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Kapitel 1
Full Title

1.1 Introduction

function [value,I] = detDFmin (coordinates,elements)
$x%x Compute min_{x\in T} |det(DF)| / (2«|T|) for all triangles
value = Inf(size(elements,1),7);
c = 10,1;-1,01;
succ = [2,3,1];
for j=l:size(elements,1)
coord = coordinates(elements(j,:),:);
A = coord([1,4,2,5],:)—coord([2,1,4,6]1,:);
B = coord([1,6,5,3],:)—coord([3,1,4,6]1,:);
Sxxx Compte min (DF) for each vertex value (: 3) and edge value (:
for k=1:3
U= (A(1,:) +4xA (1+succ(k),:)) = C = (B(1l,:) +4%B (1+succ(
V = (A(l+k,:)— A(l+succ(k),:)) = C = (B(1,:) +4xB (1+succ (
+ (A(l,:) +4xA(l+succ(k),:)) = C * (B(l+k,:)— B(l+succ(
W(k) = ( (1+k,:)— A(l+succ(k),:)) » C » (B(l+k,:)— B(l+suc
value(j, k) = U;
if W(k) > 0 && abs (V+4xW(k)) < abs (4xW(k))
value (j, k+3) = (UxW(k)—0.25%«V"2) /W(k
end
end
$**+ compute min(DF) in interior if Laplace (DF) is positive
if W(l) > 0
W(4) = (A(3,:)—A(2,:)) = C * (B(4,:)—B(2,:))"
+ (A(4,:)—A(2,:)) = C * (B(3,:)—B(2,:))";
det = (4*W(1)*W(3)—W(4)"2);
if det > 0
b = [(A(3,:)—A(2,:)) » C * (B(1l,:)+B(2,:))"'
+(A(l,:)+A(2,:)) * C * (B(3,:)—=B(2,:))"';
(A(4,:)—A(2,:)) = C x (B(1,:)+B(2,:))" .
+(A(l,:)+A(2,:)) * C x (B(4,:)—B(2,:))"'];
X = —1/det*[2«W(3),—W(4);—W(4),2+xW (1) ]*b;
if X(1) > 0 && X(2) > 0 && X(1)+X(2) <
value(j,7) = (A(l,:)+A(2,:))*Cx(B(1, :)+B(2,:))" + 1/2xX"«Db;
end
end
end
end
[value, I]=min(value, [],2);
%xxx Compute area

[bary,wg] = quad2d(6);
phi = [bary.x (2+«bary—-1),
D [—1,1,0;—1,0,171;
C = reshape(coordinates(elements',
area = 1);
for k = 1l:size(wg,1)

dphi = [D.x (4*bary([k,k],:)—1),

4% (D.xbary ([k, k],

zeros (size (elements, 1),

4dxbary.*bary(:,

[2,3,1]1)+4D

$).6,01)7

(:,[2,3,11)

(2,3,11)1;

.xbary ([k, k],

)15

, 4

)
)
)
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49 DF = reshape ((dphixC)"',[1,4);

50 area = area + wg(k)/2 x (DF(:,1).«DF(:,4)—DF (:,2).«DF(:,3));
51 end

52 value = value./ (2*area);




Anhang A
Calculation of the Integral 0]1. 1

Lemma A.0.1 Let a,b € C, witha+b¢ [—1,1], 7 > 2 and m, as defined in (?7).
Then, there holds

Op3(a,b) =a {@51 (ml;ba> — Q! (771_16_ a)] +b Tfl (Ull;ba> — Q7! (771_16_ a)]
a? 1—a a ]

ion=a[a (o152) - (025 o () -0 (222
| (n5) 00 (v
L () ()
() (] ) a5
bla () -a(2) -

b Al
*Ftl‘jifbm w12 (5) -2 (5}
o (0 (Cr) 8 (5}
S () 25

where 1y 1s defined as in Lemma ?77.

Beweis. We start proving the first identity. Using the definition of N3(t), we have

Opa(a,b) = (// a—l—bs t)? dsdi = // a—l—bs t)? ddt) (A1)
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Therefore, we investigate both integrals separately. There holds
1

-1

1 t2
/1mdt:t+2(a+b8) log(—a—bs—i—t)

(a+0bs)? |
a+bs—1t|_,

=2+4+2(a+0bs) [log(—a—bs+1) —log(—a—bs—1)]

1 1
bs)? - .
+la+bs) [aers—l a+b+1}

Thus we obtain

1 1 t2
——dsdt
/1/1 (a+bs—1)? ’

:4+2/11(a+bs) log(—a —bs+1) —log(—a —bs —1)]

1 1
bs)? — d
Tlatbs) {a+bs—1 a+b+1] °
We proceed as in Lemma 7?7 and simplify the logarithm terms by point reflection.

Thus, we get

/_11 /_tmdsdt
e o [ (15 ) - (2 -)

(a+bs)? 1 1
+ b l1—a T —1—a _ s ds
b

e )
(e () ()] () - ()
() ()

For the second integral in A.1 we get

1 1
———dsdt = d
// a—l—bs—t ° /(a+bs—1) (a—l—bs+)$

-5 @ (57) @ ()]
Putting the result together, we get the first identity
Ohy(ant) a5t (n54) - &5t (n=0) ] +o @ (F52) - @t (2]
(e () e (5)
() ()] b () ()
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O
For the second identity, we get

L St2 1 1 s
013(1,6 </1/1 a,~|»bs—t det—// mdet) (A2)

1J-1
By integrating similarly as above, we obtain

// a+2’j_t ds dt
oo s (52-) (s ()
+

2 1 1
s(a+bs) _ - s
b St-s s

= 2a [@1—1 (7711 0 a) - Q! (m _1b_ a)}
ca 50t (n552) 505t (n=t) + 50 (o) - 500° (=)
(a0l

~2a [;@21 (7711 0 a> - §@51 <771 _16_ a) + %@61 (7711 0 2 - %@61 <?71 _15_ a>]
) ) ) )

where we exploited that

s Py(s) = Pi(s)

s Py(s) = §P2(s) + % Po(s)
s Py(s) = ng(s) + % Pi(s).

For the second integral in A.2 we get
s S
// a+bs—t ds dt = /(a+bs—1) (a+bs+1)d8
150 (l=a) H(—-1-a
() e
and finally we obtain
0 b) 1 —a ~1(-1-a 2b ~ 1(1—-a ~ 1 (—-1—-a
e =afa (550) - (50 [+ la (57) e (557
hfar (n222) g (ni)
1/a’?-1 3 ~o(1l—a ~of(—1—a
(55 a5
2 [~ (11— o [(—1— 1 [~ (1- o [ —1—
()@ ()] @ (50) e ()
1
o (50) -

- |@ () -
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For proving the last identity we use two results that are stated in [?], i.e.

1
bj+ 1! o(a,b) +allo(a,b)

1 1
[j,1<a7b> b 25+ 1I]+10(a,b) 25 +17° 1,0

and

)+ 2
J 1‘1—1,1(6% b) + al},l(aa b).

1 J—1 .
Ij72(a,b)—b I (a, b)+b2j+1 ;

2j 41 Ut

Combining both result yields

) 3, i1 3 1)
Ijs(a,b) = ab Ifi1o(a,) + |a* —— + = 2 — . Il o(a,b
J,Q(Cl )=a (J+2)(25+1) j+1,0<a ) a T2 T2 G120 -1 LO(a )
3(37 +2) 1 ) 3 )
I I! .
Thus, we obtain
1
Oja(a,b) = 5 (I}5(a.b) = Ijy(a,0))
j L 2 1 1 2 .] - 1 1
=G Ty Lrro(@b) + @t mm = s 0 . I} y(a.b
a (j+2)(25 +1) j+1,0(ab) {a T2 12 G129 -1 ola,b)
37 +2 1 ) j ,
1; I .

Plugging the initial values of I}(a,b), that are given by

Lo(ab) = [CT?? <_1b_ a) - (1 0 a)] |

completes the proof.
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