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Definition

Let X be a measurable real-valued function on some
measurable space, and let T be a measurable subset of that
space. Then for u € R

Au(X,T):={teT:X(t)>u}

is called the excursion set of X in T over the level u, and
|Ay (X, T)| denotes its volume.

First works by ~ Yu. K. Belyaev from 1967 - 1975
R. J. Adler from 1980 - now
A. V. lvanov and N. N. Leonenko (1989)
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Centered Gaussian random field on [0, 1]2,

r(t) = exp(—|[t[l» /0.3),
Levels: u=—-1.0,0.0,1.0



CLT for excursion sets of dependent random fields | One-dimensional CLT | 8.07.2010

Definition

A sequence of compact Borel sets (W) nen is called a Van
Hove sequence (VH) if W, T RY with

lim [Wy| =oco and lim [9Wh & B/(0)]
—00

Jim. A =0, r>0.
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Definition

A random field X = {X(t), t € T} with finite second moments is
called quasi-associated if

lcov (F (X)), g (X)) < D> Lip; () Lip; (9) cov (X (1), X (7))

iel jed

for all finite disjoint subsets I/, J C T, and for any Lipschitz
functions f : Rl - R, g : RYI - R,
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Theorem (One-dimensional CLT - general case)

Let X be the above random field and u € R. Then, for any
sequence of VH-growing sets W, c RY, one has

|Au (X, Wh)| — P(X(0) > u) - [Wh| d

VWl

N(O,az(u))
as n — oo. Here

o2(u) :/ cov (1{X (0) > u}, 1{X (t) > u}) dt.
Rd
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Special case - Shot noise random fields
The above CLT holds for a stationary shot noise random field
X ={X(1),t R given by X(t) = 3y &ie(t — x;) where
» {x;} is a homogeneous Poisson point process in R? with
intensity A € (0, co)
» {¢}is a family of i.i.d. non—negative random variables with
E ¢2 < oo and the characteristic function ¢
» {&}, {x;} are independent
» ¢ :RY — R, is a bounded and uniformly continuous Borel
function with

o(t) < ¢o(lltll2) = O (lItll;*) as [[t]l2 — oo
for a function ¢ : Ry — R4, a > 3d, and

R[ eXp{A/Rd (pe(se(t)) —1) dt}’ ds < oo.
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Special case - Gaussian random fields

Consider a stationary Gaussian random field
X = {X(t),t € R} with the following properties:

» X (0) ~N (a,72)
» has a continuous covariance function
> Ja>d: (D) =0 (|t;*) as [t], — o
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Theorem (One-dimensional CLT - Gaussian case)
Let X be the above Gaussian random field and u € R. Then, for
any sequence of VH-growing sets W, c RY, one has

Ay (X, Wn)| =V ((u—a)/7) [Wh| o

N N (0,02(u))

as n — oo. Here

2

2(u) = - / /p(t) L &% ardt
o (Uu) = — e =+ drdt,
2w Jra Jo V1 —1r2

where p(t) = corr(X(0), X(t)). In particular, for u = a

0?(a) = 217 /d arcsin (p(t)) dt.
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Multi-dimensional CLT

Si(Wa) = (JAu (X, Wa)l ..., |Au (X, Wa)]) "

V(D) = (Y((u — a)/7),.., ¥((ur — &)/7))"
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Theorem (Multi-dimensional CLT)

Let X be the above Gaussian random field and u, € R,
k=1,...,r. Then, for any sequence of VH-growing sets
W, c RY, one has

| Wal ™2 (Sy(Wi) — (D) W) & N(0,£(0))

as n — oo. Here, X(U) = (o/m(U))] ,—1 With

_ —a)2—2r(u— - —a)?
Ulm(u):i Ja fop(t) \/J_ﬁexp{_(u/ K r(l;ITzé(i:(sz)a)Hum 2 }drdt.
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Theorem (Statistical version of the CLT)

Let X be the above Gaussian random field, uy e R, k =1,...,r
and (Wh)nen be a sequence of VH-growing sets. Let
Cn = (Cnim)] m— be statistical estimates for the nondegenerate
asymptotic covariance matrix X (i), such that for any
Im=1,...r

Crim 2 om(U) as n— oo.

Then
Co 2 | Wa V2 (S(Wa) — W(T) [Wal) 2 N(O, 1),
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Hypothesis testing

Ho : X Gaussian vs. Hy : X Non-Gaussian

Test statistic:
T = [Wo| ' (Sg(Wn) — W(a) [Wa)" 7' (Sa(Wa) — W(T) |Wa)

We know T % 2. Reject null-hypothesis if T > X1 -
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Numerical results

Series FTR6.3 FTR6.6 Sim. Gaussian
Resolution 218x138 218x138 218x138
Realizations 100 100 100

1 level

Rejected fields (v = 1%) 0 0 1

3 levels

Rejected fields (v = 1%) 5 9 3

5 levels

Rejected fields (v = 1%) 20 21 3

7 levels

Rejected fields (v = 1%) 34 31 5

9 levels

Rejected fields (v = 1%) 62 60 5
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CLTs for excursion sets of some classes of random fields

» Functional limit theorem (invariance principle) for the
volume of excursion sets of associated random fields: D.
Meschenmoser, A. Shashkin (2010)

» CLT and invariance principle for the volume of excursion
sets of associated infinitely divisible (e.g. a-stable)
random fields: W. Karcher (2010)

» Limit theorems for the boundary length of excursion sets of
Gaussian random fields: M. Kratz, J. Leon (2001); D.
Meschenmoser, A. Shashkin (2010)
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Thank you for your attention!



