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Time-Dynamic Copula Models

Local power comparisons of homogeneity tests in SCOMDY models

Heteroscedastic time series
We want to capture the stylized facts of financial time series in a multivariate set-up.
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d ≥ 2 Y t = Σ
1/2
t εt with εt ∼WN(0,C) iid

Σt = Cov (Y t |Ft−1) , where Ft−1 = σ(Y t−1,Y t−2, . . .)

According to [1] and [2] we choose Σt = diag(σ2
1t, . . . , σ

2
dt), (parsimonious) univariate

Garch(p, q)-models for every 1 ≤ j ≤ d

Yjt = σjtεjt, σ
2
jt = αj0 +

p∑
i=1

αjiY
2
j,t−i +

q∑
k=1

βjkσ
2
j,t−k

and a copula-based multivariate distribution with time-dynamic parameters θt for the
residuals

εt ∼ F (θt) = C(F1, . . . , Fd; θt),

such that εt are still independent, but not identically distributed.

Parameter stability. We aim at testing the null hypothesis

H0 : {θt ≡ θ0 ∀ t}
against the alternative that the parameter changes over time

HA : {θ1 = . . . = θt1 6= θt1+1 = . . . = θtk 6= θtk+1 = . . . . . . = θT} .

Consider the two-step estimation procedure.

1. DeGarching
Let the corresponding observations of Y t = (Y1t, . . . , Ydt)

> be

(y1t, . . . , ydt)
>, 1 ≤ t ≤ T.

The parameter vector γj = (αj0, αj1, . . . , αjp, βj1, . . . , βjq)
> for every component 1 ≤

j ≤ d is estimated via quasi-maximum-likelihood (QMLE):
• assume that εjt ∼ N (0,1) for all 1 ≤ t ≤ T

•LT as function of observations and some starting values y0, σ
2
0 is maximized to

obtain γ̂j
Even if the normality assumption fails, but E ε4

jt <∞, it holds that for T −→∞

γ̂j
a.s.−−→ γj and

√
T (γ̂j − γj)

d−→ N
(
0, v
)
.

Since σ2
jt = wt(γj), we obtain empirical residuals ε̃t with components

ε̃jt =
yjt
σ̂jt
, where σ̂jt =

√
ŵt(γ̂j).

2. Canonical maximum likelihood
Semi-parametric estimation on (ε̃1t, . . . , ε̃dt)

> ∼ C(F1, . . . , Fd; θ)

• rank-transformation for the marginal distributions ũjt = 1
T+1

∑T
s=1 1{ε̃js ≤ ε̃jt}

•maximum likelihood estimation

θ̂t = argmax
θ

∑t
s=t−b+1 log c(ũ1s, . . . , ũds; θ)

For T −→∞ and if b = o(T ) we have for all t

θ̂t
P−→ θ and

√
b (θ̂t − θ)

d−→ N
(
0,Σ
)

with variance due to [3]

Σ =
Var

(
∂
∂θ log c(F1(ε1), . . . , Fd(εd); θ) +

∑d
j=1Wj(εj)

)
E
(
[ ∂∂θ log c(F1(ε1), . . . , Fd(εd); θ)]2

)2 =:
σ2

β2

where Wj(εj) =
∫

[0,1]d 1{Fj(εj) ≤ uj} ∂2

∂θ∂uj
log c(u1, . . . , ud; θ)dC(u1, . . . , ud; θ).

Bootstrapping the variance. An extensive simulation study was carried
through in order to asses a suitable variance estimate. Despite the theoreti-
cal result, we need to non-parametrically bootstrap the variance.

Moving window estimators
With n(c) = b(T − b)/cbc with a constant c ∈ [1/b, 1] we consider the points in time
tk = T − (n(c) − k)cb for all k = 1, . . . , n(c) and

ξtk :=

√
b(θ̂tk − θ̂)√

Σ̂

d−→ N (0,1)

with α ∈ (0,1), a global estimate θ̂, a bootstrapped variance estimate Σ̂ and local
estimates θ̂tk.

Multiple Binomial test
By choosing c = 1, we arrive at independent local estimates. Consider

Sn(1) :=

n(1)∑
k=1

1{|ξtk| > N−1
0,1 (1− α/2)} ∼ Bin(n(1), α)

as a multiple test statistic.

The test Sn(1) > Bin−1
n(1),α(1− α∗), α∗ ∈ (0,1) has a local power of order

√
b.

Extremal test
With c ∈ (1/b, 1) we arrive at a thinned estimator series, and if b > T 7/9 and as
n(c) −−−−→

(T→∞)
∞ we have

lim
T→∞

P ((Mn(c) − dn(c))/an(c) ≤ x) = Λ(x) = e− e−x ∀ x ∈ R,

where Mn(c) = maxk ξtk, an(c) =
√

2 log n(c) and dn(c) = an(c) − log log n(c)−log 2π
2a

n(c)
.

The test (Mn(c) − dn(c))/an(c) > Λ−1(1− α∗) has a local power of order
√
b/ log n(c).

Empirical results
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•Binomial test needs independent subsamples, but hints at change points.
•Extremal test has low local power, but is the most omnibus test.
• In empirical analyses there are only few exceedances; often the deviations are

extreme in unusual market situations.
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