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Abstract. In this note we construct an example of a Markov operator T on
a C(K)-space such that the peripheral point spectrum of T is not cyclic. By

a similar construction we obtain a strongly continuous semigroup of Markov

operators on a C(K)-space whose generator has non-cyclic peripheral point
spectrum.

1. Introduction

Spectra of positive operators have been studied since Perron and Frobenius firstly
discovered the amazing spectral properties of positive matrices at the beginning of
the 20th century. Many results of the finite-dimensional Perron Frobenius Theory
can be generalized to large classes of positive operators on complex Banach classes.
A number of well-known theorems provide criteria for the existence of positive
eigenvectors, non-triviality of the spectrum, monotonicity of the spectral radius
and the cyclicity of the peripheral (point) spectrum. For a detailed discussion of
those results we refer to the survey article [2] as well as to the references therein.

In this note, we are concerned with the latter of those topics. Let E be a complex
Banach lattice (see e.g. [4] for an introduction to the theory of Banach lattices)
and let T be a positive linear operator on E with spectrum σ(T ), point spectrum
σpnt(T ) and spectral radius r(T ). Recall that the peripheral spectrum and the
peripheral point spectrum of T are defined by

σper(T ) := {λ ∈ σ(T ) : |λ| = r(T )} and

σpnt,per(T ) := {λ ∈ σpnt(T ) : |λ| = r(T )}.

A set M of complex numbers is said to be cyclic if reiϕ ∈ M for some r, ϕ ∈ R
implies that reinϕ ∈M for all n ∈ Z.
There are plenty of results that provide sufficient conditions for the peripheral
spectrum and the peripheral point spectrum of a positive operator T to by cyclic
(see for example Section 4 in [2] and Sections V.4 and V.5 in [4]). However it is
still an open problem whether actually each positive operator on a Banach lattice
has cyclic peripheral spectrum.

Particularly important are Markov operators on spaces of continuous functions. Let
K be a compact Hausdorff space and let C(K) be the complex Banach lattice of
all complex valued continuous functions on K.
A linear operator T on C(K) is called a Markov operator if T ≥ 0 and T1 = 1,
where 1 denotes the constant 1-function on K. Many questions about an arbitrary
positive operator T (on an arbitrary Banach lattice) can be reduced to questions
about a Markov operator by restricting T to an appropriate ideal which may be
identified with a C(K)-space by means of Kakutani’s Representation Theorem.
See e.g. the proof of Theorem 4.6 in [2] for an example of this technique. See [4,
Theorem II.7.4] for the Kakutani Representation Theorem on real Banach lattices
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and note that this Theorem holds in a similar manner for complex Banach lattices
[4, p. 138].

2. A Markov operators with non-cyclic peripheral point spectrum

From now on, let T be a Markov operator on C(K). It is easy to see that ||T || =
r(T ) = 1. Moreover, one can show that the peripheral spectrum σper(T ) is cyclic.
This follows for example from the much more general Theorem V.4.9 in [4]. It is also
true that the peripheral point spectrum σpnt,per(T ) is cyclic under some additional
assumptions. Those assumptions are closely related to the structure of the invariant
ideals of T (see Section 5 in [3]) and to the existence of certain sub-fixed points of
the adjoint operator T ′ (see e.g. [4, Proposition V.4.6]).
Moreover, it is known that the set of those peripheral eigenvalues of a Markov
operator T which are associated to a unimodular eigenvector f (i.e. |f | = 1) is
cyclic (see e.g. [2, Proposition 4.8]).
However, we now give an example which shows that the peripheral point spectrum
of a Markov operator does not need to be cyclic in general.

Example 2.1. We construct a compact space K as follows: Let N0 = N0 ∪ {∞}
be the one point compactification of the discrete space N0 and let Z4 := {0̄, 1̄, 2̄, 3̄}
be equipped with the discrete topology and the addition modulo 4. We set K =
Z4 ∪̇N0.
Define an operator T : C(K)→ C(K) by

(Tf)(k) =


f(k − 1) if k ∈ Z4

f(k − 1) if k ∈ N ∪ {∞}
1
2

(
f(1̄) + f(3̄)

)
if k = 0.

It is easy to see that T indeed maps C(K) to C(K) and that T is a Markov operator.
Now we show that the peripheral point spectrum of T is not cyclic. Let g ∈ C(K)
be defined by

g(k) =

{
(−i)k if k ∈ Z4

0 else.

Then Tg = ig and thus i is an eigenvalue of T . On the other hand, −1 is not an
eigenvalue of T . To see this, assume for a contradiction that Th = −h for a non-
zero function h ∈ C(K). Note that h(0̄) 6= 0, since h(0̄) = 0 would imply h(k) = 0
for all k ∈ K. Hence, we may assume that h(0̄) = 1. Then,

h(0̄) = h(2̄) = 1 and h(1̄) = h(3̄) = −1,

which implies h(0) = 1. Therefore, we obtain h(k) = (−1)k for all k ∈ N0, which
contradicts the continuity of h at ∞.
We showed that i ∈ σpnt,per(T ), but i2 = −1 6∈ σpnt,per(T ). Thus, σpnt,per(T ) is not
cyclic.

The following remarks on the preceding example might be useful:

Remarks 2.2.

(i) Although −1 is not an eigenvalue of T , we know that −1 ∈ σper(T ) as
σper(T ) is cyclic. This means that −1 is an approximate eigenvalue of T ,
since the peripheral spectrum is contained in the topological boundary of
the spectrum σ(T ).
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Actually, it is easy to concretely construct an approximate eigenvector
for −1: For n ∈ N, define hn ∈ C(K) by

hn(k) =

{
(−1)k if k ∈ Z4

(−1)k · (1− 1
n )k else.

Then hn ∈ C(K) for all n ∈ N and the sequence (hn) is an approximate
eigenvector for the spectral value −1.

(ii) On the other hand, note that i3 = −i is again an eigenvalue of T . The
corresponding eigenvector is the complex conjugate g of the eigenvector g
of i. We can directly see this by computing Tg, but note that – from a more
general point of view – it also follows from the fact that T is a real operator
(i.e. Tf is a real function whenever f is so). Indeed, it is easy to see
that non-real eigenvalues and the associated eigenvectors of real operators
always occur in complex conjugate pairs.

3. A strongly continuous Markov semigroup with non-cyclic
peripheral point spectrum

Instead of a single positive operator T on a Banach lattice E, we now consider
strongly continuous semigroups (T (t))t≥0 of positive operators on E. For a detailed
treatment of those semigroups we refer to [1].
It is possible to develop a Perron Frobenius Theory for positive semigroups which
is in many points similar to the Perron Frobenius Theory of positive operators (see
[1], Sections B-III and C-III). For our purposes, we only recall some basic notions
which differ slightly from those used in the spectral theory of single operators:
Let (T (t))t≥0 be a strongly continuous semigroup on a complex Banach space. Let
A be the generator of (T (t))t≥0 with spectrum σ(A), point spectrum σpnt(A) and
with spectral bound s(A) = sup{Reλ : λ ∈ σ(A)}. In contrast to the preceding
sections we now define the peripheral spectrum and the peripheral point spectrum
of A by

σper(A) := {λ ∈ σ(A) : Reλ = s(A)} and

σpnt,per(A) := {λ ∈ σpnt(A) : Reλ = s(A)}.

This change of notation is appropriate for the spectral theory of strongly continuous
semigroups and in our setting it should not cause any ambiguity, since from now
on we will only deal with the spectra of generators of semigroups.
We also have to adjust the notion of a cyclic subset of C: A set M of complex
numbers is said to be imaginary additively cyclic if α + iβ ∈ M for some α, β ∈ R
implies that α+ inβ ∈M for all n ∈ Z. From now on, when we discuss spectra of
semigroup generators, the term “cyclic” will always be understood as “imaginary
additively cyclic”.

Many results in the spectral theory of positive operators have analogues in the
spectral theory of positive semigroups (see again [1], Sections B-III and C-III). In
particular, one can show that the peripheral spectrum σper(A) of the generator of a
positive semigroup is imaginary additively cyclic if some additional assumptions are
fulfilled (see [1], Theorem 2.10 and Corollary 2.12 in Section C-III). As in the single
operator case, it is still an open problem, whether the generator of each positive
semigroup has imaginary additively cyclic peripheral spectrum.

Now, we want to focus on the peripheral point spectrum again. In [1, Section B-III,
Example 2.13], one can find a positive semigroup whose generator has non-cyclic
peripheral point spectrum. However, the semigroup in this example does not consist
of Markov operators on a C(K)-space.
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Here, we want to adapt our example 2.1 to construct a semigroup of Markov oper-
ators whose generator has non-cyclic peripheral point spectrum. As a preparation
we briefly discuss two shift semigroups that will play a role in our construction:

Remarks 3.1.

(i) Let T be the complex unit circle and let (R(t))t≥0 be the rotation semigroup
on C(T) with angular velocity 1, i.e. R(t)f(x) = f(e−itx) for all x ∈ T and
all t ≥ 0.

The generator AR of (R(t))t≥0 is defined on the space D(AR) = C1(T),
where T is equipped with the usual manifold structure. For each f ∈ D(AR)
we have

ARf(x) = − d

dθ
f(xeiθ)|θ=0 for all x ∈ T.

(ii) Let [0,∞] be the one point compactification of [0,∞). Note that we can
identify the space C([0,∞]) with the space all continuous functions f on
[0,∞) such that limx→∞ f(x) exists. Moreover, we define

C1([0,∞]) := {f ∈ C([0,∞]) ∩ C1([0,∞)) : f ′ ∈ C([0,∞])}.
Now, consider the shift semigroup (S(t))t≥0 on C([0,∞]) which is given by

S(t)f(x) =

{
f(x− t) if x ∈ [t,∞]

f(0) if x ∈ [0, t).

The generator AS of (S(t))t≥0 is defined on D(AS) = {f ∈ C1([0,∞]) :
f ′(0) = 0}. We have

ASf(x) = −f ′(x) for all x ∈ [0,∞)

whenever f ∈ D(AS).

Now we want to adapt Example 2.1 to a time continuous setting. Therefore, we
define K = T ∪̇ [0,∞] and consider the space C(K) ' C(T)⊕C([0,∞]). We intend
to construct a semigroup (T (t))t≥0 on C(K) by using a rotation semigroup on C(T)
and a shift semigroup on C([0,∞]). Moreover, we want to connect both semigroups
by transferring some information from the torus T to the left end of the real line
[0,∞].
The difficulty is to construct this transfer in such a way that continuous functions
are still mapped to continuous ones. This explains the somewhat complicated
“transfer term” that arises in the construction of the following semigroup:

Example 3.2. Let K = T ∪̇ [0,∞]. For each f ∈ C(K) and each t ≥ 0 let

T (t)f(x) =


f(e−itx) if x ∈ T
f(x− t) if x ∈ [t,∞]

e−(t−x)f(0) + e−(t−x)
∫ t−x
0

es 〈µ,R(s)f |T〉 ds if x ∈ [0, t),

where (R(t))t≥0 is the rotation semigroup on C(T) from Remark 3.1 (i) and µ ∈
C(T)′ is the functional on C(T) that is defined by 〈µ, f〉 = 1

2

(
f(i) + f(−i)

)
.

It can be checked that (T (t))t≥0 is a strongly continuous semigroup of Markov
operators on C(K). The domain of its generator A is given by

D(A) = {f ∈ C(K) : f |T ∈ C1(T), f |[0,∞] ∈ C1([0,∞]),

f ′(0) = f(0)− 〈µ, f |T〉}
and for all f ∈ D(A) we have

Af(x) =

{
− d
dθf(xeiθ)|θ=0 if x ∈ T
−f ′(x) if x ∈ [0,∞).
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Now we can immediately check that i is an eigenvalue of A. A corresponding
eigenfunction is given by

g(x) =

{
x−1 if x ∈ T
0 if x ∈ [0,∞].

Since (T (t))t≥0 is a semigroup of Markov operators, we have s(A) = 0 and thus,
i ∈ σpnt,per(A).
However, 2i is not an eigenvalue of A. Indeed, if we assume Ah = 2ih for a function
0 6= h ∈ D(A), then there are scalars a, b ∈ C such that

h(x) =

{
ax−2 if x ∈ T
be−2ix if x ∈ [0,∞).

Since h must be continuous at ∞, we conclude that b = 0. Now it follows from the
equation h′(0) = h(0)−〈µ, h|T〉 that 〈µ, h|T〉 = 0. Since 〈µ, h|T〉 = 1

2

(
h(i)+h(−i)

)
=

−a, we also have a = 0. This contradicts h 6= 0.
Therefore, 2i is not an eigenvalue of A, which shows that the peripheral point
spectrum of A is not imaginary additively cyclic.
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