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Exercise 1 (Lebesque measure of some sets) (34+34+3+5)
In the following we write A for the Lebesgue measure on R.
The aim of this exercise: We already know from construction that A\([a,b)) = b— a holds for every
a,b € R with a < b. But what is the Lebesgue measure of [0,1] or {0}7 One can derive those
values directly from A([a,b)) = b — a and the fact that A is a measure.
(a) If M C R consists of only one element, what is \(M)?
(b) Calculate A(Q) and A([0, 1]).
(c) Calculate A(R) and use this to deduce that R is not countable.
(d) Let C' C R be the following set of all real numbers

C = {Z ak3_k
k=1

Show that C' is Borel measurable (i.e. it lies in B(R)) and calculate A\(C).

Hint: One can use without a proof the following alternative description of C'. We denote by
Cp, C [0,1] (for every n € N) a finite union of closed disjoint intervals given by the following
construction (see also figure |1)):

(1) Cop=[0,1].
(2) The construction of C,, 11 from C), is given as follows: C,, is a finite union of closed disjoint
intervals of the form [ay, ax + 3lx] for k = 1,...,2". Then C),1; is the union of the intervals

[ak, ar + k] and [ag + 21, ar, + 3l] for k = 1,...,2". In other words C),; is obtained from
C, by removing the middle third of each interval.

for some sequence (ay) with ai € {0, 2}} :

Then we get
C=)Cn

neN

Figure 1: Alternative construction of C'. The first line is Cp, below this is the picture of C; and
so forth.

Exercise 2 (Measurable functions) (7+5)
We use the Euclidean norm on R™ and the usual Borel-o-algebras on R™ and R.

(a) Which of the following functions f are measurable and which are continuous?
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i. f:R? = R with f(x,y) = e®a? + 2292

ii. f: R? - R with

s for (2,y) # (0.0)
0 yfore=y=0

f(x,y)={

Hint: This function is not continuous on all of R%2. But why?
(b) Show that f: R? — R given by

Fny) = 7(x+1y)2 yforx4+y#0
7 o0 ,forz+y=0

is measurable.

Exercise 3 (12+10+5)
(a) Calculate the following (Lebesgue) integrals, if they exist

i. /NP;)ndg(n) ii. /[O’l]fdu
iii. /R TgdX iv. /N 27" d¢(n)

Here X is the Lebesgue measure on (R, B(R)), dg the Dirac measure on (R, B(R)) supported in
0, ¢ is the counting measure on (N, P(N)), u is given by p = 369 + 7\ and the function f by

-2 ,forxz=0
flx)y=142 yforz=1.
1 , otherwise

(b) Calculate

_ sin”™(x)
Jim /R = d\(z).

(c) Let f:[0,1] — R be monotonically increasing (i.e. f(z) > f(y) for > y and z,y € [0,1])
function. Show that f is measurable and integrable.
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