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Abstract Main characteristics of stationary anisotropic Poisson processes of cylin-
ders (dilated k-dimensional flats) in d-dimensional Euclidean space are studied.
Explicit formulae for the capacity functional, the covariance function, the contact
distribution function, the volume fraction, and the intensity of the surface area
measure are given which can be used directly in applications.
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1 Introduction

Porous fiber materials find vast applications in modern material technologies. Their
use ranges from light polymer-based non-woven materials, see Helfen et al. (2003),
to fiber-reinforced textile and fuel cells as in Mukherjee and Wang (2006). Their
porosity, percolation, acoustic absorption and liquid permeability are of special
interest. It is known that these properties depend to a great extent on the microscopic
structure of fibers, in particular, on the orientation of a typical fiber. If all directions
of fibers are equiprobable one speaks of isotropy. Many materials are made by
pressing an isotropic collection of fibers together thus producing strongly anisotropic
structures. As examples, pressed non-woven materials used as an acoustic trim in
car production, see Schladitz et al. (2006), paper making process as in Corte and
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Kallmes (1962), and Molchanov et al. (1993), and gas diffusion layers of fuel cells,
here Mathias et al. (2003), Manke et al. (2007) can be mentioned; see Fig. 1.

To quantify this dependence between the physical and the geometric struc-
tural properties of porous materials, their intrinsic volumes (sometimes also called
Minkowski functionals or quermassintegrals) are used. More formally, porous fiber
materials are usually modeled as homogeneous random closed sets described in
Matheron (1975) and Serra (1982). The mean volume and surface area of such sets
in an observation window averaged by the volume of the window are examples of
intensities of intrinsic volumes which are treated in detail in this paper.

The intention of this paper is to give formulae for cylinder processes which can be
used directly in applications, which is also demonstrated in the optimization example.
Thus the focus is on stationary Poisson processes which are the most common in
applications. A rather theoretical analysis can be found in the recent paper by
Hoffmann (2009), where formulae for the curvature measures of a more general
non-stationary model of Poisson cylinder processes can be found. In Weil (1987)
the model for cylinders as used in this paper is introduced, and curvature measures
for different kinds of (not necessarily Poisson) point processes are calculated. As
opposed to that, in this paper formulae for the covariance function, the contact
distribution function, and a different approach for the calculation of the specific
surface area of Poisson cylinder processes are worked out which have straightforward
applied value.

As a model for fiber materials shown in Fig. 1, we consider anisotropic stationary
cylinder processes as homogeneous Poisson point processes in the space of cylinders.
Isotropic models of this kind (named also processes of “thick” fibers, lamellae,
membranes or Poisson slices) have been studied in detail, cf. Matheron (1975), Serra
(1982), Davy (1978), Ohser and Miicklich (2000). See Schneider (1987) for further
references. In the present paper, we generalize some of their results to the anisotropic
case.

After giving some preliminaries on cylinder processes (Section 2), we obtain
formulae for the capacity functional, covariance function and contact distribution
function in Section 3. In Section 4, we prove the formulae for the intensity of

Fig. 1 Microscopic structure
of the gas diffusion layer as
used in polymer electrolyte
membrane fuel cells (courtesy
of the Centre for Solar Energy
and Hydrogen Research, Ulm)
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the surface area measure of anisotropic stationary Poisson processes of cylinders.
Formulae for the intensities of other intrinsic volumes can be found in the recent
paper by Hoffmann (2009). In the last section, we show how the volume fraction of an
anisotropic Poisson process of cylinders can be maximized under certain constraints.
In the solution, we use the formulae obtained in previous sections.

Since the formulae obtained in Sections 3 and 4 are rather complex, examples
in the most interesting dimensions 2 and 3 are given, which can be directly used in
applications.

2 Cylinder Processes

Let G(k,d) be the Grassmann manifold of all non-oriented k-dimensional linear
subspaces of R?, and & the o-algebra of Borel subsets of G(k, d) in its usual topology.
Let C (K) be the set of all compact (compact convex) non-empty sets in R?. Denote
by R the convex ring, i.e., the family of all finite unions of non-empty compact convex
sets. We provide these sets with the Hausdorff metric, and denote the resulting Borel
o-algebra of R by fA.

Denote by vi(-) the k-dimensional Lebesgue measure in R¥, and by H*(-) the
k-dimensional Hausdorff measure. For any set S ¢ R? denote by S the linear
subspace of the vectors which are orthogonal to all elements of S. For & being
a k-dimensional flat (i.e. a k-dimensional linear subspace) we denote the (d — k)-
dimensional Lebesgue measure in £ by vfl_k. Let xx (wx) be the volume (surface
area) of a unit k-dimensional ball, respectively.

For a convex set K € K and x € R? let p(K, x) be the unique point in K which is
the closest to x. Then there exist measures @, (K, -) on B(R?), for k = 0, ..., d with

d
va({x € K@ B,(0) : p(K.x) € B}) = Y r'Fiq D4 (K, B),
k=0

where K; & K, = {k| + kzlk, € K, ky € K>}, and B, (o) is the ball of radius r cen-
tered in the origin o. Furthermore we define ®; (¥, B) =0 for all B € B(R?). These
measures are called curvature measures. Since they are locally determined, they
can be extended to functions with locally polyconvex sets as first argument in
such a way that they remain additive. One should remark that these generalized
curvatures measures are not necessarily positive, but signed measures. For a detailed
introduction, see Schneider and Weil (2008). The intrinsic volumes of K can be
defined as total curvature measures VZ(K) = (K, RN fork=0,...,d.

Following the approach introduced in Weil (1987), we define a cylinder as the
Minkowski sum of a flat & € G(k, d) and a set K C &+ with K € R. Note that K is
not limited to sets with an associated point in the origin. The flat & is also called
the direction space of £ ® K and K is called the cross section or base. For a cylinder
Z = K & & we define the functions L(Z) = & and K(Z) = K. Furthermore, define
Zy. as the set of all cylinders which have a k-dimensional direction space and base
in R. For the volume of the cross-section of the cylinder we introduce the notation
A(Z) = vdef)(K(Z)). By S(K) we denote the surface area of a set K. In the case
of K being the cross-section of a cylinder K @& L we shall use this notation for the
surface area of K in the space L*.
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We call a measure ¢ on Z locally finite if o({Z € Z;|Z N K # @}) < oo for all
K € C. Let M(Zy) be the set of locally finite counting measures on Z; supplied
with the usual o-algebra 9. A point process & on Z; which is a measurable
mapping from a probability space (2, F,P) into (M(Z), M) is called a cylin-
der process. Its distribution is given by the probability measure Pz: 21 — [0, 1],
Pz(-) = P(E € ). A cylinder process is called Poisson if E(B) is Poisson distributed
with mean A(B) for some locally finite measure A on Z; and all Borel sets
B C Z, and E(B)), E(B»), ..., E(B,) are independent for all disjoint Borel sets
By, Bs, ..., B, C Z, and all n > 2, see details in Schneider and Weil (2008). The
measure A is called the intensity measure of E. The Poisson cylinder process is called
simple, if it has no multiple points. This is the case if and only if A is diffuse. For the
rest of this paper we assume that E is a simple Poisson cylinder process. In this case,
the union Ug = Uz Z is a random closed set, see Schneider and Weil (2008, p. 96),
where we denote by Z € & the cylinders Z in the support set of E.

The cylinder process E is called stationary if its distribution is invariant with
origin. Let Z; be the set of all cylinders K @& with £ € G(k,d), K C &1 and for
which the midpoint of the circumsphere of K lies in the origin.

Following Weil (1987), we define i: (x, Z) — x+ Z forx e R?and Z € Z{. If E
is stationary, then a number A > 0 and a probability measure 6 on Z; exist such that

AGi(A x C)) = A/ VD (A)0dZ)
C

for all Borel sets A C R?, C C Z{. Then 1 is called the intensity and 6 the shape
distribution of E.

As shown in Koénig and Schmidt (1991, p. 61), 6 can be decomposed further.
Analogously to i define j: (0 x §) = o @ & for o € R and & € G(k, d). Then there
exist a probability measure & on & (directional distribution of E) and a probability
kernel B: R x G(k,d) — [0, 1] for which B(-, &) is concentrated on subsets of &+
such that for arbitrary R € R and G € ® the equation

6((R x G)) = /G B(R. £)a(de) (1)

holds.

3 Capacity Functional and Related Characteristics

In this section, we calculate the capacity functional (cf. Stoyan et al. 1995, p. 195) for
the union set Uz of the stationary Poisson process E of cylinders with k-dimensional
direction space introduced as above. As a corollary, explicit formulae for the volume
fraction, the covariance function, and the contact distribution function of Uz follow
easily. It is worth mentioning that the resulting formula (2) for the capacity functional
generalizes the formula in Serra (1982, pp. 572-573), given for Poisson slices in R?,
and a model with this capacity functional has already been proposed in Matheron
(1975, p. 148).
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3.1 Capacity Functional

For any random closed set X, the capacity functional Tx(B) = P(X N B # ¢), B € C,
determines uniquely the distribution of X.

Let 7, (B) be the orthogonal projection of a set B C R? along a linear subspace
n c R4 onto nt.

Lemma 1 The capacity functional of the union set Uz of the cylinder process E is
given by

Ty.(B) =1—exp {—A / vy (-K(Z) @ ﬂL<Z)(B))9(dZ)} : )
=

Proof Let B be a compact set in RY. Then by Fubini’s theorem and Schneider and
Weil (2008, p. 96), we get

1 — Ty.(B) = exp{—A({Z € Z,|Z N B # ¥} = exp {—/ HZNB+# Q)}A(dZ)}
Zy
= exp {—k/ / 1{(Z+x)NB # @}dxe(dZ)]
v JL(Z)*

= exp {—k/ / H(K(Z)+x) Nz (B) # (Z)}dx@(dZ)} ,
i Y L(Z)*

where Z =x+ Z.

One can easily see that K(Z) + x hits 77,z (B) if and only if x belongs to the
Minkowski sum of —K(Z) and r;(z)(B).

Thus we have

I = Ty.(B) = exp | —A / / 1{<K<Z>+x>an<Z)<B>#mdw(dZ)]
©JL(Z)t

= exp —A/ / l{xe—K(Z)GBJTL(Z)(B)}dXG(dZ)}
©JL(Z)t

= exp —A/ZD ujjf)(—K(Z)@nL<Z)(B))9(dZ)}.

k

O
A few remarks are in order.
— It follows from the local finiteness of A that
L(Z)
/ VED(CK(Z) ® 1102)(B)) 6(AZ) < o, 3)
ZL

cf. Schneider and Weil (2008, p. 96, Theorem 3.6.3. and remark).
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— The choice of k =0 yields the capacity functional of the stationary Boolean
Model E’ with the primary grain K and intensity A, cf. Matheron (1975, p. 62):

T':r(B) =1 e_)‘EUd(—K@B) .
— Another important special case is that of K being a.s. a point. Then the model

coincides with a k-flat process E”, cf. Matheron (1975, p. 67) with the capacity
functional

Tz(B) =1—exp {—)»f U;(f)(ﬂL(Z)(B))O(dZ)} .
o

k

— The case of B = {o} yields the volume fraction p =P(o € Uz) = Evy(Uz N
[0, 119) of Ug:

p=Tu.(o}) =1 —exp{—xfza A<Z>9<d2>}. )

A generalization of this formula can also be found in Hoffmann (2009) in the
non-stationary setting.
Throughout this paper, we assume that p > 0, i.e. fZZ A(Z)0(dZ) > 0. Thus, we

have p € (0, 1), cf. inequality (3).

3.2 Covariance Function
In the following we investigate the covariance function of Ug. It is defined as
Cy.(h) =P(0,h € E),h € RY, cf. Stoyan et al. (1995, p. 68).

Because of the relation Cy_ (h) =P(o,he E) =2p — Ty_({o,h}) it is closely
connected with the capacity functional of the set B = {0, h}, which is

TUE({o,h}>=1—exp<—A /Z il (o () @ —K(Z2)0dZ) . (5)

k
Let y4 denote the covariogram of a measurable set A C L(Z)* defined by
ya®) = v, (AN (A -x)

forx e L(Z)*.

Lemma 2 Forh € R we have

Cy.(h) = 1—2exp{—kf A(Z)@(dZ)}
2

+exp{—2l/ZOA(Z)9(dZ)+?»/‘ZO )/K(Z)(ﬂL(Z)(h))Q(dZ)}- (6)
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Proof Consider the term {0, 7.z (h)}® —K(Z) =—-K(Z)U (wrz)(h) — K(Z)).
Its volume is equal to

v P K(Z) @ {0,z ()
= 2A(Z) = v (K(Z) N (K(Z) = mr2)(W)))
= 2A(Z) — ykz)(mrz)(h)).
Using Egs. 4 and 5, the covariance Cy_ (h) rewrites

Cu.(h) = 2p — Ty, ({0, h})

= 1—2exp{—A A(Z)H(dZ)}
L

+ exp <—)\/ vdef)(—K(Z) @ {o, ﬂL(Z)(h)})Q(dZ)}
Z()

k

- 1—2exp{—kf A(Z)G(dZ)}
2z

+ exp {—ZA /Zo A(Z)6(dZ) +)»/Za yK(z)(nL(z)(h))Q(dZ)}.
O

Example 1 In the following, we give an example of a cylinder process in two
dimensions with cylinders of constant thickness 2a where the integrals in Eq. 6 can
be calculated explicitly.

Let/ be an arbitrary line through the origin, ¢ the angle between the x-axis and [+,
and h = (r, ¥) a vector in polar coordinates. We use the notation B,(0) x ¢ with ¢ €
[0, ) for a cylinder with radius a and direction space /. Since |r;(h)| = r| cos(p — ¥)|,
formula (6) rewrites

CUE (h) —-1- 2872)«1 4 ef4la+)»1’

where

I'= /0 2a — ) DA{|m ()| < 2a}0(Ba(0) x dy)

= / (2a —r|cos(¢ — ¥)]) 6(Ba(0) x dg).
pel0 Ll cos(p—y)l <2

In the isotropic case (0(B,(0) x dp) = d¢/7) we can choose v arbitrarily, for
example ¢ = 7/2. This yields

d
I:/ (2a—rsin<p)—(p.
tpe[O,n]:simpg% s

In case r < 2a this simplifies to

T d 2
I=2a—r/ sin<p—¢=2a—r—.
0 v T
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And for r > 2a we get

2 arcsin % g
=2 / dg + f d
T 0 T —arcsin 27”
r arcsin 27” b4
+ = f (—sing) dg +/ (—sing) de
Y 0 7T —arcsin 27”
da . (211) 2r ( < . ( 2a )) )
—arcsin|{ — | + — | cos | arcsin | — —1
T r T r
da 2a 2r 2a\2
2a — —arccos | — )| —— |1 —,/1 = — ,
T r T r

which gives us the final formula

2hr

1 —2e 2 4 g 2ha=73 if r <2a,

_ —2)a _ _
Cy.(h) = 1—2e + exp { 21a
-2 <4aarccos (27“) +2r (1 —J1 = “ri2>> } ifr > 2a.

The first derivative of Cy,(h) will be needed later for the calculation of the
intensity Sz of the surface area measure of Uz.

Proposition 1 Suppose that E is a simple stationary Poisson cylinder process with
shape distribution 0 and le,(, S(K(Z))0(dZ) < oo. Then the derivative of the covari-

ance function in direction h at the origin is given by

Cpy.(0,h) = Aexp {—A /Z A(Z)@(dZ)} /Z Viz)(© w1z ) [h, L(Z)]6(d2),

where y/ (0, n) denotes the derivative of y 4 at the origin in direction 1, and [, n] is
the volume of the parallelepiped spanned over the orthonormal bases of the linear
subspaces of & and n.

Proof To simplify the notation, we shall also write [x, n] for [, ] if & is the line
spanned by x. By Eq. 4, we have

CUE(O):pzl—exp[—A A(Z)G(dZ)}

Z
and thus

Cu, (h) — Cy,(0) = exp {—A/ A(Z)e(dZ>} e -,
Z

where

1= [t - AZ2)10W2).
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We observe that A(Z) — vdL_(f)(K(Z) N(K(Z) —mrzy(h)) is equal to zero if
7r(zy(h) = 0, and is less than or equal to |77z, (h)|S(K(Z)), otherwise.
This yields

|J| < A|h|/ S(K(Z))6(dZ)= O(/h)), h— o.
Z

Thus we obtain e’ — 1 = J + o(J) = J + o(Jh]) for h — o, and

! . C s(h)_c 3(0) . J

So we need to investigate the behavior of J/[h| as h — o. By the dominated
convergence theorem, we get

i / . (ujﬁ?(K(Zm(K(Z)—nL<z><h>>>—A(Z>
h—o |h| - Z

)O(dZ)

o h—o

[
o @1z ()

_ A/ . (ujf?(K(Z) N(K(Z) - 1)~ AZ)
Z

i >|cos Z(h, L(Z)Y)6(dZ)

o [—0
k

- )L/zv Yk (0, 0 [h, L(Z)]16(dZ),

where |71 z)(h)|/[h| = | cos Z(h, L(Z)Y)|, t = w1 z)(h), and Z(h, L(Z)?) is the an-
gle between vector h and plane L(Z)*. O

3.3 Contact Distribution Function

Let B be an arbitrary compact set with o € B (called the structuring element), and
let r > 0. The contact distribution function (cf. Stoyan et al. 1995, p. 71) Hg(r) =
P(UzNrB # (|0 ¢ Uz) of the union set of the stationary Poisson cylinder process

& with structuring element B and volume fraction p € (0, 1) can be calculated as
follows:
P(UzNrB=0) i 1 —Ty.(rB)
I—p B I—p
exp {—A [z i D —K(Z) @ n102, 0 B)) e(dZ)}

exp |~ [z, A(Z)0(d2)]

Hp(r) 1

1 —exp {—A/ [udL_(f)(_K(Z) ® 7Lz (rB)) — A(Z)] 9(dZ)}. (7)
z

Further simplification of this formula is possible in some special cases.

Consider the contact distribution function Hp with B being a line segment
between the origin and a unit vector 7. In this special case the contact distribution
function is called linear. With a slight abuse of notation we shall use a vector to
represent the line segment between the origin and the endpoint of the vector. It will
be clear from the context whether the vector or the line segment is meant.
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Lemma 3 [f the probability kernel B(-, §) (cf. Eq. 1) is concentrated on convex bodies
and isotropic in the first argument for all §¢ € G(k, d) then for a unit vector n the linear
contact distribution function of Ug is given by

Hy(r) =1—eCm (8)
with
Coln) = cax / / S(K)BAK. £)[E. nler(de),
G(k,d) JKnEL

Cak = ;‘;;‘;uf;‘k, and K N &+ denotes the family of all convex bodies in &*.

Proof! 1t follows from Eq. 7 that Eq. 8 holds iff

rCotn = [ [ K@) @ mny ) - A2)] 02,

Z

Using the notation introduced in Schneider (1993, p. 275-279) for mixed volumes
(here all mixed volumes and surface measures are w.r.t. L(Z)') we calculate

VIO (L K(Z) @ 7piz) () — A(Z)

(d—=k)V(rLiz)(rn), K(Z), ..., K(Z))

)
r / s 712y D) Sait (K(Z), du),
S-INL(Z)+

2

where (-,-) denotes the scalar product, and S;_x—i(K(Z),-) is the surface area
measure of K(Z) in L(Z)*.
Thus,

1
Co(n) = 5/ / [, w2y (M) Sa—k—1 (K(Z), du) 6(dZ)
1? S‘I’lﬂL(Z)L

1
) / / / (e, e ()| Sa—k—1 (K, du) B(AK, &) a(dE).
G(k,d) JIKCng+ J Sd-1ngL

Because of the rotation invariance of B(-, £), the value of the integral does not
change if we replace K with ¢ K for an arbitrary rotation ¢ in £+. Furthermore, we
get the following equation since the surface area measure is invariant w.r.t. rotations
when they are applied to both arguments.

/S [t 706 ()] Sar (K, du) = / |t 7 D) St (K, ).
d—ImEL

Sd—lm&—L
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Thus, integration over the group rot(é+) of rotations in £+ equipped with the Haar
probability measure leads to

f s 7 ()] Sasr (K. )
Sd—lm&—L

= / / I(us né’ (7])>| Sd*k*l (Kv du) dl?
rot(gl) J Sd-1ngL

_ / / |, 7 (1) A st (K, du)
Sd=1ngL Jrot(gt)

= 2cak S(K)[E, nl,

where ¢4« is the constant from the claim, and we used Spodarev (2002, Corollary 5.2)
for the last equality.
This leads to

Col) = can / f S(K)BK. £)[E. nlar(de).
G(k,d) JKnEL
O

Now let the structuring element B be the ball Bj(0). In this case the contact
distribution function is called spherical. It is obvious that w;(z)(B,(0)) is a ball of
radius 7 in the (d — k)-dimensional subspace L(Z)*. If K(Z) is almost surely convex
then the use of the classical Steiner formula leads to

d—k
Evi'P(—K(Z)® w12 (Br(0)) = EA(Z) + Y _EVi s (K(Z)r',

i=1

which yields
d—k .
Hp, o)) =1 —exp :—A > kit / ViE (K(Z)) O(dZ)} :
i=1 2

Example 2 In what follows, the case of dimensions two and three is considered in
detail. It is assumed that the conditions of Lemma 3 hold.

— Ford=2,k=1Lemma 3 yields
Cot) = s, / / S(K)B(K, £)[E, nla(dé) = f 206, nle(dé).
G(1,2) JKngL G(1,2)

Hence, it holds H,(r) = 1 — exp {—2k rfG(Lz) (&, n] a(dé)}, and so H,(r) does not
depend on K(Z).
And for the structuring element being B = B;(0) one gets

Hp )(r) =1—exp {—Zkr/ Vé(K(Z))e(dZ)} — ] _ e
2y

Interestingly the result does not depend on the distribution of the cross section.
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— Ford=3k=1weget
2
Co(n) = *f / S(K)BAK, §)[&, nla(d§)
T JG(1,3) JKngt

which yields

2)
H,(r) =1 —expi—r/G(1 3)/}; . S(K)BAK, §)[E, n]a(dé)}-
3) JKngt

b1
For K(Z) = B,(0) we have
2ma
Com =" [ te.mas).
T JGk.d)

Thus,

Hy(r) = 1 — e 2 JowalEmetds)

And if the structuring element is the unit ball (B = B;(0)) then

Hp o)) = l—exp{—)\ <2r/ vf(K(Z))e(dZ)+r2/ Kz@(dZ))}
z0 Zp

1 —exp {—x (r/ S(K(Z))0(dZ) + r27r> } ,
zy

where S(K(Z)) is the perimeter of K(Z).
If additionally K(Z) is a ball of constant radius a then

HBl(O) (I’) —1— e72na)»r77r)\r2.

4 Specific Surface Area

In the recent paper Hoffmann (2009), the specific intrinsic volumes of a rather
general non-stationary cylinder process are given. In the stationary anisotropic case,
some of these formulae can be simplified. In this section, we give an alternative proof
for the specific surface area of the union set Ug of a simple stationary anisotropic
Poisson cylinder process & leading to a simpler formula than that of Hoffmann (2009)
which can be immediately used in applications.

The specific surface area Sz is defined as the mean surface area of Uz per unit
volume. More formally, consider the measure Sy (B) = EH"'(dUz N B) for all
Borel sets B ¢ RY. We assume that this measure is locally finite, i.e. Sy.(B) < oo
for all compact B. Sufficient conditions for this can be found in Lemma 4. Due to
the stationarity of E, the measure Sy, is translation invariant. By Haar’s lemma,
there exists a constant Sg > 0 such that Sy (B) = Sz vg(B) for all Borel sets B, cf.
Ambartzumian (1990). The factor Sz is called the specific surface area of Usg.
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Lemma 4 The specific surface area Sg of the union set Uz of a stationary anisotropic
cylinder process E is finite iffz; S(K(Z))6(dZ) < .

Proof Let B := Bj(0) be the unit ball about the origin. Then we calculate using the
abbreviation L, = L(Z,) and Campbell’s theorem

Su.(B) = EH"'3UzNB)<EY H"'OZNB)= [ H*'Z N B)AWZ)
Zy

Ze€E

=)‘/ / HTNOBZo +%) N B)vie, (dx)6(dZ,)
v s
:A/ / / 1()H (dy) vie, (dx) 6(dZ,)

© Ly JIZo+x
:)‘/ f f 13(y+x)Hd_1(dy) V;,”k(dX)Q(dZ(,)

LS Ly JoZ,
=4 /Z / S /L Lo, () (TLs W) ey, 8y (TL, (¥) + %)y, (dx) H (dy) 0(d Z,)
:A/U/az lnLé(B)(”Lg()’))U;_”k(ﬂLo(B))’Hd_l(dy)g(dzo)
= k7 L, (B)) / HNOZo 0 (11 (B) x L)) 0(dZ,)

=
= }\dek/‘ vdLék(JTLUL(B))H"*k"(8K(ZO))g(dzo)
Z

:)\Kk’(dfk/‘ S(K(Z,))6(dZ,).
Z
This yields Sg = Sy (B)/va(B) < 0. O

The following results hold for any random closed set X with realizations almost
surely from the extended convex ring S which is defined as the family of sets B with
BN W e R for any convex compact observation window W.

Lemma 5 Let X € S be an arbitrary stationary random closed set with finite specific
surface area. Then the specific surface area of X is given by

d
Sy = —4 A(E)dE, )
Kd—1 G(1,d)

where d§ is the Haar probability measure on G(1, d), .(§) = %E@O(X N&, Bi(o)Né)
is the intensity of the number of connected components of X N& onaline & € G(1, d).
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Proof By Crofton’s formula for polyconvex sets (cf. Schneider and Weil 2008,
Th. 6.4.3) and Fubini’s theorem, we have

1 2
Sx = —EH"'@X N B1(0)) = — E®4-1(X, Bi(0))
Kq Kd
20 (v / / ¢
= —— - —F Qo(X N (¢ +x), Bi(0) N (¢ +x)v,_(dx)d
Kkal'(d/2) Gl Jet 0 : : : -t 5
dl(d 1
= — SEQo(X NE, Bi(o)N&)dE.
ki-1 JGa.a 2
(]
The following result generalizes the well-known formula
d
Sx = — L Cly(0) (10)
Kd—1

Stoyan et al. (1995, p. 204), for stationary, isotropic, and a.s. regular random closed
sets X € S to the anisotropic case. A closed set is called regular if it coincides with
the closure of its interior. Note that, since in the isotropic case Cx(h), h € R4 depends
only on the length of %, and not on /4 itself, in this formula Cy is a function of a real
variable, namely the length of 4. For the particular case of stationary anisotropic
random sets in R? formula (11) can also be found (without a rigorous proof) in
Berryman (1987).

Theorem 1 Let X be an a.s. regular stationary random closed set with realizations
from S and finite specific surface area. If Cx(h) is its covariance function then the
specific surface area of X is given by the formula

de

Sy =—- C'x(0,1s)ds, 11)

Kd—1 JGQ,d)
where C'y (h, v) is the derivative of Cx(h) at h in direction of unit vector v, and r; is a
direction unit vector of a line § € G(1, d).

Proof For a stationary random closed set U C R from the extended convex ring
denote by —U the set reflected at the origin. Define a random variable V' which is
uniformly distributed on {—1, 1} and independent of U. The random closed set UV is
obviously isotropic, and thus formula (10) yields Sy = —2C;,,(0). Since Sy = Syy
and Cy;(0) = Cy;,(0), this means that Sy = —2C;(0).

Applying this to U = X N§, & € G(1,d), we get A(§) = %S)mg = _C/Xms(o) =
—C'y (0, 1:). Lemma 5 completes the proof. O

If X is an a.s. regular two-dimensional stationary random closed set with realiza-
tions in S, formula (11) simplifies to

s , d T ,
Sy = —n/ C (o, w)—(p = —/ Cx (0, p)do.
0 T 0

The following result is a direct corollary of Proposition 1, Theorem 1, and Fubini’s
theorem.
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Corollary 1 Let E be a stationary Poisson cylinder process with intensity A, shape
distribution 0 and cylinders with regular cross-section K(Z) € R for 6-almost all Z €
Zy. and finite specific surface area. Then, the specific surface area of Ug is given by
the formula
— Kdd ,
5. = —nxad / 0 /G e @ L) () (6 L)1 dE 6(a2)
¢ :

Kd—1

X exp{—k/ A(Z)O(dZ)}.
Z

Example 3 Assume that K(Z) is convex and regular for #-almost all Z € Z;.

— For arbitrary d, and k = d — 1 it holds for dé-a.e. line & € G(1, d) that

Vkz)(0. TL(z) (X)) = —1
and
/Gld>[§, L(Z))d¢ = / [EL, L(Z)]dt = (d+ Dkayiir _ (d+ Dkay
(1,

G(d—1,d) drq2i2 digm

see Spodarev (2002, Corollary 5.2).

This yields
_ d+1
5. = 4 Dean exp {—,\/ vlL(Z)(K(Z))G(dZ)}
TTKd—1 Z9
= 2\ exp {—A/ vlL(Z)(K(Z))G(dZ)}.
z,

— Ford=3,k=1, K= B,(0) it can be calculated that yl/qz)(o, wrz)(§)) = —ma,
fG(l,3) [§, L(Z)]dé = 1/2 (see also Stoyan et al. 1995, p. 298, or Spodarev 2002,
Corollary 5.2), and thus we have

— 1
Sz = 4)»57me’*””2 = 2mrare "¢,

which coincides with the case of isotropic cylinders, compare Ohser and Miick-
lich (2000, p. 64).

5 Optimization Example

In this section we show how the formulae from Sections 3 and 4 can be applied to
solve an optimization problem for cylinder processes.

The following problem originates from the fuel cell research. The gas diffusion
layer of a polymer electrolyte membrane fuel cell is a porous material made of
polymer fibers (see Fig. 1) which can be modeled well by an anisotropic Poisson
process of cylinders in R3. In a gas diffusion layer, the volume fraction of the
polymer material lies between 70 and 80%, and the directional distribution of fibers
is concentrated on a small neighborhood of a great circle of a unit sphere S2, i.e.
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all fibers are almost horizontal. In order to optimize the water and gas transport
properties, it is desirable to have a relatively small variation of the size of pores in
the medium, where we define a pore at a point x in the complement of Ug as the
maximal ball with center in x which does not hit Uz.

We investigate the following mathematical simplification of this problem, which
can be solved analytically in some particular cases.

For a fixed intensity A of the Poisson cylinder process E, find a shape distribution
of cylinders 6 which maximizes the volume fraction p of Ug provided that the
variance of the typical pore radius H is small. In other words, solve the optimization
problem

p — maXg, (12)
VarH < ¢,
where H is a random variable with distribution function H g, ) (7).

As it will be clear later, the condition on the directional distribution « of fibers that
all fibers are almost horizontal can be neglected since the directional component of
the shape distribution 6 has no influence on the solution.

To simplify the notation, let ¢, = [ z0 S(K(Z))6(dZ) and ®(x) be the distribution
function of a standard normally distributed random variable.

First we take a look at the moments of the pore radius H (assuming that r > 0),
remembering that Hp, o) (r) = 1 — e ¢+ (as shown in an example in Section 3.3)
and thus the density of H is equal to & Hp, ) (r) = A(cs + 2r)e~Mretr'm It holds

e} 2 2)\
EH = / ri(cs + 2mr) exp (—nk (r + i) > exp <CS ) dr
0 2 4

o0

20
= exp (CS—) A/ (r — i) Qrr)e ™ dr
4 ETAT 2
2
Ay 1 X
= —(1-o 2.
o (4n> NGy ( <CS 2”

Furthermore it can be calculated that

2

) Cih * Cs \?2
EH  =exp|— | 2 r(cs +2nryexp [ —mA (r+ —) dr
4 0 2z
1 A e A
= — S (1= e/ )).
ar P <4n ) Y R

Defining ¢, = exp (fg—;) and cep = (1 - @ (cs\/;)), this leads to

EH? — (EH) = 1 _ SCeC _ )
TA f[ﬁ A

<e

’

multiplication with X yields the equivalent condition

22
1 — VAccocs — TC,Cq < ETA,
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which holds if and only if

2
Acy rc?
(ceap n fcb) S 4 (erh—1/7) > 0.

ot | 4n?

This is always fulfilled if ¢ > ﬂi and A;ZZ — (eA —1/m) <0 or, equivalently, ¢; <

x 3
2r. /e — :Tlx

In the following we always assume that & > n]Tx and replace the condition
VarH < ¢ by a stronger sufficient condition

¢ = /Z{) S(K(Z))0(dZ) < 271\/@- (13)

Hence, Eq. 12 is reduced to the optimization problem

fz;’ A(Z)0(dZ) — maxg, 14
Jz0 S(K(Z)0W@Z) < 2 Je — L. o

The solution of the optimization problem (14) yields cylinders with #-a.s. circular
base. Notice that this solution does not depend on the directional distribution
component « of 8. Indeed, cylinders Z can be replaced by cylinders Z’ which have
the same direction space and surface area (S(K(Z)) = S(K(Z’))) but are circular.
Then the isoperimetric inequality yields A(Z’) > A(Z). Thus, it holds that

/ S(K(Z)9(dZ) = / S(K(Z')6(dZ)
Z0 =

and

A(Z)@(dZ)f/ AZN0(dZ),
zy z7

which means that the circular version is at least not worse than the original version.
Thus, we assume that the cylinders are 6-a.s. circular and denote the radius of a
cylinder Z by R(Z). It follows from condition (13) that

S(K(Z)0(dZ) =2 R(Z)6(dZ) <2 - L
/Z?(())( ) nlen (2)0(dZ) <2m\/e —

i.e. the new condition is that the expectation of the radius of a typical cylinder is less

or equal than /e — L.

Furthermore, it follows from Eq. 14 that maximizing p is equivalent to maximizing
lea R(Z)?06(dZ).

The above calculation shows that the volume fraction of 70%-80% in the opti-
mized gas diffusion layer of a fuel cell can be achieved best by taking fibers with
circular cross sections, relatively small mean radius and high variance of this radius.

Figure 2 shows that cross sections of fibers of gas diffusion layers are almost
circular. There are also gas diffusion layers with a little variance in the fiber radii,
although they are mostly nearly constant. Anyhow the variance of the fiber radii is of
course limited, since it is impossible to produce fibers with an arbitrarily large radius.
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Fig. 2 Microscopic picture
of the gas diffusion layer

300 pm

We have to remark that from a practical point of view the optimization prob-
lem (12) is not well posed. For the construction of gas diffusion layers, mainly the
intensity of the fibers A can be varied. Hence a practically relevant optimization
should involve maximizing the volume fraction p with respect to A as well. Since
the latter problem is much more involved than the one discussed here, it would go
beyond the scope of this paper.

Acknowledgements We would like to thank Werner Nagel, Rolf Schneider, Dietrich Stoyan,
Wolfgang Weil, and anonymous referees for their useful comments which helped us to improve the
paper. Furthermore, we are indebted to Christoph Hartnig and Werner Lehnert for discussions about
fuel cells and for providing Figs. 1 and 2.

References

Ambartzumian RV (1990) Factorization calculus and geometric probability, encyclopedia of mathe-
matics and its applications, vol 33. Cambridge University Press, Cambridge

Berryman JG (1987) Relationship between specific surface area and spatial correlation functions for
anisotropic porous media. J] Math Phys 28:244-245

Corte H, Kallmes O (1962) Formation and structure of paper: statistical geometry of a fiber network.
In: Transactions 2nd fundamental research symposium 1961. Oxford, pp 13-46

Davy P (1978) Stereology—a statistical viewpoint. PhD thesis, Australian National University,
Canberra

Helfen L, Baumbach T, Schladitz K, Ohser J (2003) Determination of structural properties of
light materials by three-dimensional synchrotron-radiation imaging and image analysis. G I T
Imaging Microsc 4:55-57

Hoffmann LM (2009) Mixed measures of convex cylinders and quermass densities of Boolean
models. Acta Appl Math 105(2):141-156

Konig D, Schmidt V (1991) Zufillige Punktprozesse. Teubner, Stuttgart

Manke I, Hartnig C, Griinerbel M, Lehnert W, Kardjilov N, Haibel A, Hilger A, Banhart J (2007)
Investigation of water evolution and transport in fuel cells with high resolution synchrotron
X-ray radiography. Appl Phys Lett 90:174,105

Matheron G (1975) Random sets and integral geometry. Wiley, New York

@ Springer



Methodol Comput Appl Probab (2011) 13:801-819 819

Mathias M, Roth J, Fleming J, Lehnert W (2003) Diffusion media materials and characterisation.
Handbook of Fuel Cells I11

Molchanov IS, Stoyan D, Fyodorov KM (1993) Directional analysis of planar fibre networks: appli-
cation to cardboard microstructure. J Microsc 172:257-261

Mukherjee PP, Wang CY (2006) Stochastic microstructure reconstruction and direct numerical
simulation of the PEFC catalyst layer. J Electrochem Soc 153(5):A840-A849

Ohser J, Miicklich F (2000) Statistical analysis of microstructures in materials science. Wiley,
Chichester

Schladitz K, Peters S, Reinel-Bitzer D, Wiegmann A, Ohser J (2006) Design of acoustic trim based
on geometric modelling and flow simulation for non-woven. Comput Mater Sci 38(1):56-66

Schneider R (1987) Geometric inequalities for Poisson processes of convex bodies and cylinders.
Results Math 11:165-185

Schneider R (1993) Convex bodies. The Brunn—-Minkowski theory. Cambridge University Press,
Cambridge

Schneider R, Weil W (2008) Stochastic and integral geometry. Probability and its applications.
Springer

Serra J (1982) Image Analysis and Mathematical Morphology. Academic Press, London

Spodarev E (2002) Cauchy-Kubota-type integral formulae for the generalized cosine transforms.
Izv Akad Nauk Armen, Mat [J Contemp Math Anal, Armen Acad Sci] 37(1):47-64

Stoyan D, Kendall WS, Mecke J (1995) Stochastic geometry and its applications, 2nd edn. Wiley,
Chichester

Weil W (1987) Point processes of cylinders, particles and flats. Acta Appl Math 9:103-136

@ Springer



	Anisotropic Poisson Processes of Cylinders
	Abstract
	Introduction
	Cylinder Processes
	Capacity Functional and Related Characteristics
	Capacity Functional
	Covariance Function
	Contact Distribution Function

	Specific Surface Area
	Optimization Example
	References



