is not restrictive to assume that Z C XLP. Then, since

per per:*

Da(WLe) C Da(WE.,), it is obvious that Z N D4 (WLP) = {0}. This proves that

per per per

the codimension of DA(W;g,’,) in X;éfr’ is no less than (and hence equal to) the

codimension of D4(WE,,) in XP. In particular, by Theorem 4.1, D4 is Fredholm

per
and index D4 is the same in both settings.

By (H1) (and Lemma 2.3), A+ AI satisfies the same hypotheses as A in Lemma

7.2 for every A € C. Therefore, from the above, Dy — Al : WP, — XP and
Da— M : WP — X):F have closed range and fail simultaneously to be one to one

or onto, which shows that o(D4) is the same in both cases. The p -independence
of ker D4,index D4 and o(D4) was observed earlier in both settings, under more
general assumptions about A. I

Theorem 7.3 below is the variant of Theorem 4.1 announced earlier.

Theorem 7.3. Suppose that (H1) and (H3) hold and that A € Cj,,.([0, 27}, L(W, X)).
Then, the operators Dy : WP, — XPand Dy : WP — XLP are Fredholm and have

per per per
the same p-independent index for every p € (1, 00).

Proof. By Theorems 3.6 and 6.2, index Dy € Z U {—oc} is well defined in both
cases and, if also A is in W2°°(0, 27; L(W, X)), the result follows from Lemma 7.2.
If A is only in CL_,.([0,27], L(W, X)), approximate A in C! norm by a sequence

per

A, € C2.([0,2x], L(W, X)) (this can be done by extending A to all of R by

per
periodicity and convolving by a sequence of mollifiers). Then, D4, — D4 in both

L(WE,,., XP) and LOWV}E, X):F), so that the local constancy of the index shows that
index D4 = index D4, for n large enough, in both the WP, - AP and W;é’; - Xi}éf
settings.

Thus, it suffices to show that A,, satisfies (H1) to (H3) (for n large enough), for
then the finiteness and independence of index D4, upon the functional setting -
and then those of index D 4 as well - follow from the first part of the proof. But
(H1) and (H2) are not an issue and, if n is large enough, the validity of (H3) is
ensured by Lemma 2.4. i
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For example, Theorem 7.3 yields at once a W2 - X2 variant of Corollary 5.3.
Note however that its proof does not show that ker D 4 is the same in both cases
(compare with Lemma 7.2). In that regard, see Corollary 7.8 below.

Our next task will be to prove that o(D4) is independent of the functional setting
when A is only C' (if A is W2, this was shown in Lemma 7.2). To do this, we

need the following abstract lemma; see [28, Lemma 4.3] for a proof.

Lemma 7.4. Let E and F be complex Banach spaces and let T € L(E,F) be
Fredholm of index 0 and not invertible. There is an open ball B(0,p) C L(E,F)
with the following property: Given H € B(0,p) such that T + H is invertible and
e > 0, there is § € (0,¢] such that if S € B(T,0) C L(E,F), then S+ zH is not
invertible for some z € C with |z| < .

Since the meaning of Lemma 7.4 may be somewhat cryptic on a first reading, it
may help to notice that, when £ = F and 0 is an isolated eigenvalue of T, then H
may be chosen to be a multiple of I. If so, Lemma 7.4 asserts that every operator
S € L(E) close enough to T has an eigenvalue arbitrarily close to 0. This is of course
well known. Lemma 7.4 is a generalization of this property when either F # F or 0
is not necessarily an isolated eigenvalue of T. In [28], Lemma 7.4 was already used
in connection with spectral independence, but of a different nature and for very
different problems (elliptic systems on R™).

Theorem 7.5. Suppose that (H1) and (H3) hold and that A € C,,.([0, 2x], L(W, X)).

Then, for every p € (1,00), the operators D : WE,,. — XP and Da : Wk — X)P
are simultaneously invertible.

Proof. In this proof, it will be convenient to use different notations for the two
operators D 4. Accordingly, we set

(7.6) DY =Dy : WP — XP and DY := Dy : Wit — xLp

per per per*

Suppose first that DY is invertible. In particular, D9 is Fredholm of index 0 and
so DY is Fredholm of index 0 by Theorem 7.3. Since also ker D}, C ker DY = {0},
it follows that DY is invertible.

Conversely, suppose that DY is invertible and, by contradiction, assume that DY
is not invertible. Given B € C},.([0,2x], L(W, X)), the operators D} and D are
well defined and it is readily checked that if B and A are close in C* ([0, 27], L(W, X)),
then D} is close to DY and DY is close to DY.

In particular, by the openness of linear isomorphisms in LOVLE, X):P) there

is R > 0 such that Dy is invertible whenever B € C,.,.([0,2x], £L(W, X)) and

[|B — Allcr < 2R, where we used the abbreviation ||B — Al|c1 for the norm of
B — Ain C([0,27], £L(W, X)). By Lemma 7.2,

(7.7) {B € Cpe,.([0,27], LW, X)) and ||B — Al|cr < 2R} = DY, invertible.
To get a contradiction, choose E := W F := X? and T := DY in Lemma

7.4 and let p > 0 be given by that lemma. Upon shrinking R > 0 above, we may
assume that

(7.8) IB = Allcr < 2R = ||Dy — Dillcow., 20 < p-
Choose AT € € ([0, 2x], L(W, X)) such that ||AT — A||c1 < R, which is possible

per

by the denseness of C52,.([0,2x], L(W, X)) in C},,.([0,27], L(W, X)). By (7.7), DY;

per per

is invertible and, by (7.8), [|[D%; — DYllzowz,,. a0y < p-
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Now, AT = A4 (AT — A) and, by using once again the openness of linear isomor-
phisms (but now in LW, X7)) we can approximate At—A e Cer ([0, 27], L(W, X))
by C € Cp2,.([0,2x], L(W, X)), in such a way that ||Cl|c1 < R (so that [[DY . —
D%llzows., . x» < p by (7.8)) and that DY, . is invertible.

At this point, let H := DY, — D% and ¢ = 1 in Lemma 7.4. With § > 0
given by that lemma, use once again the denseness of Cp¢, ([0, 27], L(W, X)) in

Cper([0,27], L(W, X)) to find A* € C52,.([0, 27, L(W, X)) such that ||A* — Al|cn <
R and that || D%, — DY|zowr,, xv») < 0. Then, Lemma 7.4 with ¢ = 1 and S = DY,
asserts that there is z € C with |z| < 1 such that D9, +2(D%  ~—D9) = DY

Atgzc 18
not invertible. But A*+2C € C2,.([0, 2x], L(W, X)) while [|AT+2C—Al|c1 < ||AF—
Aller +12]|Cller < 2R. Thus, by (7.7), DY, , is invertible. This contradiction

completes the proof. |

By simply replacing A by A — AT in Theorem 7.5 (recall that A — A\I satisfies
(H3) by (H1) and Lemma 2.3), it follows at once that
Corollary 7.6. Suppose that (H1) and (H3) hold and that A € C},,.([0, 27], LW, X)).

per

Then, for every p € (1,00), the operators Da : WP, — XP and D4 : W;é’; — Xple*f,
viewed as closed unbounded operators on the target space with domain the source

space, have the same p-independent spectrum o(Dy).
If 0(D4) # C, we can now improve upon the regularity result of Lemma 7.1.

Corollary 7.7. Suppose that (H1) and (H3) hold and that A € C},,.([0, 2x], L(W, X)).

per

Suppose also that o(D4) # C when D 4 is viewed as a closed unbounded operator on
X (or X):2) with domain WY, (or Wyt) for some q € (1,00). Given p € (1,00),

er per

let f € XLP and u € WP, be such that Du = f. Then, u € WP

per per per*

Proof. From Corollary 7.6, there is no loss of generality in assuming that ¢ =
p. Let then A € C be such that D4 — A is (simultaneously, by Corollary 7.6)
an isomorphism of WP, onto XP and an isomorphism of WP onto XLP. Since

per per per:*
Dau = f amounts to (Da — AM)u = f — du € X)2 (recall W, C XLF) and
since the equation (Da — Al)v = f — Au has a unique solution in W}, and in

W;é’; C WP, it follows that this solution is the same in both spaces and thus

coincides with u. I

We do not know whether Corollary 7.7 is still true when o(Dy4) = C and A is
not better than C* (if also A € W2°°(0, 27; L(W, X)), this is settled in Lemma 7.1
).

By using Corollary 7.7, we obtain in turn a refinement of Corollary 7.6:
Corollary 7.8. Suppose that (H1) and (H3) hold and that A € C},.([0, 2x], L(W, X)).
If 6(D4) # C, every X € o(D4) is an isolated eigenvalue of finite multiplicity of
Da: WP, — X? and of Dy : Wy — X2 Furthermore, ker(Da — M) and the

multiplicity of X are the same in both cases. (By Theorem 5.2, this multiplicity is
also independent of p € (1,00).)

Proof. In this proof, it will be convenient to use once again the notation (7.6 ). If
o(D4) # C, it follows from Corollary 7.6 and from Corollary 3.7 and its analog in
the WLP - XLP setting (see Section 6) that if A\ € o(D4), then X is an isolated

per per
eigenvalue of finite multiplicity of DY and of DY.
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Since it is clear that ker(D} — A\I) C ker(DY — AI), it suffices to prove that the
converse is true. Let u € ker(DY — AI) € WE,_, so that Dau = du € WE, C X2,
Since o(Dy4) # C, Corollary 7.7 ensures that u € WL and so u € ker(D} — AI).
Thus, ker(DY — A ) = ker(DY — \I).

Now, call m® and m! the (finite) multiplicities of A as an eigenvalue of DY
and DY, respectively. Then, m" = dim P°(X?) and m' = dim P'(X};?) where for
¢=0,1,

1

pPli=——
271

[ ree.pic

r

and I' is a small circle around A contained in p(D%) = p(DY). By the dense-
ness of A2 in X, and the finite dimensionality of dim P°(X?), it follows that
=R

er per
PY(xP) = PO(XLP). But PO(XI}(;?) = PY(xLP) since R(¢, DY) (¢, DY) on Xi}e”;

per

by Corollary 7.7, so that m® = m?!. g

per

8. THE (W, X)-INDEPENDENCE OF THE INDEX AND SPECTRUM
In this section, X and W denote new Banach spaces such that
(8.1) WoWo X o X

A typical example of (8.1) arises when (2 is a bounded open subset of RY and
X == LY(Q), W := W22(Q) N Wy *(Q) for some ¢ € (1,00) and X := LI(Q), W :=

W24(Q) N Wol’q(Q) and either ¢ > g > % or g < % and g < § < NA_f%q.

We also assume that (just like X) X has the UMD property and denote by
(H1), (H2) and (H3) the hypotheses (H1), (H2) and (H3) when X and W are
replaced by X and W, respectively. Naturally, these hypotheses make sense only
when A(t) € L(W, X) N L(W, X) for every ¢ € [0,2n], which is implicitly assumed
in the sequel. Likewise, the spaces VNVIZ,’ET and XP refer to the spaces WP, and
XP . respectively, after the same substitution is performed. It is our goal here to
show that, under reasonable compatibility conditions, index D4 and o(D,) are

unchanged upon replacing X and W by X and W, respectively.

Lemma 8.1. Suppose that (H1) to (H3) and (H1) to (H3) hold. Suppose also that
A e CL ([0,2x], LW, X)) N W222(0,27; LW, X)). Then, given p € (1,00), the

per
operator D is Fredholm with the same null-space, the same z'/nvdex and the same

to XP and when acting from WP, to P,

spectrum when acting from WP er

per

Proof. In this proof, it is convenient to agree that D, acts only from WP, to X7

and to use the notation D4 when the action is from VNVI{’e,. to X7,

By (8.1), it is obvious that Wf,’er C WP, so that ker Dy C ker Dy. To prove the
equality of the null-spaces, it remains to show that if u € ker D 4, then u € WP

per:
By Lemma 7.2, u € Wp2. In particular, u € W2(0,2m; W) C Wplé,’?((),%r;f() by
(8.1). Thus, u, % € LP(0,27; X) and so @ — iku € LP(0,2m; X) for every k € Z. On
the other hand, it easily follows from (H2) and (H3) that, if |k| is large enough,
then A(t) —ikI € L(W,X) is invertible for every ¢ € [0,2n]. Since D 4u = 0 entails
i — iku = (A — ikI)u, it follows that u = (A — ikI)~ (@ — iku) € LP(0,2m; W).
Thus, in summary, u € WL2(0, QW;)Z') N LP(0, 2m; W) = WP

per per*
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Next, we prove that codimrge D4 = codimrge D 4. To see this, let Z C X be a
finite dimensional subspace such that rge D4 N Z = {0}. Since rge D4 is closed in
AP and since C5°(0, 27)®X is dense in XP by the denseness of X in X (by (8.1) and
the denseness of W in X; see Lemma 2.5), it is not restrictive to assume -without
changing dim Z- that Z C C§°(0, 2m) ® X C XP. But then, since rge D4 C rge Dy,
it is obvious that rge DA NZ = {0}. This shows that codimrge DA > codimrge Dy.

To prove the reverse inequality, let Z C XP? be a finite dimensional space such
that rge D4 N Z = {0}. Since rge J D, is closed in X? (because D4 is Fredholm by
Theorem 4.1) and C§°(0,27) ® X is dense in X7, it is once again not restrictive
to assume -without changing dim Z- that Z C C§°(0,2n) ® X € C5°(0,27) @ X C
X L2 Therefore, it follows from Lemma 7.1 that if u € WP, and D u = f € Z,

per: per
then u € W;g; In particular, u € WE(0,2m; W) € W)2L(0, 2; :X) by (8.1) and
u—tku — f e LP(0,2m; )}) for every k € Z. By choosing k as in the first part of the
proof and rewriting Du = f as U — thu — fv = (A — ikI)u, we obtain u = (A —
kD)"Y (u—iku—f) € LP (0, 2 W). Thus, u € WE,,, so that f € ZNrge Dy = {0}.
This shows that rge D4 N Z= {0} and, hence, that codimrge D4 > codimrge DA
This completes the proof of the equality codimrge D4 = codimrge D A
Together with the relation ker D 4 = ker D A, this proves that index Dy =index Dy
and that D4 and D, are simultaneously invertible. Upon replacing A by A — AT

in the latter property, we find that D 4 and D4 have the same spectrum. [

We now remove the extra smoothness requirements about A in Lemma 8.1 .

Theorem 8.2. Suppose that (H1) to (H3) and (H1) to (H3) hold. Then, given
€ (1,00), the operator D 4 is Fredholm when acting from WP, to XP and when

per
acting from Wger to XP. Furthermore, ker D4,index D4 and o(D4) are the same
in both cases. (By Theorem 5.2, ker D 4, index D4 and o(D 4) are also independent

of p.)

Proof. After extending A by periodicity and convolving with a sequence of mol-
lifiers, we obtain a sequence A4,, € C2 ([0, 2x], L(W, X)) N C%,.([0,2x], L(W, X))

per per
such that 4,, — A in CSET([O,QW],L(VV, X)) and in Cger([0,27r],£(W,)~()). Note
that this implies that D4 — Dy in both £(W, X) and E(W, X).

By Lemma 2.4, A, also satisfies (H1) to (H3) and (H1) to (H3) for n large
enough. Thus, for such indices n, Lemma 8.1 ensures that® D 4, and D4, have the
same index.

By Theorem 4.1, D, and D4 are Fredholm , and indexf)A = indeXf)An,
index D4 = index Dy, for m large enough by the local constancy of the index.
This shows that index D 4 = index D 4.

The equality of the indexes means that

(8.2) dim ker BA — codimrge EA =dimker Dy — codimrge D 4.
Now, the arguments in the proof of Lemma 8.1 showing that ker Da C kerDy
(hence dim ker DA < dimker D4) and that codimrge DA > codimrge D4 do not

8Here and in what follows, we use the notation introduced in the proof of Lemma 8.1.



28 WOLFGANG ARENDT AND PATRICK J. RABIER

require any smoothness of A and therefore remain valid under the weaker assump-
tions of this theorem. Therefore, since the index is finite, (8.2) shows that

(8.3) dimker D4 = dimker D4 and codimrge D4 = codimrge D 4.

. In particular, ker D 4 = ker D4 and D 4 and D4 are simultaneously igomorphisms.
By replacing A by A — AT in this statement (which is legitimate by (H1)/(H1) and
Lemma 2.3), it follows that the spectra of D4 and D 4 coincide. 1

A simpler proof of Theorem 8.2, independent of Lemma 8.1, can be given under
the additional assumption that D4 has compact resolvent as a closed unbounded
operator on X?7 with domain WJ_, and as a closed unbounded operator on X?

er
with domain Wf;(,, But these are crucial extra hypotheses which, up to this point
of our exposition, are only known to be true in the t-independent case (Theorem
4.3), even though this limitation will be substantially reduced in the next section.
Nonetheless, part of the value of Theorem 8.2 is that it can be used to prove the
compact resolvent property with some pair (’Wv,;( ) after the same property has

been established for another pair (W, X).

Remark 8.1. In Theorem 8.2, the equality of the spectra implies that if Da -or
equivalently DA- is invertible and if f € XP and u € WP, are such that D u =

per
f, then u € Wger This follows at once from XP C XP, WP C WP, and the

per

on, i 4 p
uniqueness of a solution in both Wper and WP,,.

Corollary 8.3. Suppose that (H1) to (H3) and (H1) to (H3) hold and let p €
(1,00). If 6(D4) # C, every X € o(Da) is an eigenvalue of finite multiplicity of D4
when D 4 is viewed as a closed unbounded opemtm“ on X with domain W5.,., or as
a closed unbounded operator on X? with domain pr Moreover, the multiplicity of
A is the same in both cases. (By Theorem 5.2, this multiplicity is also independent

of p.)

Proof. We continue to use the notation introduced in the proof of Lemma 8.1. Since
the (finite) indexes and spectra of Dy and D, are the same by Theorem 8.2, it
follows from Corollary 3.7 and the assumption o(Dy4) # C that A € o(Dy) is an
eigenvalue of lNDA and of D4 of finite multiplicity. It remains to show that this
multiplicity is the same in both cases.

Call m and m the corresponding multiplicities of A, so that m = dim }5()? P) and
m = dim P(X?) and

Pim g [ B Dag and Pim — 5 [ R DAY
27 Jp 27 Jp
where T is a small circle around A contained in p(D4) = p(D4). By the finite
dimensionality of P(X”) and the denseness of X? in XP (by Lemma 2.5 and (8.1)),
it follows that P(XP) = P(X?). But P(X?) = P(X?) since R(¢,D4) and R(C, D)
coincide on X by Remark 8.1 for A — (I. This shows that m = m. |

By combining the above with Sections 6 and 7 (with (W, X) replaced by (W )Z'))

it is straightforward to obtain corresponding theorems in the spaces W;g;i and X7,
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It is also worth pointing out that the results of this section can be extended to spaces
W » and XP associated with spaces X and W such that

(8.4) WoWoX o X

The point here is that (8.1) and (8.4) do not imply WoWwoX o X (the
example of Sobolev spaces given earlier shows that the second embedding may
fail). If so, the results of this section may still be true when (W X ) is replaced
by (W,X ), even though the proofs requires two consecutive applications of the
theorems. Of course, even more general results follow by using the theorems any
finite number of times (abstract “bootstrapping”).

9. ISOMORPHISM THEOREMS

For the definition of an r-sectorial operator and related concepts (r-angle) used
below, see Section 5. If Ay is an r-sectorial operator on X with domain W and
r-angle ¢’y < %, it is by now well-known that the Cauchy problem

{ DAou = fa
u(0) =0,
has a unique solution u € WP := W1P(0,2m; X) N LP(0,2m; W) for every f € AP =
L?(0,2m; X) and every p € (1,00). For instance, this follows at once from [11,
Theorem 4.4], where (0, 27) is replaced by (0, 00). Since the multiplication by et is
an isomorphism of both the spaces X? and WP, it follows that the same uniqueness
property holds when it is only assumed that Ay + ul is r-sectorial with r-angle
Pag4pur < 5 for some p > 0. This will be used in the proof of Lemma 9.1.
Now, let
TP := {u(0) : u e WP} C X,
denote the space of traces of elements of WP. It is readily checked that 77 is a
Banach space for the norm
lallzs i=_ inf  Jlulbwr.
For future use, note that u(27) € TP for every u € WP since v(t) := u(27 — t) is
also in WP.

Lemma 9.1. Suppose that (H2) holds and that, for every t € [0,2x], there is
¢ = 0 such that A(t) + p,I is r-sectorial with r-angle ¢y, 1 < 5. Then, for
every p € (1,00), there is a constant Cp, > 0 such that ||u(27)||7r < Cpl|w(0)||7»

for every u € WP such that D au = 0.

Proof. Obviously, KP := {u € WP : Dau = 0} is a closed subspace of WP and the
mapping u € KP — u(0) € 7P is linear and continuous. We claim that it is in
fact bijective, which in turn follows from the existence and uniqueness of a solution
u € WP of the Cauchy problem
D u=01in (0,2m),
{ u(0) =z € TP.

This is a special case of Arendt et al. [4, Theorem 2.7]. Both (H2) and the prelim-
inary discussion at the beginning of this section with Ay = A(t) and ¢ € [0, 27] are
relevant to the applicability of this result. The fact that 7P coincides with the real
interpolation space (X, W)ﬁm (Lunardi [21, Chapter 1]) must also be used.
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Therefore, by the open mapping theorem, there is a constant C, > 0 such that
[lullwe < Cpl|u(0)||7» for every u € KP. Since the mapping u € WP — u(2m) € TP
is continuous with norm 1, the inequality ||u(2m)||7» < Cp||u(0)||7» follows. B

Theorem 9.2. Suppose that (H1) and (H2) hold and that, for every t € [0,2n],
there is p1, > 0 such that A(t)+ 1 is r-sectorial with r-angle ¢’y 44,1 < 5- Then,
there is ¢ > 0 such that Dy a_xr) is an isomorphism of WP, onto X? for every

p € (1,00) if Re A > ¢. In particular, Dy 4 has compact resolvent and (hence) index
0.

Proof. By Corollary 5.3, D4 is Fredholm, so that Dy_x; = D4 + Al is Fredholm
for every A € C. In a first step, we show that D4_ys is one to one if Re A is large
enough.

To see this, let u € WP, be such that Dau + Au = 0 and set v(t) := e*Mu(t).
Then, v € WP and Dav = 0 (obviously, v is not periodic), so that ||v(27)||7r <
Cpl|v(0)||7» by Lemma 9.1. But v(27) = e**™u(27) = e**u(0) = e**™v(0) by
the periodicity of u. Hence, 2R} ||v(0)||7» < Cp|[v(0)||7», so that v(0) = 0 if
2ReX > InC),. If so, v = 0 by [4, Theorem 2.7], already used in the proof of
Lemma 9.1, whence u = 0.

Next, the hypotheses of the theorem are unchanged after replacing A(t) by
A(t) := A(2r —t), so that D;_,, is one to one if Re\ is large enough. Since
the change of variable ¢ — 27 — ¢ induces isomorphisms of WP, and X7, it follows
that D_ 4,57 is also one to one if Re A is large enough.

We now claim that the hypotheses of the theorem are also unchanged upon
replacing A by A* and exchanging the roles of X and W* and of W and X*,
respectively. In Section 4, we already noticed that (H1) and (H2) (and even (H3))
are unchanged. It remains only to check that the r-sectoriality condition still holds.
For simplicity of notation, we assume p, = 0, which merely amounts to replacing
A(t) by A(t) + p,I everywhere.

First, by the argument of Lemma 2.2, the r-boundedness of {CR(—(, A(¢)) :
larg (| < 0} in L(X) for some 6 € (0,7) is equivalent to the r-boundedness
of {R(—C,A(t)) : |arg¢| < 0} in L(W,X). That A(t) is invertible (so that no
problem arises for ¢ near 0) is important for this point and is part of the sec-
toriality assumption. In turn, by [25, Lemma 2.3 and Remark 3.1], this im-
plies that {R(—(, A(t)* : |arg¢| < 6} = {R(—¢(, A*(t)) : |arg¢| < 0} is r-
bounded in £(X*, W*). By the equivalence noted above, this amounts to saying
that {CR(—C, A*(t)) : |arg (| < 0} is r-bounded in L(WW*), so that indeed A(t) and
A*(t) have the same r-angle. This completes the verification of the hypotheses of
the theorem for A*. Accordingly, from the above, D_ 4« s is one to one if Re A is
large enough. In this statement, D_ 4~ acts between the spaces Xfpw and W{
for any ¢ € (1,00); see (4.1) and the comments following (4.5).

At this stage, observe that the formula (4.5) for the index yields

index Dy_; =dimker Dy_»; —dimker D_ g«4 ;.

Thus, if Re\ is large enough, D4_»; is one to one with index 0 and hence an
isomorphism. Note that in the above arguments, “large enough” depends upon p.
However, Theorem 5.2 (p-independence of o(D,4)) shows that this is not the case.

That D4 has compact resolvent now follows from Corollary 3.7 and the corre-
sponding properties for D_4 are obtained by first changing A into A ant then ¢
into 2w — t, as was done earlier in the proof. |
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Under an additional condition, we obtain an isomorphism theorem for Dy 4 :

Corollary 9.3. In Theorem 9.2, assume also that A(t) + e(t)I is dissipative for
a.e. t € (0,27, where e € L1(0,2m) for some ¢ > 1 and fozﬂ e(s)ds > 0. Then, Dy 4
is an isomorphism of WP,, onto X for every p € (1, 00).

Proof. By Theorem 9.2, D 4 has index 0, so that it suffices to prove that D, is one
to one and, by the p-independence of o(D4) (Theorem 5.2), it suffices to consider
the case p = q.

Let u € WY, be such that Dau = 0 and set v(t) := el €(s)dsqy(t). Then
v € W? and D44.nyv = 0. Now, since A(t) + ¢(t)I is dissipative, it follows from®
[4, Proposition 3.2] that ||v(-)||x is nonincreasing. In particular, ||v(27)||x =
els” s ||lu(2m)||x < [|v(0)]|x = ||u(0)]|x. Since u(27) = u(0), this shows that

eld” ()45 |4(0)||x < [|u(0)||x, whence u(0) = 0 since el"e(®)ds 5 1 Thus, u = 0
follows once again from [4, Theorem 2.7].
The analogous result for D_4 follows by first replacing A and ¢ by A(¢) :=

A(2m —t) and &(t) := (27 — t), respectively and next changing ¢ into 27 — ¢. Il

Remark 9.1. When dim X < oo, it is an easy by-product of Floquet’s theory
that 0(D4) # C and even that Dya has compact resolvent. To put Corollary 9.3
in perspective, note that this also follows from part (ii) of that corollary, whose
assumptions are always satisfied in the finite dimensional case.

By using Section 7, the results of this section yield similar properties in the W;‘;f,"

- X2 setting under suitable smoothness and periodicity assumptions about A.

Also, if X and W are Banach spaces satisfying (8.1) and if, in addition, (H1)
to (H3) (i. e., (H1) to (H3) for X and W) hold, it follows from Theorem 8.2 that

the results of this section remain valid with the spaces WP, and XP obtained by

replacing W and X by W and X , respectively, in the definitions of WP and AP.

per
In practice, it is important to notice that the r-sectoriality or the dissipativity (in

Corollary 9.3) needs to be retained in either (i.e. (W, X) or (W, X)) setting, but
is not needed in both.
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