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[t0 formula |

Let

X(t) = X(0) + /0 "U(s)ds + /0 ' V(s)dB(s)

be a n-dimensional It6 process (in matrix notation). Let
g(t.x) = (1(t.x), ... gp(t, X)), p € N, be a C? map from
[0,00) x R into RP.
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[t0 formula I

Then the process Y(t,w) = g(t, X(t)) is again an I1td
process, whose k-th component is given by

Yi(t) :Yk(0)+/0 <3g s, X(9)) +Zagk(s X(8))ui(s)

1 <s>v/<s>T) ds

,/1

+Z/ 6gk(s X(s))vi(s) dB(s)

where v;(s) denotes the i-th row of v.
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Integration by parts

Let f € C3([0, oc]). Then

t t
/ f(s)dBs = f(1)B; — / f'(s)Bsds
0 0
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Definition

A stochastic differential equation (SDE) is an equation of
the form

t t
Xt:X0+/ b(s,Xs)ds+/ o(s, Xs) dBs
0 0

or in differential form

dX; = b(t, Xt)dt-f- O'(t, Xt) dB;.
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Example: Population Growth

Consider the stochastic differential equation
t t
0 0

where r € R and «, Ny > 0.
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Example: Population Growth

Consider the stochastic differential equation
t t
Nt:N0+/ I‘Nst—l-/ OéNsdBS
0 0
where r € R and a, Ny > 0. With the 1t6 formula we get
log Ny = log No + (r — 1042)1.‘ + aB;

2

and thus

1
Ni = Ny exp <(r - éaz)t—l— oth> .
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For the solution N it holds that

EN; = Nye't
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The law of iterated logarithm

For a Brownian Motion {B; : t > 0} it holds

. B;
limsu

e S
Hoop \/2tloglog t

a. S.
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Asymptotic behaviour of the solution N;

With the law of iterated logarithm it follows:
(i) If r > Ja? then Ny — oo as t — oo, a.s.
(i) If r < Ja? then Ny — 0 as t — oo, a.s.

(iii) If r = %az then N; will fluctuate between arbitrary
large and arbitrary small (positive) values as t — oo,
a.s.
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Example: Electric Charge

Consider the 2-dimensional SDE

X(t) = X(0) +/OIAX(s)ds+/OTH(s)ds+/thB(s)
0
where

0 1 0 0
(4 (e ()

Here, a, C, L and R are positive constants and
G:[0,00) — [0,00),t — Gt.
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If we apply the 2-dimensional 1td6 formula with
g(t, x4, x2) = exp(—At)(xy, X2) T and integrate by parts,
we get the solution

X(t) = exp(At) < X(0) + exp(—At)KB(t)

+ /Otexp(—As) (H(s) + AKB(s)) ds)

where exp(F) = >";2, ’;—,k is the matrix exponential.
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The function X; = where By = 0 solves

1+t

t 1 t 1
= — —— dBs.
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The function X; = sin B; with By = a € (—3%, ) solves

t t
Xt:sin(a)—/o ;Xsds+/0 V1= X2dBs

foro<t<inf{s>0:Bs¢[-5.5]}
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