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Abstract

Policyholder exercise behavior presents an important risk factor for life insurance companies. Yet,
most approaches presented in the academic literature — building on value maximizing strategies akin to
the valuation of American options — do not square well with observed prices and exercise patterns.

Following a recent strand of literature, in order to gain insights on what drives policyholder behavior,
this paper develops a life-cycle model for variable annuities (VA) with withdrawal guarantees. However,
in contrast to these earlier contributions, we explicitly allow for outside savings and investments, which
considerably affects the results. Specifically, we find that withdrawal patterns after all are primarily
motivated by value maximization — but with the important asterisk that the value maximization should
be taken out from the policyholders’ perspective accounting for individual tax benefits.

To this effect, we develop and apply a risk-neutral valuation methodology that takes these different
tax structures into consideration. The results are in line with corresponding findings from the life cycle
model as well as prevalent market rates for the considered withdrawal guarantee. Also, our findings
endorse the application of simple reduced-form exercise rules based on the “moneyness” of the guarantee

that are slowly being adopted in the insurance industry.
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1 Introduction

Policyholder behavior is an important risk factor for life insurance companies offering contracts that include
exercise-dependent features, but so far it is little understood. Specifically, analyses of optimal policyholder
behavior uncovered in the actuarial literature — building on the theory for evaluating American and Bermu-
dan options — commonly yield exercise patterns and prices that are far from observations in practice.! A
recent strand of literature believes to have identified the problem in the incompleteness of the insurance mar-
ket.2 More precisely, the argument is that in contrast to financial derivatives, policyholders may not have
the possibility to sell (or repurchase) their contract at its risk-neutral continuation value so that exercising
may be advisable — and rational — even if risk-neutral valuation theory does not suggest so. As a solution,
these papers suggest to analyze exercise behavior in life-cycle utility optimization models where the deci-
sion to exercise is embedded in the overall portfolio problem of an individual or a household, although the
associated complexity naturally necessitates profound simplifications.

In this paper, we follow this strand of literature in that we also develop a life-cycle utility model for
a poster child of exercise-dependent options in life insurance, namely a variable annuity (VA) contract
including a Guaranteed Minimum Withdrawal Benefit (GMWB) rider. However, compared to earlier work,
we explicitly account for outside savings and allocation options. While of course this addition increases the
complexity of the optimization problem, it affects the results considerably. We find that most risk allocations
occur outside of the VA and that changes in the policyholder’s wealth level, preferences, or other behavioral
aspects have little effect on the optimal withdrawal behavior. In contrast, the exercise behavior appears
to be primarily motivated by value maximization, however with the important wrinkle that taxation rules
considerably affect this value.

To further analyze this assertion and as an important methodological contribution of the paper, we de-
velop a valuation mechanism in the presence of different investment opportunities with differing tax treat-
ments. The key idea is that if the pre-tax investment market for underlying investments such as stocks and
bonds is complete, it is possible to replicate any given post-tax cash flow with a pre-tax cash flow of these
underlying investments — irrespective of the tax treatment for the securities leading to the former cash flow.
We show that when taking taxation into account via the proposed mechanism, a value-maximizing approach
yields withdrawal patterns and pricing results that are close to the results from the life cycle model. Hence,
our results can be interpreted as a vindication of the risk-neutral valuation approach — associated with all
its benefits such as independence of preferences, wealth, or consumption decisions — although it is to be
taken out from the perspective of the policyholder rather than the insurance company so that personal tax
considerations matter.

As already indicated, we focus our attention on policyholder exercise behavior for VA contracts with
GMWaBs. Here, a VA essentially is a unit-linked, tax-deferred savings plan potentially entailing guaranteed
payment levels, for instance upon death (Guaranteed Minimum Death Benefit, GMDB) or survival until
expiration (Guaranteed Minimum Living Benefits, GMLB). A GMWB, on the other hand, provides the

'See, among others, Bauer et al. (2008), Grosen and Jgrgensen (2000), Milevsky and Posner (2001), Milevsky and Salisbury
(2006), Ulm (2006), or Zaglauer and Bauer (2008).
2See e.g. Gao and Ulm (2011), Knoller et al. (2011), and Steinorth and Mitchell (2011).



REVISITING THE RISK-NEUTRAL APPROACH TO OPTIMAL POLICYHOLDER BEHAVIOR 2

policyholder with the right but not the obligation to withdraw the initial investment over a certain period of
time, irrespective of investment performance, as long as annual withdrawals do not exceed a pre-specified
amount. To finance these guarantees, most commonly insurers deduct an option fee at a constant rate from
the policyholder’s account value.

In 2010, U.S. individual VA sales totaled over $140 billion, increasing the combined net assets of VAs to
arecord $1.5 trillion, whereby most of them are enhanced by one or even multiple guaranteed benefits. These
figures indicate the importance for insurers to understand how policyholders may utilize these embedded
options, especially because changes in economic or regulatory conditions have on occasion caused dramatic
shifts in policyholder behavior that have caught the industry off-guard.> However, to date most liability
models fail to capture this risk factor in an adequate fashion. In particular, companies usually rely on historic
exercise probabilities or static exercise rules, although some insurers indicate they use simple dynamic
assumptions in their C3 Phase II calculations (cf. Society of Actuaries (2009)).

The prevalent assumption for evaluating GMWBs in the actuarial literature is that policyholders may
exercise optimally with respect to the value of the contract consistent with arbitrage pricing theory (see,
among others, Milevsky and Salisbury (2006), Bauer et al. (2008), Chen and Forsyth (2008), or Dai et al.
(2008)).* Specifically, the value is characterized by an optimal control problem identifying the supremum
of the risk-neutral contract value over all admissible withdrawal strategies. While such an approach may be
justified in that it — in principle — identifies the unique supervaluation and superhedging strategy robust to
any policyholder behavior (cf. Bauer et al. (2010)), the resulting “fair” guarantee fees considerably exceed
the levels encountered in practice. For example, Milevsky and Salisbury (2006) calculate the no-arbitrage
hedging cost of a GMWB to range from 73 to 160 basis points, depending on parameter assumptions,
although typically insurers charge only about 30 to 45 bps. While from the authors’ perspective these
observed differences between theory and practice are a result of “suboptimal” policyholder behavior, these
deviations can also be attributed to the policyholder foregoing certain privileges and protection when making
a withdrawal, even in the case of rational decision making. Most notably, tax benefits of VAs are a major
reason for their popularity, so that it is proximate to assume that taxation also factors into the policyholder’s
decision-making process. Furthermore, in contrast to financial derivatives, policyholders generally are not
able to sell their policy at its risk-neutral value, which may also affect withdrawal behavior.

To analyze whether or not there are rational reasons for the observed behavior — akin to related recent
literature (cf. Gao and Ulm (2011) or Steinorth and Mitchell (2011)) — we introduce a structural model
that explicitly considers the problem of decision making under uncertainty faced by the holder of a VA
policy. More specifically, the policyholder’s state-contingent decision process is modeled using a lifetime

utility model of consumption and bequests, where we allow for stochasticity in both the financial market

3For instance, rising interest rates in the 1970s led to the so-called disintermediation process, which caused substantial increases
in surrenders and policy loans in the whole life market (cf. Black and Skipper (2000), p. 111). Similarly, in 2000, the UK-based
mutual life insurer Equitable Life — the world’s oldest life insurance company — was closed to new business due to problems arising
from a misjudgment of policyholder behavior with respect to exercising guaranteed annuity options within individual pension
policies (cf. Boyle and Hardy (2003)). More recently, the U.S. insurer The Hartford had to accept TARP money, after losing “$2.75
billion in 2008, hurt by investment losses and the cost of guarantees it provided to holders of variable annuities.”

4A few alternatives have also been put forward. For instance, Stanton (1995) proposes a rational expectations model with
heterogeneous transaction costs in the case of prepayment options within mortgages, and De Giovanni (2010) develops a model for
surrender options in life insurance contracts, which also allows for irrational in addition to rational exercises.
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and individual lifetime. However, in contrast to previous contributions, we explicitly allow for an outside
investment option and we include appropriate investment tax treatments. We parametrize the model based on
reasonable assumptions about policyholder characteristics, the financial market, etc., and solve the decision
making problem numerically using a recursive dynamic programming approach.

Based on the model, we are able to identify a variety of aspects that factor into the policyholder’s
decision process. First and foremost, withdrawals are infrequent and are optimal mainly upon poor market
performance or — to be more precise — when the VA account has fallen below the tax base. For instance,
in our benchmark case the policyholder will make one or more withdrawals prior to maturity less than one
fourth of the time, and the probability that he will withdraw the full initial investment is less than 5%. These
findings are in stark contrast to the results based on arbitrage pricing theory, which find that withdrawing
at least the guaranteed amount is optimal in most circumstances (cf. Milevsky and Salisbury (2006)). In
particular, our results indicate that the assumed guarantee fee of 50 basis points appears to sufficiently
provide for the considered return-of-investment GMWB. Moreover, our results prove fairly insensitive to
changes in individual and behavioral parameters such as wealth, income and the level of risk aversion. The
differences are small but systematic in a way that is consistent with the market incompleteness resulting
from an absence of life-contingent securities — other than the VA — within our model. Therefore, our results
suggest that policyholder behavior is primarily driven by value maximization when taking the preferred
tax treatment of VAs into account. In particular, taxation not only seems to be a major reason why people
purchase VAs, but appears to also incentivize them not to withdraw prematurely.

To further elaborate on this observation, we devise a risk-neutral valuation mechanism in the presence of
different investment opportunities with differing tax treatments. Relying on this mechanism, we implement
an alternative approach to uncover the optimal withdrawal behavior with regards to maximizing the value
of all payoffs akin to standard arbitrage pricing methods. As predicted, the numerical results of the value-
maximizing strategy turn out to be similar to those of the — considerably more complex — utility-based
model.’

On a practical note, our results endorse the use of simple dynamic exercise rules based on the “money-
ness” of the guarantee, which are slowly adopted by some life insurance companies (cf. Society of Actuaries
(2009)). While this result is in line with the empirical findings from Knoller et al. (2011), we note that the
coherence of this rule in our setting is not primarily due to the “moneyness” factoring into the policyholder’s
decision process, but it is a consequence of the similarities between tax and benefits base.

The remainder of the paper is structured as follows: In the subsequent section, we introduce a life-
time utility model for VAs. Section 3 is dedicated to the implementation of the model in a Black-Scholes
framework and to discussing computational details. Section 4 details the numerical results of the life-cycle
model. In Section 5, we develop a risk-neutral valuation approach with taxation and apply it to our valuation
problem. This is followed by a discussion of implications for insurance practice in Section 6. And finally,

Section 7 concludes and briefly discusses possible extensions.

3This result shows some resemblance to the findings of Carpenter (1998) in the context of employee stock options. In particular,
her investigations suggest that a value-maximizing strategy (plus a fixed-probability exogenous exercise state) explains exercise
behavior just as well as a complex utility-based model.
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2 A Lifetime Utility Model for Variable Annuities with GMWBs

There exists a large variety of VA products available in the U.S. The policies differ by how the premiums are
collected; policyholder investment opportunities, including whether the policyholder can reallocate funds
after underwriting; and guarantee specifics, for instance what type of guarantees are included, how the
guarantees are designed and how they are paid for, etc. For a detailed description of VAs and the guarantees
available in the market, we refer to Bauer et al. (2008).

This section develops a lifetime utility model of VAs including (at least) a simple return-of-investment
GMWB option, with stochasticity in policyholder lifetime and asset returns. The policyholder’s state-
contingent decision process entails annual choices over withdrawals from the VA account, consumption,
and asset allocation in an outside portfolio.

In contrast to mutual funds, VAs grow tax deferred, which presents the primary reason for their popu-
larity among individuals who exceed the limits of their qualified retirement plans. For instance, Milevsky
and Panyagometh (2001) argue that variable annuities outperform mutual funds for investments longer than
ten years, even when the option to harvest losses is taken into account for the mutual fund. Since the pre-
ferred tax treatment may also affect policyholder exercise behavior, we briefly describe current U.S. taxation

policies on variable annuities and the way these are captured in our model in Section 2.4.

2.1 Description of the Variable Annuity Policy

We consider an z-year old individual who has just (time ¢ = 0) purchased a VA with finite integer maturity
T against a single up-front premium Fy. We assume that all cash flows as well as all relevant decisions come
into effect at policy anniversary dates, ¢ = 1,...,7". In particular, the insurer will return the policyholder’s
concurrent account value — or some guaranteed amount, if eligible — at the end of the policyholder’s year
of death or at maturity, whichever comes first. In addition, the contract contains a GMWB option, which
grants the policyholder the right but not the obligation to withdraw the initial investment P free of charge
and independent of investment performance, as long as annual withdrawals do not exceed the guaranteed
annual amount g;”. Withdrawals in excess of either g;* or the remaining aggregate withdrawal guarantee
— denoted by GXV — carry a (partial) surrender charge of s; > 0 as a percentage of the excess withdrawal
amount. We model a “generic” contract that may also contain a GMDB or other GMLB options. In that
case, we denote by GP, GI, and G{‘ the guaranteed minimum death, income, and accumulation benefit,
respectively.® For simplicity of exposition and without much loss of generality, we assume that all included
guarantees are return-of-investment options. Thus all involved guarantee accounts have an identical benefits

base

Gi=G =GP =G =G].

If an option is not included, we simply set the corresponding guaranteed benefit to zero. Hence this model

allows us to include a variety of guarantees, without having to increase the state space, which makes the

A Guaranteed Minimum Accumulation Benefit (GMAB) guarantees a minimal (lump-sum) payout at maturity of the contract,
provided that the policyholder is still alive. Under the same conditions, a Guaranteed Minimum Income Benefit (GMIB) guarantees
a minimal annuity payout.
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problem computationally feasible.” However, other contract designs could be easily incorporated at the cost
of a larger state space. We refer to Bauer et al. (2008) for details.

While for return-of-investment guarantees, the initial benefits base is G, = Fp, this equality will no
longer be satisfied after funds have been withdrawn from the account. More precisely, following Bauer et al.
(2008), we model the adjustments of the benefits base in case of a withdrawal prior to maturity based on the
following assumptions: If the withdrawal does not exceed the guaranteed annual amount g}", the benefits
base will simply be reduced by the withdrawal amount. Otherwise, the benefits base will be the lesser of

that amount and a so-called pro rata adjustment. Hence,

(G, —w)* cw < gV

(min{G%—w,G-t,Xi:f} )+ w> gV, (1)

Gi+1 =
X

where w is the withdrawal amount, X, /* denote the VA account values immediately before and after the
withdrawal is made, respectively, and (a)™ = max{a,0}. To finance the guarantees, the insurer continu-
ously deducts an option fee at constant rate ¢ > 0 from the policyholder’s account value.

With regards to the investment strategy for the VA, we assume the policyholder chooses an allocation
at inception of the contract, and that it remains fixed subsequently. This is not unusual in the presence of a
GMWB option since otherwise the policyholder may have an incentive to shift to the most risky investment

strategy in order to maximize the value of the guarantee.

2.2 Policyholder Preferences

The policyholder gains utility from consumption, while alive, and from bequesting his savings upon his
death (if death occurs prior to retirement). We assume time-separable preferences with an individual dis-
count factor 3, and utility functions uc(-) and up(-) for consumption and bequests, respectively.

The policyholder is endowed with an initial wealth W, of which he invests Py in the VA. The remainder
is placed in an “outside account”. We suppose there exist d identical investment opportunities inside and
outside the VA, the main difference being that adjustments to the investment allocations in the outside
portfolio can be made every year at the policy anniversary. We denote the time-t value of the VA account
by X; and the time-¢ value of the outside account by A;, where the corresponding investment allocations
are specified by the d-dimensional vectors v and v; for the VA and outside account, respectively. In either

case, short sales are not allowed, so that we require
ve,vX >0, and Y (i) =Y v¥(i) =1. 2)
i i

For the values at policy anniversaries ¢ € {0,1,...,7}, we add superscript ~ to denote the level of an
account (state variable) at the beginning of a period, just prior to the policyholder’s decision, and superscript
T to indicate its value immediately afterwards. Note that guarantee accounts do not change between periods,
i.e. between (¢)* and (t+1)",¢t = 0,1,...,T—1, but only through withdrawals at policy anniversary dates,

"In particular, we can also analyze contracts that do not contain a GMWB option at all.
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so that no superscripts are necessary here. The policyholder receives annual (exogenous) net income Iy,
which for the purpose of this paper is deterministic and paid in a single installment at each policy anniversary.
Upon observing his current level of wealth, i.e. his outside account value A, , the state of his VA account
X, ., the level of his guarantees (5, and his VA tax basis H; (see below), the policyholder chooses how much
to withdraw from the VA account, how much to consume, and how to allocate his outside investments in the
upcoming policy year.

Appendix A.1 describes the assumed timeline of events leading up to and following the policyholder’s

decision each period.

2.3 Mortality

Relying on standard actuarial notation, we denote by ;q, the probability that (x) dies within ¢ years, and by
Dz = 1 — g, the corresponding probability of survival. In particular, we express the one-year death and
survival probabilities by g, and p,, respectively. Consequently, the probability that (x) dies in the interval
(t,t + 1] is given by ¢ps - Gz 1.

Upon the policyholder’s death, we assume that his bequest amount is converted to a risk-free perpetuity
(reflecting that upon the beneficiary’s death, remaining funds will be passed on to his own beneficiaries, and
so on) at the risk-free rate, which for simplicity is assumed to be constant and denoted by r. Note that all
previous earnings on the VA will be taxed as ordinary income at that point. We assume the beneficiaries
have the same preferences as the policyholder, and that his bequest motive is B. That is, if he leaves bequest

amount x (net of taxes), the bequest utility is given by:

1 —r
ﬂ‘B'uc([l—e |- x).

2.4 Tax Treatment of Variable Annuities

We model taxation of income and investment returns based on concurrent U.S. regulation, albeit with a few
necessary simplifications. More precisely, we assume that all investments into the VA are post-tax and non-
qualified. As such, taxes will only be due on future investment gains, not the initial investment (principal)
itself.

Investments inside a VA grow tax deferred. In other words, the policyholder will not be taxed on any
earnings until he starts to make withdrawals from his account. However, all earnings from a VA will eventu-
ally be taxed as ordinary income. More precisely, withdrawals are taxed on a last-in first-out basis, meaning
that earnings are withdrawn before the principal. Specifically, early withdrawals after an investment gain
are subject to income taxes. Only if the account value lies below the tax base will withdrawals be tax free.
In addition, withdrawals prior to the age of 59% are subject to an early withdrawal tax of s9 (typically 10%).
At maturity, denoting the concurrent VA account value by X7 and the tax base by Hr, if the policyholder
chooses the account value to be paid out as a lump-sum, he is required to pay taxes on the (remaining) VA
earnings

max{Xr — Hr,0}
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immediately (if applicable, we substitute G% for X7). However, if the policyholder chooses to annuitize his
account value — e.g. in level annual installments, as we assume in this paper — his annual tax-free amount
is his current tax base Hr divided by his life expectancy e, 7, as computed from the appropriate actuarial
table. In other words, the policyholder will need to declare any annuity payments from this VA in excess of
Hr /e, 7 per year as ordinary income (see IRS (2003)).

For the initial tax base, we obviously have H; = Fy. The subsequent evolution of the tax base depends
on both the evolution of the account value and withdrawals, where H; essentially denotes the part of the
account value that is left from the original principal. More precisely, the tax base remains unaffected by
withdrawals smaller or equal to X, — H, i.e. those withdrawals that are fully taxed (because they come

from earnings), whereas tax-free withdrawals reduce the tax base dollar for dollar. Hence, formally we have

+
Hyyw = H; — (wt — (X7 - Ht)+> . 3)

In contrast, returns from a mutual fund are not tax deferrable. While in practice parts of these returns are
ordinary dividends and thus taxed as income, others are long term capital gains and subject to the (lower)
capital gains tax rate. We simplify taxation of mutual fund earnings to be at a constant annual rate, denoted
by x, which for future reference we call the capital gains tax, although it may be chosen a little higher than
the actual tax on capital gains to reflect income from dividends or coupon payments, which are taxable at a

higher rate. The income tax rate is also assumed to be constant over taxable money and time, at rate 7.8

2.5 Policyholder Optimization During the Lifetime of the Contract

The setup, as described in this section, requires four state variables: A, , the value of the outside account
just before the ¢-th policy anniversary date; X, , the value of the VA account just before the ¢-th policy
anniversary date; GG}, the value of the benefits base (and thus all guarantee accounts) in period ¢; and Hy, the
tax base in period ¢. At the ¢-th policy anniversary, given withdrawal of w;, we define next-period benefits

base and tax base by equations (1) and (3), respectively.

2.5.1 Transition from (¢)~ to ()"

Upon withdrawal of w;, consumption Ct, and new outside portfolio allocation level 4, we update our state
variables as follows: N

X = (X; —w)" ,and

AY = A7 + I +w, — Cy — fee; — feeg — taxes,

“)

where

fee; = s - max {w; — min(g;" ,G}"),0}

8We believe this to be a reasonable simplification as holders of variable annuities are typically relatively wealthy, so that brackets
over which the applicable marginal income tax rate is constant are fairly large. Moreover, we want to avoid withdrawal behavior
being affected unpredictably by “fragile” tax advantages.
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denotes the excess withdrawal fees the policyholder pays to the insurer,
feeq = 57 - (wy — feer) - 1{zqi<50.5)
are the early withdrawal penalty fees the government collects on withdrawals prior to age 59.5, and
taxes = 7 - min{w; — fee; — feeq, (X; — Hy)*}

are the (income) taxes the policyholder pays upon withdrawing w;.

In our basic model, we update the guaranteed withdrawal account by (1). If the contract specifies
guarantees to evolve differently (e.g. step-up or ratchet-type guarantees), the updating function must be
modified accordingly. In that case we may also need to carry along an additional (binary) state variable to
keep track of whether the policyholder has previously made a withdrawal. We refer to Bauer et al. (2008)
for details.

2.5.2 Transition from ()" to (¢ + 1)~

In our model, the only state variables changing stochastically between (¢)* and (¢ + 1)~ are the account
values inside and outside of the VA, both driven by the evolution of the financial assets, which are described
by the vector-valued stochastic process, (St)t20.9 Similarly, the (row) vector 1, captures the fraction of
outside wealth A" the policyholder wants to invest in each asset. Taking into account the tax treatments as

described in section 2.4 we can update the account values as follows:

_l’_
;+1 = A?‘[Vt‘sg‘:l—li-<l/t-5g:1—l> :|,and (5)
_ _ S,
Xt+1 - Xt+'6¢'|:VX'f97+tl:|?

where Sg—tl denotes the component-wise quotient.

2.5.3 Bellman Equation

Denoting the policyholder’s time-t value function by V,” : R* — R, v, = (A;, X, , G}, Hy) — V" (y1),
where we call y; the vector of state variables, we can describe his optimization problem at each policy

anniversary date recursively by

Vi (y) = max uc(Cy) + e P By [qure - up(bes1]Ses1) + pote - Vigy W1 Se1)] (©6)

Crwe,vt

subject to (1), (2), (3), (4), (5), the bequest amount

bt+1:A;+1+bX—T‘(bX—Ht,O),

°As usual in this context, underlying our consideration is a complete filtered probability space (2, F,P,F = (F});>0), where
F satisfies the usual conditions and P denotes the “physical” probability measure.
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where bx = max { X, ,, G}, and the choice variable constraints

0 <C < A7 + I +w — feer — feeq — taxes, and
0 <w < max{Xt_,min{gfv,Gi}}.

2.6 Policyholder Behavior upon Maturity of the Variable Annuity

If the policyholder is alive when the Variable Annuity matures at time 7', we assume that he retires imme-
diately and no longer receives any outside income. He will live off his concurrent savings, which consist
of the time-T" value of his outside portfolio, plus the maximum of his VA account value and any remaining
GMLB benefits. More precisely, we assume he uses these savings to purchase a single-premium whole life
annuity, and that he no longer has a bequest motive; his consumption preferences, on the other hand, are the
same as before.

We model the taxation of annuities following our discussion in Section 2.4. The outside account value
A is already net of taxes, thus only future earnings (i.e. interest) need to be taxed. Therefore, A7 acts as
the tax base for the whole life annuity. The outside account can thus be converted into net annuity payments
of

A A A Az A
CAEeT+(1_T)'<“T - T>:T' A (=T) T )
4T Qx4+ T €x4+T €xt+T QytT

at the beginning of every year as long as the policyholder is alive. Here, a,7 denotes the actuarial present
value of an annuity due paying 1 at the beginning of each year while (z 4+ T') is alive, and e, 7 denotes
the policyholder’s complete life expectancy at maturity of the VA as used to determine tax treatment upon
annuitization of the VA payout.

At maturity, the policyholder can withdraw the remainder of the account value (or some guaranteed
level, if applicable) from the VA. That is:

wp = max {X:F, max [G%, min (G:,VY, gw)] } . (8)

This results in life-long annual payments of

_ . w Hr wr
c = min\ = T - 1—7) —&
X {%+T’ eorr T ( ) GotT } )
— Wr o oqmaxdwr _ Hr o
Qx4+ T Qx4 T €x4+T ) '

If a GMIB is included in the contract, the policyholder can also choose to annuitize the guaranteed amount

..guar

Gé at a guaranteed annuity factor a and thus receive annual payouts

x+T°
Gt Gh H
— YT T T
CI = Zguar — T *MaX “guar — » 0 (10)
Ayt Ay €a+T

Overall, the policyholder can therefore consume ¢4 + max{cx, cr} every year during his retirement. The
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time-T" expected lifetime utility for the policyholder is thus

w—x—T

Vi (A7, X, Gy, Hr) = Z exp(—pt) - ¢ps - uc(ca + max{cx,cr}), (11)
t=0

subject to equations (7) to (10).

3 Implementation in a Black-Scholes Framework

For our implementation, we consider two investment possibilities only, namely a risky asset (S¢),~, and a
risk-free asset (5;),~ . More specifically, akin to the well-known Black-Scholes-Merton model, we assume

that the risky asset evolves according to the Stochastic Differential Equation (SDE)

ds,
=t~ pdt+o0dZ,, Sy >0,
St
where p,0 > 0, and (Zt)t>0 is a standard Brownian motion, while the risk-free asset (savings account)
follows iB
?t:rdt, By=1 = B;=exp(rt).
t

In this setting, optimization problem (6) takes the form

oo

Vi () = gmax uc(Cy) +e” / V() [t - uB(0r42]S' (M) + Paye - Viga (4|8’ (7))] dy, - (12)
b k) o

where (y) = \/% exp(—%) is the standard normal probability density function, and S'(v) = S; -

77+1=39% i the annual gross return of the risky asset, subject to various constraints (see Appendix A.2 for
a detailed list).

In the remainder of this section, we present a recursive dynamic programming approach for the solution.
In particular, we address practical implementation problems arising from the complexity associated with the

high dimensionality of the state space.

3.1 Estimation Algorithm

The key idea underlying our algorithm is a discretization of the state space at policy anniversaries. More
specifically, our approach to derive the optimal consumption, allocation, and — particularly — withdrawal

policies consists of the following steps.
Algorithm 3.1.

(I) Discretize the four-dimensional state space consisting of the values for A, X, G', and H appropriately

to create a grid.

(II) Fort =T: for all grid points (A, X,G", H), compute V; (A, X, G", H) via Equation (11).



REVISITING THE RISK-NEUTRAL APPROACH TO OPTIMAL POLICYHOLDER BEHAVIOR 11

(lll) Fort=T—-1,T —2,...,1:

(1) Given Vi, calculate V" (A, X, G, H) recursively for each (A, X,G", H) on the grid via the
(approximated) solution to Equation (12).

(2) Store the optimal state-contingent withdrawal, consumption, and allocation choices for further

analyses.

(IV) Fort = 0: For the given starting values Ao = Wy — Py, Xo = Py, Gy = G7 = Py and Hy = Hy =
Py, compute Vi (Wo — Py, Po, Po, Po) recursively from equation (12).

Storing the optimal choices in step (/11.2) not only allows us to analyze to what extent a representative
policyholder makes use of the withdrawal guarantee, which is the primary focus of our paper, but we may
also determine the time zero value of all collected fees and payouts to the policyholder or his beneficiaries via
their expected present values under the risk-neutral measure Q.'% In particular, by comparing these values
we can make an inference whether or not the contracted fee percentage within our representable contract
sufficiently provides for the offered guarantees in the absence of other costs. However, before discussing our
results in Section 4, the remainder of this section provides the necessary details about the implementation

of the steps in Algorithm 3.1 as well as the choice of the underlying parameters.

3.2 Evaluation of the Integral Equation (12)

Since within step (/1) of Algorithm 3.1 the (nominal) value function at time ¢ 4 1 is only given on a
discrete grid, it is clearly not possible to directly evaluate the integral in Equation (12). We consider two
different approaches for its approximation by discretizing the underlying return space.

Since the integral entails the standard normal density function, one prevalent approach is to rely on
a Gauss-Hermite Quadrature. However, to ascertain the accuracy of our approximation, we additionally

consider a second approach. Note that our integral equation is of the form

o0

K= / S(u)F(Mw) du, (13)

where ¢(u) = \/% exp(3u?) is the standard normal density function, A(u) = exp(ou + p — 30?) corre-

sponds to the annual stock return Sy /S, and

S _ S
F(z) = quir - up | bt Hl_ g + Pat - Vigr (Yo 2l ).
St St
Dividing the return space (—oo, 00) into M > 0 subintervals [uy, ujy1), for k = 0,1,..., M — 1, where

weset —o0o = ug < up < ... < upy—1 < upy = 00, aconsistent approximation of the integral (13) is given

0By the fundamental theorem of asset pricing the existence of the risk-neutral measure is essentially equivalent with the absence
of arbitrage in the market. As is common in this context, here we choose the product measure of the (unique) risk-neutral measure
for the (complete) financial market and the physical measure for life-contingent events.
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by

T

K~ Q(upt1) - [ar — ags1] +exp(p) - @(upy1 — o) - [bp — bpy1]. (14)
0

B
Il

Here, ®(.) is the standard normal cdf, a; = w, b, = Vil =%k for o= 0,...,M — 1,

Th4+1—Tk Tr+1—Tk
ap = byr = 0, x, = A(uy) represent the gross returns, and ¢ = F'(xy) are the function values evaluated

at returns xj, (see Appendix B.1 for a derivation of (14)). With this approach, we have the discretion to
choose the number (M — 1) and location (x) of all nodes, providing more flexibility than the Gauss-Hermite
Quadrature method. It is important to note, however, that the values 15, cannot be calculated directly, but
need to be derived from the value function grid at time ¢ + 1, where we rely on multilinear interpolation
when necessary. We find very similar results for both approaches and therefore only present estimation

results based on the approximation via Equation (13).

3.3 Monte-Carlo Simulations to Quantify Optimal Behavior

Using Algorithm 3.1, we can determine the policyholder’s optimal decision variables for all time/state com-
binations. To aggregate and better compare results, and to analyze pricing implications, we perform Monte
Carlo simulations. More precisely, we simulate 5 million paths over stock movements and individual mor-
tality. Thus, based on optimal choices of withdrawal, consumption and investment, we can compute the
evolution of state variables as well as a variety of withdrawal measures for each path. Tables 3 and 4 in the
Results section 4 show the corresponding statistics for different parameter assumptions. Note that the first
section of each table is based on paths generated under the risk-neutral measure QQ (see Footnote 10). While
we later argue that QQ is not appropriate to value contingent claims from the policyholder’s perspective due
to tax considerations (see Section 5), an insurer replicating its liabilities does not pay taxes on the respective

earnings, so that a direct valuation under Q is appropriate.

3.4 Parameter Assumptions

For our numerical analysis, we consider a male policyholder who purchases a 15-year VA with a return-of-
investment GMWB at age 55.!! Fee and guarantee structures are typical for contracts offered in practice. We
further assume that the policyholder maximizes his expected lifetime utility over consumption and bequests,
and that he exhibits CRRA preferences, that is

Assumptions about contract specifications and policyholder characteristics in the benchmark case are dis-

played in Table 1.

""'We assume that his mortality follows the 2007 Period Life Table for the Social Security Area Population for the United States
(http://www.ssa.gov/oact/STATS/tabledc6.html).
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Parameter Assumptions

Parameter Value Source

Age at inception T 95
Time to maturity (years) T 15
VA principal Py 100, 000
Guarantees included GMWB
Guarantee fee ) 50 bps
Annual guaranteed amount gV 7,000

i $1,...,88 8%,7%,...,1%
Excess withdrawal fee 1.t >0 0%
Early withdrawal tax s9 10% U.S. tax policy
Life expectancy at maturity (years) €xtT 12.6 IRS (2003)
Income tax rate T 25%
Capital gains tax rate K 15%
Risk-free rate r 5% 3-Month Treasury CMR, 1982-2010
Mean return on asset 1 10%
Volatility o 17% S&P 500, 1982-2010
Initial wealth Wo 500, 000 N
Income I, 40,000 U.S. Census data
Risk aversion 0% 2 .
Subjective discount rate 15} 0.968 Nishiyama and Smetters (2005)
Bequest motive B 1

Table 1: Parameter Choices for benchmark case.

* In 2007, the median net worth of a U.S. household where the head is age 55 to 64 was roughly 250,000.
Median annual (gross) income is around 57,000 for the same category. Our assumptions are based on
anecdotal evidence that holders of VA policies are generally wealthier than average. In addition, our results
indicate that the choices of wealth, income, etc. do not have a considerable effect on withdrawal behavior.
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Account Value Grids

Mean 95%-ile 99%-ile 99.9%-ile  99.99%-ile max. grid points
X5 361,000 933,000 1,477,000 2,579,000 3,970,000 6,000,000
A 709,000 1,111,000 1,339,000 1,637,000 1,981,000 7,800,000
Ap+ X, 1,070,000 2,025,000 2,791,000 4,103,000 5,758,000 n/a

Table 2: Distribution of terminal VA and outside account values (based on MC simulation, cf. 3.3), and
choice of maximum grid point.

3.5 State Variable Grids

As discussed above, the choice-dependent state variables in our life-cycle model are A, , X, , G}, and H;.
The guarantee account (7} and the tax base H; are bounded from above by their starting value G, = Fp
and Hy = Py, respectively. For both accounts, we divide the interval [0, Fy| into 16 grid points, including
the boundaries. Now note that the tax base can never fall below the benefits base: Both start off at the
same level, namely the principal, and both are only affected by withdrawals. The benefits base, however, is
reduced by at least the withdrawal amount (and possibly more if the withdrawal amount exceeds the annual
guaranteed amount); the tax base, on the other hand, is reduced at most by the withdrawal amount (namely
if withdrawals come from the principal, not earnings). Therefore, we only need to consider state vectors for
which H; > G.

Since policyholder preferences are assumed to exhibit decreasing absolute risk aversion (cf. Section
3.4), and in the interest of keeping grid sizes manageable and the implementation computationally feasible,
we choose grids for VA and outside account that are increasing in distance between grid points. More
specifically, for the VA account X, we divide the interval from 0 to 6 million into 64 grid points, whereas
for the outside account A, we use 49 grid points and a range from 0 to 7.8 million. As displayed in Table
2, these values are well above the 99.99th percentile of account values as determined by simulation (see
Section 3.3).12

4 Results I: Withdrawal behavior in the Life-Cycle Model

One of the primary objectives of this paper is to determine whether it is optimal for policyholders to with-
draw prematurely from their VA. We commence by analyzing withdrawal patterns and incentives for the

benchmark case parameters (cf. Table 1). Subsequently, we discuss how differences in underlying parame-

"2We choose the grid for the outside account based on the percentiles of the combined terminal account values, Ay + X, in
order to be able to accurately value the policyholder’s lifetime utility even if he chooses to fully surrender his VA account.
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ters affect the optimal withdrawal behavior.

4.1 Optimal Withdrawal Behavior in the Benchmark Case

Our key observation is that in the presence of taxation early withdrawals are an exception rather than the
norm. More specifically, for the benchmark case parameters roughly 76% of all possible scenarios entail no
withdrawals until maturity. And in only about 5% of all cases will our representative policyholder withdraw
his entire guaranteed amount (cf. Table 3, Column [1]).

Figure 1 depicts optimal withdrawals, wy, for our utility-based model as a function of the VA account
value X, , in the presence and in the absence of tax considerations, whereby we also include the maximal
possible withdrawal amount as a reference. We find that withdrawal patterns are very similar for account
values below the benefits base G; — which coincides with the tax base H;. Here, the policyholder with-
draws the majority of his account since withdrawals are neither taxed nor subject to fees. However, the
optimal strategies in the two cases differ fundamentally when the account is above the benefits and tax
base: While we observe no out-of-the-money withdrawals with taxes, in the absence of tax considerations
the policyholder surrenders his contract if the VA account exceeds approximately 150,000.'* The intuition
for this observation is that the benefit of deferred taxation outweighs the guarantee fees, whereas — when
withdrawals are not taxed — the benefits of downside protection does not compensate for the incurred fees.
For account values close to but above the benefits base, however, the latter comparison is inverted, leading
to no withdrawals even in the case without taxation.

The findings in the absence of taxation are consistent with results from the existing literature that an-
alyzes optimal withdrawal behavior based on arbitrage pricing theory (see e.g. Chen et al. (2008)). These
studies also derive fair guarantee fees that are significantly above concurrent market rates. In contrast, our
analysis — if we include taxation — suggests that an annual guarantee fee of ¢ = 50 bps seems sufficient to
cover the expected costs of the guarantee. More specifically, we find that the risk-neutral actuarial present
value at time 0 of the collected guarantee fees is 5, 971 (plus an additional 30 in excess withdrawal charges),
which far exceeds the risk-neutral value of payments attributable to the GMWB of 1, 480.

Figure 2 displays the optimal withdrawal behavior as a function of the VA account value X, at different
points in time and for differing but fixed levels of the benefits base G; and the tax base H;. The outside
account A, is identical over all panels, but sensitivities are analyzed in Section 4.2 below.

During the first four contract years, the policyholder has not reached age 59.5, and therefore all with-
drawals are subject to a 10% early withdrawal tax. Withdrawals are still profitable for low account values
as the policyholder may not be able to withdraw the guaranteed amount otherwise. However, this becomes
less likely as the account value increases. For instance, as demonstrated by Figure 2(a) for the case of ¢ = 4,

there are no withdrawals beyond an account value of about 60, 000. Moreover, we do not observe excess

131t is worth noting that we would also observe positive withdrawals when the VA makes up the vast majority of the policyholder’s
total wealth, due to an overexposure to equity risk. More precisely, since he cannot change the allocation inside the VA, he
withdraws from the VA to place the funds (after possible fee and tax payments) in the risk-free outside account. For even larger
values of the VA account, the policyholder may also want to consume beyond the limits of his outside wealth, leading to withdrawals
for the purpose of consumption smoothing. However, such scenarios are extremely unlikely (we observed no such case in 5 million
simulations of the benchmark case) and do not have a sizable impact on the value of the guarantee. Hence, we will not delve into
this issue any further.
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Base Case: t=10, At_ =400, Gi =100, Ht =100. (in 1000) Without Taxes: t=10, A l_ =400, Gi =100. (in 1000)
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(a) Base Case: 7 = 25%. (b) No Taxes: 7 = k = 0%.

Figure 1: Withdrawal behavior with and without taxes as a function of the VA account X, .

withdrawals in this case, which we attribute to the 15% charge (10% + 5% excess withdrawal fee) on all
excess withdrawals.

After his 60th birthday, the policyholder can withdraw 7,000 annually free of charge, and he will do so
whenever the VA is below the tax base, as evidenced by Figure 2(b) for ¢ = 7. In addition, we observe excess
withdrawals, despite a 2% excess withdrawal fee. The intuition is that this is the policyholder’s best chance
to access as much of the aggregate guarantee as possible: He withdraws the amount that reduces his benefits
base to a level that leaves roughly the guaranteed amount of 7,000 for each of the remaining withdrawal
dates. In other words, he withdraws as much as possible without jeopardizing the future payouts from his
GMWSB rider. As the VA account increases, the optimal withdrawal amount increases as well and so do
the associated excess withdrawal costs. Yet, beyond a certain amount, the benefit of the maximal guarantee
will no longer compensate for the excessive withdrawal fee, so that the policyholder will prefer to withdraw
the guaranteed amount only. When the excess withdrawal fee vanishes, however, excess withdrawals are
optimal up to the full benefits base as evidenced by Figure 2(c) (time ¢ = 10). Moreover, the optimal
withdrawal curve becomes steeper as time progresses since there are fewer periods — and hence a smaller
aggregate guaranteed amount — remaining.

This pattern of excess withdrawals continues as we approach the end of the contract term. However,
during the final years before maturity, we observe zero withdrawals for low, but not too low, account values
relative to the tax and benefits base (cf. Figure 2(d)). This can be once again explained by tax benefits:
Since these account values are considerably below the tax base, any (likely) return over the remaining
contract years will be tax free — unlike investments in the outside account; hence, even if the guarantee is
worthless and cannot be brought in the money unless incurring considerable withdrawal penalties, paying
the fee inside the tax-sheltered VA account is optimal. Keeping these effects in mind, it is then also not

surprising that this “gap” widens as we get closer to maturity.
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Figure 2: Withdrawal behavior in the Base Case as a function of the VA account X .
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This is also the motivation that withdrawals vanish beyond a certain point when the tax base exceeds the
benefits base, as shown in Figure 2(e). The ability to save sheltered of taxes yields no withdrawals beyond
about 45, 000, whereas below that amount bringing the guarantee into the money pays off. However, if we
also decrease the tax base so that it is again on par with the benefits base (Figure 2(f)), we uncover a similar
pattern as before (Figure 2(c)). In particular, the relative size of the outside account value A, appears to

have little effect on optimal withdrawal patterns.

4.2 Sensitivities to Key Unobservables

A primary concern when implementing a utility-based model in practice is the choice of parameter assump-
tions, particularly those the insurer has little or no information about. In our case, these key unobservables
include the level of initial wealth Wy, the policyholder’s annual labor income I, his level of risk aver-
sion v, and his bequest motive B.'4 In that regard, our findings provide some encouraging evidence: As
Table 3 shows, variations in these characteristics have relatively little effect on aggregate withdrawal statis-
tics. Nonetheless, the effects of these deviations from the benchmark case are quite systematic and in some
cases counterintuitive at first sight: For instance, while withdrawals appear to increase with the level of
initial wealth, we observe the opposite effect when increasing annual income. Furthermore, it may appear
that a more risk averse policyholder will make greater use of his guarantees.'> Again, this is not what we
observe.

Instead, our findings reflect the insight that in addition to taxation, in-the-moneyness, and fee structure,
none of which change when varying the preference parameters, withdrawals are also affected by the policy-
holder’s bequest motive. Here, it is important to realize that while the outside account “pays” irrespective of
the policyholder’s life status, the guarantee is only material while he is alive. Conversely, the annual income
stream essentially is a life annuity, so that income and guarantee can be viewed as substitute goods. More-
over, a risk averse policyholder with a positive bequest motive will optimally allocate a certain proportion
of his current wealth in annuities while the remainder should also serve as bequest protection. And under
decreasing absolute risk aversion, the optimal amount of annuities is increasing in the wealth level.

Hence, if the policyholder starts off with a higher degree of wealth (Columns [2] vs. [1], [3] vs. [1]
and [5] vs. [4]), he will ideally allocate a larger absolute amount to annuities. Since income remains fixed,
his demand for the guarantee increases, and the policyholder has a greater incentive to move the guarantee
(further) into the money, thus withdrawing more frequently and making more use of his guarantee.

As income increases (Columns [4] vs. [1] and [5] vs. [3]), on the other hand, ceteris paribus the demand

for the guarantee goes down since the two are substitutes. The policyholder thus is willing to give up parts

“More generally, one might question the fundamental assumption of our expected utility framework. While a detailed analysis
with respect to preferences or other assumptions is beyond the scope of this paper, it is worth noting that — say — more complex
utility structures reflecting non time-separable preferences (see e.g. Epstein and Zin (1989)) and similar features can be easily
implemented in our model. Furthermore, we highlight in the conclusions that we see evidence that such modifications will have
little effect on our results.

SConsider e.g. a simplified version of the scenario in Figure 2(a): The policyholder faces the decision whether to withdraw the
guaranteed amount of 7, 000. Withdrawing the money results in a certain payout of 6, 300 (i.e. 7,000 minus 10% early withdrawal
tax); otherwise he faces a lottery with a random payout of either 7, 000 or 0, depending on whether the portfolio will increase above
the guarantee by maturity of the policy. This argument may suggest that a more risk averse policyholder would be drawn towards
the certain payout, that is towards making the withdrawal.
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Sensitivities to Key Unobservables

(1] (2] (3] (4] (5] [6] [7]

WO = o Inc = Wo = 1M, o .

BM 950K Wo=1M 0K Inc—T0k Y= 288 B=0.2
EQ[Fees] 5,971 5,974 5,958 5,967 5,950 5,955 6,024
EQ[Excess-Fee] 30 33 30 34 33 35 48
EQ[GMWB] 1,480 1,423 1,534 1,421 1,516 1,280 1,765
E[agg. w/d] b 13,449 13,431 13,533 13,727 13,852 14,144 11,693
E[excess w/d] 8,555 8,636 8,463 9,058 8,915 9,692 7,005
E[w/d , t < 4] 151 51 263 52 218 51 264
E[w/d,5 <t <8 5,263 5,476 5, 288 5,483 5,502 5,727 3,770
E[w/d, t > 9] 8,035 7,903 7,982 8,193 8,132 8,366 7,659
E[G] © 85,961 85,943 85,892 85,763 85,645 85,369 87,499
P(G;p == 0) 4.9% 5.0% 4.9% 5.8% 5.8% 6.0% 3.1%
PGy < Py) 23.6%  23.9% 23.6% 23.5% 23.6% 22.5% 19.4%
E[Hr] 86,865 86,896 86,775 86,686 86,523 86,298 88,525

Table 3: Withdrawal statistics in the benchmark case (Column [1]), and for policyholders with different
(unobservable) characteristics.

% All under the risk-neutral measure QQ: Actuarial present value (APV) of fees collected by the insurer;
APV of excessive withdrawal fees charged to policyholder; APV of payouts made to policyholder only due
to GMWB (i.e. when X;” = 0).

® Mean aggregate withdrawal amount (pre-maturity); excess withdrawal amount; withdrawals subject to
early w/d tax; withdrawals subject to excess w/d fees but no early w/d tax; “free” withdrawals. (Note:
values are added up under the physical measure [P and without accounting for the time value of money.)

¢ Average level of benefits base at maturity; probability that the policyholder uses full guarantee; probability
that at least one withdrawal is made; Average tax base at maturity.
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of his guarantee in exchange for non-life contingent funds, and he can do so by not withdrawing and thereby
letting the guarantee move out of the money. Therefore, the value of the GMWB decreases.

Similarly, a more risk averse policyholder (Column [6]' vs. [1]) with a positive bequest motive is also
more averse to mortality risk, and thus has an increased preference for a safe asset — in the form of the
outside account — over a risky asset in the form of the annuity. Thus, ceteris paribus, the demand for the
guarantee declines, and so will the incentives to withdraw and hence the value of the GMWB. Finally, a
lower bequest motive (Column [7] vs. [1]) reduces the demand for payments in death states, thus raising the
relative demand for the guarantee, and resulting in increased withdrawals.

Figure 3 further affirms this intuition by depicting withdrawals as a function of the VA account value
X, attime ¢t = 4 (cf. Figure 2(a)). As discussed above, the withdrawal decision here is based on a trade-
off between increasing the value of the guarantee and the cost of withdrawing. In line with the portrayed
intuition, we observe slight changes in response to changes in the preference parameters. More precisely,
the “safe asset” characteristic of the outside account yields increases in the withdrawal area for larger values
of the outside account (Figure 3(b)) and for a lower bequest motive (Figure 3(e)). Conversely, the range of
withdrawing at the guaranteed level shrinks for policyholders with a larger income (Figure 3(c)) or a higher
level of risk aversion (Figure 3(d)).

Hence, these deviations can be ultimately attributed to a lack of market completeness regarding bequest
protection. In particular, the sensitivities might be less pronounced — or not even existent — if the policyholder
had access to life insurance. This indicates that the sensitivity may be even less significant in practice, where
agents have access to a large menu of life- and morbidity-contingent securities.

All in all, the insignificance of the sensitivity of optimal withdrawal behavior — and, thus, of resulting
financial statistics — points towards value-maximization as being the key driver. In particular, it does not
seem to be the market incompleteness that is responsible for the divergence of actual observations and
results from the actuarial literature, which rely on value-maximization approaches. Rather, it appears to be a
matter of perspective: While there, the calculations were carried out from the company’s position, the focus
should be on the policyholder’s point of view. In particular, it appears imperative to take investment taxation

rules into consideration. This idea is developed in the following section.

5 Risk Neutral Valuation from the Policyholder’s Perspective

One of the primary results from the previous section is that optimal policyholder behavior in the life cycle
model seems to be mainly driven by value maximization. This raises the interesting possibility that we can
after all meaningfully analyze optimal policyholder behavior by a risk-neutral valuation approach — associ-
ated with all its benefits such as independence of preferences, wealth, and, in particular, outside allocation
and consumption decisions. Specifically, the reason for the meager performance of risk-neutral valuation
approaches in explaining observed prices and exercise patterns so far seems to be the disregard of impor-

tant factors affecting the policyholder’s decision, especially tax considerations, rather than a fundamental

6The parameter value v = 2.88 was chosen in order to attain a Merton Ratio (see Merton (1969)) of 60%, consistent with the
“rule of thumb” that investors should optimally hold 60% of their assets in stocks and 40% in bonds (cf. Gerber and Shiu (2000)).
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Figure 3: Withdrawal behavior at ¢ = 4 when key unobservables change.
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methodological flaw.

To cope with tax considerations, in this section we develop a general methodology for valuing cash flows
when tax rates differ over investment opportunities. Subsequently, in order to vindicate — or rather rectify
— the risk-neutral valuation approach to optimal policyholder behavior, we describe how to implement the
method in the context of this paper. Finally, we present numerical results and contrast them with those from

the life-cycle model.

5.1 Valuation of Cash Flows under Different Taxation Schemes

Arbitrage pricing in the presence of taxation is an intricate issue. For instance, as demonstrated by Ross
(1987), no universal pricing measure exists when tax rates vary for different agents. In fact, an agent’s
valuation of a given cash flow depends on his individual endowment. Our primary idea is that we can
nevertheless identify a unique — though individual — valuation methodology if the pre-tax financial market
for “ordinary” investments such as stocks and bonds is complete.!” Then, consistent with standard arbitrage
pricing arguments, we define the time-zero value of a post-tax cash flow X as the amount necessary to set
up a pre-tax portfolio that — after taxes — replicates X. This valuation rule is individual in the sense that
it depends on the investor’s current position. For instance, if the investor has additional investments that
may offset tax responsibilities for the replicating portfolio, the relative value of the replicating portfolio will
increase.

More formally, we consider an individual with endowment A and access to underlying securities such
as stocks and bonds subject to capital gains taxation as described in Section 2.4. We assume that the pre-tax
market is complete. Hence, there exists a unique equivalent martingale measure, denoted by Q, such that
the cost for a replicating portfolio for any pre-tax cash flow is given by its expected discounted value under
Q with respect to the numeraire (By):>( (savings account). Furthermore, for simplicity and without much
loss of generality, we assume that all cash flows are realized at the end of years only.

We first focus on a single year (¢,¢ 4+ 1] and consider the (post-tax) cash flow X;;; = X at time
t + 1 potentially originating from a separate investment opportunity subject to different tax rules. We are
interested in its value at time ¢. Denote by A;1, the investor’s (state-specific, post-tax) endowment at time
t + 1, with known value A; at time . Then, if an amount V; is necessary to replicate the post-tax cash flow
Y = Xi41 + A4, then the (marginal) value of X4 is given by X; = V; — A;. Hence, the valuation
problem reduces to determining the (pre-tax) replicating portfolio, and thereby V;.

Define Z as the corresponding pre-tax cash flow required to attain Y after tax payments, i.e.
Y=Z7—-k-[Z-V]". (15)

Inverting the function on the right-hand side, Equation (15) may be restated as

K

Z=Y+ Y -Vt (16)

— K

7Note that even in the absence of taxes, arbitrage pricing theory does not give a unique pricing rule if the market is incomplete.
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On the other hand, since V; is the cost of setting up the pre-tax cash flow Z and the pre-tax market is

complete, we have:

B
Vi=E |:Bt4i1 .Z} '

Thus, with Equation (16), we obtain

Bt K Bt
V; = B2 Y EY (Y -Vt 17
t t |:Bt+1 :| + 1—k t |:Bt+1 ( t) ’ ( )
with the unknown V4, depending on the state of the world at time ¢. Hence, Equation (17) presents a (non-
linear) valuation rule for Y and, thus, X;;1, which gives a unique value V; as shown by the following

result.!®

Proposition 5.1. Any time t + 1 post-tax cash flow X¢1 can be valued uniquely by the policyholder at time

t, and its time-t value is given by V; — Ay, where V, is the unique solution to Equation (17).

To generalize this method for payoffs multiple years ahead, consider again the cash flow X;;; = X at
time ¢ + 1. As we have argued, its time ¢ value is given by X; = V; — A;, which again can be interpreted
as a post-tax cash flow. Hence, its value at time ¢ — 1 is given by X; 1 = V;_1 — A;_1, where V;_1 is the
setup cost for a replicating portfolio for the post-tax cash flow X; + A; = V; as above.!® Hence, the time
t — 2 value — and similarly the values at times ¢ — 3,¢ — 4, .. ., and eventually the time-zero value — can be
determined recursively by serially solving the corresponding Equation (17).

This procedure allows us to evaluate every combination of post-tax cash flows — for any given outside
investment and consumption strategy — uniquely as the marginal increase required in today’s outside port-
folio in order to replicate the aggregate cash flow. In particular, it can be applied to analyze the cash flows

from the VA contract introduced in the previous sections.

5.2 The Policyholder’s Optimization Problem under Risk-Neutral Valuation

Following the previous analysis, we implement a risk-neutral valuation approach for our representative VA
policyholder assuming he maximizes the value of all benefits. Akin to the life-cycle model, the problem will
be set up recursively, period by period.

However, since the valuation introduced in the previous subsection applies only locally, i.e. given in-
vestment and consumption decisions, a “proper” risk-neutral valuation methodology formally still requires
us to consider the policyholder’s entire portfolio. This implies that the value-maximization approach loses
one of its key benefits: the ability to focus solely on the cash flows associated with the VA, and to ignore all
other factors. In particular, this means that the model essentially possesses roughly the same level of com-
plexity as the utility-based framework and the numerical implementation of this approach will be equally

cumbersome.

18The proof is provided in Appendix B.2.
“Note that for simplicity of exposition we disregard consumption and income that would alter A;. Generalizations are straight
forward.
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The complexity greatly reduces when we rely on an exogenous assumption about (outside) investment
and allocation decisions. While formally imposing such assumptions appears problematic, it is important to
note that their effect in regards to the VA solely comes into play when there is a possibility to offset gains
and losses. In all other case, the outside account is immaterial.’® Hence, supposing that the effects are
minor, we consider the simplest possible case when no offsets are possible at all, which can be represented
by simply setting the outside account to zero.

Under the same specifications as in Section 2, at each policy anniversary date, the policyholder’s decision
is then based solely on observing the concurrent state variables X, , G; and H;, and only entails choosing the
withdrawal amount w;. Again, we implement the model numerically in a Black-Scholes framework using
recursive dynamic programming. In doing so, we compute the value of the payoff at maturity, and then
recursively proceed similar to Algorithm 3.1. More specifically, foreacht =T — 1, ..., 1, the policyholder

chooses the withdrawal amount that maximizes the continuation value, i.e.
Vi(X, , G}, Ht) = max(w; — feey — feeq — taxes) + Vi, (18)
wt
where V; is given implicitly by (cf. Equation (17))

~ K ~
¢ Vi = B qeribirr + pote Visr ()] — EE;Q [(qyc-i-t be+1 + Patt Virr (1) — Vtﬁ] =0.

Clearly, this optimization problem is subject to a variety of constraints regarding account evolution and up-
dating, which are similar to the implementation of the life-cycle framework. For more details, see Appendix
A3.

5.3 Results II: Withdrawal behavior under the Risk-Neutral Framework

Table 4 shows the resulting values and aggregate withdrawal statistics for the risk-neutral valuation approach
(RNV) in comparison to the life-cycle (LC) benchmark model in the case with (Column [1]) and without
(Column [2]) taxes. In addition, we present the respective results for contracts that differ from the benchmark
case, by assuming there are no fees on excess withdrawals (Column [3]), by reducing the equity exposure
within the VA account (Column [4]), and by varying the income tax rate (Column [5]). While we observe
considerable differences between the latter results and the benchmark case — which are discussed in detail
in Section 6 below — we find that within each specification the differences between the results from the two
approaches are quite small.

Therefore, overall our presumption that the results for the two approaches will be similar proves true.
The same conclusion can be drawn from Figure 4, where the optimal withdrawal behavior at times ¢ = 10
and ¢ = 4 is displayed for both approaches in the case with and without taxes. In particular, we do not have
any withdrawals in the presence of taxes if the account value significantly exceeds the tax base (Figures 4(a)
and 4(b)). In contrast, in the absence of taxes, it is optimal to withdraw when the guarantee is out-of-the

money under both optimality criteria, indicating their alignment (Figures 4(e) and 4(f)).

2Obviously, this is quite different from the life-cycle model, where the outside account and consumption decisions directly enter
the value function. In contrast, here we have only an indirect effect through potential tax offsets.
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The rather slight deviations between the two approaches are in line with the — rather slight — sensitivities
of the results from the life-cycle model to wealth and preferences, as analyzed in Section 4.2. There we
demonstrate that the response in withdrawal behavior to changes in wealth, income, or risk aversion are
motivated by the allocation to death and life states. The risk-neutral approach can now be interpreted as the
limiting case of a policyholder with infinite wealth or zero risk aversion. For instance, in Section 4.2 we
explain that early in the contract (f = 4), an increase in wealth yields a wider withdrawal range (Figure 3(b)
vs. 3(a)). Accordingly, the risk-neutral approach results in an even wider range (Figure 4(d) vs. Figures 3(b)
and 4(c)). A similar relationship holds when varying risk aversion: High risk aversion leads to a smaller
withdrawal range than lower risk aversion (Figure 3(d) vs. 3(a)), which in turn leads to a smaller withdrawal
range than the risk-neutral approach (Figure 4(d) vs. 4(c)).

These deviations then also lead to a slight increase in the value of the GMWB rider. In particular,
the difference in the values of collected fees and benefits associated with the GMWB — which may be
interpreted as the value from the insurer’s perspective — decreases from 4,521 to 3,776. It is important
to note, however, that this value in the benchmark case relies on our specific assumptions on preferences,
income and wealth — and therefore may be even smaller for alternative choices. Also, it may change in
the presence of alternative investment options. For instance, if the policyholder has access to other life-
contingent contracts, withdrawals may be even less affected by the policyholder’s allocation motive and,
thus, his preferences. In the absence of taxes, the difference in values is even less pronounced (215 in the
benchmark case and 146 for risk-neutral valuation), and the big gap between the two tax regimes again
resonates the deficiencies of risk-neutral valuation approaches in the previous literature on policyholder

exercise behavior within VAs.

6 Results III: Implications for Life Insurance Practice

The results from the previous sections have important — and encouraging — implications for life insurers of-
fering GMWBs. On the one hand, this paper provides theoretical insights into optimal withdrawal patterns
that appear to be in line with actual observations. On the other hand, we demonstrate that optimal with-
drawal behavior can be analyzed based on the — relative to a life cycle model — simple risk-neutral valuation
approach.

However, of course questions arise regarding the generality of the detected patterns, for instance with
respect to changes in VA design or the underlying tax rates as different policyholders may fall into different
tax brackets. Furthermore, eventual quantitative results depend on specifics of considered contracts, yet a
practical implementation of the risk-neutral approach to determine optimal policyholder behavior — despite
its relative simplicity — may still be too ambitious for most insurers. In fact, current industry practice is to
rely on historic exercise probabilities or static exercise rules, although some insurers indicate they started to
use simple dynamic assumptions (cf. Society of Actuaries (2009)).

Therefore, in this section we first analyze the robustness of the uncovered exercise patterns with respect
to the underlying contract specification and parameters. Subsequently, to appraise the advancement of im-

posing dynamic exercise rules in the context of our model, we compare our results to the usage of a simple
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rule based on the “moneyness” of the guarantee.

6.1 Robustness of the Results

Columns [3] and [4] of Table 4 show the effects when modifying the contract’s specifications vis-a-vis the
benchmark case. As may be anticipated, removing the excess withdrawal fees (Column [3]) induces more
frequent withdrawals early in the contract period. This reduces collected fees and, at the same time, increases
the “usage” and therefore the value of the guarantee. These findings suggest that the “actual value” of the
excess withdrawal fee to the insurer is larger than the rather moderate amount that is directly attributed to
excessive withdrawals in the benchmark case (30) due to changes in policyholder behavior.

In practice, insurers sometimes limit equity exposure in the VA in order to contain the risks. Column
[4] of Table 4 provides some evidence to that effect: When reducing equity exposure to 90%, the value
of the guarantee diminishes, while collected fees remain relatively unaffected. This of course is a direct
consequence of a reduced likelihood of adverse scenarios under the more conservative allocation strategy,
since withdrawals are optimal only when the guarantee is “in the money”. In other words, the downside
protection is more valuable for a more risky investment strategy, so that is is also no surprise that the
policyholder, ceteris paribus, will prefer a 100% equity exposure inside the VA (under both models), as
shown in the bottom line of Table 4.

Nevertheless, in both cases, when modifying the surrender fee structure or when adjusting the equity
exposure, the general withdrawal patterns prevail. In particular, withdrawals still are the exception rather
than the norm and mostly occur in adverse scenarios for the underlying index. The driver behind these
observations of course is the deferred taxation of investments inside the VA.

Results change dramatically in the absence of taxation (cf. Table 4, Column [2]). More precisely, in-
vestment in the VA loses its comparative advantage, withdrawals increase substantially, and — as a result —
so does the guarantee value. A similar argument applies if the tax advantage becomes less important, e.g.
due to an increase in the income tax rate: The VA becomes less attractive, and the policyholder has a greater
incentive to withdraw and invest it outside of the VA. Accordingly, Column [5] of Table 4 shows that an in-
crease from 25% to 30% leads to an increase in withdrawals. However, we find that even under a tax rate of
30% on withdrawals, the deferred taxation feature is valuable enough to sustain an absence of withdrawals
in most scenarios. Therefore, we again have a positive answer to the question of generality of our results:

Even for relatively high tax brackets, the observed patterns prevail.

6.2 Simple Reduced-Form Exercise Strategies

As indicated above, insurers have started to rely on simple dynamic exercise rules in their calculations,
where approaches based on the “moneyness” of the guarantee appear particularly popular. More formally,
these rules assume the policyholder withdraws the guaranteed annual amount whenever the guarantee is “in
the money” (that is: the account value lies below the benefits base), and zero otherwise, regardless of tax

and fee considerations:

wy = min{g}”,G}"} - Uiy <amy)
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The results in the context of our model are provided in Column [6] of Table 4, and we find that overall
the withdrawal statistics are very close to the benchmark case. Given the described withdrawal patterns for
the benchmark case, the relatively good performance of the “moneyness” assumption should come as no
surprise. Still, the suitability of this assumption — particularly in view of the valuation results — bears good
news for the insurance industry. In particular, our models endorse the use of the simple “in-the-money” rule.

This result is also consistent with empirical findings from Knoller et al. (2011), who determine in the
case of Japanese VA products that “moneyness (...) has the largest explanatory power for the rate at which
policyholders surrender their policies”. It is worth noting, however, that in our setting the validity of “mon-
eyness” as a proxy for optimal policyholder behavior is mainly a consequence of the similarities between

tax and benefits base.

7 Conclusions and Future Research

The present paper concerns the optimal policyholder exercise behavior within embedded options in life
insurance contracts. More specifically, our focus is on withdrawal behavior for the holder of a VA contract
including a GMWB rider, even though our insights are not limited to this popular but rather specific product.

Our main conclusion is that the key driver for exercise behavior in the pre-retirement period is value
maximization. More precisely, we contrast two approaches to optimal policyholder behavior, namely a
lifetime utility model that explicitly allows for outside investment and a risk-neutral value-maximization
approach. We find that despite their conceptual differences, both approaches yield very similar withdrawal
patterns and aggregate withdrawal statistics. In particular, the possibility to defer investment taxation within
the VA seems to be the dominating factor, inducing policyholders to only withdraw when the guarantee is
in the money, i.e. in adverse market conditions. As a consequence, under our parameter assumptions, a
guarantee fee of 50 bps, which is close to levels encountered in practice, more than sufficiently provides for
a return-of-investment GMWB.

The latter result is in stark contrast to findings in the actuarial literature based on value-maximizing
approaches, which suggest much higher guarantee fees. In fact, it is exactly this disparity that has led
researchers to gravitate towards (more complex) life-cycle models, supposing that the disparity has to be
attributed to the incompleteness of the individual insurance market. In line with this hypothesis, in our
utility-based framework, policyholders respond to changes in parameters by balancing payouts in the case
of death and survival — which of course is the source of the incompleteness of the market. However, these
effects are far less pronounced relative to the motive to maximize the value of the embedded option. In
contrast, we show that the primary reason for the alluded disparity is the negligence of tax effects: A
value-maximizing approach that correctly accounts for tax benefits will produce very similar outcomes as
the considerably more complex life cycle model. Furthermore, the difference between the two approaches
might be even smaller if we additionally included a market for life contingencies such as term life insurance
in our lifetime utility framework. Thus, our findings suggest that the supplemental insights provided by a
utility-based framework do not justify the additional complexity relative to the risk-neutral approach — if the

latter is taken out properly, that is from the policyholder’s perspective.
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Beyond taxation rules, this distinction of perspective can also be important for the underlying assump-
tions of the approach. For instance, in the present paper we assume a given set of mortality rates that are
identical both from the individual and the company’s perspective. In future work, it may be worthwhile to
study the effects of an asymmetry in the mortality assumptions on withdrawal behavior. Here, the asym-
metry may originate from informational asymmetries between the policyholder and the company during the
contract phase due to individual mortality risk, or may be simply caused by the policyholder’s poor un-
derstanding of his own mortality risk as suggested in the behavioral economics literature (cf. Harrison and
Rutstrom (2006)). The latter may be particularly interesting since, to our knowledge, so far there are no
attempts to quantify the financial impact of such “behavioral anomalies” on exercise-dependent retirement
savings products.

Another obvious direction of future research is the generalization of our results to a more general model
frameworks and a more general set of life insurance products. Specifically, while the life-cycle model
considered here is rather simple, we see evidence that modifying the preference assumptions or adding
additional risk factors will not affect withdrawal behavior — provided that these risks are separately insurable.
However, non-insurable exogenous expenditure or liquidity shocks may well yield a difference in patterns.
This is akin to Carpenter (1998), who in the context of employee stock options proposes a risk-neutral
valuation model with an exogenous withdrawal state. Similarly, including additional guaranteed benefits
and extending the contract period may provide further insights. For instance, it is conceivable that for other
guarantees the pooling with a savings product could provide payoff profiles that impair the performance of
the risk-neutral approach relative to the utility maximization framework, especially later in life.

Finally, it is important to further elaborate on the practical significance of our results. While we already
highlighted that our results endorse simple reduced-form exercise rules based on the “moneyness” of the
guarantee, the question arises if there are better performing reduced-form rules — both in the context of our

model and in view of empirical exercise patterns.
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Appendices

A Model Details

A.1 Timeline

Starting at the end of policy year ¢ € {1,...,T7 — 1}, just prior to the ¢-th policy anniversary date, the

timeline of events is as follows:

1. The policyholder observes the annual asset returns S;/S;—1, and thus the level of his current state

variables, A, and X, .
2. The policyholder dies with probability gg4;—1.

3. In case of death, he leaves bequest b; = A; + max{X, , GP}, and no further actions are taken. If

he survives:
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4. The policyholder receives income I; for the new period.

5. Based on this information, he chooses how much to withdraw from the VA account, w;, consume, C;,

and how to allocate his outside portfolio, v.

6. The policyholder consumes C;. Account values (A", Xt+ ), the benefit base (G| ;) and the tax base
(H¢41) are updated accordingly.

7. Between t and ¢t + 1, the account values evolve in line with the asset(s).

8. (1.) The policyholder observes Si41/5, etc.

A.2 Bellman Equation in the Black-Scholes Framework

In a Black-Scholes environment, as described in Section 3, optimization problem (6) takes the form

Crwe,vt

Vi (y) = max UC(Ct)+6_B/¢(7) [Gort - up(ber1lS (7)) + Dot - Vi (w18 ()] v,

where (y) = \/%7 exp(—g) is the standard normal probability density function, and S'(vy) = S; -

1 2, . .
e?7TH=39" is the annual gross return of the risky asset, subject to

Yy = {At_uXt_uGi?Ht}7

Xt o= (X7 —w)",
Af = A, + I +wy — feer — feeg — taxes — C,
fee; = s-max{w; —min(g",G}")},
feeq = 89 (wy —feer)  1piias05),
taxes = 7 min{w; — fee; — feeq, (X; — Hy) ™},
(G} —w)" cw < gl
G, = + +
H <min{Gi—w,Gi-%}) cw > gV,
_ e
Hiyyw = Hi— <wt - (Xt - Ht) > )
+
AL, = Af- |:Vt N A L (1—1v)-€ —k- <Vt N A L (1—1y)-€e" — 1) ] ,
X1 = X e ?. {VX L eovHH—30% (1—vX). eT} )
bx = max{X;,,G,},
bir1 = A;_l—i-bx—T'(bx—Ht,O),
0<C < A + I +w — feey — feeq — taxes,
0<uw < max{Xt_,min{gXV,GZV}}, and
0 S Vg S 1.
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A.3 Bellman Equation in the Black-Scholes Framework under Risk-Neutral Valuation

In a Black-Scholes environment, the risk-neutral valuation problem takes the form
Vi(X, ,G;, Ht) = max(w; — fee — feeq — taxes) + X,
wi

where Xy = V is given implicitly by

K

eV —EQY] - - HEQ[Y — V)t =o,

and subject to

Y = qeitberr + 0oVt (X1, Gy Hep),
XP o= (X )
fee; = s-max{w; —min(g}",G}")},
feeq = 9 (w —feey)- lipii<s95)
taxes = 7 min{w; — fee; — feeq, (X; — Hy) T},
(G; —w)* cw < gV
G, = + +
i (min{Gi—w,Gi-%}) cw > gV,
t
+
Hyyy = Hy— (wt — (X7 - Ht)+> )
X, = Xfe - [VX AR L (1—vX)- er} ;
by = max{X@l,Ggl} ,
biy1 = bx —7-(bx — H;,0), and

0<w, < max{X, ,min{g",G"}}.

where ~y follows a standard normal distribution.

B Derivations and Proofs

B.1 Derivation of Approximation (14)

For given M and ug, k = 0, ..., M, we can compute z, = A(uy) = exp(o-up+r— %02) and ¢y, = F(xy),
if necessary by interpolating and/or extrapolating F'(.) over the state space grid. Note that the domain of
gross return variable = by definition is (0, c0).

Then, for arbitrary 0 < x < 0o, we can approximate the corresponding function value linearly by

M—-1 I
Fa) ~ o 2 (0t 5525 W = 0) Loy ()
M—1

= kZO (ak + bk ' l’) : 1[xk,1’k+1)($),
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where for k =0,...,. M — 1

ap = T Y — T 1/1k+1’ and by e Y
Tht1 — Tk xk:-i-l - wk’
In addition, we define ap; = by = 0.
Plugging this into Equation (13), we obtain
00 00 M-1
K = [ ¢wFAw)du =~ [ ¢(u)- kZO (ar +bg - ) - Ly oy, (2) du
R/[Oil Uk+1 - M1 Uk+1 Uk+1
= > [ o) (ax+be-Aw)du = 3 ap- [ ¢(u)du+tby- [ é(u)- A(u) du,
k=0 UL k=0 UL UL
and since
1 1 1 1 1
w)-AMu) = cexp [ —=u? ) -exp [ ou+ —02>:e“ ex (—u—02>:e“ u—o),
o) M) = —=-exp (=02 ) -exp (out - ; e (—gu= ) = eofu—0)
we obtain
M-1
K~ ak + [®(uk+1) — P(ur)] + exp(p) - be - [P(ups1 — o) — P(ug — o).
k=0
Finally, reordering of the summation terms yields Equation (14). O

B.2 Proof of Proposition 5.1

Proof. All that is left to show is the existence and uniqueness of the solution to Equation (17), which can be

written as

Bt K Bt
_EQ Y| - (Y =-V,)-1 dFQ =0
Ve Ky [Bt+1 } 1-k / Bt ( 0 Lpvi

whereby 0 < k < 1,and 0 < B; < Byy1. Denote the left hand side by f(V;). To complete the proof, we
only need to demonstrate that the equation f(1") = 0 has exactly one solution.

Let us first demonstrate existence: Since f(.) is continuous, f(—oc0) = —oo and f(o0) = oo, by the
Intermediate Value Theorem, there needs to exist —oo < V' < oo such that f(V') = 0.

To show uniqueness, it suffices to show that f(.) is strictly increasing. For that matter, consider V2 >
V1. Then:

f(Vz) - f(Vl) = V2 -V -5 f B,Jrl (Y — V2 )1 [Y>V2]dF f B+1 )1[Y>V1]dFQ}
= V2Vt [ O = VD pacycvy + (V2 - Vl)]l[y>vz]} dF@}
> 0.



