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Exercise 10.1

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9 and
(Bt)t∈[0,T ] be a standard Brownian motion with respect to F. Find with use of Itô’s
formula stochastic differential equations (SDE) for the following processes

(1) Xt = B3
t , t ∈ [0, T ] ,

(2) Yt = tBt , t ∈ [0, T ] .

Find further a representation of [X, Y ] as SDE.

Exercise 10.2

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9. Let H =
(Ht)t∈[0,T ] be a càglàd adapted process which is bounded in L2(Ω), i.e.

K :=

∥∥∥∥∥ sup
t∈[0,T ]

|Ht|

∥∥∥∥∥
2

2

<∞ .

Let X = (Xt)t∈[0,T ] be a càdlàg square integrable martingale. Show that then

Yt =

∫ t

0

Hs dXs , t ∈ [0, T ] ,

is a martingale.

Exercise 10.3

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9 and
(Bt)t∈[0,T ] be a standard Brownian motion with respect to F. Define

Xt =

∫ t

0

s2 dBs and Yt =

∫ t

0

(1− s) dBs .

(a) Define h(t) = 1
5
t5 + t3

3
− t2 + t and show that E(X2

t + Y 2
t ) = h(t).

(b) Show that M = (Mt)t∈[0,T ] defined by Mt = X2
t + Y 2

t − h(t) is a martingale.

(c) Find the set of all t ∈ [0, T ] such that X and Y are negative correlated, i.e.
Cov(Xt, Yt) ≤ 0


