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d>2 Y,=ZY%e, with e, ~ WN(0,E,) iid
Zt = COV (Yt ‘gt_l ) , Where ?t = U(Yt, Yt—lr .. )

With X, =diag(c?,,...,0%,)

the dependence is captured by the multivariate distribution of the residuals

g:~F(0) = C(Fy,...,Fy4;0) independent for all t.



(Parsimonious) univariate Garch(p, g)-models for every 1 < j < d

P q
— g 2 _ . Y2 2
Yje = 0je€je, 0j = Xjo + § oi i i+ § Bk 07—k
i=1 k=1

are linked through the dependence structure of the residuals.

Heterogeneity in the dependence via time-dynamic parameters 0; for every t
€~ F(0¢),
such that &; are still independent, but not identically distributed.

Test the null hypothesis
Hp: {6, =60 Vt}

against the alternative that the parameter changes over time

Ha: {91:---:9t1#et1+1:---:etk7é9tk+1: ------ =07}.




(Parsimonious) univariate Garch(p, g)-models for every 1 < j < d
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Yje = 0je€je, 0j = Xjo + § oi i i+ § Bk 07—k
i=1 k=1

are linked through the dependence structure of the residuals.

Heterogeneity in the dependence via time-dynamic parameters 0; for every t
€~ F(0¢),
such that &; are still independent, but not identically distributed.

Test the null hypothesis
Hp: {6, =60 Vt}

against the alternative that the parameter changes over time

Ha: {91:---:9t1#et1+1:---:etk7é9tk+1: ------ =07}.

estimation of parameters and construction of tests



Let the corresponding observations of Y; = (Y1, ..., Ya:)' be
(Vier - yae), 1<t < T,

The parameter vector v; = (oo, %j1, - - ., Ko, Pe1y - - Btq) for every
component 1 < j < d is estimated via quasi-maximum-likelihood (QMLE):



Let the corresponding observations of Y; = (Y1, ..., Ya:)' be

(it - ya) s 1<t < T.
The parameter vector v; = (&jo, ®j1, ..., Xjp, Be1, - .-, Prg)’ for every
component 1 < j < d is estimated via quasi-maximum-likelihood (QMLE):

assume that € ~N(0,1) forall 1 <t < T
maximize the likelihood function Lt to obtain ¥;
Lt as function of observations and some starting values yy, Gg

Even if the normality assumption fails, but ]Eaj-'t < 00, it holds that for T — oo
Vi =
. d
ﬁ(yj —v;) = N(O,v)



Let the corresponding observations of Y; = (Y1, ..., Ya:)' be
(Vier - yae), 1<t < T,
The parameter vector v; = (&jo, ®j1, ..., Xjp, Be1, - .-, Prg)’ for every

component 1 < j < d is estimated via quasi-maximum-likelihood (QMLE):

assume that € ~N(0,1) forall 1 <t < T
maximize the likelihood function Lt to obtain ¥;
Lt as function of observations and some starting values yy, Gg

Even if the normality assumption fails, but ]Eaj-'t < 00, it holds that for T — oo
Vi =
. d
ﬁ(yj —v;) = N(O,v)
Since Gft = w;(7v;), we obtain empirical residuals &, with components

~ Vit h P NN
e =2, where &j = /().
it
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2. Canonical Maximum Likelihood

Semi-parametric estimation on (€1, ...,84:)" ~ C(F1, ..., F4;0)
> rank-transformation for the marginal distributions &I;; = TL+1 Z;l Lig <z
» maximum likelihood estimation

0 =argmax Y ., . ;logcl(iis, ..., Uds;0)
0



Semi-parametric estimation on (€1¢,...,84:)" ~ C(F1, ..., F4;0)
rank-transformation for the marginal distributions &Iy = %H Z;l Liz,<z

maximum likelihood estimation

A t ~ ~
0, =argmax ) ., . qlogc(ins, ..., Ugs;6)
0

According to Chan et al. (2009) it holds that for T — oo and if b=10(T)
0, P forall t

Vb (8: —0) & N(0,%)
with variance due to Genest et al. (1995)

Var (% |Og C(Fl(ﬁlj, ey Fd(Ed); e) + Z;']:l VVJ(EJ)) 02

E ([55 |ogC(F1(€1),...,Fd(ﬁd)?e)]2)2 B

where Wj(gj) = f[o,l]d ]l{’:f(a/)guf}%;w log c(uy, ..., ug;0)dC(uy, ..., uq;0).
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Simple Test - Construction and Power

Under the simple hypothesis Hg «: {8;, = 0o} consider the statistic

\/l_)(étk _é) d
\/E (T—00)

with 0 a global estimate and £ a consistent variance estimate.

Tok = N(0,1)
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Simple Test - Construction and Power
Under the simple hypothesis Hg «: {8;, = 0o} consider the statistic
\/l_)(etk - e) d
\/E (T—00)

with 0 a global estimate and £ a consistent variance estimate.

Tok = N(0,1)

Under the local alternative Ha x: {6, = Gf(x) =0 % ﬁ} and for x #£ 0 it holds

P (|7_bk| > Gass

HA,k) —v(x) >«
(T—o0)

with ga/, = No”%(l — «/2).

The local test | Tpx| > G«/, has an asymptotic local power y of size Vb.




For the local alternative Ha x: {6, = GE—L(X)} we consider

Bin(1 der H
X, = ﬂ{ﬁ- N }L> |n( ;o) under Ho,
bkl>qe/2 Bin(1,v) under Hay.

For independent Hg x the global null hypothesis Hyp = (;_; Ho « corresponds to

Ho: {8, =... =0, =6g for|t; —tj| > b,i #j}.

n

Under Hg a suitable test statistic S, = ZXk is asymptotically Bin(n, @) and the

k=1
test has proper size «* if

]P(S,,}K‘Ho) Z( )ocf (1— )" < .



For the local alternative Ha x: {6, = GE—L(X)} we consider

Bin(1 der H
X, = ﬂ{ﬁ- N }L> |n( ;o) under Ho,
bkl>qe/2 Bin(1,v) under Hay.

For independent Hg x the global null hypothesis Hyp = (;_; Ho « corresponds to

Ho: {8, =... =0, =6g for|t; —tj| > b,i #j}.

n
Under Hg a suitable test statistic S, = ZXk is asymptotically Bin(n, @) and the

k=1
test has proper size «* if

P (5,, > K ‘ Ho) = i (7) od(1—)" =«
j=x

Fix o, ¥ = some k ¢ IN in general, need to randomize the test.



For the local alternative Ha x: {6, = GE—L(X)} we consider

Bin(1 der H
X, = ﬂ{ﬁ- N }L> |n( ;o) under Ho,
bkl>qe/2 Bin(1,v) under Hay.

For independent Hg x the global null hypothesis Hyp = (;_; Ho « corresponds to

Ho: {8, =... =0, =6g for|t; —tj| > b,i #j}.

n

Under Hg a suitable test statistic S, = ZXk is asymptotically Bin(n, @) and the

k=1
test has proper size «* if

IP(S,,ZK‘H()) Z()odl—cx)”f—cx

Fix k, «* = solution « € (0,1), choose cy+ = k — 1 as critical value.



Consider the multiple alternative

Ha: {0k =05 (x), 1< k<m}n{6k=00k>m}=[)HaxN [] Hox.
k=1 k=m+1

Then under H, the test statistic is a convolution of binomial distributions with
different probabilities. In particular, it holds that

st

SolHa=S0 +5(%), > 5l + 8% = 5(* =5, | Hy.



Consider the multiple alternative
Ha: {0k =05 (x), 1< k<m}n{6k=00k>m}=[)HaxN [] Hox.
k=1 k=m+1

Then under H, the test statistic is a convolution of binomial distributions with
different probabilities. In particular, it holds that

st

So|Ha=35 +5*) > 5t®) 45l = 5(®) — 5| Ho.
Therefore, for x # 0 it holds that

Nx) = lim P (5,, > Cyr

T—o0

Ha) > lim P (S, > car

Ho) = .

The multiple test S, > cx+ has also an asymptotic local power T of size v/b. J




The global null hypothesis Hy: {6; = ... = 07 = 0¢} implies Hg: {max; 0; = 6p}
and can be tested against the alternative

H’,: {max; 0; # 6o}

For this, define a thinned estimator series for all k =1, ..., N = T2t with a
thinning constant ¢ € (Y/b, 1]
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Omnibus Test - Construction
The global null hypothesis Hp: {61 = ... =01 = 0} implies Hp: {max; 0; = 0o}
and can be tested against the alternative
H’,: {max; 0; # 6o}
T—b

For this, define a thinned estimator series for all k=1,..., N = 3 with a
thinning constant ¢ € (Y/b, 1]

£y = M . N(0,1).

VE
Theorem (asymptotic extremal distribution)

For N = N(T) — 0o, My = maxy &;, and if b= o(T"?), it holds that

(T—00)

lim P((My—dy)/an <x) =A(x)=e"¢ VxeR,

T—o0

where any = \/2log N and dy = ay — 'cglegN—log2m

23;\/
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Sketch of proof |

Consider the joint distribution of 0y, ..., 8¢,
~ s, = L (X(” v +X“’)) _ 1 (ym n “+Y(cb))
Vb Vb
with
K k—1 1
0
C2 = Cov YU = 1
K—1
K

symmetric, positive definite, (k — 1)-banded, Toeplitz with decaying elements.



Due to Berenhaut & Bandyopadhyay (2005) the Cholesky square root

C11

0

CNk ... CNN
is lower triangular, (k — 1)-banded, with monotone entries ¢;; > ¢j+1; = 0.
= C2 =limy_0 C3 and C = limy_,o, Cy are bounded operators on {?(Z)

Due to Demko et al. (1984) the inverse matrix C~ = (c; ) is lower triangular and
exhibits off-diagonal exponential decay, i.e.
\c,jl < const - )\Il"fj‘

= matrix entries are absolutely summable
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Sketch of proof Il
Lyapunov-type Berry-Esseen bounds in a mv CLT due to Bentkus (2004)

Ap = sup |Fs,(x) — Dy c2(x)| < const - N/* . B,
xERN

where B =B1+ ...+ B, with Bx = E|ny(k)|3_

For b = o(T"/°) it holds that

A, —— 0.
(T—o00)

The proof concludes with classical extreme value theory for weakly dependent
normal random variables (e.g. Leadbetter et al. , 1983). O
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Omnibus Test - Power

For x > 0 specify the local alternative

H: {makatk =09+ x/\/b/ IogN} )
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Omnibus Test - Power

For x > 0 specify the local alternative

H: {makatk =09 +X/\/b/|ogN} )

With Ags = A71(1 — «*), the quantile of the Gumbel extremal distribution, it
holds that

HX) m r*(X) > ok,

P ((My — dn)/an > Mg

The omnibus test (My — dy)/an > Ax+ has a local power T* of size \/b/log N. J
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Simulation Study

» M =1000, T =500,b=,o* =5%

> Clayton Copula C(uy,...,ug;0) = (004 ... +u;®—d+1)75,6>0
» parameters 0 € {0.1,0.5,1.5, 6}, dimensions d € {2, 5, 10}
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Simulation Study

» M =1000, T =500,b=,o* =5%

> Clayton Copula C(uy,...,ug;0) = (004 ... +u;®—d+1)75,6>0
» parameters 0 € {0.1,0.5,1.5, 6}, dimensions d € {2, 5, 10}

Nominal level of the Binomial test?
> pure copula data & MLE
> variance estimate: 1(6)1 v/
» multivariate data with standard normal margins & CML
> variance estimate: & v/
» Garch(1,1) models & deGarching & CML

» variance estimate: ¥ 4
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Simulation Study

» M =1000, T =500, b= {5, " =5%

> Clayton Copula C(uy,...,ug;0) = (004 ... +u;®—d+1)75,6>0
» parameters 0 € {0.1,0.5,1.5, 6}, dimensions d € {2, 5, 10}

» bootstrap: M(BS) =200, T(B5) = p

Nominal level of the Binomial test?
> pure copula data & MLE
> variance estimate: 1(6)1 v/
» multivariate data with standard normal margins & CML
> variance estimate: & v/
» Garch(1,1) models & deGarching & CML

» variance estimate: 5 4
» parametric bootstrap with 0 4
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Simulation Study

» M =1000, T =500, b= {5, " =5%

> Clayton Copula C(uy,...,ug;0) = (004 ... +u;®—d+1)75,6>0
» parameters 0 € {0.1,0.5,1.5, 6}, dimensions d € {2, 5, 10}

» bootstrap: M(BS) =200, T(B5) = p

Nominal level of the Binomial test?
> pure copula data & MLE
> variance estimate: 1(6)1 v/
» multivariate data with standard normal margins & CML
> variance estimate: & v/
» Garch(1,1) models & deGarching & CML

» variance estimate: 5 4
» parametric bootstrap with 0 4
» non-parametric bootstrap from empirical residuals &; v



2nd front month future contracts on 11 different commodities
(coal, gas, oil, electricity)
time horizon of 5 years (Dec 06 — Dec 11)
univariate AR(1)-eGARCH(1,1) processes for log returns (cf. Chevallier, 2011)
Yie =p+pYj 1+ 0jegje
log(0%,) = w; + jeje—1 + V(e -1l — E(€j,-1)) + Bjlog(o7, ;)

pairwise empirical residuals coupled by a bivariate Clayton copula



2nd front month future contracts on 11 different commodities
(coal, gas, oil, electricity)
time horizon of 5 years (Dec 06 — Dec 11)
univariate AR(1)-eGARCH(1,1) processes for log returns (cf. Chevallier, 2011)
Yie =p+pYj 1+ 0jegje
log(0%,) = w; + jeje—1 + V(e -1l — E(€j,-1)) + Bjlog(o7, ;)

pairwise empirical residuals coupled by a bivariate Clayton copula

estimation succeeded for 47 pairs, R-packages rugarch, copula
rejections of Hy: 25 Binomial tests (53%), 3 Extremal tests (6%)

) s £BS) | 4=0/512 A =270
o | 0.41403 0.00336 0.07040 | 0.17151  0.18747
min | 0.00998 0.00067 0.00405 | 0.00497  0.00000
max | 7.30908 0.10148 2.71164 | 0.78516  0.90952
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Coal vs. German Electricity
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Coal vs. German Electricity

< | — B8=0143 local CI (a =0.0051)

- e local exc
global CB

~ o global exc

g

o

i

=]

@

©

Q

19.12.2006 21.03.2008 23.06.2009 21.09.2010 16.12.2011



Time-Dynamic Copula Models | 06/03/2012 | Magda Mroz Empirical Results

Gas vs. German Electricity
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Gas vs. German Electricity
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UK vs. German Baseload Electricity
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UK vs. German Baseload Electricity
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Coal at different delivery places

Empirical Results
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Coal at different delivery places
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Summary & Outlook

> In most cases Hg isn't rejected (especially for shorter time series)
> Some of the exceedances can be remedied by univariate regimes

» Some can't

» develop a model that accounts for spikes
» detect a regime change in copula parameter via Change Point test



In most cases Hg isn't rejected (especially for shorter time series)
Some of the exceedances can be remedied by univariate regimes

Some can't

develop a model that accounts for spikes
detect a regime change in copula parameter via Change Point test

Regime change at 7/2

X
Test: Ho:{0; =600} vs. Ha:{0; =0g+ — for t > T/2
0 { t O} A { t 0 ﬁ /}
/2
g 1 ¢ a4 X, t<T)
Statistic: S7p = —= E 0; —0 based on f =
. i ﬁt:b( e ) St {—Xh t> T/

Based on forecast regression (West & McCracken, 1998) and bias correction
(Yaskov, 2010)

Sto—frp
O'Tb

The test

> g2 has an asymptotic local power of size VT
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Contact

Magda Mroz
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Ulm University

Thank you for your attention
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Local Power
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Figure: Binomial multiple test for n = 10, one-sided local alternatives
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