First Jump Approximation of a Lévy Driven SDE
and an Application to Multivariate ECOGARCH
Processes

Robert Stelzer*

The first jump approximation of a pure jump Lévy process, which converges to the
Lévy process in the Skorokhod topology in probability, is generalised to a multivariate
setting and an infinite time horizon. It is shown that it can generally be used to obtain “first
jump approximations” of Lévy-driven stochastic differential equations, by establishing
that it has uniformly controlled variations.

Applying this general result to multivariate exponential continuous time GARCH(1,1)
processes, it is shown that there exists a sequence of piecewise constant processes deter-
mined by multivariate exponential GARCH(1, 1) processes in discrete time which con-
verge in probability in the Skorokhod topology to the continuous time process.

AMS Subject Classification 2000: Primary: 60G51; 60H10 Secondary: 60H35, 91B28

Keywords: first jump approximation, Lévy process, multivariate exponential COGARCH, Skorokhod
topology, stochastic differential equation, uniform tightness, uniformly controlled variations

1 Introduction

Stochastic Differential Equations (SDEs) driven by Lévy processes are widely used for stochastic
modelling in various areas of applications. For simulations and analysing discretely observed data
(discrete time) approximations are usually called for. Such approximations are e.g. the Euler scheme
(see [6} [7}, [17]), methods based on series representations ([[18]]) or normal approximations ([2, 21]]).
Recently, Szimayer and Maller [22] suggested a new approximation scheme for pure jump Lévy
processes, the first jump approximation. The idea is to approximate the Lévy process on a given
time grid by considering only the first jump of size greater than some minimal size and shifting
this jump to the next grid point. Provided the grid size and minimal jump size converge to zero at
suitable rates, the corresponding first jump approximations converge to the Lévy process in probability
in the Skorokhod topology. Szimayer and Maller [22] considered this approximation scheme for
univariate Lévy processes over a finite time horizon and used it to construct an approximation scheme
for American option pricing. Recently the first jump approximation was used in [15] to show that for
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a COGARCH(1,1) process, as introduced in [[10], there exists a sequence of GARCH(1,1) processes
converging to it in probability in the Skorokhod topology.

In this paper we extend the first jump approximation to multivariate Lévy processes and an infinite
time horizon. Thereafter we show that it has uniformly controlled variations in the sense of [11}
13]]. This property is in our context equivalent to uniform tightness and implies that one obtains an
approximation of the solution of a pure jump Lévy driven SDE when replacing the Lévy process
with its first jump approximation. The solutions of the approximating SDEs again converge in the
Skorokhod topology in probability.

Furthermore, we use the first jump approximation of Lévy driven SDEs to derive an interesting
property of a concrete model, viz. multivariate exponential continuous time GARCH(1,1) (henceforth
ECOGARCH(1,1)) processes (see [4} 5]). These processes form a multivariate stochastic volatility
model and are thus of particular interest regarding the modelling of financial data. We show that
for a multivariate ECOGARCH(1,1) process there exists a sequence of piecewise constant processes
determined by multivariate exponential GARCH(1,1) (henceforth EGARCH(1,1)) processes which
converge to the ECOGARCH(1,1) process in the Skorokhod topology in probability. The importance
of this result is that it provides a link between discrete and continuous time modelling and a possibility
for the estimation of ECOGARCH(1,1) processes like for COGARCH(1,1) processes in [[15], where a
similar convergence result for COGARCH(1,1) processes was obtained using a tailor-made approach
instead of general results on SDEs.

This paper is organised as follows. In the next Section 2] we summarise notation and some prelimi-
naries regarding Lévy processes and convergence in the Skorokhod topology. Section[3ldiscusses the
first jump approximation of Lévy driven SDEs. Finally, in Section ] we first review discrete time mul-
tivariate EGARCH(1,1) processes and multivariate ECOGARCH(1,1) processes briefly. Thereafter it
is shown that an ECOGARCH(1,1) process can be approximated arbitrarily well in the Skorokhod
topology in probability by piece-wise constant processes determined by discrete time EGARCH(1,1)
processes.

2 Preliminaries

Before presenting our results we summarise below the notation to be used and some basic facts on
Lévy processes and convergence in the Skorokhod space.

2.1 Notation

Throughout this paper we write R™ for the positive real numbers including zero, R™* when zero is
excluded. Moreover, we denote the set of real d x m matrices by M, ,,(R), the d x d matrices by
M, (R), the group of invertible d x d matrices by GL;(R), the linear subspace of symmetric matrices
by Sy, the (closed) positive semi-definite cone by Sj{ and the open (in S;) positive definite cone by
S,;*. 1, stands for the d x d identity matrix, det(A) for the determinant and 6 (A) for the spectrum
(the set of all eigenvalues) of a matrix A € My(R). Moreover, vech : Sy — R44+1)/2 denotes the
“vector-half” operator that stacks the columns of the lower triangular part of a symmetric matrix
below another. Finally, A* is the adjoint of a matrix A € My(R).

Norms of vectors and matrices are denoted by || - ||. If the norm is not specified then it is irrelevant
which particular norm is used.

The exponential of a matrix A is denoted by exp(A) or e* and the unique positive semi-definite
square root of a matrix A € S; by Al/2,
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For a matrix A we denote by A;; the element in the i-th row and j-th column and this notation is
extended to processes in a natural way.

Regarding all random variables and processes we assume that they are defined on a given appropri-
ate filtered probability space (Q,.7, P, (.%;);cr~+) satisfying the usual hypotheses (complete and right
continuous filtration). L” denotes as usual the space of all random variables with a finite p-th moment,
i.e. all random variables X with E(]|X||?) < o in a multivariate setting.

The indicator function of some set A is denoted by 14.

2.2 Multivariate Lévy processes

Now we state some elementary properties of multivariate Lévy processes that will be needed. For a
more general treatment and proofs we refer to [1, 16} 20].

We consider a pure jump Lévy process L = (L;);cr+ (Where Ly = 0 a.s.) in RY determined by its
characteristic function E [e"<”=L’>} =exp{ryr(u)}, t >0, in the Lévy-Khintchine form where

i (1) =iy, u +/ 01— itu, ) o ) (x]) ) Vi(dx) for u € RY @.1)

with 7, € RY and v being a measure on (R?, (R¢)) that satisfies v.({0}) = 0 and [a(||x||> A
1)vi(dx) < eo. The measure vy, is referred to as the Lévy measure of L. Here || - || may be any fixed
norm. Different norms simply correspond to different truncation functions and thus for a given Lévy
process Yz, changes when the norm is changed. Implicitly we presume throughout this paper that given
a Lévy process 7y, is set to the value such that (2.1) holds with the currently employed norm.

It is a well-known fact that to every cadlag Lévy process L on R¢ one can associate a random
measure Ny on R x R\ {0} describing the jumps of L (see e.g. [8, Section II.1]). For any measurable
set BC Rt x R?\ {0},

NL(B)=#{s>0: (s,Ly—Ls_) € B}.

The jump measure Ny is an extended Poisson random measure (as defined in [8, Definition II.1.20])
on R* x R?\ {0} with intensity measure nz(ds,dx) = dsvi(dx). By the Lévy-Itd6 decomposition we
can rewrite L almost surely as

Ly =yt / / XNy (ds,dx) +11m/ / XNy (ds, dx). (2.2)
[[x][>1 el0 Je<||x||<1

for every ¢t > 0. Here Ny (ds,dx) = Ny (ds,dx) — dsv (dx) is the compensated jump measure, the terms
in (2.2)) are independent and the convergence in the last term is a.s. and locally uniform in ¢ > 0.
Assuming that v, satisfies additionally [, ||x[|? vz (dx) < oo, L has finite mean and covariance
matrix Xy given by X = Cp + [ga xx* v (dx).
For the theory of stochastic integration and SDEs (with respect to Lévy processes and/or random
measures) we refer to any of the standard texts, e.g. [1, (8 [16].

2.3 Convergence in the Skorokhod topology

For a complete and separable normed space (E, || - ||g) denote by Dg the set of all functions f: Rt — E
that are right continuous and have left limits. Let further A be the set of all time change functions, i.e.
all continuous and strictly increasing functions A : Rt — R™ that satisfy A (0) = 0 and lim; A (1) =
o. Denote by eg+ the function R — R¥,# — ¢ and by [|x||g a.0) 1= SUp,e(y ) I1¥()[|£ for x € Dp. A
sequence (x,)qen in Dg converges to x € Dg in the Skorokhod topology if there exists a sequence
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(An)nen in A such that (A,),en converges uniformly to e+, i.e. lim, e [[Ay — eg+ ||r+ [0,00) = 0, and
(Xn 0 Ay)nen converges uniformly on compacts to x, i.e. lim, e [|X, 0 Ay — x[|g oy = O for all N € N.
A separable (yet not complete) metric inducing the Skorokhod topology is given by

dE(xay) = gnf\dl,E(xny) for x,y € Dg (2.3)
€
where
= 1 . ) .
(1) = 1% = e oy + 3 3 min (1suplatmin(n (1))~ y(min(r)) e ).
n=1 tsn

see e.g. [13]. For equivalent norms on E the above definition leads to equivalent metrics on Dg.
Convergence of a sequence (X (”))neN of E-valued cadlag random processes, i.e. random variables
in Dg, in probability in the Skorokhod topology to a cadlag random process X means for us in the
following that plim,,_, . .dg (X () x ) = 0 with plim denoting the limit in probability. Moreover, we
note that uniform convergence on compacts in probability (ucp convergence, cf. [16, Chapter 11.4])
obviously implies convergence in the Skorokhod topology in probability and that in a metric space
convergence in probability is metrisable (follows e.g. by replacing the absolute value with the metric
in [14} p. 160 (3), p.1759.]).

For a more comprehensive introduction to the Skorokhod topology we refer the reader to [3]] or [8}
Chapter VI], for instance.

3 First jump approximation of Lévy driven SDEs

In this section we present our main result, the first jump approximation of Lévy driven SDEs. We
start by giving a d-dimensional and infinite time extension of the first jump approximation for a Lévy
process presented in [22] and an interesting refinement of it for a Lévy process with zero mean. Below
the infimum over an empty set is taken to be oo as usual.

Theorem 3.1. Let L be a d-dimensional pure jump Lévy process with drift yi and Lévy measure Vi.
Further let (m(”)) neN be a positive sequence, which is bounded by 1 and monotonically decreases to

0, and (tl.(")) icN, be for each n € N a strictly increasing sequence with t(gn) =0 and lim; ti(”) = oo,

Setting 8 := sup, .y {ti(n) - tl.(f)l }, assume further that lim, 8" = 0 and

im & (vL (J(”)>)2 —0, 3.1)

n—oo

where J0) .= {x ¢ RY : ||x|| > m™}.
(a) Define for alln € N

y(") =T —/ xvp(dx),
Jnfllx|<1}

v = inf{s ti(f)l <1< ||AL[ €/} foralli€N,
Z)Sn) = 'Y(n)f+ Z AL‘C_(II) fort € R+7 Z(n) = (Z‘lgn))tERJr?

ieN:t" <t

1= 1% forallre (") 7), i€ N, L0 = (I),cn-.

n)
i
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Then it holds that
L Lin UCD dS N — o0 (3.2)

and
plim, . dgs (L™, L) = 0. (3.3)

1—e

(
—v.(J™) (zi('1> —tl-(f)l
L = Y | Lo (Ti(n))ALTi(n) - )

ieN: tf”) <t

' ot

VL (T)

Then

plim,, . dgs(L™ L) =0. (3.4)

n—oo

and E (Lt(n)) =0forallt c R aswell as E <AL(n))) =0foralli e Nandeachn e N.

(n
L

(¢) Provided E(||Ly||%) < o, it holds that E(||L|12), E(IL™|), E(IL™|) and E(|ALM|2),
E(HAI_J,W 1), E(||AL,(")H2) are finite for allt € R™ and n € N.

The definition of ’c,-(") above means that it is the first time in the grid interval (tl.(f)1 ,tl-(")] at which
L has a jump bigger than m™ in norm. If there is no such jump, Il-(") = oo, L") approximates the
Lévy process L by a drift and the first jumps of size greater than m™ in the grid intervals. Since
the jumps are left at their original time, we obtain ucp convergence. In the approximation L both
these jumps and the increment caused by the drift are shifted to the grid points, so that L is constant
in between the grid times. Due to shifting the jumps we obtain only convergence in the Skorokhod
topology. Finally, the approximation L") is a modification of L") when L has a finite and vanishing
first moment. It ensures that also the approximation has a vanishing mean, as it will often be desirable
to reproduce this property of L.

Proof. (a) An inspection of the proof of [22, Theorem 3.1] shows that it immediately generalises to
our multivariate set-up with no upper bound on the jump sizes and no binning of the jump sizes. This
proves (3.2) which implies

dga(L™ L) = 0.

Using the time change A which is the obvious extension to [0, ) of the time change employed in the
proof of [22, Theorem 3.2] and arguments analogous to theirs give dga (L™, L") < d) ga(L"W,LV) <
8™ +0(v/8() — 0 as n — oo a.s. The triangle inequality thus establishes (3.3).
(b) Assume now E(L;) = 0. Then E (Lt(n)> =0 for all 7 € R" as well as E <AL((",L))> = 0 for all
15

i € N and each n € N follows from

plim

n—oo

v () (1) =)
E (109 (2 ™)AL o) = 1= ) xvp(dx)
(0.00) (T ) o VLX)

\23 (J(n))
Since E(Ly) = 0, we have Y, = — [~ xVL(dx). Hence, straightforward calculations give for all
teR*
—v, () (fi(")* l_(f)l>
7 iy _ 1—e (n) _ ()
L~ — L] = Z Vo (7) /(n) xvr(dx) — (ti - 1.71) /(n) xvp(dx)
ieN:" <t
<,
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J00y/5T) (5 0y (k-1)/2
where C0) = /8T [, x]lva (dx) £p, Le0) @)

Since (3I) and E(||L,]]) < eo imply that V&® [, ||x||VL(dx) and v ()8 converge to zero
as n — oo, we have lim, ...C"") = 0 and hence lim,, ... ||L") — L HR”O’T] =0as. forall T € RT.
Combining this with (3.3) shows (3.4).

Finally, (c) is easily seen using

IR (e ="

E <1(o,m) (Ti)ALTl@ (ALT[@))*) = 1 v ( J(n)) ) / xx*vp(dx),

J(m)

as E(||L1]|?) < o is equivalent to the finiteness of [pa ||x||?VL(dx) or of all elements of [paxx*Vy(dx).
0

The next Lemma shows that when one of the sequences (8(")),,61\; or (m(”))neN is given one can
always choose the other one such that holds.

Lemma 3.2. Let L be a Lévy process in RY. Assume that (6("))n€N is a monotonically decreasing
sequence in RY* with lim,_..8") = 0 or (m"),.cy is a monotonically decreasing sequence in Rt
with lim,_..em™ = 0 and m" < 1Vn € N, respectively. Then a monotonically decreasing sequence
(m(”))neN in R with lim,_em™ =0 and m™ <1¥neNora monotonically decreasing sequence
(™) e in RTT with lim,_.. 8™ = 0, respectively, can be chosen such that 3.1)) is satisfied for all
norms || - ||.

Proof. We have that [, min(||x||?,1)v.(dx) < o for all norms || - ||, because vy, is a Lévy measure.
Thus lim,, .., 8" VL(J ("\U,(0)) = 0 for all norms where U;(0) denotes the open ball around zero
with radius 1 and J® = {x € R? : ||x|| > m("}. Moreover,

mnPu (OO < [ P < [ P <
JWNU;(0) Ui(0)

This implies that (3.I) holds if 8 =0 ((m(”))4). Hence, the lemma is shown by choosing for
instance m") = (8 )15 A1 or 8™ = (m™)3, respectively, for all n € N, O

Remark 3.3. As an inspection of our proofs shows, the sets J™) need not be of the form {x : ||x|| >
m\" } All our results remain valid for arbitrary increasing sequences (J (n ))neN of measurable sets

wzth U JM =RN{0}, inf{|[x| : x € J™} > 0 for all n € N and lim,, .. inf{||x]| : x € JW} = 0.

Next we show that the first jump approximation of a Lévy process has uniformly controlled vari-
ations (UCV) which is an important property regarding the convergence of stochastic integrals and
solutions to stochastic differential equations (cf. [11} [13]]). Equivalently one could use a condition
called “uniform tightness” (cf. [8, Section VI.6] or [L1} [13]).

In the following we need to transform any semi-martingale to one with bounded jumps in a suitable
way. To this end we define for a semi-martingale Z and k € R™+ U {oo} the semi-martingale A by
setting Z,[K] =7, — Yoes<t ' (AZg) with ri¢ (z) := max (0, 1 —x/||z|| )z for finite k and ZI*l = Z. Further-
more, for a finite variation process A we denote by (TV (A),),cr+ the process giving the total variation
of A over the interval [0,7] for z € R™ and for a d-dimensional martingale M = (M, M, ...,M,;)* the
quadratic variation [M, M] is understood to be defined by [M,M], = YL, [M;, M;);.
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Definition 3.4 (Kurtz and Protter [11]]). Let (Z(n))nEN be a sequence of semi-martingales in R each
defined on its own filtered probability space (Q", 7™ p®) (ﬂt(n))teR+) satisfying the usual hy-
pothesis. If there exists a X € RTT U{eo} such that for each o > 0 and n € N there exist (9}(") )-local
martingales M™", (%(n))—adapted finite variation processes A" in RY and (%(n))-stopping times
7% satisfying (Z)Kl = M) 4 A0 pO)(T%) < o) < (1/at) and

sup Epn) ([M ) Moo oy + TV(A(n))min(t,T(”‘“))> <

neN
forallt € RY then the sequence (Z"),cy is said to have uniformly controlled variations (UCV).

In the following our processes are defined on the same probability space, but the filtrations are
different.

Theorem 3.5. Let L be a d-dimensional Lévy process without a Brownian part and (l_,(”))neN the
first jump approximation of Theorem[3.1(a). Let (ﬁt(n) )icRr be for each n € N the completed filtration
generated by L"). Then the usual conditions are satisfied and L™ s for eachn € N a semi-martingale
on (Q,Z P, (ﬁ‘}(")),eﬂg). Moreover, (L") ,.cx has UCV.

If L has finite mean and E(Ly) = 0, let L™ be the first jump approximation of Theorem B (b).
Then L") is for each n € N a martingale on (Q,.7 P, (%(n))teR) and (L™),cy has UCV.

Proof. (i) Since L™ is piecewise constant, it is clear that (,%(")),ER is right continuous. Thus the
usual conditions are satisfied. The semi-martingale property is also immediate. To see that also L™ s
a semi-martingale with respect to this filtration, provided E(L;) = 0, it suffices to note that L0 — L
is a deterministic process of finite variation on compacts. That L") is even a martingale is then
straightforward as the jumps have zero expectation and are independent of the past.

(ii) We now show UCV for (L), cx.

Choose K € (2,c0) such that k/2 > sup,,cyy {8™[|y™ ||} + 1 and

) /Jé") xvp(dx)

1— e—vL (J(")) (ti(")—tl.(f)l
K/2 > sup
/ i,neN v (J)

where J(()n) =JWN{x: x| < 1)
The finiteness of the first supremum is a consequence of (3.1)) and the finiteness of the second one
follows from

1 e—VL(J(")) (z}’”—z}ﬂ) - <1 /5(”)VL(J(”)))k (6(n))(k+1)/2
/ wi(dn)| < Vamv, (1) Y
J(()n)

v (7)) = k+ 11
for all i,n € N, since the right hand side goes to zero as n — oo,
Define (M(n))teR+ by
—vi () (fz(")*ffﬂ)
(n) _ (n) B l1—e
M7 =Y | o= (@) lo (1AL [NAL 0 v ) /] o xv (dx)

ieN:" <t
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and (A(”)),€R+ by
A=Y <7K(1(o,oo>(1i(")) ) (1AL @ DAL o+ (57 =1} ))

1 — e_VL (J(”>) (ll-(n)

_ti(fl)
vy (](")) /J(()") XVL<d'x)> 9

where 7 (x) = x — rc(x). Then M) is a (ﬂ,(n))—martingale with expectation zero and A" an (%(n))—
adapted finite variation process for all n € N. By the choice of ¥ we have

(L)) = pg) A0,

Since M) M), =%, _, (AMQ) AM;), it follows that

i

JCR N E(lw,m)(«:}")) (1AL (AL w)"AL )

o™ (70 (ti("Lt}f)l

) 2
- Y v (70 /J o x*vp(dx) /j o xvy (dx)

ieN:1" <t

< Z E (1 (0.) (Ti(n) ) 1 (0,1] (HALT[-(H) H ) (ALT,-(n) )*AL,C[_(n))

e i )
= Ly fpe

ieN:;" <
Denoting by || - || the Euclidean norm and using the elementary inequality 1 —e™ < x for all x € RT,
this implies
sup (M), M) <1 [ _ Il < o (3:5)
|x[|<1

neN

for all € R.
Turning to A" we have that

e (1020 (5" 11 (1AL o DAL ) |+ Il (17 =1

WY ()
R () R
" v (J) _<ti _tH) /JO(,,)XVL(dx)

for all i,n € N. The inequality is immediate provided

(n)
A4

f;

[Ho0m ) 0 (AL DAL 44 (17 =1 )| <% ana

10 @) 1) (1AL DAL
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Otherwise the choice of Kk ensures Hl oo (‘ci( )) (1.00) ([[AL, ,1>||) AA((’,?) <
£

(3/2)x which implies the validity of the inequality. We have

D) () () _ (0

n n n n n
(7) - (ti _IH) /J<n> v (dx)|| < Cy (ti _tiq)
0
M)/ (5 k=12

with C =5 ( )Zk 1 () ak +)1!(5 ) , which converges to zero as n — . Hence,

t
TV(A®), < 3/ / min(||x||, )Ny (ds, dx) + 1 (HvLH +sup {c};”})
0 Jlxl>1 neN

and thus

supE (TV(A(”))I) <t (3/ min(|Jx]|, )vz (dx) + [y + sup {Cj{’) }> <wVreRT.  (3.6)
neN [lx][>1 neN

Combining (3.3) and 3.6) and choosing T"»*) = ot 4 1 for all n € N and oc € R™* shows that
(L) ,ex has UCV.

(iii) It remains to verify that (L")),cy has UCV, provided L has a finite expectation and E(L;) = 0.
The arguments presented in the proof of Theorem [3.1] (b) imply that

TV (L™ —LM), <™.

foralln € Nand 7 € R* with lim,,_,., C") = 0. This immediately shows that (L") — L"), .y has UCV.
As (L — L™,y and (L(),,cn converge in probability in the Skorokhod topology, [13, Theorem
7.6] ensures that both sequences are uniformly tight. Property 6.4 on page 377 of [8] therefore implies
that (L), is uniformly tight and so [13, Theorem 7.6] shows that it has UCV. O

The UCV property has far reaching implications regarding the convergence of sequences of stochas-
tic differential equations and of stochastic integrals in the Skorokhod topology in probability or
weakly. These follow from the general results to be found in [L1} [13] or [8, Sections VIL.6, IX.6].
To avoid very lengthy technical statements we consider only the following simple setting, since in the
general case one only allows for more general coefficients (e.g. locally Lipschitz ones or functional
Lipschitz ones depending on the whole past) in the SDEs which necessitates very technical conditions
for them, whereas the main condition on the driving processes remains that they have UCV. Note,
however, that the generalisation to more general coefficients is straightforward.

Theorem 3.6. (a) Let L be a d-dimensional pure jump Lévy process, L\") its first jump approximation
given in TheoremB.1l(a) and f : R™ — M,, 4(R) a globally Lipschitz function. Moreover, assume given

a sequence of m-dimensional cadlag processes Z" adapted to (%(")),EW and an m-dimensional
cadlag process Z adapted to (%;),cr+ such that

, LW\ (L
pllmn*)wdRzH»m ((Z(n)> 5 <Z>) — V.

Denote by X" for each n € N the unique cadlag solution to

t
X" =2+ [ pxar!” 3.7)
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and by X the unique cadlag solution to
t
Xl = Zt +/(; f(Xb_)dLA (38)

Then plim,, . drn (X", X) = 0.
(b) If the Lévy process L has finite first moments and E(L;) = 0, then L™ can be replaced by the
first jump approximation L™ given in Theorem3.11(b).

Proof. Combine Theorem 3.5 with [11}, Corollary 5.6] or [8, Theorem IX.6.9]. ]

Remark 3.7. Our above theorems remain valid when replacing for all n € N the filtrations (%(")),€R+

with the completed filtrations generated by the original initial information %y and (L,(”))tew.

Moreover, obvious analogues of all our convergence theorems hold when one replaces convergence
in the Skorokhod topology in probability by the weaker notion of convergence in the Skorokhod topol-
ogy in distribution.

Usually Z(" will simply be constant over time and equal the initial value of the SDE under consid-
eration. Then (3.7) gives for fixed n € N an approximation of the solution to (3.8) which is piecewise
constant and thus an essentially discrete approximation on the time grid (ti(")) ieN. Provided one com-
ponent of L simply is the time our above approximation equals the Euler scheme for this component.
However, in general our approximation scheme is different from the Euler approach. In particular, in
our case one needs to be able to draw from the “first jump distributions” of the Lévy process in order
to obtain simulations, whereas in the Euler scheme one needs to be able to draw from the distribution
of the increments. Thus, the first jump approximation may be considerably easier to simulate than the
Euler scheme in some cases (cf. Remark [4.2)).

A natural question arising now are convergence rates for the first jump approximation of Lévy
driven SDEs. Unfortunately, this seems to be a very intricate issue beyond the scope of the present
paper. So far mainly convergence rates for Euler schemes and/or compound Poisson approximations
have been obtained in the literature (see [6L[7,[17,[19]]). There are two main ways to obtain convergence
rates. One is to look at the error of E(g(X7)) for a fixed (terminal) time 7 and suitable functions g
(see [6, [17]). This is very relevant in applications, as often the aim of simulating the solution of
an SDE is simply to obtain an approximation of E(g(Xr)) for a certain function. The other is of a
“functional central limit type” (see [7, 12} [19]]) and especially relevant when one is interested in path
functionals. Here one is seeking for convergence rates p, such that p, (X ) —x ) has a non-trivial
limit in the Skorokhod topology. The latter approach seems to fit well with our results at a first glance.
Yet, as a first step one would need to obtain a “functional central limit type” result for the first jump
approximation of a Lévy process similar to [[19, Theorem 3.1].

The existing results on convergence rates for approximations of SDEs are not applicable to our
setting nor seem the methods used to obtain them adaptable to our setting without considerable further
work, because the shift in the jump times and the fact that both the time grid size and the minimal jump
size have to go to zero at connected rates make the first jump approximation markedly different from
the previously studied approximations. Moreover, severe technical conditions, e.g. differentiability
conditions for the function f which we demand only to be Lipschitz above, will be needed to obtain
convergence rates. However, it is clearly intended to study functional central limit type results and
convergence rates of the first jump approximation in future work.

Note also that [22] provides convergence rates for the first jump approximation of a Lévy process
directly in terms of the Skorokhod metric by considering explicit expressions for the error. As far as

10
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we know, this cannot be translated into convergence rates for our SDE approximations, because no
appropriate stability results for SDEs are available.

4 Approximation of ECOGARCH(1,1) processes by EGARCH(1,1)
processes

The first jump approximation can be used to obtain very interesting convergence results. In the follow-
ing we use it to show that a multivariate ECOGARCH(1,1) process is the limit of piece-wise constant
processes which are determined by discrete time EGARCH(1,1) processes.

Before we show this, we briefly review multivariate EGARCH(1,1) and ECOGARCH(1,1) pro-
cesses referring to [4] 5] for more details and a discussion of the relevance in applications.

4.1 Multivariate EGARCH(1,1) processes

Multivariate EGARCH processes have been introduced recently in [9] and the following more general
definition can be found in [5]].

Letd e N,pu €Sy, a,B € M,,(R)\{0} withm = @, € = (€,)nez ani.i.d. sequence of R¥-valued
random variables with E(g;) = 0 and var(g;) = I; and f : R? — R™ a measurable function such that
f(er) € L*. If () C (—1,1) +iR, then the process ¥ = (¥;),cz, where

Y, =exp((n+H,)/2)&
and the vectorised log volatility X = vech(H) with initial value Xy is given by
X; =oXi—1 +Pf(&-1)

for all r € N, is called an EGARCH(1,1) process.
Above we have considered a general transformation f of the noise sequence €. Concrete specifica-
tions (incorporating the “leverage effect”) are to be found in [5} 9].

4.2 Multivariate ECOGARCH(1,1) processes

In the EGARCH(1,1) processes the log volatility process H is an autoregressive process of order one
in the symmetric d X d matrices. Likewise, the ECOGARCH(1, 1) process is defined by specifying the
log-volatility process as an autoregressive process of order one in continuous time (i.e. an Ornstein-
Uhlenbeck type process) taking values in S;. Moreover, the i.i.d. noise sequence € is replaced by the
increments of a Lévy process.

Let L = (L;);>0 be a d-dimensional zero-mean Lévy process with Lévy measure vz such that

Ji=1 [|x[|?vL(dx) < oo and associated jump measure N;. Furthermore, let /2 : RY — R™ with m =

w be a measurable function satisfying

[ ) Py (d) <o @.1)

and A € GL;(R), B € M,,(R)\{0} such that all eigenvalues of A have strictly negative real part.
Then we define the d-dimensional ECOGARCH(1, 1) process G as the stochastic process satisfy-
ing,
dG; :==exp((W+H,-)/2)dL;, t>0, Go=0,

11
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where i € Sy and the vectorised log-volatility process X = (X;)i>0 = (vech(H);):>0 is the process in
Sy satisfying

dX[ == Athdt + Bth , t> 07 (42)

with the initial value Xo = vech(Hy) € R, being independent of the driving Lévy process L and

1
M, — / / h()NL(ds,dx), >0,
0 JR4\{0}

being a Lévy process. Note that the mean of M is automatically zero due to the use of the compensated
jump measure above. The solution of @.2)) is given by

X, =MXy+ / teA(’_S)BdMS. (4.3)
0

In a financial context G is understood to be the log price process of d stocks with volatility (in-
stantaneous covariance matrix) process exp(l + H;). Moreover, the log returns over a time interval of
length r > 0 ending at time ¢, which are especially relevant in a financial context, are described by the
increments of G
V=G~ G\ = /( (et Hy ) /2)dL, 120, (4.4)
t—rt
An equidistant sequence of such non-overlapping returns of length r given by (YIY)) ieN corresponds
to a discrete time multivariate EGARCH(1,1) process Y.

4.3 The Approximation

Now we show that for any multivariate ECOGARCH(1,1) process there exists a sequence of piece-
wise constant processes determined by discrete time multivariate EGARCH(1,1) processes which
converges in probability in the Skorokhod topology to the ECOGARCH(1,1) process. This result is
also new in the univariate case and should be especially useful for statistical purposes (cp. [15]). Our
main theorem of this section is the following where again m :=d(d + 1) /2.

Theorem 4.1. Let (G,X) in R x R™ be a d-dimensional ECOGARCH(1,1) process G and its as-

sociated vectorised log-volatility process X = vech(H) with initial value (Go,Xy). Let (ti(n)),-eNO for

each n € N be a strictly increasing sequence in R™ with t(()") =0 and lim,-_mti(n) = oo. Defining

8 = sup; {ti(") — l.(f)l } assume that lim,, .8 ") = 0,
Then there exists for each n € N a function h, : R? x Rt — R™ and a sequence of indepen-
i(n))ieN in R with finite variance and E(Ei(n)) =0Vi,n € N such that

() _ tfﬂ) has finite variance, E (hn (Si(n),ti(n) — t.(f)1>) =0and

1 1

dent random variables (€

B (z—:i("),t
plimnﬂwdexR’” ((G(n),x(n))’ (G7X)) = 07

where for each n € N the process (G, X)) in R? x R™ is defined by

(64" x5") = (Go.Xo).
G((r;)) = G(('?) +exp ((P« +vech™! (XEZ?)) /2) si("),
t; L L
(

i—

(n)
X(Zl)) _ Al 1)X((Z’)) +Bhy <gl.(”),t.(") —ti(f)l> forallieN and 4.5)

12
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(6" x") = <G("> X\ ) fort € @), i€ N,
1

The sequence (Ei(n))ieN can be chosen to be i.i.d. provided 1" tl.(f)l =380 forallieN.

i
If h is continuous hy, can be chosen such that the sequence of functions h, : R? x RT — R™ satisfies

(20 =) ~ 12| }) 0 “.6)

for all compact K C R2. If h is uniformly continuous, h, can be chosen such that holds with R?
instead of K.

lim (sup sup {
n—oo

z€K ieN

When the time grids are equidistant, i.e. t,-(”) — tl.(f)l =8 for all i € N, and (8[(")) ;N is chosen
ii.d., then the increments <Gt($)) — Gf(",))> of G are a discrete time multivariate EGARCH(1,1)
i-1/ ieN

i

process with associated vectorised log-volatility process (Xt((ﬁ)) > =: (Vech(Hi("))> - (apart from
i-1/ ieN e

—1
the fact that Var(si(") ) = I; will usually not be satisfied). We allow for a non-equidistant grid as this
may be useful when having irregularly spaced data (cf. [15]). It should be noted that there is an
immediate extension to ECOGARCH(p, q) processes with orders p,q € N, p < g, (see [4} 15]) where
g > 1. However, the approximating piecewise constant processes are no longer essentially discrete

time EGARCH processes. Furthermore, it is clear that the result remains valid when considering the
(n)

processes only on a finite time interval [0, 7] and looking at partitions (z,

with N € N,

)ie(1.2,....nony Of this interval

Proof of TheoremHl Let || - || be a norm on R?*™. We have that the joint process L = (L}, M} )’ g+
is a Lévy process in R4+ with

L = (3;) t+/°t|(x*,h(/ (hé)) Ny (ds,dx) +/Ot / (hé)) Ny (ds, dx)

o)<t [[Gesh(x)*) (1> 1

forallz € R with Y, = — [} s+ >12VL(dX) and Yy = — [} j(7)e |1 #(X)VL(dx). Here we used
that vi,(W) = v.(f~'(W)) and Ny (ds,W) = Ny(ds, f~'(W)) for all Borel sets W C R?*" where
fiRY — R x i (x*, h(x)*)*. Tt is clear that L has finite expectation and E(L;) = 0.

First Step: Choice of noise sequences e and functions h,,

Choose a sequence (m(”))neN such that (3.J)) is satisfied for vy, noting that the existence is ensured
by Lemma[3.2l Let (L"),cn = ((L(”))*, (M ("))*): < be the first jump approximation to L as given
in Theorem 3.1] (b). Hence, plim,, __ dga:n(L",L) = 0 and due to Theorem 3.3] (L"),,cry has UCV.

Set

e = ALY) = 10w (1")AL 1+, foralli,n € N

1 ti(n) i )l

with
l—e '* () (’i(n)*’i@l

VL ()

W =-

)
/J ’ xvp(dx),

where J = {x € R?: ||(x*,h(x)*)*|| >m™}. Then by construction (e")icn is for each n € N a
sequence of independent random variables having finite variance and zero expectation (cf. Theorem
B.I(b), (). If ti(") — ti(f)l =8 foralli € N then 'yé") does not depend on i € N and (8(")) ien is 1.d.d.

N} i

13
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Moreover,
M) =1 (10 (8" )AL 0 ) 7571 = (£ 1" = 1))
for all in € N, with %), — — t=e ") o) h(x)vi(dx) and f, : RY x RY — R™
oralli,n €N, withyy,; = — Q) Jym h(x)ve(dx) and hy, : R x RT — R™,
1 —e VL™ AT
t h _ v (d - h(x)vy(dx).
S R O oot ) == ) vl
Theorem[3.11(b), (c) ensures that /4, (si(n) , ti(") — tl.(f)l) has a finite variance and zero expectation for all
i,n€N.

We have that lim sup;yy { ||y,gl)l||} =0and lim sup;cy { ||y£"i) H} = 0. From this it is easy to see that
n—oo 7 n—oo )

(@.6) holds with R instead of K if / is uniformly continuous. If % is only continuous follows

along the same lines noting that any continuous function is uniformly continuous on compacts.
Second Step: Convergence to the ECOGARCH

Define the processes Sin R” by S, = (1,1,...,1)*t forall € R* and (X™),cg- for all n € N by

(m)_ () _
) _ A (t" "’I)X((n; +Bhy, (81'(")7"(”) —t.(")1> forall i € N and
1

Below Oga denotes the zero in R,
Then the joint process (X () L M (”),S) satisfies the stochastic integral equation

X" Xo (v

L Opa ) L

| = Lo [ £ (8w @)

M, R 0 s,

S, Ogn ‘

with
OMm.,d(R) B Ax
. m Id OMd.m(R) OMd,m(R)
F:R" = My 3marom(R),x —

OMm.d(R> Im OMm(R)
OMm,d(R) OMM(R) Im

Obviously F is globally Lipschitz and hence the stochastic integral equation (4.7) has a unique global

strong solution. Here we are implicitly using the filtration (ﬁt(”))teR for each n € N as defined in
Theorem 3.31
Likewise (X,L,M,S) is the unique solution to the stochastic integral equation

Xt XO

L Opa ! Ls
1= R+ / F(X;_)d | M,

M; O 0 g
S[ ORH! s

14
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We have that .
plimnﬁdede (((L(fl))*’ (M(n))*’s*) ’ (L*,M*,S*)*> =0
follows from plim,,_, . dga+n (L(") , L) = 0. Moreover, the fact that L") has UCV implies that the joint
process ((L)*, (M™)* §*)" has UCV. Hence, [T} Corollary 5.6] shows that

plim, _dgasm (((X(n))*,(L(n))*y(M(n))*,S*)*7(X*7L*’M*’S*)*) =0,

noting that [13, Example 8.2] ensures that F satisfies the necessary technical conditions (alternatively
one can use [8, Theorem IX.6.9]). Setting F(X (")) = (F (Xt("))) R & continuity argument gives that
te

plim, e ([FE™), (L), @), 57)] [P0, (17, m7,57)7] ) =0,

where M := Mg 3m.442m(R) x R4+2m and therefore a combination of Theorems 7.7, 7.10, 7.11 of [[13]]

implies that ((X ()= (LU (M (”))*,S*): < has UCV. Next we observe that for all T € R*
sup X,(") —Xt(") H < sup He*AS —ImH* sup‘ Xt(") , (4.8)
t<T $€[0,8 ()] t<T

where || - ||, is the operator norm induced by | - ||. Since ((X)*, (L™)*, (M(”))*,S*)fEGN has UCV
and thus (X (")) neN 18 uniformly tight (use [[13, Theorem 7.6] and [8,, Property 6.3, p. 377]), we have
from the definition of uniform tightness (cf. 13, Definition 7.4]) that sup, Xt(") H is stochastically

bounded in n € N for all T € R™. Combining this with

lim sup He‘As —ImH* =0
" 5e[0,8(0]

and (4.8)) establishes that
XWX 0 in ucp as n — oo. (4.9)

This implies plim,, ., draiom (((X )y (X y*, (L("))*)* (XX *,L*)*> = 0 and by a continuity
argument plim,, . ds, . ga+m ([Z(”), ((X("))*, (L(”))*) *} .z, (X*,L*)*D = 0 with Z and (Z") ey de-

fined by Z,(") = exp ((u +vech™! (X,("))> /2) ., Z =exp((n—+vech ' (X,))/2) forallt € R*.
Finally, we observe that

G" = Go+ /0 Z0ar™ g Z x4 /0 "d®" and
G; :Go+/0tstLs, X, :X0+/OtldeS forallt € RT.
Therefore [11, Theorem 2.2] (or alternatively [8, Theorem VI1.6.22]) shows that
plim, _..dg s ((G".X),(G.X)) =0,
since ((X™)*, (L™)*)* has UCV. Hence, (#9) establishes

plim, __dzzr (G, X ), (G.X)) =0
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Remark 4.2. a) We have not discretised time together with (L,M) at the beginning, because we are
thus able to recover the exponential decay of @.3) in A.3). If we immediately discretise t as well, we
would get A(t; —t;_) instead of exp(A(t; —t;—1)) in @.3).

b) When using the standard Euler scheme for simulations of ECOGARCH processes, one has to
simulate (L, — L;, ,,M;, —M,, ,) jointly, as one cannot simply calculate M;, — M, , from L, — L, ,.
When using the first jump approximation as in Theorem one just needs to simulate the “first
Jjumps” for L (i.e. one basically has to simulate a compound Poisson process) and can then calculate
the “first jumps” of M by a deterministic transformation. Hence, it will often be easier to simulate the
first jump approximation.

¢) Using Remark B3 and Lemma 3.2 we can, for instance, also use J™ = {||x|| > m™} with
m® = (8NS5 if C||x|| > ||h(x)|| > c||x|| for some C,c > 0 and all x. The latter condition is e.g.
obviously satisfied for the univariate “standard choice” h(x) = 0x+y|x| with 0,y € R,0 +7 # 0 and
0 — v #£ 0. This is particularly helpful in simulations, because we then just need to simulate the first
Jump approximation of L and can obtain the one of (L,M) by a simple deterministic transformation.

In the following we consider one of the special choices for 4 introduced in [J5], which is able to
model the leverage effect, and thereafter give some variants of our main Theorem [4.1]

Proposition 4.3. Assume that h is given by h(n) = ®n +I'vech (Mn*)"/?) with ® € M,, 4(R) and
I' € M,,(R). Then h is Lipschitz and thereby uniformly continuous.

Proof. To show that h as given is Lipschitz it suffices to show that RY — Sy, M — (nn*)l/ 2=

nM*/|In |2 is Lipschitz. But this is immediate from

nm; M| _ . ) )
Al | S Ml My =N =il
il Tla| = Ml + =+ n -1l
forallm,j € R, i,je{1,2,....d}. .

Theorem 4.4. Let the set-up of TheoremHd. 1lbe given and assume that var(Ly) = I;. Then in Theorem
the function h, and the sequence of independent random variables (81-(")) ien can for all n € N be

chosen such that 81.(") = ( tl.(") — ti(")l> Ci(”) foralli,n € N where (Ci(")) ieN is for all n € N a sequence
of independent d-dimensional random variables with Var(Ci(")) =1, foralli,n € N.
Moreover, if h is continuous h,, can be chosen such that the sequence of functions hy, : RY x Rt — R"

satisfies

r}grolo <§16111? ?ng{‘ hy, (z,ti(n) —tl.(f)]) —h(z)” }) =0 (4.10)

for all compact K C R,

Proof. Let L,L") M™) ygfi),y;,;’,)i be as in the proof of Theorem .1l We have that

16



FIRST JUMP APPROXIMATION OF A LEVY DRIVEN SDE

for all i,n € N. A series expansion shows

2

lim sup
n—% ;N < ti(n) _ tl(f)1> VL(J("))

Combining this with

/J(n) xvr(dx) /(n) x*vp(dx)|| =0. (4.11)

2

1—e i i—
lim sup / XX*VL dx)—1;
n—o0 oy VL(J(n))(tl(n) _ ti(f)l) ) (dx) 2
o (v (7§ )
Sr}grolo /J(n)xx*VL(dx) Iy 2+,}i33° (Z (vi( ]2! ) /J(n) | x|[3vL(dx) | =0

establishes
(n)

ti(n) - t(n)l

i—

lim sup
= jeN

_1l =o. (4.12)

Hence, there exists a N € N such that Vi(") € GL;(R) foralli € Nand n > N. Without loss of generality
we assume N = 1. Then a continuity and compactness argument gives

)
lim sup (V(")> (i 1l =0, (4.13)

= jeN

Define for each n € N the process (Z,(">)16R+ by

-1/2
= =1, fort €[0,6/2), T = (V.(")> )

1

fort € [( ) /2, ( +tl+1> /2) and i € N. Since (.13) implies that (Z( ))t6R+ converges
uniformly to the 1dent1ty, it follows that

. ™ 0 ,
phmn—>°°de+m><Rd+'" <<< 0 Im> 7L( )> 7(Id+m7L)> =0.

Setting L fo Z(" dL ) and recalling that L") has UCV, we thus have from [T, Theorem 2.2] or
[13, Theorem 7.10] that

plim,, . dgdn (((ﬂ"))*, (M(">)*) : (L*,M*)*) —0

and from [13, Theorem 7.11] that ((L™)*,(M™)*) _ has UCV.

Setting
n n -1/2 n
&= (") (10"
1 . eva(J(n))t n
Vn([) = T(”)) /XX VL(dX) — |
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hy: RYEXRT — R™,

(Va2 1= eV | — V(I
(z,0) —h i z+ VL (I) J([) xvi(dx) | — \/L(J(”))j(/> h(x)vL(dx)

foralli,n € Nitis easy to see that (ei("))ieN, (g.(”)

;" )ien and Ay, have for all n € N the claimed properties.
Finally, noting that

1

"=y ePadM” = Y (e 4" foralline N, e RF
ieN:1" <t ieN:" <t

the proof continues now as the proof of Theorem @1l with L in the place of L"), O

Note that in the proof presented above we have given a variant of the first jump approximation of a
Lévy process fixing not only the mean to zero as in Theorem[3.1](b) but also the variance to a multiple
of the identity.

Proposition 4.5. Let the set-up of Theoremd. 1l be given and assume that h is linear. Then h,(z,t) =
h(z) can be chosen for all n € N.

Proof. Obviously h, = h for h, as defined in the proof of Theorem F.11 O
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