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Abstract

We consider the problem of utility maximization with exponential preferences in a
market where the traded stock/risky asset price is modelled as a Lévy-driven pure jump
process (i.e. the driving Lévy process has no Brownian component). In this setting, we
study the terminal utility optimization problem in the presence of a European contingent
claim. We consider in detail the BSDE (backward stochastic differential equation) char-
acterising the value function when using an exponential utility function. First we analyse
the well-definedness of the generator. This leads to some conditions on the market model
related to conditions for the market to admit no free lunches. Then we give bounds on
the candidate optimal strategy.

Thereafter, we discuss the example of a cross-hedging problem and, under severe
assumptions on the structure of the claim, we give explicit solutions. Finally, we establish
an explicit solution for a related BSDE with a suitable terminal condition but a simpler
generator.
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1 Introduction

In the context of utility maximization, exponential utility has been widely used because of
its nice analytic tractability. In particular, it shows fundamental separation properties when
dealing with contingent claims.



For It6-diffusion and continuous martingale models, backward stochastic differential equa-
tion (BSDE for short) methods have been applied in order to relax the assumption of convex-
ity on the constraint set in the seminal paper by Hu et al. (2005) as well as in many following
papers by various authors. Hu et al. (2005) rely on the so-called “martingale optimality prin-
ciple” to derive a BSDE characterizing the solution of the problem. In the presence of jumps,
the first paper using this methodology in the context of utility maximization, at least to the
best of our knowledge, is Becherer (2006) (we refer the reader to e.g. @ksendal and Sulem
(2007) for a general introduction into optimal control with jump processes). Becherer (2006)
considers again an Ito-diffusion market model, but relaxes the assumptions on the filtration.
This is assumed to be the natural filtration generated by a multidimensional Brownian motion
and an independent integer-valued random measure. Morlais (2009, 2010) extends the results
to the case of a Lévy-Itd diffusion model, i.e. she allows also jumps in the stock price process.
In all the above mentioned papers, a fundamental assumption is that the Gaussian covariance
matrix is strictly positive-definite, which ensures the existence of an equivalent martingale
measure. In the absence of a Gaussian component in the dynamics of the price, additional
conditions on the Lévy measure and the drift term need to be imposed for the model to admit
an equivalent (local) martingale measure (see e.g. Bardhan and Chao (1996); Protter and
Shimbo (2008); Kardaras (2009)).

The purpose of this paper is to analyze the “complementary” case to the one studied in
Becherer (2006), namely when the stock price is a Lévy-driven pure jump process and the
filtration is generated by its associated jump measure and an independent Brownian motion.
In this setting, we first construct a BSDE by means of the martingale optimality principle in
the standard way (i.e. as e.g. in Becherer (2006) or Morlais (2009, 2010)) and give condi-
tions for the corresponding generator to be well-defined. Let us also mention here that these
conditions turn out to be identical to conditions known to imply no free lunch with vanishing
risk in several situations where such NFLVR conditions are known. After deriving the BSDE
via the martingale optimality principle, we follow a different route than the previously cited
papers, which show existence and uniqueness of solutions in appropriate spaces. Instead we
first simply assume that we have a solution to the BSDE and study whether this allows us
to obtain a solution to the utility optimization problem including an optimal strategy. Later
on we, similarly to Richter (2014), consider a concrete problem were we can directly find
a solution to the BSDE. The reason is that we want to obtain explicit solutions and that we
want to consider unbounded constraint sets for the strategy for which it seems to be very
hard to prove optimality of strategies in the presence of jumps in general (note that Morlais
(2009, 2010) shows that in her jump diffusion market the optimization problem has a solution
given in terms of the BSDE, but nothing is said about the existence of an optimal strategy for
unbounded constraint sets).

A motivation for the considered problem is the following application. We are interested in
investigating a cross-hedging problem in the case where the stock price is described by a pure
jump process but the investor wants to hedge a derivative on another (illiquid) asset. Imagine
that the price of this asset is — as in some cross-hedging problems — strongly correlated with
the price of the traded stock, but that their logspread is not constant and exhibits a mean



reverting behaviour. This is in the present paper modeled by a market where the stock price
is a Lévy-driven pure jump process and the logspread follows an Ornstein-Uhlenbeck process.

The remainder of the paper is structured as follows. In Section 2 we introduce the model.
Section 3 deals with the well-posedness of the optimization problem and, in particular, The-
orem 3.1 gives conditions on the market parameters such that the problem is well-defined.
Moreover, we give bounds on the “candidate optimal strategy” and conditions when it is
indeed optimal. In Section 4 we illustrate an example of a cross-hedging problem where
explicit solutions can be obtained, under the assumption that the claim is logarithmic in the
price of the illiquid asset. Finally, in Section 5 we discuss the difficulties of extending the
approach of Section 4 to more general claims.

2 The market model

We assume given a filtered probability space (Q, 7, (%)c(o,r],P) with T > 0 a finite time
horizon and a filtration (ﬁt)ze[OI] satisfying the usual conditions. Assume that the above
filtration is generated by the following two processes, independent of each other:

e a standard (one-dimensional) Brownian motion (I/V,)te[oj];

e areal-valued Poisson point process p with associated counting measure N, (dt, dx), and
compensator N, (dt, dx) = v(dx) d¢, where the Lévy measure V is positive and satisfies

v({0}) =0, and /R*(l/\]x|2)v(dx) < oo, (2.1)

Let N » denote its compensated counting measure.

Here, we denote R\ {0} by R*. (;),¢[0,7] is hence the right-continuous filtration generated
by the two processes, and completed by the P-null sets. We denote by & = P (.%;) the
associated predictable o-algebra on [0, 7] x Q and we define the following spaces:

L2(W) := {(Zt)ze[O,T] predictable s.t. [ [fOT |Zg\2ds} < oo} ,
Lz(ﬁp) = {(UI)IE[O,T] P @ B(R*)-measurable s.t. E [f[O,T]x]R* Uy (x)|?v(dx) ds} < oo} .

For a measure v on R\ {0} we define L°(v) as the space of all # : R — R measurable equipped
with the (local) topology of the convergence in measure (see e.g. Bauer (2001), §20, Part II)
and we further set L?(v) := {u € L%(V) such that [g. [u(x)|?v(dx) < o},

L*(v) := {u € L°(V) such that u takes bounded values v-almost surely}.

Consider a market model consisting of a riskless asset, taken as numeraire, and a risky asset
whose discounted price process S = (S;),¢[o,7] evolves according to the following SDE:

{ s, = S, <(p,dt—i— fR*l,l/,(x)ﬁp(dt,dx)>, vr € [0,7] 02

So= sE€E (0,00),



for @, y uniformly bounded predictable processes with y € L2 (ﬁp), and y > —1 P—a.s. at
every time. The latter assumption ensures that the price stays strictly positive. Obviously
for constant deterministic ¢ and y this is a standard exponential Lévy model (see e.g. Cont
and Tankov (2004)) which is popular in finance. However, our model is much more gen-
eral. It allows not only time-inhomogeneous Lévy models but also, for instance, models of a
stochastic volatility type, as the coefficients may be stochastic. Noting that ¥ may depend on

W one could e.g. have dynamics like dS; = S;_ /67 dL, with L a pure-jump Lévy process

and ¢ being a square root diffusion (truncated to ensure the assumed boundedness) similar
to the Heston model. So our modelling set-up allows a lot of flexibility to cover many of
the stylized facts (cf. Cont (2001), Guillaume et al. (1997)) of financial data sets. Finally
it should be noted that we consider the price processes under the real world measure, not a
risk-neutral one.

Assume now that we want to hedge a position at the terminal time 7, i.e. we know that we
will have to pay an .%#7-measurable discounted amount B. We want to maximize the expected
utility of the discounted terminal wealth. The discounted wealth process X*" is composed of
the initial capital x € R, and gains from trading with a self-financing strategy 7 in the market.
The strategy 7 corresponds to the discounted amount of money invested in the stock, the
number of shares is 7, /S;.

As we only consider discounted quantities, we will from now on often omit the adjective
“discounted”. Note also that if a riskless bank account having a zero interest rate is the
numeraire then our approach considers undiscounted quantities.

The wealth process for an initial capital x at time ¢ solves the equation

N
XY — x4 /l 7, Vs € [t,T]

and the dynamics of the wealth process can be rewritten as

{ dX:?x = T@yds+ [p T s (x)Np(ds, dx), vs € r,T]
Xt b ,X — x

(2.3)

To ease notation, we will sometimes omit one or more superscripts in the wealth process, the
parameters being implicitely fixed. If not specified, the initial time is assumed to be t = 0.
We want to solve the following problem

V(x) = sup EUXF**—B)], xeR
nesf

where U (x) = —exp(—owx) is the exponential utility function, a € (0,0) the risk aversion
parameter, and <7 is a fixed set of admissible trading strategies defined in Definition 2.1 be-
low. Throughout this paper we consider only the exponential utility function (similarly to e.g.
the works of Becherer (2006) and Morlais (2009, 2010)). One reason is that the exponential
function has particularly nice (separation) features for our further analysis. However, the ap-
proach to solve the stochastic optimization problem by BSDEs is in principle also applicable
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for different utility functions, in particular, power utilities (see e.g. Hu et al. (2005), Richter
(2014) for examples). However, a different utility function already results in a different gen-
erator of the BSDE and a very particular feature of the exponential utility function is that the
initial wealth factors out of the value function V' and that therefore the optimal strategy does
not depend on the initial wealth. Hence, all the upcoming investigations have to be done anew
for a different utility function and it is not clear to which extent one can e.g. find special cases
allowing for explicit solutions as we will do later on. Investigating the use of different utility
functions in our set-up is thus a very interesting question for future research but beyond the
scope of the present paper.

Definition 2.1. Let C be a closed set in R with 0 € C. The set of admissible strategies </
consists of all predictable processes T = (7; )o<s<7, 7 taking values in C A @ P—a.e., where
A denotes the Lebesgue measure on R, such that fOT |70|ds € L*(Q,P) and my € L*(N,)
and such that the set

{exp{—aX]} s.t. Tis a stopping time with values in [0,T]} (2.4)
is a uniformly integrable family.

Above A denotes the Lebesgue measure. Regarding the integrability properties, elemen-
tary arguments including Jensen’s inequality and the boundedness of ¢ show the following.

Lemma 2.2. Assume that 0 is predictable and E ( I |71'S]2ds) < o,

I 1wslr2v) = (Jre w2 (x)v(dx)) Y2 is bounded on Q x [0,T], then ] |7,,|ds € L*(Q, P)
and my € L*(N,).

We define a dynamic version of the value function associated to the problem as follows

Vi(x) = sup ElU(X;"" —B)], x€R,t€[0,T]. (2.5)
ned

and we will now describe the solution to this problem by a BSDE of the type:

{—dYt: F(t,Y: 2, U dt — Z,dW,; — [ U (x)N(dt, dx), Yt €[0,T] 2.6)

Yr = B.

A BSDE is determined by a terminal condition (in this case the claim B) and a generator. The
following derivation via the “martingale optimality principle” follows the standard route (see
e.g. Hu et al. (2005), Morlais (2009) ) and so we only sketch it:

The martingale optimality principle (see Rogers and Williams (2000) , for instance) implies
that we should decompose the process U (X;"" —¥;) in such a way that it is a supermartingale
for every admissible 7 and a martingale for some admissible strategy 7*.

We start by applying It6’s formula to the function U composed with the process X*" —Y and
recalling (2.3). We obtain

QXY= UX —Y, ) {aZt W+ [ (om0 _ )N (dr. d)
R*



1
—af(t,Y,_,Z;,U)dt — ame, dr + E052|Z,|2dt

+ ) (efa(m%(x)fuf(x)) — 1+ a(my;(x) — U,(x))) v(dx) dt} )
R

We want to choose the generator f in such a way that the process above is a supermartingale
for every admissible strategy. We hence look at the finite variation part which can be seen to
be of the form —e?" where

AT = /0[ K%azzf—ans(ps—ocf(s,Ys_,Zs,Us)> +/R* cha(Us(x)—nsl//s(x))v(dx)} ds

and g is the real convex function defined by
e® —ay—1
7 .

In particular, the required supermartingale property is satisfied if the argument of the inte-
gral defining A” is non-negative. The martingale optimality principle therefore implies the
following choice of the generator f:

ga(y) =

ey = 0.z = int { e+ [ ealut) - myst)v(an - mo.
:7151611;{/]1% ga(u(x) — mwy,(x))v(dx) — mps} + %\z!z. (2.7)

Sometimes we use the notation |u|q = [+ o (u(x))V(dx).

3 Well-posedness of the optimization problem

At afirst glance, it is immediate to ask whether the generator in Equation (2.7) is well-defined,
since we are taking the infimum of a function with a negative linear term. Thus we give first
conditions for the minimization problem to be well-posed.

Theorem 3.1. Let T be the set of (t,w) € [0,T] x Q such that v({y; <0}) =0 (i.e. the
Jjump sizes are non-negative). Similarly, let T~ be the set of (t,®) € [0,T] x Q such that
v({y; > 0}) =0 (i.e. the jump sizes are non-positive). Assume that

* ¢ < JpWi)v(dy) V(,0)eTT,
o ¢ > [p-yi(x)v(dx) V(r,w)e T
Then for every u € L2(v)NL™(v) and t € [0, T] the function A : C — R defined as
M) = [ galulx) ~ mi(0)v(dx) - 7@,
R*

admits a minimum (in C).
If C is equal to R, the minimum is unique.



For the proof we need a lemma guaranteeing that differentiation under the integral sign is
allowed.

Lemma 3.2. The function © — [. ga(u(x) — my(x))v(dx) is holomorphic for every u,y €
L2(v) NL=(v) ZB(R*)—measurable and the derivative is given by T — [p- d%ga(u(x) -
T () V().

Proof. The result follows from results on differentiability under the integral sign (see e.g.
Mattner (2001)), thanks to the following properties:

1) go(u(-) —my(-)) is Z(R*)—measurable for every 7 € R.
This simply follows from the fact that both u and y are mesaurable functions and that
affine transformation as well as the function g, are measurable operations.

2) w— ga(u(x) —my(x)) is holomorphic for every x € R*.
This follows from the fact that this function is the composition of the holomorphic func-
tion g4 with an affine function of the argument.

3) Jr+|ga(u(x) —my(x))|v(dx) is locally bounded in 7.
Indeed, the function 7 — gq(u(x) — wy(x)) is non-negative, continuous and concave and
achieves its maximum at the boundary in every compact set. Moreover this maximum is
integrable, since u, ¥ € L?(v) NL>(v) and the function g4 is quadratic around 0, which
yields that go (u(x) — Ty (x)) € L1(v).

]

Proof. Fixt € [0,T].
Lemma 3.2 implies that A is a holomorphic function of 7 and moreover allows us to differ-
entiate under the integral sign. Differentiating, we get

Nim) = [ ) (1= @m0 ) y(ar) g,

Lemma 3.2 again guarantees that A’ is differentiable, A" is continuous and it is given by
M) = [ a(ylo)e @y (a) > 0,
R*

This implies that A’ is increasing and that A is a convex function. Thanks to convexity, we
have that A admits a minimum if A (7) — oo for T — eo.

If we show that A’ has a zero and A’ # 0 for ||7|| big enough, we can conclude, since then:

e A’ is bounded from below and strictly positive for values of 7 big enough, which im-
plies that A 1 +oo for T — -0

e A’ is bounded from above and negative for values of 7 small enough, which implies
that A 1" +oo for T — —oo,



We now distinguish two cases:
CASE 1: Assume that v({y; >0}) > 0and v({y; < 0}) > 0.
Then for 1 <0

Mim = [ a(p()e ey (g
{yi>0}

and forr >0

() > [ au()e d Oy (ay
{wi<0}
> [ alw@)e () >0
{wi <0}

It follows that A” is everywhere bounded from below by a positive number, and hence
limzg_, 4w A’ () = 4o0 and limz_, A’ () = —oo, and A’ hits the origin.

CASE 2: Assume that either v({y; > 0}) =0or v({y; <0}) =0.

By symmetry, it is enough to consider v({y; > 0}) > 0and v({y; <0}) =0.

In this case it still holds that limz_, o A'(7T) = —oo, but as T — oo its limit is not necessarily
+oo.

IF [y o0y V(Y (dr) = +oo,

lim A'(7) = lim qg@)(1—e—W”%@*“@D>v(d@-@

TT—>-o0 T—+eo J Ly, >0}

= Y (x)v(dx) — @ = +eo,
{wi>0}
where in the first equality we used Lemma 3.2.
If [ry, 501 Wi (x)V(dx) < 4o, under the assumption @ < [r, - o1 ¥4 (x)v(dx), it holds that A’
is again continuous and increasing and

TT—r+oo

fim /'L’(n):/ wi(x)v(dx) — ¢, > 0.
{yi>0}

Therefore by the mean value theorem we can conclude.
The above analysis of the second derivative shows that A is strictly convex and therefore
for C = R the minimum is unique. ]

As a corollary of the previous result, we obtain the well-posedness of the generator in
2.7).

Remark 3.3. (i) The sufficient conditions of Theorem 3.1 ensuring the well-posedness of
our optimization problem are intrisically related to the market satisfying the no free
lunch with vanishing risk (NFLVR) condition. Indeed Bardhan and Chao (1996) prove
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(i)

under the assumption that N has finite activity (cf. Theorem 5.2 in Bardhan and Chao
(1996)) that our conditions in Theorem 3.1 imply NFLVR. Cont and Tankov (2004)
prove for the case of exponential Lévy models (cf. Proposition 9.9 in Cont and Tankov
(2004)) that these conditions are even necessary and sufficient for NFLVR. In some
sense this link is not surprising, as the optimization problem should not be well-posed
in the presence of arbitrages.

Most exponential Lévy market models, e.g. NIG, variance Gamma or CGMY, have
both positive and negative jumps which ensures that they satisfy the NFLVR condi-
tions of Cont and Tankov (2004). So in principle for these popular models the well-
definedness of our generator is not a problem with the exception that none of these
models has bounded jumps which, however, is an assumption needed at various occa-
sions for our BSDE approach. Hence, the conditions of Theorem 3.1 are satisfied when
one considers these standard model but truncates the Lévy measure at a very high level
which from the practical point of view should be a rather innocent modification.

Note that when Uy, ;s and @y satisfy the conditions of Theorem 3.1 and are predictable,
then a predictable 7* such that 7} € argmin; - { [g- o (u(x) — TYs(x))v(dx) — T@s} can be
chosen due to arguments using a measurable selection theorem as in Lemma 6 in Morlais
(2009) and the proof of Theorem 3 in (Morlais, 2010).

However, this does not imply that ©* has the required square integrability properties to
be admissible. To attack this question we first bound the arguments where the minimum is

attained.

Proposition 3.4. Assume that v(y; > 0) > 0 and v(y; < 0) > 0. Let ¢,C € (0,00) be such
that v(y, > C) > 0 and v(y; < —c) > 0. Then for any u € L*> NL*(v) and

7" € argmin { |, galuv) i) v(ar) - n(pt}

neC

it holds that almost surely

4]0 o] V2
-3 -2 _ \/
c  “av(y >0)C? 4l

B[] @] V2
< <3 +2 + vV U a-
t c OCV(I//; < —C)C2 A /OCV(ll/z < —C)C | |oc

Proof. We only prove the lower bound as the proof of the upper one is completely analogous.
Since 0 € C and A is strictly convex it suffices to show that for 7 small enough A(7)

is strictly bigger than A(0) = |u

a» as then the infimum definitely cannot be at these small

enough 7.
We first observe that g, is non-negative. Hence,

A(m) > /w _8a(u() i) v(dx) 7.
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Form < — H”C”"" we have that u(x) — wy;(x) > 0 and so

Am) = [yoc ) =y (x))*v(dx) =2 > [y, §(u]lw+7C)>v(dx) — 7oy
=%v(y, > C) (C?7> + ||u|2 +2||u||CT) — ey

So the question is whether
o
SV > OCT + (v (v > C)JullC = g+ (S V(v > C) Jul2 il

is strictly positive. Since in 7 this is a quadratic function, it is elementary to see that this is
either always the case or for all 7 smaller than

—OW(V/t>C)HunC+<Pr—\/(OW(%>C)||u|\ooC—<Pt)2—20W(le>C)C2(%V(Wz>c)Hu||§o—|u|a)
av(y;>C)C?

N I I [ PN I A P
Z7C T wwe0@ T € avs0 € \/ocvw>C cVlula

e || /l
37 2av(q/t>C) \/ocv 1//>C [la

usingthat\/a+b<\/E—f—\/Efora,b}O. O

Now we want to link |u|q to |u|;2(,). For this we need a suitable version of the second
part of Corollary 1 in Morlais (2009) which the following general result provides.

Lemma 3.5. Let g(l) , g(z) : R — R be two continuous non-negative functions whose only zero
is at the origin, with the property that 3¢ > 0, and two constants cy,cp > 0 such that

18 (h) <P (h) < gV (h)  for |h| <e.
For any H(x) which is (v-a.e.) bounded it holds that 3 K > 0 such that

2 [ eVwvia) < [ ¢@e)vian
.

The constant K can be taken such that it only depends on the functions g(l) and g(z) and
the essential upper bound on H.

Proof. Let € be as in the hypothesis. We have that

DiEE@V() < g
{|H (x)|<€}NR*

<ef g (H )V ().
{[H(x)|<e}nR*

o | g @ () v(a
{|H(x)|<e}NR*
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On the other hand, the only zero of the two functions is in zero, and since H is bounded
Jes, c4 > 0 such that

<c4 (3.1

on the set {|H(x)| > €}.
Summing up, we obtain that

(qAQ(AWM<Qm§mﬂﬂﬂwmﬂ+éHwPﬂmfmUﬂﬂwm@><

[ #PH)v(a) <
5

(cva4)( /{ - W (H(x))v(dv) + /{ - *g(l)(H(x))v(dx)) .

O

Since g¢(x) ~ x* for x — 0, the above lemma implies that for bounded u it holds that
lu|lo/K < |u|i2(v) < K|u|q with K only depending on the bound for u.

Proposition 3.6. Assume
o there exist ¢,C,6 > 0 with v(y; > C) > 6 and v(y; < —c) > 0,

® |Wslz2(yy is bounded on Q x [0,T],

e the BSDE (2.6) has a solution with U € L*(N,,) being A ® P-a.e. bounded and Z €
L2(W).

Then there exists a predictable w* such that
(i) m; € argming o { [p-8a(Ui(x) — Ty (x))v(dx) — g } A ® P-a.e.,
(ii) [ |7 @slds € LX(Q,P) and n*w € L*(N,,),
(iii) U(X™ 0~ — Y;) is a local martingale.

Proof. We already know that we can find a predictable 7* satisfying (i).
Proposition 3.4 and Lemma 3.5 show that under the assumptions there are finite constants
K,K’ > 0 such that
7[> <K+ KUl (3.2)

As U € L*(N,,) this implies, E (fOT |7rs|2ds> < o0 and so Lemma 2.2 shows (ii).
Finally, (iii) follows immediately, because by the definition of the generator the finite

variation part of U (X™ 0 —¥,) vanishes.
[
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Note that we are not discussing whether the BSDE does admit a unique solution. Later
on we will give a concrete example where it turns out that our results can be used to solve an
optimal hedging problem without discussing these issues. The last general result is now to
strengthen our conditions further in order to ensure admissibility and optimality.

Theorem 3.7. Assume all conditions of Proposition 3.6 are satisfied and let T be as char-
acterised there. Assume additionally |Us|p2(,y is A ® P-a.e. bounded.

(i) Then ©t* is bounded and ©* € < .

(ii) If furthermore dH; = aZ; AW, + [g. (e~ *® ¥i()=Ui)) _ 1)N(dt, dx) defines a BMO
martingale, then ©* is an optimal strategy.

(iii) If additionally Z is bounded (recall that boundedness of U was already assumed in
Proposition 3.6)and U (X[} T Yo) has finite expectation, then the process dH; := oZ; dW;
+ [ (e~ EWW-U) _1)\N(dr, dx) is a BMO martingale and * is an optimal strat-

egy.

Proof. The boundedness of ©* follows immediately from (3.2). This means that we actually
can view the optimization problem on our non-compact set C as one on a compact constraint
set where the admissibility has been shown in Lemma 1 of Morlais (2009) and Lemma 2 of
Morlais (2010).

From the choice of the generator we have that U(X™ —Y) =U(XF —Y,)&(H) and so by
Kazamaki’s criterion (see exercises after Chapter X in He et al. (1992) or Kazamaki (1979))
UXx Ty ) is a uniformly integrable martingale. Hence, the martingale optimality principle
concludes.

For (ii1) it 1s straightforward to see that H is a local martingale and it has bounded jumps.
Moreover, for any ¢ € [0, 7] we have

[H,H|r — HHt—/ Z2ds+/ / (7 ¥s () =Us() _ 1)2N(ds, dx)

/ z%zs+k/ / (W (x) — Uy (x)))2N(ds, d)

with a constant & > 0 using an obvious variant of Lemma 3.5. Applying the compensation
formula for conditional expectations (see e.g. Kyprianou (2006), Corollary 4.5) we get

%)

E([H,H]y — [H,H)}|. %)) < (/l szs+k// (T s (x) — Us(x)))2v(dx) ds

ﬁ) < KT

with K,K,K > 0 being appropriate constants, because Z, 7, || 2(vy and [Us[p2(, are all
bounded. So He et al. (1992), Theorem 10.9, concludes and establishes that H is BMO
noting that we are only looking at the finite time horizon [0, T]. [

<KT +KE ( [ Vsl T2y +1Usl T2y ds
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Remark 3.8. In any exponential pure-jump Lévy market model with both negative and posi-
tive as well as bounded jumps the first two conditions of Proposition 3.6 are always satisfied.
So for such models and thus in particular for “jump-truncated versions” of the most popular
models like NIG, variance Gamma or CGMY the “only” question is whether the BSDE has
a solution with the demanded properties.

Regarding the need for the boundedness of the jumps we would conjecture that one could
at many instances generalize our results by assuming only the finiteness of suitable (expo-
nential) moments. However, at the moment we have no idea how to prove optimality of 7*
without using BMO arguments which absolutely need bounded jumps.

4 Cross-hedging in a jump market model

In the same market model as in the previous section, consider an additional illiquid asset with
price process (;);c[o,r] and assume that we want to hedge a position B = h(Ir) at the terminal
time, for a payoff function 4 : R — R to be specified later.

We assume that the stock is given as in the previous sections whereas the logspread (£, =
logS; —logl:)c(o,r) has dynamics given in terms of the one dimensional independent Brow-
nian motion W and has continuous paths. This is the simplest case. The motivation from
applications is that the big moves, the jumps, occur equally in the liquid and illiquid asset
and due to small fluctuations in supply and demand of the illiquid asset the price of the illig-
uid asset fluctuates a bit around a fixed spread (which for our crude oil/jet fuel example below
would essentially be given by the costs of the refining process). However, as we will see the
log-spread can also have jumps again.

This setting can be e.g. suitable for a company that wants to hedge itself against losses for
a massive rise in the price of a needed commodity which is not liquidly traded. A classical
example is the one of “fuel hedging”, where a company (an airline) needs to buy jet fuel on a
regular basis. If no futures on the needed commodity are available in the market, the company
could think of buying futures in another commodity whose price is strongly correlated with
the price of the needed one (in the example above, the company could decide to buy futures
on crude oil, which is needed in the production of fuel). We assume, in the simplest case,
that the logspread of the two prices evolves according to a diffusion, but has a mean reverting
behaviour. See, for example, Ankirchner and Imkeller (2011) or Ankirchner et al. (2012) and
the references therein for a comprehensive introduction to such cross-hedging problems.

It is well-known (cf. e.g. Kallsen and Shiryaev (2002)) that the stochastic exponential can al-
ways be represented as a classical exponential of another process, denoted here by N :=logS.
With this notation, which is more convenient in the following, we have that I = exp(N — E).
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4.1 Explicit solutions of FBSDEs with affine forward dynamics

Take the couple R = (N, E) as source of uncertainty.
The discounted logarithmic price process will have dynamics

{dNt: Bdt+ fp- Y(x)N,(dt, dx),  Vr€[0,T]

No= n 4.1

where y:=log(y + 1) and B := @ — [p.(e"™) — 1 — y(x))v(dx). Assume that 3,y are de-
terministic and time-independent, and that ¢,y (as implicitly defined by f3,7) satisfy the
hypotheses of Theorem 3.1. Note that, as announced, we have now changed the parametrisa-
tion of our model looking at the dynamics of the logarithmic prices instead of the stochastic
logarithm of the prices, as this is more convenient for writing down the model. The solutions
of the BSDEs will, however, later on be partially expressed using both parametrizations in
order to state everything conveniently.

In the simplest case we assume the logspread to be given by a (mean-reverting) Gaussian
Ornstein-Uhlenbeck process with mean zero, i.e.

{ =, = —BEdi+XdW;, Vi€ [0,T] 42)
=0 = 57

where B, X are real constants, X > 0.

However, our approach below works just as well for general Ornstein-Uhlenbeck type
dynamics, i.e.

{dE,: (b—BZ,)dt +XdW, + [p- ¥=(x)N,(dx,dr), Yt €[0,T]
Eog= &7

with an additional constant » € R and bounded y= € L*(v). These dynamics now have a
general mean reversion level b and allow the logspread to have jumps coming from the given
Poisson point process. By appropriate choices of v and = one can allow the liquid asset price
process and the logspread to have both common and individual jumps.

The assumption on the dynamics of the logspread gives the process R an important property:
Since the first component is a Lévy process, and the second is an Ornstein-Uhlenbeck process,
the risk source driving the forward equation of the considered FBSDE turns out to be an affine
process. This family of processes is particularly tractable. In fact, there exist some results on
explicit solutions to FBSDEs, where the forward process is affine, see Richter (2014).

In this case, the wealth process has dynamics

ax" = (B4 [ (@1 -yt)van ) arem [ @D, (ana)

b d v(x)

We will consider a system of a forward and a backward stochastic differential equations
(FBSDE) where the forward process is given by the R?—valued process

&:<f). (4.4)

4.3)




with

The generator, as in the previous section, is obtained by imposing the supermartingale
condition on the utility of X; —Y;, where for ¥;, due to the martingale representation property
of the filtration, we assume the dynamics

{—dY,: F(6,Y—,Z:,U) dt — Z,dW; — [ Us(x)Np(dt, dx),  Vr € [0,T] 45)

YT = h(exp(NT — ET))

As shown in Section 2, the generator has to be taken according to (2.7). Y7 is, of course, the

“derivative” of the illiquid asset which we want to hedge.

We will first assume that the infimum in (2.7) is attained at some optimal strategy 7n* € 7.

Then

s
5

where @ = B+ [ (e7) — 1 —y(x))v(dx), w :=exp(y) — 1 and (Y,U,Z) is a solution of the

BSDE with generator f and terminal condition B = h(Ir) = F(Ry), for F(n,s) := h(exp(n —

s)).

We will see that the above assumption does not lead to cyclic arguments.

The idea is now to use an approach like the one in Richter (2014) for processes in the positive

semidefinite matrices to find an explicit solution for the studied FBSDE making an affine

ansatz. Since we are considering here a somewhat different generator than Richter (2014),

we will give a direct proof.

F020,0) = [ ga(Ui) = w(x) v(d) ~ 79+ (4.6)

Proposition 4.1. Let T': [0,7] x R?> — R? and ®(-,a,v) : [0,T] — R be solutions to the
following ODEs

(e = (Ta)B) 7 0+ fe g (T, 70) 7 w(0) V()
+a—@’rg’“>>2 vt €[0,T) (4.8)
o(T,a,v)= v,

for a € R* and v € R some constant initial conditions. Here B* denotes the adjoint operator
of B.
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Then, for every (t,a,v) € [0,T] x R* x R,

o =(rea (¥ ))+otay

. —@aD 4.9)

Ui(x) = ([(t,a),y(x))
solves the BSDE (4.5) with terminal condition

F(Nr,Er)
and generator 2
flt2)= [ galul) - wy()av-wo+al

where

F(n,s) = <a( " )>+v.

Observe that (4.7) is a linear ODE and (4.8) just means an integration.

Proof. Recall that R, = (N;, &, ) satisfies

dR, = Bdt+BR,dt+2dW,+/ N,(dr, dx) (4.10)

and that the generator is given as in (4.6).
The ansatz ¥; = (I'(¢,a), (N;,Z;)7) + 0(t,a,v) together with an application of 1td’s (back-
wards) Formula, yields

Y, =(L(t,a),R,) + o(t,a,v) 2

=(I(T,a),Rr) + o(T,a,v)

~ [ (.08 + (s8R, ) a5 [ [ Tsa) 70 (s, a9
_/thF_(siEdWs—/tT (<8Fg;,a)’Rs>+W) ds =
F(Rr)
={(a,R7) +v

_/tT (<F(S’a)7ﬁ> + <B*F(57a)’RS*> - <E*F(S>a)7RS*> - (F(s,a),ﬁ>

+7r;"(p—/ ga(Us(x)—njw<x))v(dx)>ds_/lTa|Zs|2

[ v an - [z, 2
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:F(RT)+/tTf(s,ZS,US)ds—/tT/*Us(x)lvp(ds, dx)—/tTstWS.

This shows that (4.9) gives indeed a solution to the studied FBSDE. [l

Thanks to this result, under the assumptions of Theorem 3.1 we can now compute the
optimal strategy by pointwise minimization of the generator in (4.6). Since the pair (Z,U)
above does not depend on 7*, we can plug it into Equation (4.6), obtaining

£(t,2,,U;) = inf {/*ga ((F(t,a),)_/(x)) — m,/<x)) v(dx) ﬂ(p} n L) S

meC 2
Computing the infimum we obtain an optimal solution to the utility maximization problem.

Theorem 4.2. Let I be as in Proposition 4.1 and assume that v(y > 0) > 0 and v(y < 0) >
0. Then any predictable T satisfying

 argmin{ [ gu ({0(0.0), 100}~ my() v(@n) - 70 |

neC

is an optimal cross hedge for the terminal payoff <a, ( ]XT ) > + v for the exponential utility
T

la)
—

with parameter Q.
Note that the optimal strategy is bounded and can be taken deterministic.

Proof. This follows from Theorem 3.7 for which all assumptions are straightforward to check
using the explicit form of U,Y and Z given above. [l

Remark 4.3. (i) Although in this example we are able to achieve explicit solutions, the scope
of application is still limited, since having an affine terminal condition in the BSDE means
hedging a logarithmic claim on the illiquid asset. One could think of extending the “ansatz’-
approach to more general terminal conditions, but with the generator associated to our cross-
hedging problem we have not succeeded so far. However, for some simpler generators one
can get explicit results with more suitable terminal conditions, as illustrated in the next sec-
tion.

(i1) Despite what we just said about the relevance of logarithmic (in the price of the illiquid
asset) terminal conditions, there is a substantial literature on such “log-contracts”, as they are
equivalent to variance swaps in a Brownian market model and also are related to variance
swaps in models with jumps (see Carr et al. (2012); Carr and Lee (2013), for instance).
Therefore, an interesting question for future research may be whether our results can be used
to hedge positions in the variance/realized volatility of the illiquid asset.

(i11) A close inspection of the previous arguments shows that the results can be extended to
B,b,B, L, v, ¥= being not constant, but appropriate predictable processes. However, we refrain
from carrying out this in detail, as it gives a long list of technical (boundedness) conditions.
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S An exponential ansatz

One could think of generalizing the approach of Section 4 by using a different ansatz for the
solution of the BSDE, but this seems to require a restriction on the generator and the termi-
nal condition incompatible with our utility optimization problem. In the following, we will
give another example where explicit solutions can be achieved for a quite general generator,
which, however, does not allow an infimum in it as needed for the utility optimization prob-
lem. Despite of this, it seems to us an interesting example of a Lévy-driven BSDE which can
be solved explicitly.

Proposition 5.1. Consider an FBSDE of the following form:

{ dR, = Bdt+BR,dt +XdW, + [ y(E)N,(dt, dE),
Ro= 1

{ —dY, = f(t,%,2Z,U;)dt —Z,dW; — [ U, (x)N,(dt, dx)
Yr = F(Rr).

Assume now that:

e the terminal condition is exponential of the form F(r) = exp({(a,r))w+v for a €
R?, v,w € R constants;

o the generator f is of the form
Fls3zm) = 9y + ezt [ als)uav(de) +e() 5.1)

with ¢y, c,cz,c, 1 [0,T] = R, continuous functions of time.

Let T'(-,a) : [0,T] = R?, @(-,a,w) : [0,T] = R and &(-,a,w,v) : [0,T] — R be the unique
solutions to the following differential equations:

{ —%—E(s,a): B*T'(s,a)
I['(T,a)= a
—%—‘s"(s,a,w) = o(t,a,w) [%tr (ETF(s,a)F(s,a)T) + <F(s,a),ﬁ>
+ Jee (M) — 1 — (T (s,a), y(x)) ) v(dv)
ey(5) + () (T(s,0), 2 + uls) fe (€T~ 1) viav)]
o(T,a,w)= w

\

{ _%(S,a,w,v)= cy(5)S(s,a,w,v) +c(s)
E(T,a,w,v)= .
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where B* is the adjoint operator of B.
Then the triplet of adapted/predictable processes

Y, =exp((D(t,a),R)) o(t,a,w) + & (t,a,w,v),
Z =exp((T(t.a).R,)) o(t,a,w)(L(t,a),5) (5.2)
Ui(x) = exp((T(t,a),R,-)) o(r,a,w) (M1 1),

solves the FBSDE.

We do not want to discuss Y,Z,U in any detail, but note that, since R has exponential
moments of all orders and the ODEs are at most linear, it is obvious that they satisfy square
integrability conditions ensuring all relevant stochastic integrals to be well-defined.

Proof. Apply 1td’s Formula to the regular function h(z,x) := exp((I'(t,a),x))o(t,a,w) +
E(t,a,w,v). The ansatz Y, = h(t,R;) =exp ((I'(t,a),R;)) o(t,a,w)+&(¢,a,w,v) together with
the assumptions on the time evolution of the coefficients I', @ and & yields

Y, =exp((I'(T,a),R7)) o(T,a,w) + E(T,a,w,v)

/; exp ((I'(s,a),Ry_)) [Co(s,a,w) (<W,R3_> +%tr (Z_ZTF(S,a)F(S,a)T)>

w(;a W)} 35(saasw V) } ds

_ /;T exp ((['(s,a),Rs—)) @(s,a,w){I'(s,a), B ds + BR;_ ds + LdWj)

~ /Te<1"(s7a)7Rs>a)(s,a,W) /R (exp (05,0, 7(0) ) = 1) Ny (ds, )

t

_ /tTe<F(S,a),Rs—>a)(s,a,W) /R * (exp ((F(s,a), l/(x))) 11— {T(s,a), l/(x)>> v(dx)ds

T
_ / SR {a)(S,ch) KW, RS> —|—%tr (55T (s, a)(s,a)")
t

+(T(s,), B) — (D(s,a), BR, )+ [ (eFbart) 1 —r (S,a),z(x»)v(dx)}

R*

T 9
ds—/t a—sé(&a,w,v)ds

- /t " exp (((s,), Ry )) (s, aw) ([(s,a), £) dW,

-

=7

T ~
- / exp ([ (s,a), R, )) 0(s,a,w) (T 1) F(ds, d) =
t *

J

~~

=Uj(x)

19



—F(Nr,E7)
- [ {ereamatam 6 - a6 Ta.D ~al) [ (7097 - 1) via]
—cy()&(s,a,w,v) —c(s)}ds

// ' (ds, dx) — /ZTzdes:

=F(Nr,Zr)
[ {00 (MO s 0 m) + & 5.am) eI 05, (Cs,a) )
> f
—culs) / TR (s, a,w) <e<r<s,a>,z< ) _ 1) v(dx) _C(s)}ds

[ [ o [ zan -

. T
:F(NT,ET)+/ f(s,Ys_,Zs,Us)ds—/ [ U dx)—/ Z,dW,.
t t * t

This proves that the triplet given in (5.2) solves the studied FBSDE with terminal condition

F(r) =exp({(a,r))w+v and generator as in (5.1). O

Remark 5.2. Observing the structure of the controls, one can see that this approach results
in determining some ODE just in the case when the generator is linear affine in Y, Z and U.
This is due to the fact that no random factors can appear in the time evolution of the functions
parametrizing the ansatz.
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