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Heteroscedastic Time Series
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d > 2 Yt = Σ
1/2
t εt with εt ∼ WN(0,Ed) iid

Σt = Cov (Yt |Ft−1 ) , where Ft = σ(Yt , Yt−1, . . .)

With Σt = diag(σ2
1t , . . . ,σ2

dt)

the dependence is captured by the multivariate distribution of the residuals

εt ∼ F (θ) = C (F1, . . . ,Fd ; θ) independent for all t.
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Heterogeneous Dependence Structure

(Parsimonious) univariate Garch(p, q)-models for every 1 6 j 6 d

Yjt = σjtεjt , σ
2
jt = αj0 +

p∑
i=1

αjiY
2
j ,t−i +

q∑
k=1

βjkσ
2
j ,t−k

are linked through the dependence structure of the residuals.

Heterogeneity in the dependence via time-dynamic parameters θt for every t

εt ∼ F (θt),

such that εt are still independent, but not identically distributed.

Parameter Stability

Test the null hypothesis
H0 : {θt ≡ θ0 ∀ t}

against the alternative that the parameter changes over time

HA : {θ1 = . . . = θt1
6= θt1+1 = . . . = θtk 6= θtk+1 = . . . . . . = θT } .

I estimation of parameters and construction of tests
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1. DeGarching

Let the corresponding observations of Yt = (Y1t , . . . ,Ydt)
′ be

(y1t , . . . , ydt)
′, 1 6 t 6 T .

The parameter vector γj = (αj0,αj1, . . . ,αjp,βt1, . . . ,βtq)
′ for every

component 1 6 j 6 d is estimated via quasi-maximum-likelihood (QMLE):

I assume that εjt ∼ N(0,1) for all 1 6 t 6 T

I maximize the likelihood function LT to obtain γ̂j
I LT as function of observations and some starting values y0,σ

2
0

Even if the normality assumption fails, but Eε4
jt <∞, it holds that for T −→∞

1. γ̂j
a.s.−−→ γj

2.
√
T (γ̂j − γj)

d−→ N(0,v)

Since σ2
jt = wt(γj), we obtain empirical residuals ε̃t with components

ε̃jt =
yjt
σ̂jt

, where σ̂jt =
√
ŵt(γ̂j).
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2. Canonical Maximum Likelihood

Semi-parametric estimation on (ε̃1t , . . . , ε̃dt)
′ ∼ C (F1, . . . ,Fd ; θ)

I rank-transformation for the marginal distributions ũjt =
1

T+1

∑T
s=1 1{ε̃js6ε̃jt}

I maximum likelihood estimation

θ̂t = argmax
θ

∑t
s=t−b+1 log c(ũ1s , . . . , ũds ; θ)

According to Chan et al. (2009) it holds that for T −→∞ and if b = o(T )

1. θ̂t
P−→ θ for all t

2.
√
b (θ̂t − θ)

d−→ N(0,Σ)

with variance due to Genest et al. (1995)

Σ =
Var

(
∂
∂θ

log c(F1(ε1), . . . ,Fd(εd); θ) +
∑d

j=1 Wj(εj)
)

E
(
[ ∂
∂θ

log c(F1(ε1), . . . ,Fd(εd); θ)]2
)2 =:

σ2

β2

where Wj(εj) =
∫
[0,1]d 1{Fj(εj)6uj }

∂2

∂θ∂uj
log c(u1, . . . , ud ; θ)dC (u1, . . . , ud ; θ).
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Simple Test - Construction and Power

Under the simple hypothesis H0,k : {θtk = θ0} consider the statistic

Tbk =

√
b(θ̂tk − θ̂)√

Σ̂

d−−−−−→
(T→∞)

N(0,1)

with θ̂ a global estimate and Σ̂ a consistent variance estimate.

Under the local alternative HA,k : {θtk = θ
±
b (x) = θ0 ± x√

b
} and for x 6= 0 it holds

P
(
|T̂bk | > qα/2

∣∣∣ HA,k

)
−−−−−→
(T→∞)

γ(x) > α

with qα/2 = N−1
0,1(1 − α/2).

The local test |T̂bk | > qα/2 has an asymptotic local power γ of size
√
b.
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Multiple Test - Construction

For the local alternative HA,k : {θtk = θ
±
b (x)} we consider

Xk := 1{|T̂bk |>qα/2}
d−→

{
Bin(1,α) under H0,k ,

Bin(1,γ) under HA,k .

For independent H0,k the global null hypothesis H0 =
⋂n

k=1 H0,k corresponds to

H0 : {θt1
= . . . = θtn ≡ θ0 for |ti − tj | > b, i 6= j } .

Under H0 a suitable test statistic Sn =

n∑
k=1

Xk is asymptotically Bin(n,α) and the

test has proper size α? if

P
(
Sn > κ

∣∣∣H0

)
=

n∑
j=κ

(
n

j

)
αj(1 − α)n−j 6 α?.
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Fix α,α? =⇒ some κ /∈ N in general, need to randomize the test.
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Fix κ,α? =⇒ solution α ∈ (0,1), choose cα? = κ− 1 as critical value.
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Multiple Test - Power

Consider the multiple alternative

HA :
{
θk = θ±b (x), 1 6 k 6 m

}
∩
{
θk = θ0, k > m

}
=

m⋂
k=1

HA,k ∩
n⋂

k=m+1

H0,k .

Then under HA the test statistic is a convolution of binomial distributions with
different probabilities. In particular, it holds that

Sn
∣∣HA = S(γ)

m + S
(α)
n−m

st
> S(α)

m + S
(α)
n−m = S(α)

n = Sn
∣∣H0.

Therefore, for x 6= 0 it holds that

Γ(x) = lim
T→∞P

(
Sn > cα?

∣∣HA

)
> lim

T→∞P
(
Sn > cα?

∣∣H0

)
= α?.

The multiple test Sn > cα? has also an asymptotic local power Γ of size
√
b.
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Omnibus Test - Construction

The global null hypothesis H0 : {θ1 = . . . = θT ≡ θ0} implies H0 : {maxt θt = θ0}

and can be tested against the alternative

H?
A : {maxt θt 6= θ0}.

For this, define a thinned estimator series for all k = 1, . . . ,N = T−b
cb with a

thinning constant c ∈ (1/b, 1]

ξtk :=

√
b(θ̂tk − θ̂)√

Σ̂

d−→ N(0,1).

Theorem (asymptotic extremal distribution)

For N = N(T ) −−−−−→
(T→∞)

∞, MN = maxk ξtk and if b = o(T 7/9), it holds that

lim
T→∞P ((MN − dN)/aN 6 x) = Λ(x) = e− e−x ∀ x ∈ R,

where aN =
√

2 logN and dN = aN − log logN−log 2π
2aN

.
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Sketch of proof I

Consider the joint distribution of θ̂t1
, . . . , θ̂tN

⇒ Sb =
1√
b

(
X(1) + . . . . . . + X(b)

)
=

1√
b

(
Y(1) + . . . + Y(cb)

)
with

C2
N = Cov Y(i) =



κ κ− 1 . . . 1 0. . .
. . .

. . .
. . .

. . . 1

. . .
. . .

...
. . . κ− 1

κ


symmetric, positive definite, (κ− 1)-banded, Toeplitz with decaying elements.
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Sketch of proof II

Due to Berenhaut & Bandyopadhyay (2005) the Cholesky square root

CN =



c11

...
. . . 0

cκ1
. . .

0
. . .

. . .

cNκ . . . cNN


is lower triangular, (κ− 1)-banded, with monotone entries cij > ci+1,j > 0.

=⇒ C2 = limN→∞ C2
N and C = limN→∞ CN are bounded operators on `2(Z)

Due to Demko et al. (1984) the inverse matrix C− = (c−ij ) is lower triangular and
exhibits off-diagonal exponential decay, i.e.

|c−ij | 6 const · λ|i−j |
1

=⇒ matrix entries are absolutely summable
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Sketch of proof III

Lyapunov-type Berry-Esseen bounds in a mv CLT due to Bentkus (2004)

∆b = sup
x∈RN

|FSb
(x) −ΦN,C 2(x)| 6 const · N1/4 · β,

where β = β1 + . . . + βn with βk = E
∣∣C−Y(k)

∣∣3.

For b = o(T 7/9) it holds that
∆b −−−−−→

(T→∞)
0.

The proof concludes with classical extreme value theory for weakly dependent
normal random variables (e.g. Leadbetter et al. , 1983).
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Omnibus Test - Power

For x > 0 specify the local alternative

H?
A :
{

maxkθtk = θ0 + x/
√
b/ logN

}
.

With λα? = Λ−1(1 − α?), the quantile of the Gumbel extremal distribution, it
holds that

P
(
(MN − dN)/aN > λα?

∣∣H?
A

)
−−−−−→
(T→∞)

Γ?(x) > α?.

The omnibus test (MN − dN)/aN > λα? has a local power Γ? of size
√

b/ logN.
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Simulation Study

I M = 1000,T = 500, b = T
10 ,α? = 5%

I Clayton Copula C (u1, . . . , ud ; θ) = (u−θ1 + . . . + u−θd − d + 1)−
1
θ , θ > 0

I parameters θ ∈ {0.1, 0.5, 1.5, 6}, dimensions d ∈ {2, 5, 10}

I bootstrap: M(BS) = 200, T (BS) = b

Nominal level of the Binomial test?
I pure copula data & MLE

I variance estimate: Î(θ̂)−1 X

I multivariate data with standard normal margins & CML
I variance estimate: Σ̂ X

I Garch(1, 1) models & deGarching & CML
I variance estimate: Σ̂  

I parametric bootstrap with θ̂  
I non-parametric bootstrap from empirical residuals ε̃t X
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Commodity Contracts

I 2nd front month future contracts on 11 different commodities
(coal, gas, oil, electricity)

I time horizon of 5 years (Dec 06 – Dec 11)
I univariate AR(1)-eGARCH(1,1) processes for log returns (cf. Chevallier, 2011)

Yjt = µ+ ρYj ,t−1 + σjtεjt

log(σ2
jt) = ωj + αjεj ,t−1 + γ(|εj ,t−1|− E (εj ,t−1)) + βj log(σ2

j ,t−1)

I pairwise empirical residuals coupled by a bivariate Clayton copula

Results
I estimation succeeded for 47 pairs, R-packages rugarch, copula

I rejections of H0: 25 Binomial tests (53%), 3 Extremal tests (6%)

θ̂ Σ̂ Σ̂(BS) τ̂ = θ̂/θ̂+2 λ̂L = 2−1/θ̂

∅ 0.41403 0.00336 0.07040 0.17151 0.18747
min 0.00998 0.00067 0.00405 0.00497 0.00000
max 7.30908 0.10148 2.71164 0.78516 0.90952
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jt) = ωj + αjεj ,t−1 + γ(|εj ,t−1|− E (εj ,t−1)) + βj log(σ2

j ,t−1)

I pairwise empirical residuals coupled by a bivariate Clayton copula

Results
I estimation succeeded for 47 pairs, R-packages rugarch, copula

I rejections of H0: 25 Binomial tests (53%), 3 Extremal tests (6%)

θ̂ Σ̂ Σ̂(BS) τ̂ = θ̂/θ̂+2 λ̂L = 2−1/θ̂

∅ 0.41403 0.00336 0.07040 0.17151 0.18747
min 0.00998 0.00067 0.00405 0.00497 0.00000
max 7.30908 0.10148 2.71164 0.78516 0.90952
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Coal vs. German Electricity
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UK vs. German Baseload Electricity
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Coal at different delivery places
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Summary & Outlook

I In most cases H0 isn’t rejected (especially for shorter time series)

I Some of the exceedances can be remedied by univariate regimes
I Some can’t

I develop a model that accounts for spikes
I detect a regime change in copula parameter via Change Point test

Regime change at T/2

Test: H0 : {θt ≡ θ0} vs. HA : {θt = θ0 ±
x√
T

for t > T/2}

Statistic: S̄Tb =
1√
T

T/2∑
t=b

(θ̂t − θ̂t+T/2) based on f (xt) =

{
xt , t 6 T/2

−xt , t > T/2

I Based on forecast regression (West & McCracken, 1998) and bias correction
(Yaskov, 2010)

I The test
∣∣∣ S̄Tb−µ̂Tb

σ̂Tb

∣∣∣ > qα/2 has an asymptotic local power of size
√
T
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Contact

Research Training Group 1100
Ulm University

Magda Mroz
magda.mroz@uni-ulm.de

Thank you for your attention
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Figure: Binomial multiple test for n = 10, one-sided local alternatives
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