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Domestic demand yd and revenue rd

The preferences of a representative consumer are given by a C.E.S. utility function over

a continuum of goods indexed by ω:

U =

[∫
ω∈Ω

y(ω)ρdω

] 1
ρ

,

where the measure of the set Ω represents the mass of available goods within the sector U .

These goods are substitutes, implying 0 < ρ < 1 and an elasticity of substitution between

any two goods of

σ =
1

1− ρ
> 1 ⇔ ρ = 1− 1

σ
=
σ − 1

σ
.

The consumer’s constrained maximization problem may be solved by the Lagrangian

L = Uρ − λ
(∫

ω∈Ω

p(ω)y(ω)dω − I
)
,

where Uρ is a strictly increasing transformation of U and I the consumer’s income. Which

yields the following first-order condition

∂L
∂y(ω)

= ρy(ω)ρ−1 − λp(ω) = 0 .

By dividing the first-order condition of one variety ω1 by the first-order condition of

another variety ω2 we obtain relative demand

y(ω1)

y(ω2)
=

(
p(ω1)

p(ω2)

) 1
ρ−1

.
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Multiply both sides with y(ω2) yields

y(ω1) = y(ω2)

(
p(ω1)

p(ω2)

)−σ
.

By multiplying both sides with p(ω1) and taking the integral with respect to ω1 we get∫
ω∈Ω

p(ω1)y(ω1)dω1 =

∫
ω∈Ω

y(ω2)p(ω1)1−σp(ω2)σdω1 .

On the left-hand side we now have the consumer’s total expenditure on all varieties R,

which is equal to his income I, i.e.

R = I = y(ω2)p(ω2)σ
∫
ω∈Ω

p(ω1)1−σdω1 .

Solving for y(ω2) yields the Marshallian demand for ω2

y(ω2) =
Ip(ω2)−σ∫

ω∈Ω
p(ω1)1−σdω1

.

Let the aggregate price be given by

P =

[∫
ω∈Ω

p(ω)1−σdω

] 1
1−σ

,

Marshallian demand is equal to

y(ω) = p(ω)−σP σ−1I =

(
p(ω)

P

)−σ
I

P
.

With domestic output yd(ω) being equal to y(ω) for non-exporting firms, domestic firm

revenue can then be written as

rd(ω) = yd(ω) · p(ω) = I

(
p(ω)

P

)1−σ

,

where Id and Pd indicate domestic income and the domestic aggregate price, respectively.

Note that with pd(ω) = yd(ω)
1
−σ I

1
σ
d P

σ−1
σ

d domestic revenue can also be written as in HIR,

i.e.

rd(ω) = yd(ω)1− 1
σ I

1
σ
d P

σ−1
σ

d = yd(ω)ρI1−ρ
d P ρ

d = yd(ω)ρAd ,

where Ad is called the domestic demand shifter.

Link between Ad and ϕ̃t

We can link the demand shifter Ad to the total average productivity ϕ̃t as defined in

Melitz (2003), p.1710, by using equation (17) and (18) from ibid.:

Ad = R1−ρP ρ = (Mtr̄)
1−ρ
(
M

1
1−σ
t

w(ϕ̃t)

ρϕ̃t

)ρ
= r̄1−ρ

(
w(ϕ̃t)

ϕ̃tρ

)ρ
. (A.1)
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Υ and a derivation of yd(ϕ) = y(ϕ)/Υ

Using (4) we can write

y(ϕ) = yd(ϕ) + yx,1(ϕ) + . . .+ yx,c′(ϕ)

as

y(ϕ) = yd(ϕ) + τ
ρ
ρ−1

1 yd(ϕ)

(
Ax,1
Ad

) ρ
1−ρ

+ . . .+ τ
ρ
ρ−1

c′ yd(ϕ)

(
Ax,c′

Ad

) ρ
1−ρ

y(ϕ) = yd(ϕ)

(
1 + τ

ρ
ρ−1

1

(
Ax,1
Ad

) ρ
1−ρ

+ . . .+ τ
ρ
ρ−1

c′

(
Ax,c′

Ad

) ρ
1−ρ
)
.

By defining Υ = 1 + τ
ρ
ρ−1
c

(
Ax,1
Ad

) ρ
1−ρ

+ . . .+ τ
ρ
ρ−1

c′

(
Ax,c′

Ad

) ρ
1−ρ

we obtain

yd(ϕ) = y(ϕ)/Υ .

A firm’s total revenue r

r(ϕ) = yd(ϕ)ρAd + τ−ρ1 yx,1(ϕ)ρAx,1 + . . .+ τ−ρc′ yx,c′(ϕ)ρAx,c′

using the first-order conditions (4) this can be written as

= yd(ϕ)ρAd + τ
ρ
ρ−1

1 yd(ϕ)ρAx,1

(
Ax,1
Ad

) ρ
1−ρ

+ . . .+ τ
ρ
ρ−1

c′ yd(ϕ)ρAx,c′

(
Ax,c′

Ad

) ρ
1−ρ

= yd(ϕ)ρAd

(
1 + τ

ρ
ρ−1

1

(
Ax,1
Ad

) 1
1−ρ

+ . . .+ τ
−ρ
1−ρ
c′

(
Ax,c′

Ad

) 1
1−ρ
)

= y(ϕ)ρAd

(
1 +

c′∑
c=1

τ
ρ
ρ−1
c

(
Ax,c
Ad

) 1
1−ρ
)1−ρ

.

Revenue as a function of a firm’s productivity

Using the earlier definition of r(ϕ) in (3), the production function, and the first-order

conditions (7) and (8), we are now able to express revenue as

r(ϕ) = Υ(ϕ)
1−ρ

Γ A
1
Γ

(
ζ

ζ − 1
aγζminϕ

(
ργ

(1 + ργ)b

)γ (
ρ(1− γζ)

ε(1 + ργ)

) 1−γζ
δ

) ρ
Γ

, (A.2)

where Γ = 1−ργ−ρ(1−γζ)/δ. In the next step we compute the firm’s profits by making

once more use of the first-order conditions

π(ϕ) =
Γ

1 + ργ
r(ϕ)− fd −

c′∑
c=1

fx,c .
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Furthermore we know that the firm with the lowest productivity ϕd makes exactly zero

profits (and is not exporting). Thence it follows17

Γ

1 + ργ
r(ϕd) = fd ⇒ r(ϕd) ≡ rd =

1 + ργ

Γ
fd . (A.3)

In the following, we use the expression for r(ϕ) from (A.2) and determine the relative

revenue of a firm in comparison to the firm with the lowest productivity ϕd:

r(ϕ)

rd
= Υ

1−ρ
Γ

(
ϕ

ϕd

) ρ
Γ

⇒ r(ϕ) = rd ·
(
ϕ

ϕd

) ρ
Γ

·Υ
1−ρ

Γ

Wage as a function of a firm’s productivity

By the same token we are able to compute aε(ϕ). We again employ the first-order condi-

tions (7) and (8) and get

aε(ϕ)δ

aε(ϕd)δ
= Υ

1−ρ
Γ

(
ϕ

ϕd

) ρ
Γ

⇒ aε(ϕ) = aε(ϕd)Υ
1−ρ
δΓ

(
ϕ

ϕd

) ρ
δΓ

. (A.4)

Using (A.3) with the first-order conditions and (8), we can compute

aε(ϕd) =

(
ρ(1− γk)

(1 + ργ)ε

1 + ργ

Γ
fd

) 1
δ

=

(
ρ(1− γζd)

εΓ
fd

) 1
δ

.

With the wage condition from (9), the lowest wage paid by a domestic firm is then

w(ϕd) ≡ wd = b

(
aε(ϕd)

amin

)ζd
=

(
ρ(1− γζd)
εΓaδmin

fd

) ζd
δ

.

This yields a wage relation that is solely dependent on ϕ, Υ(ϕ), ϕd, b, and parameters:

w(ϕ)

wd
=

(
aε(ϕ)

aε(ϕd)

)ζd
= Υ

ζd(1−ρ)
δΓ

(
ϕ

ϕd

) ρζd
δΓ

⇒ w(ϕ) = wd ·
(
ϕ

ϕd

) ρζd
δΓ

·Υ
ζd(1−ρ)
δΓ .

As can be seen from this last equation, wages increase with firm productivity and are

always higher for exporting firms than for non-exporting firms.

Measure of workers hired as a function of a firm’s productivity

By the same token, we can derive the lowest measure of workers hired

h(ϕd) ≡ hd = m(ϕd)

(
amin,d

aε(ϕd)

)ζd
=

ργ

1 + ργ

rd
b

(
amin,d

aε(ϕd)

)ζd
.

Using (A.4) and (6), the relation to h(ϕ) is then given by

h(ϕ)

hd
=
r(ϕ)

rd

(
aε(ϕd)

aε(ϕ)

)ζd
= Υ

1−ρ
Γ

(
ϕ

ϕd

) ρ
Γ

Υ
ζd(ρ−1)

δΓ

(
ϕ

ϕd

)−ζdρ
δΓ

= Υ
(1−ρ)(1−ζd/δ)

Γ

(
ϕ

ϕd

)ρ(1− ζd
δ

)
.

17Note, while rd(ϕ) is the domestic revenue for a firm with productivity ϕ, rd is the revenue of a

non-exporting firm with zero profits.
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Which ultimalety leads to

h(ϕ) = hd ·
(
ϕ

ϕd

)ρ(1− ζd
δ

)
·Υ

(1−ρ)(1−ζd/δ)
Γ .
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