ADAPTIVE WAVELET METHODS FOR ELLIPTIC
VARIATIONAL INEQUALITIES I: ANALYSIS

MARIO ROMETSCH AND KARSTEN URBAN

ABSTRACT. We introduce an adaptive wavelet method for solving elliptic vari-
ational inequalities. We show convergence and optimality of the scheme as
compared to the best N-term approximation of the solution. The scheme is
based upon a projected Richardson method w.r.t. the (infinite) sequence space
of wavelet coefficients. By combining well-known approximate operator appli-
cations and a new adaptive projection, we obtain a fully computable algorithm.
We describe results of numerical experiments in 1D that show the quantitative
performance of our scheme. Further numerical investigations are devoted to
Part II.

1. INTRODUCTION

Variational inequalities appear in several problems in various fields of applica-
tions. Let us just mention elastoplastic hardening or the valuation of American
type options in finance. There is a huge literature both on theory and numerical
methods for solving variational inequalities, in particular of elliptic type (EVI).
However, the construction and numerical analysis of adaptive numerical methods
is still a quite active area of research, e.g. [4 13| 06} 07, 20, 25]. In particular,
questions like convergence and optimality of adaptive schemes are partly open.

In this paper, we introduce an adaptive wavelet scheme, prove its convergence
and optimality as compared to the rate of the best N-term approximation. We
combine ideas that are around already for some time. On one hand, already in [19] a
convergent Wavelet-Rothe method for a variational inequality from elastoplasticity
was introduced. However, there was no complexity analysis for this scheme and
also numerical tests were not optimal from the quantitative point of view. On the
other hand, significant progress has been made for adaptive wavelet methods for
operator equations in the last years. Convergence and optimality have been proven
for a wide range of operator equations, e.g. [ [15] [26].

The idea is to reformulate an EVI equivalently as a discrete but still infinite
problem for the wavelet coefficients of the desired solution. For this discrete prob-
lem, we consider a projected Richardson scheme which is known to converge. In
order to obtain a fully computable version, we introduce known approximate op-
erator applications and a new adaptive projection in order to respect the convex
constraint set. It turns out that it is often useful to further correct the current
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iteration by solving the discretized EVI on the set of active wavelet coefficients.
Because of this and also for comparison reasons with uniform methods we start by
introducing a corresponding method.

We have performed several numerical experiments in order to investigate the
quantitative performance of our scheme. In order to concentrate on the properties
of the scheme only, we have restricted ourselves to 1D examples, of course clearly
having in mind that this is not the ultimate interest. We comment on this in the
conclusions in and also refer to Part II of this paper, [24].

The remainder of this paper is organized as follows. In we recall the
basic facts on (elliptic) variational inequalities and in we introduce the
wavelet formulation of EVI as well as the necessary background on wavelets itself.
Since we perform various numerical tests, we collect the data for these tests in
We also determine the corresponding best N-term approximation as a
benchmark for our adaptive schemes. In we introduce a wavelet method
for a given (but possibly adaptively generated) index set A. This is done for two
reasons. First of all, we show the deficiency of standard multiresolution Galerkin
methods, where a multiresolution space is used as trial and test space. Secondly,
as already mentioned, we will use this solver later in within the adaptive
method for a fixed index set A. In the sequel, we use the abbreviation A < B to
indicate the existence of a constant ¢ > 0 such that A < c¢B. By A ~ B we denote
A < Band B < A (in general with different constants, of course).

2. VARIATIONAL INEQUALITIES

In this section, we recall the main facts on elliptic variational inequalities. Let
V be a Hilbert space and I C V a closed, convex and non-empty subset. Then we
define the projection operator Px onto K as the best approximation of f € V by
some element Px(f) € K, i.e., || f — Pc(f)|lv = mingex || f — gl|v. It is well-known,
that Pic(f) is uniquely defined, [16, Lemma 2.1]. Moreover, the following properties
are known ([I6, Theorem 2.3])

(2.1) (Pc(f),g = Pc(f)v = (f,9— Pc(f))v, Vgek,

and the projection is non-expansive, namely
(2.2) [Pxc(u) = Pe()llv < flu—vlly,  Vu,veV.

For the special case V' = Ly(Q2) and K = {v € Ly(Q) | v > g a.e. in Q} with
some function g € Lo(2), the projection P (u) is given by Py (u) = max{u, g}, i.e.,
(P (w))(z) = max{u(z), g(x)}, see [16, Section II.3].

In order to introduce elliptic variational inequalities, let V — H =2 H* — V* be
a Gelfand triple and again let L C V' be non-empty, closed and convex. Moreover,
let A:V — V* be an elliptic operator and f € V* be given. Then, the following
problem is called an Elliptic Variational Inequality (EVI): Find u € V such that

(2.3) (Au,v — Wy xy > (f,v — wysxv, Yv € I,

where (-, -)y«xy denotes the duality pairing of V* and V using H as pivot space.
If we define (as usual) the bilinear form a(u,v) = {(Au,v)y~xy, then we can state
(2.3)| also in the form a(u,v —u) > (f,v — uw)y~xv, for all v € K. From [I7] it is
known that the EVI admits a unique solution v € V for every f € V*.
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3. WAVELET FORMULATION OF VARIATIONAL INEQUALITIES

3.1. Wavelets. In this section, we briefly recall the main facts on wavelets. Since
we have EVIs in mind, we concentrate on wavelet bases for elliptic differential
equations having in mind that this can easily be extended also to other classes of
operators. For more details on wavelets, we refer e.g. to [26].

Let U = {¢) : A € J} C H}(Q) be a wavelet basis, where as usual the index
A = (J, k) encodes the scale |A| := j and the location k(\) := k of a wavelet. We
will pose some assumptions on ¥ as follows:

(B.1) The wavelets are local, i.e., with o := supp () we have diam (o)) ~ 271l

(BQ) Let & = {’l/}A A E j¢} U {¢A A€ j¢ =J \ j¢} with j¢ the index set
encoding scaling functions. Then (¢, q),q) = 0 for all A € Jy and q € Py,
where P,,, denote the polynomials of maximal order m € N. This means that
¥, A € Jy, have vanishing moments of order m.

(B.3) The wavelet system ¥ = {45 : X\ € J} forms a Riesz basis for L2(£2) and gives
rise to norm equivalences at least for the Sobolev spaces H*(Q), s € [—1,1]
in the following sense: There exist constants 0 < ¢y < C'y < oo such that

ce|D*dley 7y < N1d7 Y 2 < ColD*d||ey(7), s € [-1,1],

where d = (da)xey, D = {2M0) ,}aper, AT =30, - dahr. We use the
normalization ||{x[[z,) =1, A € J.

Given any operator R : Hi(Q) — H~1(Q), we can define its wavelet represen-
tation as R(u) := (R(u?W¥),¥). In particular, if A : H}(2) — H~(Q) is given

in terms of a bilinear form af(-,-), we get A := a(¥,¥). In this case, there are
constants 0 < c4 < C4 < oo such that
(3.4) callvll < [[Av][ < Callv]].

Note that these constants may be estimated from the infinite matrix A.

Often, a wavelet basis is generated by a Multiresolution Analysis (MRA), formed
by the span of all scaling functions on a certain level, i.e., S; := span{¢;x : k € Z;}.
Here, for A € Jy, we have ¢\ = ¢ox, A = (0,k), k € Z;. If we use S; as trial and
test space for a Galerkin method, this is called Multiresolution Galerkin method
(MGM). Wavelet spaces W; := span{t¢ : |A| = j} then satisfy S; 1, = S; & Wj.
This means that any v;41 € S;41 has two representations

J
Vit = > Caikbivik = Y Corbort Y > destik,

k?EIj+1 keZy =0 keJy
the left one called single scale and the right one multiscale representation. The
change of basis G; : ¢j+1 — (co,do, ...,d;)T (with ¢, = (co)kez,» d = (dok)kes,)
is called wavelet decomposition and its inverse M; = Gj_l wavelet reconstruction.
3.2. An equivalent /;-problem. Now, we use the wavelet basis ¥ as trial and
test functions, which results in an EVI for the coefficients u € ¢2(J). First, we
define the convex set in wavelet space as K := {d € £5(J) : v=d?¥ € £}. Then,
the problem reads: Find u € K such that
(3.5) (Au,v—u) > (f,v—u), vv e K.

It is readily seen that is equivalent to In fact, for u = u” ¥, v = vI'¥ €
K, we have u,v € K. Then, (Au,v —u)y+xy = a(u,v —u) = ul a(¥,¥) (v —-u) =
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(Au,v —u) and for f = f70% € V* we get by biorthogonality (f,v — w)y«xy =
7 (U, 0) (v —u) = (f,v —u).

4. NUMERICAL EXAMPLES

In this section, we collect the data of all our numerical examples that we consider
in the remainder of this paper. As a typical example of an elliptic inequality we
consider the following obstacle problem for the Helmholtz operator on Q = (0,1)
with some 3 > 0 and an obstacle g € H}(9): Find u € H}(Q) such that

(4.6) —Au+Bu>f, u>g, (u—g)(—Au+pu— f)=0in Q.

Note that for the convex set is given by K = {U € H (D) ’ v > g}. We will
sometimes (at least for numerical purposes) reduce ourselves to the case g = 0
which is by no means a restriction as can be seen by considering 4 := u — g and
f:= f + Ag — B¢ which reduces the general case to the specific obstacle g = 0.

Remark 4.1. As in the case of elliptic equations, we would like to estimate the
error in the energy norm for a finite approrimation uy, i.e., we are interested in
lu—uplla, which is equivalent to ||u—un| g1 (o). Unfortunately, we cannot apply the
standard argument ||u—upl||?2 = ||ul|? — ||ua||? here, as for the inequality there
is no Galerkin orthogonality. We will therefore follow a different approach that
was also used in [3] for the estimation of the energy error. We know that (in case
that a(-,-) is symmetric) the solution u of [(2.3) minimizes the energy functional
II(v) = 3a(v,v) — (f,v) over K C V. Thus by [3, (16)], we have

1
(4.7) 3w = ualla < V/[H(u) = T(ua)|
and we will use the right-hand side of [(4.7) for estimating the convergence rate
w.r.t. || - ||g1 (). By doing so, we are left with computing
1
H(’LLA) = §u£AAXAuA — quA, U = u’{\IJA,

as long as we know II(u) for the solution u to|(2.3) For our test examples (P1)-
(P6), as described in [22, Remark 5.1 and Subsection 5.1.2], this is the case. O

4.1. Examples for the Helmholtz inequality. The data for our six examples
is displayed in Table (page . These have been chosen in order to consider
different possible difficulties like lacking regularity, or as in (P6) a contact zone
being only a single point. The corresponding plots are shown in Figure (1.1}

4.2. Best N-term approximation. In order to setup a benchmark for the adap-
tive schemes, we determine numerically the rate of the best N-term approximation
for our test examples. The results are shown in Table Already for the examples
with smooth data (P1) to (P3) the inherent lack of regularity, that is due to the
operator which governs the EVI is responsible for a limited rate of s = 1.5.
We investigate, if a higher convergence rate is possible by using the best N-term
approximation and observe a slight gain in convergence speed s =~ 2.1 for d = 3.
So even for smooth data, a uniform scheme has to be expected to have a deficient
rate as compared to the best N-term approximation for wavelets of sufficiently high
order. Next, we consider the singular examples (P4) to (P6). Here the possible rate
s ~ 1.0 for d = 2 is quadratically higher than for the uniform schemes. This is due

to the Besov regularity of the solution u which is u € B; ,¥s > 0 (see|Lemma 6.1)),
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(a) (P1) (b) (P2) (c) (P3)

N

(d) (P4) (e) (P5) (f) (P6)

FIGURE 4.1. Plots of the examples for the Helmholtz inequality
problem. Solutions in red, obstacles in gray.

resulting in a nonlinear approximation rate of sos = 1 for d = 2 and s33 = 2 for
d = 3, that is limited only by the smoothness of the wavelets.

(P1) [ (P2) | (P3) (P4) [ (P5) [ (P)
N-term, d=3 | 2.16 | 2.14 | 2.19 || N-term,d=2 | 1.11 | 1.05 | 1.04
uniform, d = 3 | 1.50* | 1.50* | 1.50* || uniform, d = 2 | 0.50* | 0.50* | 0.50*
TABLE 4.1. Decay rates of the best N-term approximation for
u; as well as the maximal rates for the uniform approximation
determined by the Sobolev regularity of u;. The star values are
the predicted ones.

5. METHODS FOR GIVEN FIXED INDEX SETS

We start by considering uniform schemes for the solution of the variational
inequalities introduced above. As already mentioned above, we have two goals,
namely to show the deficiency of (uniform) Multiresolution Galerkin schemes and
to setup a framework for solving an EVI for adaptively generated index sets A.
For the EVI, the discretized problem for fixed trial and test spaces Vj reads: Find
up € KNVy = Kx such that

(5.8) a(up,vpa —up) > (f,oa —up), Yop € Ka.

This leads to a problem for the coefficients of the function u: Find upy € Ky :=
{v e ly(A): dTV¥ € K} = KN /y(A) such that

(59) (VA — uA)TAAXAuA > (VA — UA)TfA, Vv € KA,

with the matrix Aaxa = (a(¥y, ¥a))r,nea and the right-hand side fo = ((f, ¥x))rea-
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5.1. Convergence Analysis. The error analysis of resp. follows stan-
dard lines ([I3, Theorem 1]) and results in the estimate

Cc? 2
lu — upllf < C%Ilu —wallf + gﬂf — Aullv-([[u —wallv + [lua —wllv),
2 2

for all w € K and wp € Kp. For our conforming method we can choose w = up
and get

(5.10) lu = ually < ot (lu = wall} + I1f = Aullv-lu = wallv).

As shown in [I3], Theorem 2], for the special case of the Dirichlet obstacle problem
(A=—-A,V =H}Q)and V* = H Y(Q)), if f € L2(Q) weget for A=T;, Vp =S,
the higher rate

lu—ws|lm@) S 277 Jullge(o), J > jo.

However, if we take a closer look at |(5.10)} for a general EVI driven by an operator
A: H?(Q) - H*(Q) and right-hand side f € H~*(Q), we see that (neglecting the
first term, which is of higher order) one only gets

lu—ual} S inf I = Aullveflu —vallv

vpA ELNV
and so we cannot expect a convergence rate that is higher than [ju — us|| gt o) S
272 7||u|| fye++ (), which is half of the Dirichlet obstacle problem case.

5.2. Projected Richardson Iteration. One possible algorithm for solving
for fixed A is the projected Richardson iteration:

u"! = Pk, (u" 4 ay (f — Au™))

for a suitable relaxation parameter ag and Pk, denotes the projection onto K.
The discretized iteration may also be written as

(it va —ulth) > (U} + ag(fa — Apxaul),va —ul ™), Vva € Ky,
Recall that, the projection is also characterized by the minimal distance, i.e., |[fo —
Pk, (fo)| = ming, ek, [|fo — gal|. Hence, we can compute the projection as the
solution of the quadratic program

Corl

Py, (fy) = argmin { Selgr — 26{g1 |.
gAEKp 2

If we are able to characterize uy € K equivalently as Chaup > dp with some

matrix Cp and a vector da, we can compute Pk, as a constraint approximation

on all RIA. This is realized in Algorithm We will comment on the choice of

C, later. The particular choice of the stopping criterion in line 6 will be discussed
in Section 5.5 below.

5.3. Preconditioning. As pointed out in [I§], the use of a properly scaled wavelet
basis leads to a preconditioned variant of Algorithm[5.I]which then in turn converges
independently of the discretization level.
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Algorithm 5.1 PRICHARDSON: [A, f, A, 0r)] — va

choose 0 < ag < 28—%

—_

2: set u§ =0 € l2(A), n=0
3: repeat
4 YT =ul} +ay (fA — Axxau})
5. Calculate u} ™" as the solution of the quadratic program,
. N T .
uXH = arg mm{ufu,\ -2 (uX"H) up} subject to Cprup >dy
up ERIAI
6: until [u} ™ —u}| < g,

. . ..n+1
7: return vy :=u,

5.4. Choice of the constraint matrix. In the case of a Multiresolution Galerkin
method (V) = Sy) and the homogeneous obstacle problem, one possible choice for
C, is the reconstruction matrix Cp = Mj, --- M and for dj the vector dy = 0.
This choice results in Cp : £2(A) — €o(A). If we think, however, of an adaptively
generated index set A C J, such a choice for the constraint matrix would be
prohibitive as we would obtain Cp : ¢3(A) — ¢2(Z;), with J being the maximal
level of all indices contained in A. In nD, the number of rows (and therefore the
number of constraints) scales like 2"/ — totally destroying the complexity of the
algorithm. Anticipating our adaptive projection algorithm we note that we use
a local reconstruction, see [22, Remark 4.15], for which the number of constraints
stays proportional to the number of unknowns and the constraint matrix is sparse.
Finally and as mentioned above, the presented method extends to general EVIs
if we are able to characterize the constraint set. For example, the constraint set
K={veHjQ) ‘ v > g} in case of spline wavelets may easily be characterized as
Cpr =M,, ---M;E, where E is the differentiation matrix for the splines.

5.5. Numerical results. We describe some numerical experiments concerning the
projected Richardson iteration for a fixed index set A.

5.5.1. Residual estimation for obstacle problems. We first consider the question
whether the stopping criterion which is used in line 6 of Algorithm [5.1]is reasonable.
In Galerkin solvers for equations on some set A one usually requires that the residual
IfA — Aaxavall = |Ir]] < n]lro] has to be sufficiently small, because this implies
[un = vall < L|roll. For an inequality, we would like to use a similar stopping
criterion. As for the exact solution u of the homogeneous variant of one has
(u, Au—f) =0, a natural error measure would be

(5.11) r:=|(u", Au” —f)| € Ry.
Because of (u, Au— f) =0 we get
r <|(u" —u, Au” — f)| +|(u, Au” — Au)| + |(u, Au — f)]
<[u” —uf]Au” — £[| + [[u[|A(u" —u)]|
<[u® —u||(|Au" —£][ + Ca [Ju]]).

From this we see that r — 0 for u” — u. Unfortunately the reverse (and even
more important) implication u”™ — u for » — 0 is not clear and we were not able to
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prove this. This is the reason why we want to conduct some experiments whether
rin is a reliable error estimator.

To this end, we choose the operator to be A = —A, then generate a random
right-hand side fo with f\ ~ U|_19,19) and solve the resulting system by a
standard method to obtain an approximation u®P for the exact solution. This is
then compared with the iterates generated by PRICHARDSON, i.e. we check
[lu®PP — u™|| against r. We choose the biorthogonal basis from [12] and J = 9.

Error estimation for PRICHARDSON Error estimation for PRICHARDSON
10000 |- ot —u =, —— ] le+06 [ P
(. Au’ — f) u, Au” - f)
It . )i, | 10000 b It . e
100 b [u" —u, [[u —ull,,

100

L e

0.01 | T~ i 0.01
\ 0.0001 |

0.0001 | 1
1606 -

1e-06 | 1
\ 1e-08 |

le-08 L le-10 L L L
1 10 100 1 10 100 1000 10000

(a) d=d=2and jo =3 (byd=d=3and jo =4

FIGURE 5.2. Error estimate for the projected Richardson scheme,
Dirichlet inequality, random right-hand side.

Let us comment on the results that are shown in Figure In all our experi-
ments we saw that our error estimator r is reliable in the sense that it is an upper
bound for the error. We can also observe that it is efficient — the error estima-
tor decreases as our iterate approaches the solution of our discretized variational
inequality Finally, we got these results both for linear and quadratic basis
functions, therefore our stopping criterion seems appropriate.

5.5.2. Uniform convergence rates. Now we examine the convergence order of the
uniform method, i.e., for A = Z;. For solving the finite-dimensional linear com-
plementary problems, we chose the projected Richardson iteration, where the con-
straint matrix corresponds to the reconstruction operator.

[d [ (P1) [ (P2) | (P3) | (P4) | (P5) | (P6) |
2110971099 | 0.90 | 0.59 | 0.49 | 0.51
3| 1.23 | 1.27 | 1.30 | 0.50 | 0.48 | 0.52
TABLE 5.2. Convergence rates in H'-norm of the uniform scheme.

The results are shown in Table For the first three examples (P1) to (P3),
which all have H5/2~%_regularity, the uniform scheme with linear ansatz functions
(d= d= 2) almost attains the optimal convergence order of s = 1. For quadratic
ansatz functions (d = d= 3), we obtain a rate which is close to the optimal rate
of s = 1.5 for the uniform approximation of w,;. If we would consider an operator
equation with the same data we would get v € H*(Q) for all s > 0 and therefore a
convergence rate of s = 2 limited by the regularity of the ansatz functions. Hence,
the inequalitylimits the regularity, regardless that the obstacle and right-hand
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side of the problem are smooth. Already at this point, we thus have a reasoning for
designing a more sophisticated algorithm than the uniform scheme for solving the
operator inequality. In the singular examples (P4) to (P6), there seems to be no
hope that the uniform schemes are well-suited to solve the obstacle problem. Here
the regularity drops to u € H3/27¢ resulting in a very poor convergence rate of
s = % Overall, the rates were all within the range of the theoretical ones predicted

in [Section 5l and [Table 4.11

6. ADAPTIVE METHODS FOR EVIs

Now, we introduce our fully adaptive wavelet projected Richardson solver for
EVI. In order to set a benchmark, we start by investigating the Besov regular-
ity of solutions of EVI and hence the rate of their best N-term approximation.
Then, we introduce, analyze and realize a fully computable adaptive solver called
EVISOLVE. In addition to this, we also show a simplified version which performs
numerically well but for which we do not have theoretical justification.

6.1. Besov regularity for EVIs. Our first goal is to show that the solution of
the EVI|[(2.3)| admits a higher Besov regularity than in the Sobolev scale.

Lemma 6.1. Let u € V := H}(Q), Q := (0,1), solvefor the special case of
A= —A. Then we have u € BS(L.(Q)) for all s > 0 with T = (s +1/2)".

Proof. Suppose that u € V solves for A= —A. Then, fP4:= —Au € V* and
the equation —AuP9 = fEB4 has a unique solution «®4 € V with v®4 € B3(L.(Q))
for all s > 0, as known from the Besov regularity of the Dirichlet problem in 1D,
see [14, Section 2.6.1], [15, Section 3] and [I1} 10]. By u = u®? we obtain that
u € B2(L,(Q)) for all s > 0. O

Let us briefly comment on this result. It shows that the solution of the 1D
Helmholtz inequality has arbitrary high Besov regularity. Hence, the rate of con-
vergence of an adaptive scheme is only limited by the smoothness (order) of the
wavelets, not by the operator. The above proof also shows that the Besov regularity
of the variational inequality is at least the one of the variational equality. Since the
Sobolev smoothness of the inequality is lower then for the equationﬂ this shows
that the potential gain of adaptivity is higher for inequalities, adaptivity pays off!

6.2. EVISOLVE. Now we develop the announced adaptive wavelet method for
the solution of [(2.3)]

6.2.1. Abstract adaptive method. We start from the operator inequality As
for the uniform scheme, we consider the following projected Richardson iteration
in wavelet coordinates for £3(J). For any starting point u® € ¢3(J) we define the
operator S : l5(J) — £2(J) by

(6.12) u"t! = Su" =Pk (0" + ay (f — Au™)).
For the last equation, we define the projection Pkt by
(6.13) Pxit = (Pc()'0,0) 1, ).

\We mention, for example, that according to [l Theorem 2] the solution u of the Dirichlet
obstacle problem in any dimension has no more regularity than v € C1.
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It is readily seen that the operator S is contractive for all 0 < ay < 2% with the
A

optimal choice for oy = &4, which guarantees a fixed error reduction of [[u"*! —
A
ull < ol — ull, where
1
(6.14) py =|I—avAl = (1-c4/C3)*,

in particular py < 1. Then, we have:
Lemma 6.2. Let u € lo(J) be a fized point of S. Then, u solves|(3.5).

Proof. First note that by definition of S we have u € K. Furthermore, since u is
the projection of 1 = u + ay (f — Au) onto K, we have by |(2.1)[ that for all v e K
(wuy,v—u)> (4,v—u) = (u,v—u)+ay(f — Au,v —u),

which is equivalent to ag (Au,v—u) > ag(f,v—u), for all v € K and since ag > 0
we obtain our claim. g

6.2.2. Adaptive projection. For a computable version of we need the routines
RHS[n,f] — f,, APPLY[,A,u] - w, and COARSE[;,v] — v, which are
well-known from adaptive wavelet methods for elliptic problems, [6].

Now, we develop a computable version of the projection in This is the
major ingredient for the realization of a computable version of the adaptive iteration
defined in The idea is to view the projection Px as a nonlinear map and to
construct a particular version of RECOVERY, [2, [8 [, 26]. Thus, we are going
to verify the assumptions posed in [9], namely

Assumption 1. F : /5 — {5 is a Lipschitz map, i.e. we assume that there is some
function L : R>¢g — R>( such that

(6.15) [Fu—Fv|,, <Lg(max{|ull,, [|v],}) [u—v], .
Assumption 2. If w = Fu for some finite u € {5, then we have the estimate

(6.16) lwy| < LF(Hu||€2) sup |uu‘—7(\/\|—\u\) )
p: supp (Ya)Nsupp (p)#0

For the first assumption already from (2.2)| we have that we can set Ly = 1.
Next we are going to prove the second assumption

Lemma 6.3. The H!(Q)-projection onto the closed, conver and non-empty set K
satisfies the assumption of the RECOVERY scheme from [9] for all v < 2t+1/2.
This in turn ensures s*-compressibility with

(6.17) s*=~v—1/2=min{d — 2 +t,2t}.
Proof. The estimate [(6.16)| reads in this case
|ﬁ“|—’7(|>\\—\#\)

lual < sup
p: supp (Ya)Nsupp ()70

)

fory=d—-2+1t+ % =r+t+ % Because the biorthogonal spline wavelets have
d > d vanishing moments we start with

fual = I )l = i 1= Pyl Slulr 2. upp oy 2772

. C(ratal

= Pty (1 upp (o 27T
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and then follow the lines of the proof of [0, Theorem 4.1] in order to show

(6.18) [Pt yr (1 supp (92))) S 18w (Lo supp (02)))

for r = d — 2. The case & = 0 is trivial since then we get Pt = 0 and therefore
uy = 0,\ € J. We will prove |(6.18)| by contradiction. Therefore, we assume that
there exists & € H* and A € J such that for every ¢ > 0

[lyyro (supp (0x)) > €lUWwr (L (supp (w2)) -

This means that ess supgy;, (y,)0"u = oo or that 9"u is not essentially bounded on
supp (¢)). This, however, conflicts with [(2.2)] namely

||“||Wt(L2(Q)) = Hu”m < Ha”t;Q = ||ﬁ||wt(L2(Q))»

$0/(6.18)[ holds at least for r < ¢. O

Note that the latter result means for ¢t = 1 we get » < 1 or d < 3, hence we
achieve the optimal rates for linear and quadratic wavelets.

Ultimately, we want to get an algorithm PROJECT(n, V] — w,, that determines
a finite approximation w, € K of the projection PxV of a finite input ¥ within
some pre-specified error bound 7, i.e., |Px¥ — w,|| < 7. From the definition of the
projection we know that [|v — Px V| = mingek ||¥ — g]|, so we can use a quadratic
program as in the finite-dimensional case. Hence, the projection Pk V is given by

(6.19) PxVv = argmin{g’ g — 297 g}.
gek
For simplicity, we restrict the description of our adaptive projection to the homo-

geneous obstacle problem, I = {v eV | v > 0}. For more general convex sets we
refer to As we use preconditioned sequences u € £2, we modify K to be

K:={vel(J): OV >0}

Since K is infinite-dimensional, we cannot solve the corresponding quadratic prob-
lem. The aim is to replace K by some finite K, so that the solution g, of the finite
quadratic program still satisfies ||g, — Px V|| < 7. To this end, we use the scheme
PREDICTION, [§] that results in a finite index set A = A(PgV,n) containing
all significant indices of Pkv, i.e., ”(PK‘A’)’[\ — PkV| < 7. Then, we set

K, = {vel(A): (D'v)T¥(z) >0},
which is finite-dimensional. With these settings, we obtain Algorithm

Algorithm 6.1 PROJECT(;,v] — w,

1: Predict the set A as PREDICTION]|Px(0),7)]
2: Solve the quadratic program on A

(6.20) w,, := arg min {u’u — 2v7u}
uek,

The non-negativity of K, may again be controlled by the local reconstruction,
see [22, Subsection 4.5.3].
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Lemma 6.4. The adaptive projection of Algorithm[6.1] computes an approzimation
w, to PV that satisfies |Px¥ — w,| < n with #A < |ul| 40~ Y*, with s < s*
from [(6.17), Moreover, we have Px¥ € A* and [|[Px¥|l4s S 1+ |[¥]as. The
computational complexity is O(N1).

Proof. The error bound for the approximation on the tree K, follows from [9,
Theorem 3.2] as indicated in the analysis of RECOVERY. ]

Remark 6.5. Obuviously, the rate N7 is not optimal. This comes only from the
complexity of solving the quadratic program. Thus, if we can replace this by a direct
pointwise evaluation of the projection, we obtain optimal complexity. This can e.g.
easily be done if the projection reduces to max{u,0}. This remark applies to all
subsequent remarks concerning complexity.

6.2.3. Numerical tests for PROJECT. Now, we test the approximation properties
of Algorithm We measure the true error and compare it with the tolerances.
Our test is inspired by the way the projection appears in our adaptive algorithm
Thus, first we sample the solutions of the Helmholtz inequality problem from
Section 4] at a maximal level of J = 18 resulting in some u. Then, for some given
tolerances e; = 277/ we first threshold u with COARSE to get ve,. With v, we
compute with RHS and APPLY the approximations we, and f;; resulting in an
approximation r¢; of the residual r = (f — Au). Then, the projected Richardson
iteration takes the form ﬁaj = V¢, + ayre, with the relaxation parameter ay = é—‘%
and cyq,Cy from Finally, we take 1., as input of Algorithm m with the
tolerance ¢; to get u.;. Since u is a fixed point of S, we can measure the {3-error
of the application of S by |lu —u,,||.

PROJECT slope for the Helmholtz problem (P1) PROJECT slope for the Helmholtz problem (P5)
10 10
€5 i
. [ = sl u = ll,,
1E o
a N 1
o Z
o .\ %
L LS — S
0.1 . ] 1@9
L e %
. A\
N 0.1 b LN
0.01 [ N
-
Y N
e s
0.001 . . 0.01 .
10 100 1000 10000 10 100 1000
#A #A

(a) (P1), d =d = 2, error (b) (P5), d =d =2, error

FIGURE 6.3. PROJECT, (P1) and (P5) for d =d = 2.

In Figure we have shown the results for (P1) and (P5). As we see, the
tolerances are met very good. The other examples give similar results. Convergence
rates and complexity for all examples are shown in Table We obtain rates of
about s ~ 1.2 for the smooth examples (P1) to (P3) and also for (P4). For the
examples (P5) and (P6), we get better rates. In all cases, the expected rate of
s* = 1 is excelled. Moreover, the complexity of solving the quadratic program
is in the range O(N!37)— O(N'57) and therefore a bit superior than our
analysis.
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y [P [ (®2) [ (P3) ] (P4) [ (P5) [ (P6) ]
s 1.13 [ 1.26 [ 1.08 [ 1.26 [ 1.68 | 1.68

complexity N® || 1.38 | 1.44 | 1.39 | 1.56 | 1.55 | 1.57
TABLE 6.3. Convergence rates and complexity of PROJECT.

6.2.4. Computable adaptive method. With the adaptive projection at hand, we now
have all ingredients for a completely computable variant of [(6.12)l The design
of the method draws heavily on the adaptive wavelet algorithm developed in [7].

Fixing the constant K := min {é eN: (142a)+p)p~t < %}, we arrive at
EVISOLVE in Algorithm

Algorithm 6.2 EVISOLVE[e, A, f] — u(e)

1: Initialization u} =0, ¢ = c;*||f||, 5 = 0
2: while ¢; > ¢ do
3: Vo = uf\
for ¢=0,..., K —1do
RHS[p’;,f] — £,
APPLY [p'e;, A, v — wy
Vil =vi+a(fr —wy)
PROJECT|p’e;, v/l — vit!
end for ‘
10 COARSE[;te;, vE] - u)t!
11: Ej+1:8j/2;j—>j+1
12: end while 4
13: return u(e) := u}

We obtain the following convergence result.

Proposition 6.6. The iterates w), of Algom'thm satisfy |[u — u || < e, where
g5 = 27 ¢y.

Proof. From|(3.4)|and a stability estimatd?] we have [[u—ul || = [u] < [[A~!||||f]| <
e Ifl = e0. We proceed by induction and assume that for some j > 0 we have

lu—ul| <ej. If we denote by u?(v) the exact iterates of |(6.12)| with initial guess
v, we get

v —u )| < v - Pr(vE+ alfe — wo))|

+ [Px(v' + a(fe — we)) — Px(u(u)) + a(f — Au’(u})))]

2The stability estimate |lu| < ||A~!||||f|| is only valid if 0 € K. If this is not the case, another
estimate depending on the type of inequality has to be used.
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Next, by using the properties of PROJECT and the non-expansiveness of Pk
IV —u T )] < me+ [P (v + alfe — we)) = Pr(u’(u}) + a(f — Au'(u})))]
< e+ [|(vF 4 alfe — we)) — (u'(u}) + a(f — Au’(u}))]
=1+ (I - aA)(v' —u’(w))) + a(fe — £) + a(AV' — w()|
< plv’ = u(u) || + 7e(1 + 20)

£ L

< PV — a0+ (1+20) S etk = (1420) S et
k=0 k=0

with ne = pfsj. Furthermore, with the definition of 1, we conclude

K-1 K-1
IV —u @R < (1 420) 32 mp" T F = (14 20) YT plegp Tt
k=0 k=0

= (1+20)Kp"*1e;.
Therefore we obtain by the definition of K

V5 =l < v —u® () + [ (u)) — u]

< [V —uf ()] + p" [y —u

; 1
< VK K )]+ o < (14 20)K + )" ey < e
and finally with the properties of COARSE we arrive at
; ; 1 4 £j
+1 K K +1
e e B e e e
which concludes the proof. O

Remark 6.7. Similar to [7], the constant K in the inner loop of Algom'thm could
be quite large. Moreover, in the case of the projected Richardson iteration, it is not
possible to use the approzimate residuals wy — £y as an indicator for |[u — v¢|. Of
course we could exit the inner loop earlier if we could guarantee that |[lu—v*|| < 15¢;.
We will consider this issue later.

Remark 6.8. Note that the new iterate vi+! in the inner loop may not be the best
approzimation in the linear space A'*' = supp (v”l). Therefore, a few iterations
of Algorithm should decrease the number of inner loops substantially. This is
one of the reasons why we introduced the scheme for a given index set A. It is also
important to apply Algorithm to the iterate ug\H after the coarsening step in
order to ensure uf\H e K.

We continue with the discussion of the convergence rate of Algorithm [6.2] For
0 < 7 < 2 we denote by v* the non-decreasing rearrangement, set
1/7

*
n

[V]ew () :=supn/T|v
neN

and ||v|ew(7) = [[Vlle2(7) + [V]ew(7)- We recall some well-known facts from [6].

Proposition 6.9. Let 7 = (s + 1)7!, then v belongs to €¥(J) if and only if
lv—vx| = O(N—%) and we have ||v — VN”gy(j) < N75||VH@/(‘7). O
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Proposition 6.10. For any threshold n > 0 the output w = COARSE[n,v]|
satisfies [|[Wl|pw(7) < [[Vllew (7). Moreover, assume that for a sequence u and a
tolerance 0 < n < ||lulls,7) an approvimation v of w is given satisfying |[u —
Ves(7) < L. If in addition u € £¥(J) for 7= (s + 1)7' and some s > 0, then we
get for the output w of COARSE[47/5,v] that ||[u — w| s, 7) < n and:

(1) The cardinality of A = supp (w) is bounded by #A < ||u||%?&7)17*1/s,
(2) it holds [[u — wlle, () S [lulley () (#A)™%, and
) [wWller () S lalley () O

We use these known results in order to investigate under which conditions Al-
gorithm [6.2] exhibits asymptotically optimal complexity. The complexity of the
algorithms APPLY and RHS has been shown in [6] to be of the order O(n~1/#).
The algorithm PROJECT was shown also to have this complexity. Finally, the
cardinality of the output of PROJECT is of the order O(n~'/*) w.r.t. the input
which in turns is the output of APPLY and RHS, so that the overall cardinality
is O(n~1/%). However, the arithmetic operations needed to solve the QP is of the
order O(N'7). We summarize our findings concerning Algorithm [6.2

Theorem 6.11. Assume that holds. Under the assumptions on APPLY,
RHS, PROJECT and COARSE for any target accuracy € the scheme EVI-
SOLVE determines an approximate solution u(e) of after a finite number
of steps such that ||u — u(e)|| < e Moreover, if the routines APPLY, RHS and
PROJECT are s*-admissible for some s* > 0 and if the solution u of has
a convergence rate s < s* of its best N-term approzimation, then the following
statements hold:

(1) The support of u(e) is bounded by #supp u(e) = #A(e) < ||u||;;/,‘zj)€*1/s.

(2) We have |lu(e)llex () S alley(a)-

(3) The number of arithmetic and sort operations is O(e

Proof. The first statement follows from Now we assume that the

error of the best N-term approximation of u is smaller than C'N ~* for some constant

C > 0 and some 0 < s < s*. Then, by [Proposition 6.9 we have that u € £¥(J) and

also f € £7(J) as well as ||f[|sw(7) < [Jullew(g). Therefore, we are only left to show
that for j € N the iterates uf\ satisfy (1)—(3) with € > 0, u(e), A(e) replaced by ¢;,
u) and A;. Of course this holds for j = 0. Now suppose that (1)-(3) are true for
some j > 0. Then, we get that the application of RHS in Algorithm [6.2] requires

—1.75/3)'

K

—/{/s 1/s —1/s

NFHES < (3™ o)1k e
=0

floating point and sorting operations. A similar statement holds true for the ap-
proximate matrix-vector multiplication, namely

K
—1/s —?/s 1/s
NJAPPLY 55]' 4 ZP ¢ (”Vellgxé(j) + #supp Vé)'
£=0

Finally, the number N]PROJECT of flops for PROJECT is bounded by O(N17)
and govern the complexity of the whole scheme. Because of for w = PROJECT|n, v]
we have that [|[w| e (7) S [[Vlew(7) and in view of the inner loop in EVISOLVE
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it follows that
IV lew () S IV + a(we = £)[lew(7) < IV llew) + alllWelles () + [1Eellex (7))
S Ellew ) + ||VéHev,v(J)~
Since K is fixed and bounded we conclude that
max 1V lew () S IE ey + Iuh ey S WEllew () + Nlles )

where we have used (2) as the induction assumption. In summary, we obtain

—1/s
(Illes 7y + lallew ) €5%,

—1.75/s
NPROTECT S (I8l ) + allex ) 5™

RHS APPLY
NG, N S

We conclude that the support of the inner iterates stay controlled according to

—1/s
#supp V4 S (€]l + lulley () /%, €< K.

Recall that after at most K inner iterates of EVISOLVE we apply COARSE
on v& to get w)"'. Hence, we have |[u}""[|o(7) < [ullex(s) as well as #A;41 S

[lul|* sajj{ *. Since the coarsening is of constant order, this concludes the proof. [

6.2.5. Numerical Results for EVISOLVE. Now we want to conduct tests for EVI-
SOLVE. In particular, we want to perform tests how to leave the inner loop (lines
4-9) since the estimated number K may be by far too large. In order that our
adaptive wavelet solver applied to the smooth examples (P1) to (P3) should reach
the optimal rate of s = —2, we would have to use a biorthogonal wavelet basis with
at least d = d = 3. However, using wavelets from [12] would yield a minimal level
for d = d =3 of jo = 4 and Cy = 2.35, ¢4 = 0.0003, k = 7704, ag = 0.000052,
pw ~ 1 so that we would need K = 3.000.000.000 inner iterations in EVISOLVE.
Of course, this situation may change using other bases.

Because of this observation we test our adaptive wavelet solver only on the
singular examples (P4), (P5) and (P6), where it suffices to chose the parameters
of the underlying wavelet basis as d = d = 2. To this end, we test three variants,
namely:

(1) Since in our experiments we know the analytic solution, we can compute
also the exact error for the inner iteration. This is of course only used for
comparison as a benchmark and dubbed exact residual.

(2) We take the approximate residual based upon the following observation.
For 7/ := |(v/, AvJ/ — f)| we get

r < (v AV = w)| + |(vE E = B)] (v we — )
(6.21) <2/l + [(vE, we — )],
whose components are in fact computed in each inner iteration.

(3) We take only |(v’, wy, — f;)| as a simplified variant of

The comparison of the convergence history for the examples (P4) to (P6) are shown
in We see not much differences in the slope using the variants of
the residual from the use of the exact solution. This shows indeed that K as
above is heavily overestimated and that our residual estimators seem appropriate for

building a stopping criterion upon it. Moreover, the bound ¢; from

is in fact valid for the exact and the approximate residual.
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FIGURE 6.4. Leaving the inner loop of EVISOLVE with different

stopping criteria.
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The plots in demonstrate that the wavelet coefficients clearly reflect
the singularities also when using the approximate residual.
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6.3. SSADWAV-EVISOLVE for EVIs. Inspired by [1], we also propose a sim-
plified variant of our adaptive solver for the elliptic inequality which also
works with a security zone C. The fundamental difference to [I, Algorithm 3.10]
is that we cannot use the residual roan; = fon, — Aoa,xa, uw’ on some set OA; for
the estimation of the error ||u—u?||,, simply because for the elliptic inequality this

. j—o00 . ..
term does not converge to zero as u? — u. Therefore we take a different heuristic
approach for this issue.

Remark 6.12 (Error estimation for SSADWAV-EVISOLVE). From[Remark 4.1
we know, at least for elliptic inequalities that are driven by a self-adjoint operator
A, that the error bound ||u —upll, < 2+/|1I(w) — II(ua)| is valid. Furthermore, as
the energy norm is equivalent to the || - ||¢,-norm, we have also

1 1
= w5 /)~ T(wy)] = \/ ) (e Ancnun - uy )|

That means, given the optimal value of the energy functional II(u), we have an error
estimator. Unfortunately, for a general u this value is not known. QOur approach
is mow to estimate this value from the values of the approrimations uy and use
an extrapolation for the calculation of TI(uy) ~ II(u). If it holds then that II(uy)

converges faster to II(u) than up converges to u, the quantity 2\/‘ﬁ(u/\) —II(uy)

will be a reliable error estimator.

For the example calculations in below we use a linear polynomial
extrapolation (denoted by EXTRAPOLATE) as described in [21I} Section 3.2].

Algorithm 6.3 SSADWAV-EVISOLVE[, A, f] — u(e)

1: Initialization j = 1, u® = 0, Ag = Z;,

2: repeat

3: v :PRICHARDSON[AP AA]. XA uj_l, fAj]
w =COARSET tolog, V]

Aj = supp (w)

v = PRICHARDSONIA;, Ap;xa;, W, fa,]
[I(w/) =EXTRAPOLATE[u/]|

M(w) = % (uj7AAjXAJuj)ez - (f/\j’uj)ez

9:  gj =2¢/|II(w) — I(uf)]

10: 6AJ = C(AJ‘, C)

1 ran; = fan; — Aoa,xa, w

122 Ajp = A Usupp (COARSE [tolon, raA].])
13: until g; < ¢

@ N > oo

A few comments on Algorithm are in order. First of all, we have to make
an additional call to the Galerkin solver in line 6 because there is no guarantee
that the thresholded vector w is an element of the convex set K. The next part of
the algorithm consists of the error estimation as described Finally,
we have to decide how new coefficients are added to the set A. Here we resort
to the approach from [I], although there will be large coefficients in rp,, that do
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not correspond to significant coefficients of the solution u. For example, in the
homogeneous elliptic obstacle problem this is the case for regions in €2 where u = 0.
However, these coeflicients are erased after the next call to the Galerkin solver.
In this way, our simplified adaptive algorithm iterates until the estimated error
is smaller than the target accuracy . Likewise than in the case for the simplified
adaptive solver for the elliptic equation, it is not obvious how a rigorous convergence
proof for this algorithm may be established. Algorithm [6.3might be optimized even
further if the accuracy of PRICHARDSON is adapted to the current error ;.

6.3.1. Numerical Results for SSADWAV-EVISOLVE. We describe some results
of numerical experiments for the simplified adaptive wavelet method. In order to
achieve a convergence rate of s = —2 for (P1)-(P3) as expected from the best

N-term approximation in we have to take a wavelet basis with higher
regularity than d = 2 and so we take the biorthogonal wavelet basis with parameters

d = d = 3. The results are shown in Figure (a)-(c).

100

100 10

10 — e 1 10

1 01
5
0.1 ‘\ 0.01

1

01

0.01 ‘ 0.001 0.01 i
¥
0.001 0.0001 0.001
0.0001 le-05 0.0001
1 10 100 1000 1 10 100 1000 1 10 100 1000
(a) (P1): Convergence. (b) (P2): Convergence. (¢) (P3): Convergence.
Con Conv
10 10 10
! —
I \ ‘\\k \\
ﬁ’\ o N, o N
0.01 A\, \_\ N
\ )
0.001 0.01 0.01
1 10 100 1000 1 10 100 1000 1 10 100 1000
(d) (P4): Convergence. (e) (P5): Convergence. (f) (P6): Convergence.

FIGURE 6.6. SSADWAV-EVISOLVE for (P1)-(P6).

For (P1), we see that our algorithm is close to the best N-term approximation.
For (P2), the simplified adaptive scheme does not perform quite well. While at
the beginning the algorithm tracks the best N-term approximation it seems then
difficult to equilibrate the indices in order to keep the convergence rate. Again we
see that after some time the algorithm tracks well the slope of the best N-term
approximation of the third example (P3).

For the singular examples (P4)-(P6), we choose the biorthogonal basis corre-
sponding to d = d = 2 and show the results in Figure (d)-(f). We readily
confirm that in case of a singular solution the algorithm performs very well in dis-
tinguishing the relevant coefficients and captures the sharp transitions of the target
function u. For (P5) the picture is somewhat similar. Lastly for (P6) it again takes
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the adaptive algorithm some time to figure out where the singularity is but then it
nearly drops to the line of the corresponding best N-term approximation.

7. CONCLUSIONS AND OUTLOOK

In this paper, we have introduced a fully adaptive projected Richardson scheme
for solving EVIs using wavelets. We have proven its convergence and its optimality
as compared to the best N-term approximation (with almost optimal complexity).
We have performed several numerical tests (in 1D only) also for a simplified version
of the algorithm.

We have seen that the quantitative properties of the wavelet bases (here mainly
their condition number) has a severe influence on the behavior of the scheme. In
particular, the number of necessary inner loops in the projected Richardson it-
eration turns out to be a problem. If computed exactly, this number becomes
unrealistically large. To this end, we have introduced two variants of an estimate
for the residual.

Note that the software LAWA, that was used to conduct all experiments, may be
freely obtained from [23].

All our numerical experiments are in 1D. The reason for this is twofold. First of
all, the principle behavior of our scheme can already be shown in 1D, in particular
its convergence rate, its complexity and also the comparison with the best N-
term approximation. Of course, we are aware that EVIs in higher dimension offer
more challenging problems such as a contact zone which is a possibly non-smooth
manifold in d—1 dimensions. Of course, our algorithm will also work in this situation
but it is interesting to see the quantitative performance in representing the contact
zone. This, however, is merely a question which kind of wavelet functions (e.g.
isotropic, anisotropic etc.) is used. We consider this as well as EVIs arising from
singular integral operators in the second part of this paper, [24].
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lEX. [g, fiu Reg. ‘
—128z° + 922° — 20z 0<z<4,
(P1) | g(z) = { —4a® + 4z — 2 1<z<? s —¢
—128(1 —2)* +92(1 —2)* —20(1 —2) 2 <z<1
flz) = -32
162% + 4(1 — V10)z 0<a< Y10
u(z) = ¢ g(z) 1—100<x§1—1£00,
1622 + 4(v10 — 9)z + 4(5 — V10) 1— Y0 <z < 1.
(P2) | g(z) = exp{—50(x — £)?} f(z) =0, and by setting & := + +/21/20, a:= €2 | 5 _
ax 0<z<z
u(z) = ¢ g(x) z<z<l—2z,
a(l—z) =<1
_ _ 142 —l1<o.
(P3) 9(1‘):{1100016(56132) 24s| 1‘2 430|x %H‘% }i_g:;gz 2—5
f(z) =0, setting & := { and « == g<z)
ax 0<z<z,
u(z) = ¢ g(z) r<x<l-2,
a(l-z) 1-z<z<1
1—16(z —1)? lz — 3] <0.2
(P4) | (o) = { 200 — 3P — 2p — L+ Do L] +3 02< o-Ll<m | §-e
0 lz — 1| > a1,
1= %, f(z) =0, setting z := ? and o := g(f).
ax 0<x< 7,
u(z) = { g(x) T<zx<l-2z,
al—-z) 1-2<z<1
(P5) :{ 0<x<10, %_E
Oz —1) —<m<1
)= — () settlng Ty = 21130, To = %g, a:=5,b :—% and ¢ := %
0<z < m,
az® —|—b:1:—|—c 1<z <22
(z) T2 <z <1,
100x 0<z< 2, B s
(P6) %(1—1)2 %<x§i7 f(z)=0. 2 —¢
Vo 0<z< 3

u(z) =

TABLE 4.4. Data for our examples (P1) to (P6). The last column
indicates the maximal Sobolev regularity of .
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