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Basic properties of the 1t6 integral
Let f, gEV(O T) and Iet0< S< U< T.Then

/det /de,+/detforaa w

(ii) /(cf+ g) dBi=c /det + /g dB; (c constant)

(iii) E[ / f dB]=0

.
(iv) /f dB; is Fr measurable.
s
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<4<T

-
0 6ndB= 3 )8y, - B)
% s
= 2. &(W)By, —Bijl+ > e(w)By, — Byl
S<t<U U<t<T
(i) clear because of the linearity of summation

(iv) e and B, — By, are F;, measurable
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(i) E| / 60 dBI=E[ Y &(w)(By., — By)]

<th

>, Elej(w)(By,, — By)]
S<ti<T

>, _Eleg(w)IEI(By,, — By)]
S<ti<T

=0

- By, — By ~ N(O, i1 — )
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Definition: martingale
An n-dimensional stochastic process {M;}>o on (Q,F,P)
is called a martingale with respect to a filtration { M;}>¢ if
(i) M; is M; -measurable for all t
(i) E[|Mt]] < oo for all t

(iii) E[Ms|M;] = M; for all s>t
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Brownian Motion - Martingale

(i) Bt is Ft -measurable for all t
(i) E[|Bt|]? < E[|Bt]?] = t < oo for all t
(ii)) E[Bs|Fi] = E[Bs — By + By|F]
= E[Bs — Bt|Ft] + E[Bt|Ft] =0+ By = Bi forall s > t
- E[aX + bY|H] = aE[X|H] + bE[Y|H]
- E[X|H] = E[X] if X is independent of
- E[X|H] = X if X is H -measurable
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Doob’s martingale inequality

If M; is a martingale such that t — M;(w) is continuous

a.s. thenforallp>1,T>0andall A >0

P( sup [Mi| > \) <

1
<+ El[[Mr|P (1)
Sup, o ElIMrI]
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It6 integral - t continuous

Let f € (0, T). Then there exists a t-continuous version
t

of [f(s,w) dBs(w);0 <t < T, i.e. there exists a
0

t-continuous stochastic process J; on (£, F, P) such that

t
P(Jt:/de):1 VO<t<T.
0
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Proof. Let ¢, be the elementary function such that

;
E[[(f — ¢n)? dt] — 0, when n — cc.
0

~

Put Ir(t,w) = [ ¢n(s,w) dBs(w)

~ O

Iy = I(t,w) = ffSw dBs(w);0 < t < T.

Then (-, w) i |s continuous for all n.
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In(s,w) is a martingale with respect to F; for all n (s > t):
t s
Elln(s,w)| 7] = E[(f ¢n dB+ [ ¢n dB)|F]
0 t
¢ndB+ E[ > €AB;j|Fi
t<t<s

én aB + Z E[E[ejABj]]-"@H]-}]
J

t
J
0
t
J
0
t
= [ én dB+ 3 E[6E[AB)|Fy]|Fi]
0
t j
J
0
In
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Hence I, — I, is also an F; martingale. So by Doob’s
martingale inequality we have

P( sup |Ih(t,w) — Im(t,w)| > €)

0<t<T
< L E[[n(T w) = In(T,w)[?]
T
:g?‘E[f(¢n—¢m)2 ds] > 0as m,n— o
0

= P(sup |In,,,(t,w) — I (t,w)] >27K) <27k
0<t<T

for a subsequence ny, — oo.
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By the Borel-Cantelli lemma

P( sup |In,,, — In,| > 27k for infinitely many k) = 0
0<t<T

So for almost all w there exists ky(w) such that

sup ’Ink+1(tvw) - lnk(taw)| < 2_k7 k > ki (w)
0<t<T

Therefore I, (t,w) is uniformly convergent for t € [0, T] for
almost all w and the limit is t-continuous for t € [0, T].

g
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Corollary
Let f(t,w) € v(0, T) for all T. Then

t
/f S,w) dBs
0

is a martingale w.r.t. 7 and for A\, T > 0

P( sup |[Mi]| > )) [/ f(s,w)? ds].
0<t<T
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