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Abstract

For annuity providers, longevity risk, i.e. the risk that future mortality
trends differ from those anticipated, constitutes an important risk factor. In
order to manage this risk, new financial products will be needed. One of the
basic building blocks for such mortality backed securities is the so-called sur-
vivor or longevity bond, the future payments of which depend on the survival
rates of a certain population.

We propose a methodology for modeling and pricing of longevity bonds.
We generalize the ideas of Lin and Cox (2005) and show how to derive im-
plied survival probabilities from annuity market quotes. Taking those implied
survival probabilities as a starting point, we derive the price and the dynam-
ics of longevity bonds by applying the Heath-Jarrow-Morton framework for
mortality modeling building on an idea proposed by Miltersen and Persson
(2005).

We show how the models within our framework can be calibrated and
applied for pricing mortality derivatives.

Keywords: stochastic mortality, forward force of mortality, Heath-Jarrow-
Morton framework, implied survival probability.
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1 Introduction

Recently, it has become clear that mortality improvements occur in an unpredictable
manner. The mortality or longevity risk, i.e. the risk that the realized future mor-
tality trend differs from current assumptions, constitutes an important risk factor
for insurers offering annuities (for an assessment of future mortality trends, see, e.g.,
Currie et al. (2004)). This risk is increased by the current problems of state-run
pay-as-you-go pension schemes in many countries: The reduction of future benefits
from public pension systems and tax incentives for annuitization of private wealth
implemented by many governments will lead to an increasing demand for annuities.
As a consequence, life insurers will face an increasing longevity risk. One of the
most discussed ways of managing this risk is securitization, i.e. isolating the cash
flows that are linked to longevity risk and repackaging them into cash flows that
are traded in capital markets (see Cowley and Cummins (2005) for an overview of
securitization in life insurance).

One of the basic instruments proposed in the academic literature for the securi-
tization of longevity risk is the so-called survivor or longevity bond (see Blake and
Burrows (2001), Blake et al. (2006) and references therein). The basic idea is that
the coupon payments of such a bond depend on the survival of a certain cohort or
population. So far, there have not been any transactions of survivor bonds, how-
ever, the European Investment Bank announced the issuance of a longevity bond in
2004. For a detailed description and a discussion, why such bonds were not offered
successfully yet, we refer to Cairns et al. (2005a).

The pricing of such a contract is closely related to modeling the stochastic evo-
lution of mortality: For a stochastic mortality model under the physical probability
measure, a risk-adjusted price for mortality derivatives, such as longevity bonds,
can be obtained by, e.g., the equivalent utility principle (see, e.g., Gerber and Pa-
fumi (1998)). If mortality is modeled under a risk-neutral or risk-adjusted measure,
prices of mortality derivatives are given by the expected value of the discounted
cash flows (see, e.g., Dahl (2004)).

So far, several stochastic mortality models have been proposed — for a detailed
overview and a categorization see Cairns et al. (2005b). Most of those stochastic
mortality models are short rate mortality models, i.e. they model the spot mortality
rate ¢ (t,x) or the spot force of mortality u (¢, z) (cf. Cairns et al. (2005b)). There
are several discrete time models, for example Cairns et al. (2005¢) or Renshaw and
Haberman (2006), extending the ideas of Yang (2001) and of Lee and Carter (1992),
respectively.

Milevsky and Promislow (2001) were the first to propose a stochastic hazard
rate or force of mortality. In order to price guaranteed annuitization options in
Variable Annuities, they show, first in a discrete framework, how a simple mortality
option can be hedged using zero bonds, term life insurance contracts and endowment
contracts.! Additionally, they price the same option in a continuous-time risk-
neutral framework assuming that the short rate and the mortality intensity evolve
independently over time according to a Cox-Ingersoll-Ross process and a stochastic
Gompertz-type model, respectively. They present numerical results for the option
prices.

Dahl (2004) presents a general stochastic model for the mortality intensity. He
derives partial differential equations for the market reserve, i.e. the price at which
some insurance contract could be sold on the financial market, and for general
mortality derivatives in the presence of stochastic mortality. Furthermore, he shows
how the systematic mortality risk can be transferred to the financial market. A

THowever, their arguments depend on the insurer’s ability to sell term life insurance contracts
and annuity contracts for the same age group, which is rather unrealistic.



specification of the model with an affine term structure is employed in Dahl and
Mpgller (2006). The authors derive risk-minimizing hedging strategies for insurance
liabilities, however, in a market without mortality derivatives.

In Biffis (2005), affine jump-diffusion processes are employed to model both,
financial and demographic risk factors. Closed form expressions (up to the solution
of ordinary differential equations) are derived for numerous life insurance contracts.
Furthermore, two specific models for the evolution of the mortality intensity are
proposed: a Poisson-Gaussian process and a continuous bidimensional square-root
process.

Schrager (2006) presents an affine stochastic mortality model, which simulta-
neously describes the evolution of mortality for different age groups. He fits a 10-
factor model to Dutch mortality data using Kalmann filters and presents valuation
approaches for several mortality-dependent contracts.

Most of the above models assume mean-reverting characteristics. However, Lu-
ciano and Vigna (2005) propose non mean-reverting affine processes for modeling
the mortality intensity. They calibrate simple models to actual mortality data and
claim to have a good match, in particular for models with a jump component.

A different approach is taken in Cairns et al. (2005b), which is based on an idea
of Pelsser (2003). Here, the ”Survivor Credit Offer Rate (SCOR)”, i.e. the return
of a one-year endowment contract in the case of survival, is modeled similarly to
LIBOR market models (see, e.g., Bingham and Kiesel (2003), Chapter 8.5). The
authors show how the forward SCOR can be computed and longevity bonds can be
priced.

While all of the models so far assume independence of financial and demographic
risk factors, Miltersen and Persson (2005) allow for correlations. Following the ideas
of Heath-Jarrow-Morton (HJM) (see, e.g., Bjork (1999), Chapter 23.1), they model
the forward mortality intensity instead of the spot mortality intensity, taking the
whole forward mortality curve as an infinite-dimensional state variable. They derive
no arbitrage conditions for the drift term. Thus, a specification of the drift is not
necessary.

In contrast to these ”risk-neutral” approaches, Milevsky et al. (2005) postulate
that an issuer of a mortality-contingent claim requires compensation for this risk
according to a prespecified instantaneous sharpe ratio. They show that their price
has several desirable properties. Furthermore, they obtain some new insights to
traditional insurance pricing.

The approach of Lin and Cox (2005) differs substantially from the former models.
Instead of using a stochastic mortality model to determine the price of a mortality
bond, they use observed annuity prices to determine the market price of mortality
risk as the shift parameter A of a Wang transform (see Wang (2002)) of the best
estimate mortality probabilities.

Even though we favor their idea of using market prices to derive fair prices
for longevity bonds, this application of the Wang transform appears to be poorly
motivated. Furthermore, it is not clear how prices or adjusted survival probabilities
evolve over time and different age groups. For stochastic mortality models on the
other hand, it is not clear how to calibrate them under a pricing measure or how to
adjust historical estimates to allow for a risk premium.

The present paper fills this gap. We build on the ideas of Lin and Cox (2005)
and propose extensions as well as generalizations to their model. In particular, we
present a general no arbitrage framework and define implied survival probabilities,
which can be used to price longevity bonds. Furthermore, we combine this model
with ideas proposed in Miltersen and Persson (2005) in order to obtain a dynamic
model for the evolution of mortality or, equivalently, survival probabilities under a
risk-neutral measure.

The remainder of the paper is organized as follows. In Section 2.2, we introduce



the basic definitions, summarize the ideas of Lin and Cox (2005), and point out some
shortcomings of their model. In Section 3, we extend their model by proposing our
general no arbitrage model. We show how it can be applied to derive implied survival
probabilities from annuity prices. In Section 4, we combine these theoretical ideas
with an idea proposed by Cairns et al. (2005b) and Miltersen and Persson (2005),
namely to apply the HJM framework to mortality modeling, and explain how the
resulting models can be calibrated. Section 5 discusses applications and extensions
of the model. Finally, Section 6 closes with a summary of the main results and an
outlook for further research.

2 Basic longevity bonds

This section establishes the definition of a longevity bond used in the remainder of
the paper. Afterward, we summarize the ideas of Lin and Cox (2005), adjust their
approach to our model, and highlight potential shortcomings of their approach.

2.1 Definitions

Following Cairns et al. (2005b), we use so-called (T, z¢)-bonds as basic building
blocks. A (T, zp)-bond is a financial security paying rp., at time T, where rp,,
denotes the realized proportion of zg-year olds at time ¢ = 0 who are still alive at
time 7.2 However, from a practical point of view, this definition is problematic:
In reality, at time 1', 7p,, can only be approximated from a finite amount of data
and this approximation will not be available until months or even years after time
T (cf. Cairns et al. (2005b)). Furthermore, it is rather unrealistic to assume that
there will be bond issues for all combinations of cohorts® and maturities. However,
at least the latter is postulated in interest modeling as well. There, zero-coupon
bonds for any maturity are the basic building blocks, even though some of them
are hardly traded. Therefore, we rather consider these problems as implementation
problems, which surely have to be analyzed, but should not affect the theory.

Under the assumptions that (7, z¢)-bonds exist for all ages and all maturities,
and that the reference population coincides with the population of insured?, it is
straight forward how insurers can hedge their liabilities. For example, when selling
annuities to xg-year olds paying a total amount of $ K annually in arrear, the insurer
can hedge his position by buying K (¢, x¢)-bonds for t =1,2,3, ....

2.2 The model of Lin and Cox (2005)

The price a party is willing to pay for a longevity bond or a similar mortality
derivative depends on both, the best estimate of uncertain future mortality trends
and on the quality or riskiness of these estimates. This risk induces a mortality
risk premium that should be priced by the market (cf. Milevsky et al. (2005)).
The same argument is made by Cairns et al. (2005¢). In their discrete time two-
factor model, the authors use a two dimensional shift parameter as the market
price of mortality risk and calibrate it by employing published pricing data from
the EIB/BNP longevity bond.

In order to account for a risk premium, Lin and Cox (2005) employ the Wang
transform (cf. Wang (2002)) to adjust the best estimate survival probabilities for

2We will denote realized proportions by TPzo, Whereas we use 7pg, for the corresponding
probabilities.

3For some value of zg € {0,1,2,...,w}, we denote all zp-year olds in the reference population
at time 0 as a cohort.

4This assumption enables us to consider only systematic mortality risk, whereas unsystematic
and basis mortality risk (cf. Biffis et al. (2005)) are not considered.



the risk inherent in these estimates:®
2, =@ (@7 (gl) ).

where ® () denotes the standard normal cumulative distribution function, G, =
1 —¢ Pa, is the t-year mortality probability for a zo-year old, i.e. the probability for
an individual aged x( to die within the next ¢ years, and A is the transformation
parameter of the Wang transform. In order to distinguish between different prob-
abilities under different measures, we let t(jﬁﬁ denote the best estimate mortality
probabilities, and tdifo the adjusted mortality probabilities.

Obviously, for each A one obtains a different transform. In order to find a suitable
transform, A is derived from market prices of annuities: Using the current yield curve
and adjusted survival probabilities, the hypothetical value & of an annuity contract
which pays an amount of K annually is derived as a function of the transform
parameter A, i.e.

o0

ey (V) = K f: Do, P0,8) =K Y (1-@ (@7 (,¢2) —A)) P(0,1).

t=1

Here, P (0,t) denotes the current (time 0) value of a zero coupon bond with maturity
t. Now, A is determined by equating the hypothetical value and the actual market
price of the annuity:

Az (M) = Price of an annuity paying K.

Then, I, (T, z), the price of a (T, xg)-bond at time ¢ = 0 , is simply given by the
expected discounted value under the distorted probability measure, i.e.

I (T, z0) = P (0,T) 755, (1)

We use synthetic® German annuity data, the current (2004) best estimate mor-
tality tables given by the German society of actuaries as well as the German yield
curve of December 02, 2005 (Bloomberg Data) for our calculations. We further
choose xg = 50. Our calculations result in a Wang parameter of A &~ 0.42, which is
substantially higher than the one obtained by Lin and Cox (2005).” This indicates
that the risk-premium for mortality risk is either higher in Germany or has changed
over time, maybe influenced by mortality or interest rate developments.

As pointed out by Pelsser (2004), the Wang transform does not provide a uni-
versal framework for pricing financial and insurance risks, but basically is just one
arbitrary possibility to distort the survival distribution. Figure 1 shows the survival
function ;59 based on the best estimate DAV-aggregate mortality table as well as
distortion of ;@59 with respect to the Wang transform, i.e. with a distortion based
on the normal distribution function. Furthermore, we give a distortion based on
the Gamma distribution.® The structure implied by the Wang transform differs
substantially from the distortion with respect to the Gamma distribution. In par-
ticular, since it is a positive distribution, the mortality rates are zero for the first

50ther authors also used the Wang transform to adjust survival probabilities for risk. See, e.g.,
Denuit (2005) or Dowd et al. (2006).

6The use of synthetic data does not cohere with the idea of taking market data for deriving
prices. However, since this paper is intended to introduce the theoretical guideline on how to value
mortality derivatives, we consider this choice sufficient.

"Lin and Cox (2005) derived a Wang parameter of about 0.18. However, for their calculations
they used xp = 65 as the starting age. For zg = 65, we obtain a Wang parameter of 0.32, which
still is significantly higher.

8Since the Gamma distribution is positive, the distortion has the form
I'(a,b) {||IT(a,b)~1 (-) = A||}, where I'(a,b) denotes the cumulative distribution function of
the Gamma distribution.
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years, i.e. more people tend to survive to age 70 or 80 under this distortion. On
the other side, the mortality rates implied by the Wang transform are lower in old
ages. This indicates that the Wang transform might be the better choice, since
estimates for close dates are probably more accurate and there is more uncertainty
about mortalities in high ages. But, of course, this is no adequate motivation for
the application of the Wang transform.

Another issue worth exploring is the question, under which conditions annuity
prices offer an adequate starting point when pricing longevity bonds, i.e. to assess
the relationship between annuity products and longevity bonds. Finally, as pointed
out by Cairns et al. (2005b), within the model of Lin and Cox (2005), it is unclear
"how different transforms for different cohorts and terms to maturity relate one to
another and form a coherent whole”.

We will tackle all these issues in the subsequent sections. In particular, we
provide a general no arbitrage model providing a theoretical foundation for the
relationship between annuity prices and longevity bond prices. Furthermore, we
will introduce implied survival probabilities, which are different from and provide
a more coherent choice than Wang distorted probabilities. Finally, building on an
idea introduced by Cairns et al. (2005b) and Miltersen and Persson (2005), we
provide a dynamical model, which is able to explain the relationship between prices
for different maturities.

3 A no arbitrage model for longevity bonds

This section introduces a model explaining the relationship between annuity prices
and longevity bond prices. Therefore, it is necessary to assess the types of risk that
insurers and longevity bond providers are exposed to. In the first subsection, we
highlight the similarities and differences of the risks they face and, in particular, dis-



cuss potential implications for the corresponding risk premiums. Then, we present
a no arbitrage model, which provides the theoretical foundation for the definition
of implied survival probabilities.

3.1 The market price of mortality risk

Biffis et al. (2005) point our three sources of risk affecting insurance securities:
basis risk, i.e. the risk that the reference population from which the survival prob-
abilities were estimated differs from the insurer’s cohort, systematic mortality risk,
and unsystematic mortality risk. Mortality derivatives on the other hand are only
exposed to systematic mortality risk. A natural question which arises from this
classification is whether all these types of risk are incorporated in the pricing, i.e.
whether there exists prices for basis risk, unsystematic, and systematic mortality
risk, respectively. The first observation is that under the assumption that the ref-
erence population coincides with the underlying population of insureds, basis risk
is of a rather unsystematic nature, since it is diversifiable, i.e. it vanishes with an
increasing number of insureds in the insurer’s portfolio. Therefore, we will consider
basis risk as unsystematic mortality risk, and thus distinguish between systematic
and unsystematic mortality risk only.

There seems to be no general agreement on whether unsystematic mortality risk
is or should be priced. Clearly, for the insurer, this risk is diversifiable?. Therefore,
in economic theories there is no charge for this risk.'? There is another argument
why this risk should not be priced: If there is a charge for unsystematic mortal-
ity risk, this charge will clearly depend on the number of insured in the insurer’s
portfolio. Thus, large insurers would be able to offer their products considerably
cheaper than smaller companies, leading to a market with only large insurers. Since
in many markets, there exists a rather large number of insurers, either there is no
charge for unsystematic mortality risk, or all insurers are large enough to neglect
this type of risk.

There are also several practical arguments why there is no charge for unsystem-
atic mortality risk. Firstly, using the law of large numbers, i.e. diversifying their
risk properly, is the core business of insurers, and therefore is probably managed in
a sophisticated way. For example, insurers can reduce the variance by adequately
marketing certain products or product lines. Also, taking the unsystematic risk
can be interpreted as a re-compensation for managing their customers’ money and
participating in the corresponding returns.

Therefore, in what follows, we assume that unsystematic mortality risk is not
priced. Conversely, there seems to be a broad agreement that there exists a market
price for systematic mortality risk.!'! However, there seems to be no agreement
on the structure and level of this price, and how it should be incorporated when
valuating insurance products or mortality derivatives.

In order to solve this market price of mortality risk problem, different methods
for pricing mortality risk have been proposed. In their discrete time model, Cairns
et al. (2005¢) define the market price of risk to be a shift parameter within their
model and calibrate it to values of the EIB/BNP Longevity Bond. Milevsky et al.
(2005) also argue that there should be an indemnification for taking on mortality
or longevity risk. Their idea is to use a prespecified instantaneous Sharpe-ratio in
order to compensate investors for holding systematic mortality risk. The model
of Schrager (2006) also allows to choose market prices of risk such that the force

9Note that here we mean diversifiable in the sense of the law of large numbers and not in the
sense of the CAPM.

0For example the CCAPM does not price diversifiable risk, see, e.g., Cochrane (2005).

HTherefore, in what follows, the term market price of mortality risk will refer to the market
price of systematic mortality risk.
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of mortality under the pricing measure is ”"prudent” compared to the real world
measure. However, he does not show how to calibrate his model. Ballotta and
Haberman (2006) assume that the market is completely risk-neutral with respect
to mortality risk. However, their choice is rather motivated by the fact, that there
is no adequate or standard way to assess the market’s view on mortality risk.

All in all, the academic literature seems to agree that there exists a market price
of mortality risk. The next subsection presents a method of assessing how this risk
is priced by the market.

3.2 The no arbitrage model

We start by assuming that there are three types of market participants, namely an
insurer selling endowment contracts'?, zg-year old individuals who buy endowment
contracts, and an investor selling longevity bonds (see Figure 2) in a liquid, friction-
less market.'3 Furthermore, we assume a liquid secondary market for endowment
policies. We further assume that, at time 0, the individuals buy K one-year endow-
ment contracts with face value 1, where K is a sufficiently large natural number.
For each contract, the insurer charges P(0,1)1p"*, where 1p."* denotes the risk-
adjusted one year survival probability used by the insurer. Furthermore, in order to
hedge the insurer’s risk, the management of the insurance company decides to buy
K (1,z0)-bonds. In turn, the investor charges P(0,1)1py" per bond, where 152"
is the risk-adjusted one year survival probability used for pricing the (1, x)-bonds.
Thus, the insurer has a net cash flow of K P(0,1) (1]3%5 — jigé”) at time zero.

At time one, the insurer has to pay out K 1p,, to the individuals and receives
K 1ps,, and therefore has a neutral position. Therefore, assuming an arbitrage-free
market, we get 1p;0% =1 P\

o Assume 1 >; pi"?. Then the insurer realizes K P(0,1) (1pi* — pi"?) as

a riskless gain at time zero.

~ins ~Inv

e Assume 19, <i p,.°. Then the investor buys the individuals’ endowment

contracts for K P(0, T)m and sells the K longevity bonds. Thus, he
has a neutral position at time 1 and both, him and the individuals have a free
lunch at time 0.

Therefore, the survival probabilities used in the pricing of insurance products
should also be used when pricing longevity bonds. This is in the spirit of Lin and
Cox (2005), who used annuity data to calibrate their pricing model. Even though

12Endowment contracts are the basic building blocks for any annuity. Therefore, without loss
of generality, we use endowment contracts in this subsection.

13Note that here as well as in the following, we ignore any charges for both, bond and insurance
products.



some of the assumptions, in particular the assumption of a liquid secondary market
for insurance policies may seem far fetched, there is evidence that large investors try
to employ arbitrage possibilities in insurance markets. Insurance arbitrage markets
are a profitable trend that Wall Street is eying.'* For example Coventry First, a
company specializing in the secondary market for insurance policies, announced in
2005 that they plan to buy Variable Annuities in the future if their intrinsic value
exceeds the surrender value.

The next subsection shows, how implied survival probabilities can be defined and
derived from market data in order to price longevity bonds consistent with our no
arbitrage model.

3.3 Implied survival probabilities

In the previous subsection we derived that the adjusted survival probabilities to
be used for pricing longevity bonds should equal the adjusted survival probabilities
used for pricing annuity or endowment contracts. We will denote these survival
probabilities by tﬁ%p and call them risk-neutral survival probabilities, since they
lead to arbitrage-free prices in the sense of Section 3.2, or implied survival probabil-
ities, since they are implied by the annuity market.

Of course, annuity prices from different providers may differ, for example due to
credit risk reasons. However, in a competitive market, quotes offered by big, stable
players should be close. Thus, when taking into account only prices which are not
or only hardly affected by credit and similar types of risk, the implied survival
probabilities are sufficiently well defined for all practical purposes.

Hence, similar to equation (1), we have for the price of a (T, zp)-bond:

o (T,2z0) = P(0,T) rpi™. (2)

Using a synthetic insurance product as explained in Section 2.2, we can uniquely
calculate all required annuity quotes. In practical applications, one would have to
use market quotes. Practical issues of using interpolation methods where certain
annuity quotes — especially for older ages — do not exist or, e.g., least square methods
when quotes are not unique are beyond the scope of this paper. Therefore, we will
leave them to future work.

We calculate the implied survival probabilities as follows: We are given the
prices |,az, for deferred annuities for wzg-year olds paying $1 a year starting in
n = 0 (immediate annuity), 1, 2, 3 etc. years. From Section 3.2, we know that the
following relationship holds:

o0
bz = Y P(0,1) .
t=n

[nGzg — |n+18Gzg

(0.1 . Similarly, endowment policies or temporary

Thus, we get ,,py? =
annuities could be used.

Figure 3 shows best estimate survival probabilities, Wang-transformed survival
probabilities from Section 2.2, and implied survival probabilities. We observe that,
in comparison to implied survival probabilities, the Wang-transformed survival
probabilities overestimate the survival probabilities in lower ages (up to the age
of about 90 years),'® i.e. less people die under the Wang-transformed probabilities
over the first about 40 years. Conversely, the Wang-transformed survival probabil-
ities are lower than the implied survival probabilities for high ages, i.e. the implied

mortality rates t(ﬁ?p =1— ﬁi,;?p are lower in old ages. With the same argument

Mhttp://en.wikipedia.org/wiki/Arbitrage, March 2006.
15Note that in Figure 3, tGso = 1 —¢ Pso is plotted.
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that led to the conclusion that the Wang transform is more appropriate than the
Gamma transform in Section 2.2, i.e. that estimates for close dates are probably
more accurate and there is more uncertainty about mortalities in high ages, we can
now conclude that the use of implied survival probabilities is more adequate than
using the Wang transform. This is also consistent with the results of Cairns et al.
(2005¢), who find that longevity bonds with longer maturity and higher ages should
ask for a higher risk premium.

Yet, this approach still lacks a model for the evolution of the longevity bond
prices or, equivalently, a model for the evolution of the survival probabilities over
time. However, when comparing our formula (2) to Lemma 3.1 in Bauer (2006)

o (Tv xO) =P (OvT) EQT [Tpmo]

we get 1P = Eqy [1Px] (3)
where Eg, [-] is the expectation under the T-forward neutral measure (see, e.g.,
Bjork (1999), Section 24.1). This coheres with Milevsky and Promislow (2001),
who pointed out that the technical rates used by companies’ actuaries, which are
closely related to our definitions of implied mortality rates, are actually forward
rates. We will further explore this relationship and use it in order to obtain a
model for the dynamics of survival probabilities over time in the next section.

4 The Heath-Jarrow-Morton approach for mortal-
ity modeling

The HIM framework for interest rate modeling, originally introduced by Heath et
al. (1992), is based on modeling the dynamics of the forward rate curve. This frame-
work can be interpreted as a generic description of the arbitrage-free movements

10



of the forward curve, driven by Brownian motion.'® As such, the HIM-framework
basically unifies all continuous interest rate models (see Filipovi¢ (2001)). This is
the key motivation for applying the HJM-framework to mortality modeling: Since
no specific model is proposed, the question whether the application is adequate is
obsolete.

The idea of applying the HJM-methodology to mortality modeling is not new
(see Cairns et al. (2005b) and Miltersen and Persson (2005)). However, Cairns et
al. (2005b) assume that the dynamics of the term structure of mortality and the
dynamics of the term structure of interest rates are independent. We believe that
this assumption is not adequate. As pointed out by Miltersen and Persson (2005),
even though the death of an individual policy holder can for all practical matters
be considered independent of the development of the financial market, there is
evidence that there are significant interdependencies between the force of mortality
in the future and the development of the economy in general, and thus also the
development of the financial markets.'”

Furthermore, it is widely accepted that the current increasing attention to sto-
chastic mortality modeling is largely due to the low interest rate environment. When
rates are low, the values of the liabilities of insurers increase and, thus, insurers be-
come more concerned about their future liabilities (see, e.g., Dowd et al. (2006)).
Furthermore, various options embedded in insurance products are mortality con-
tingent. These are more valuable and therefore exercised more often when rates
are low. Examples for such options are guaranteed annuity options (GAOs) or
guaranteed minimum income benefits (GMIBs) within variable annuity contracts.
Thus, when rates are low, insurers are stronger affected by the mortality-dependent
obligations promised within those guarantees. Therefore, even if the development
of future mortality and of the financial markets were uncorrelated under the phys-
ical probability measure, there still might be some dependence under the pricing
measure.

Miltersen and Persson (2005) provide a model which allows for correlations of the
dynamics of the term structure of mortality and the dynamics of the term structure
of interest rates. They propose a generic model for the forward force of mortality
and, in particular, derive an equivalent to the well-known HJM drift condition
for mortality modeling (see, e.g., Bjork (1999), Proposition 23.2). However, their
calculations are taken out from an individual level, i.e. for insurance contracts,
rather than for longevity bonds. Thus, in what follows, we follow Bauer (2006), who
provides a model for an arbitrage-free family of longevity bonds, even though the
results, and in particular the HJM drift condition, remain the same as in Miltersen
and Persson (2005).

We will start out by introducing the forward force of mortality and provide a
generic model for the corresponding dynamics. Subsequently, we will further explore
the relationship (3) and apply it to obtain a generic model for pricing mortality
derivatives. Finally, we discuss the implementation and parameter estimation of
those models.

4.1 Modeling the forward force of mortality

In what follows, we assume an arbitrage-free market of both, regular bonds and
longevity bonds as in Bauer (2006). In particular, we assume that all longevity
bonds have the same reference cohort of xyp-year olds at time 0 and fixed inception
time zero, i.e. we assume that all longevity bond payoffs are of the form ;p,, at
time ¢t. Furthermore, we assume that all quantities are smooth and regular enough,

6However, there exist extensions to a more general classes of driving processes, e.g. Lévy-
processes (see, e.g., Schoutens (2002)).
17See Miltersen and Persson (2005) for details.
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such that all derivatives and integrals used in this section are well defined. For all
technical details and proofs, we refer to Bauer (2006).
The forward force of mortality with maturity 7" as from time ¢ is defined as

- 0 I (T, xo)
fir (T, o) = _8T10g{P(t,T)O}

where II; (T, x) is the value of a (T, x)-bond at time ¢. This implies (see Bauer
(2006), Proposition 3.1)

T
HJtD((?;)O) - H;D((f’bgf;) oxp {_/S fir (u, o) du} , T >8>t (4)

Now, we further assume that, for every fixed T' > 0, the forward forces'® f (-,T)
and fi. (T, zo) have stochastic differentials which, under the risk-neutral measure @
are given by

df (t,T) = o tT)dt + o (t,T) dW (),
f (OaT) = f* (O’T) ) (5)

djy (T,z0) = ol t,T)dt + o (t,T) dW(t),
fio (Tyz0) = fig (T, 0), (6)

where W is a finite dimensional Q—Wiener process, and the integrands are ade-
quately regular adapted processed. Since @ is a risk neutral measure, the time zero
price of a longevity bond is given by

exp {— / r(s) ds} Tpm] , (7)

where 7 denotes the short rate of interest. Conversely, (4) implies

H() (T7 :L‘()) = EQ

T T
Iy (T, zp) = exp {—/0 o (u, 2g) du — /0 £ (0,u) du}. (8)

In order for these formulas to hold simultaneously, we arrive at the HJM-drift
condition for mortality modeling!?

of (4, T) = oF (T ( /t O—F(t,s)’+aL(t,s)’dS>

+ o (t,7) (/tT ol (t,s) ds> : (9)

When pricing mortality derivatives, we have to additionally model the financial
market. We assume that the forward rates evolve according to (5). Note, that for
the interest rates, there is a similar drift condition, where the drift is specified by the
volatility process o (t,T) (see, e.g., Bjork (1999)). Thus, the only step remaining
is a specification of o' (t,T) and o’ (t,T). However, the model still needs to be
calibrated. Besides calibrating the volatilities, which we will come back to in Section
4.3, we have to determine initial conditions for (5) and (6), respectively. The prior
can be derived from the prevailing forward structure of interest rates as implied by
the prevailing yield curve. The next subsections deal with the question of finding
an initial condition for the latter.

8Here f (t, T) denotes the instantaneous forward rate or forward force of interest with maturity
T contracted at t, see, e.g., Bjork (1999).
19Here, &’ denotes the transposed of .
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4.2 Implied survival probabilities and the HJM approach

When changing from the risk-neutral measure @ to the T-forward neutral measure
by a change of numéraire from the money account B; := exp {— fOT r(s) ds} to the
T-Bond p (¢, T), from (7) we obtain
o (T, 20) = P (0,7) Eq, [Tpﬂ?o] )
which, as already pointed out in (3), yields
Simp

TDpy? = EQy [TPay] -

Note that we did not make an independence assumption. Conversely, we still allow
for dependence between the evolution of mortalities and interest rates. In particular,
this dependence results from using the same Wiener process for the dynamics in (5)
and (6).

Furthermore, we know that

T
P(0,7) :exp{—/o 1(0,s) ds}

T T
Iy (T, x0) —exp{/o fio (u,xg) du — /0 F(0,u) du}.

from (8), which, altogether, leads to

as well as

T
T = Eoy [7Pso] = exp {— / fio (5, 70) ds}. (10)
0

T
Thy" = exp {‘/ i (s, 7o) ds} '

Since these implied survival probabilities are given exogenously, we can use (10) to
define an initial condition for (6).

It is worth noting that under this condition, the measure @ is risk-neutral in
two senses: On the one hand it produces prices which are implied by an arbitrage
free longevity bond market (drift condition (9)), and on the other hand it gives
time-zero prices which are consistent with our no arbitrage model from Section 3.2.

So far, besides the generic dynamics from (5) and (6), we have not specified any
particular model or parametrization. Thus, the foregoing could be understood as
a framework rather than a particular model. Also, as pointed out earlier, relaxing
the dynamics conditions to more general driving processes, as for example Lévy
processes (see Schoutens (2002)), would not generally alter the framework. However,
in order to apply the model, we need further specifications. The next subsection
discusses this in more detail. In particular, we propose a method to obtain an initial
forward mortality structure from (10) and explain, how a given volatility structure
can be calibrated.

Thus, we have

4.3 Practical implementation and parameter estimation

In order to use the above model, we need an initial condition for the dynamics in
(6) and (5), i.e. we need continuous representations for fig (-, o) : t — fig (¢, 20)
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and f(0,-) : t — f(0,t), respectively.?’ Of course, we cannot uniquely estimate
a continuous function from a given discrete amount of data. For determining the
term structure of interest rates, a popular method to solve this problem has been
proposed by Nelson and Siegel (1987). They derive the yield curve based on a given
parameterical representation, i.e. they let

y(0,7) =y(0,T.5),

where y (0,T) denotes the time 0 interest with respect to maturity 7', (§ is a parame-
ter vector, and y (0, -, 3) is a given function with parameter set 3. We will proceed
analogously: We will employ the relationship (10) by considering a given paramet-
ric function for the mortality intensity and determining the parameters to fit the
exogenously given data, i.e. the finite number of implied survival probabilities.

In Ballotta and Haberman (2006), a parametric representation for the force of
mortality as employed by British actuaries is presented:

fo (t,z9) = a1 +asR(zo+1t)+
exp {b1 + boR (xg +t) + b3 (23 (zo +1)° — 1)} (11)

where

R(x) =

> 50.
50 07

However, this functional representation does not match our data from Section 3.3
well. Therefore, we use the following modification to better match our data:

t
[LO (t, JCO) = a+ CLQR (IO + t) + asg In { IEOBE)F }

exp {b1 + bR (o +1) + b3 (QR (20 +1)* — 1)
+by (SR (zo + 1) — 1) } . (12)

In order to fit the data, we approximate the fiy (k, zo) by the respective one-year
mortality probabilities: From

_ t+1
Doty = exp {/t —fig (s, 0) ds}

, t+1
= —log {ﬁ;’:ﬁt} = / fo (s,x0) ds,
¢

we get
1— forward(0)

ﬂO (t7$0) ~ _ln{ Qo+t }
as an approximation. An iterative fit of the data resulted in the parameter values
displayed in Table 1.

In Figure 4, the fitted curves for both, the function presented in Ballotta and
Haberman (2006) and our modification, as well as the data are plotted. Noticeably,
the modification provides a better match.

The functional representation of the forward mortality intensity (12) enables us
to compute the value of (T, x¢)-bonds for any maturity T for our given cohort of
zp-year olds:

T
o (T, 20) = P (0,T) exp {/0 fio (s, o) dS} :

*

20To simplify notation, we drop the -* in what follows.
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Parameter value | Asymptotic standard error
a; -0.497846 0.06174
as -0.258478 0.07212
as 1.13593 0.1518
b1 -8.71617 0.8579
bo -4.65033 0.1517
bs -3.74638 0.3805
by -2.85213 0.397

Table 1: fitted parameter values

0.25 . : : . . .
transforms +
Cal. fig from (11)
0.2 |Cal fig from (12) -
0.15 |
0.1 +
0.05
e
0 = ‘A'fil’ir;¢#4$i+++++4fjr;tii’*ﬂt’+++ |
-0.05 L L . . , .
50 60 70 80 90 100 110 120

Figure 4: Parameterizations for fig (¢, 50)

Note that the parametrization in (12) may not be be a consistent parametrization
in the sense of Filipovi¢ (2001). Furthermore, we do not claim to have a better match
in general.?! Also, the asymptotic errors are rather large, so the model might be
over-parametrized. We leave the further exploration of this issue for future work.

Having specified the initial conditions for the dynamics, the only remaining prob-
lem is to determine and calibrate an adequate volatility structure. When assessing
the volatility of mortality, various questions need to be answered:

e How many factors should be considered, i.e. what different types of possible
shocks are there?

e What influence do these different types of shocks have for the close and for
the far future, respectively?

21We do claim to have a better in-sample match than Ballotta and Haberman (2006), since our
parameterization contains theirs as a special case. However, we did not examine out-of-sample
effects.
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e What form does the dependence of interest rates and mortality rates have
under the pricing measure?

e Etc.

Some of these questions will require joint efforts of medical as well as of economical
and mathematical experts. However, the problem of calibrating a given volatility
structure clearly is a mathematical problem. As usual in financial modeling, this
problem can be tackled in two ways: by estimating the volatility from historic time
series or by using market prices to derive implied volatilities. Since a liquid market
for mortality derivatives such as options on longevity bonds does not yet exist, the
latter seems to be impossible. However, in Section 3.3 we showed how prices for
longevity bonds can be derived from annuity data. Thus, the idea to calibrate
the volatility structure to market prices of options offered within annuity contracts
comes naturally.

In the following, we show how volatilities can be calibrated using products with
guaranteed minimum income benefits (GMIBs) as offered within variable annuity
contracts. These guarantees give the policyholder the option to annuitize a prespec-
ified amount (often the single up-front premium compounded at a certain annual
"roll-up” rate, e.g., 6%) at the future date T at a prespecified annuitization rate.
Note that the guarantee only applies if the amount is annuitized at the specified
conversion rate. Thus, at maturity 7', the policyholder has the three following op-
tions: to take the current account value as a lump sum payment, to annuitize the
current account value at prevailing annuitization rates at time 7', or to annuitize
the guaranteed amount at the conversion rates as offered within the GMIB resulting
in a guaranteed annuity GA. Clearly, the first two options are of the same value, so
the option to annuitize the guaranteed amount will be excercised if the value of the
resulting annuity exceeds the account value at T'. For a mored detailed introduction
to options within variable annuity contracts, we refer to Bauer et al. (2006).

Proceeding similar to Ballotta and Haberman (2006), for the value of an annuity
of $1 starting to pay at the future date T given that the insured is still alive at time
T we have:

amOJrT = BT EQ

> By ipagsr | -,FT‘|
k=0

I
NE

P(T,k) Eq, [kpzo+T | Fr]

k
exp{—/T f(T,s) + pr(s,x0) ds}

Thus, we obtain for the time zero value of a Variable Annuity contract including a
Guaranteed Minimum Income Benefit (GMIB) with a guaranteed annuity payment
of GA and no Guaranteed Minimum Death Benefit (GMDB)?2:

E
I

0

I
NE

>
Il

0

GMIB
Vo = Eq

T
0

+Eqg {exp {/ ’ T ds} Tz Ano}
0

T
0

Eq (13)

22That is, in case of death, only the current account value is paid out.
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T t
/ exp {—/ rs + fis (8, 20) ds} iy (t, o) Agdt
0 0

where 7., denotes the remaining lifetime of an xy year old at time 0 and A; is the
insured’s account value at time ¢. Assuming an arbitrage free market and a fair
valuation of the contract, we postulate that

+Eqg

veMIs L a,, (14)

where the GMIB-option is financed by a continuously deducted option charge pro-
portional to the account value. This fee can be observed in the market; e.g., in
January 2004, a 55-year old investing $500,000 in the Equitable Accumulator prod-
uct (see Equitable Accumulator Product Prospectus (2004)) with a GMIB for a fee
of 0.65% was entitled to a guaranteed annuity payment of $48,353 annually when
annuitizing at the age of 65 years. Thus, equation (14) presents a equilibrium con-
dition, which enables us to derive implied volatilities for the underlying processes.
In particular, given specifications for the interest and asset processes, we are able
to compute the implied volatility for the mortality process.

Unfortunately, aside from some special cases, there is no closed form represen-
tation for the value of a contract including a GMIB option (see equation (13)).
However, numerical methods can be applied to derive the value and, hence, im-
plied volatilities. Methods similar to those proposed in Bauer et al. (2006), where
”deterministic mortalities” were used, can be employed.

Recapitulating, this section provided the methodology needed to completely
determine and calibrate a stochastic mortality model, which offers a pricing mech-
anism in an arbitrage free market of mortality derivatives, which is consistent with
our no arbitrage model from Section 3.2. However, there are still practical issues
that need to be further explored. In the next section, we will show how these models
can be applied to price more complex mortality derivatives and provide an outlook
on possible extensions.

5 Application and possible extensions

When discussing the reasons why the BNP/EIB longevity bond could not be suc-
cessfully offered, i.e. why the demand in the market was rather limited, one often
presented argument is that the payoff structure was suboptimal: On the one hand
the bond includes a fixed maturity date, i.e. it is not an adequate hedging instru-
ment for a life-long annuity, and, on the other hand, it is paying the full ;p,, rather
than just a cap?® and, thus, pays out too much. Therefore, the (T, x)-bonds as in-
troduced here may not constitute adequate instruments either. Other instruments
as for example survivor swaps (see Dowd et al. (2006)) or an option-type bond
contract (see Lin and Cox (2005)) have been proposed, which are likely to present
better, i.e. more marketable alternatives.

However, this does not mean that the framework introduced in the last section
is inadequate. Conversely, when taking (7, xo)-bonds as a starting point, various
derivatives such as, e.g., survivor swaps can be priced. For example, when assuming
deterministic volatilities, i.e. when assuming that o and o in (5) and (6) are
deterministic, continuous functions in both parameters, we are able to obtain closed
form solutions for multiple types of options. As an example, we consider payoffs of
the type

Pr = (Tpxo - K)Jr = max{Tpr - K,O},

23Here, a cap is a contractual agreement where the granter has an obligation to pay cash to the
holder if a specified quantity exceeds a mutually agreed level at some future date or dates (see
Musiela and Rutkowski (1997), page 390 for interest rate caps).
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where K is a fixed constant, the so-called strike. This call option type payoff is
similar to the product introduced in Lin and Cox (2005), and K could for example
be fixed at a certain expected level, e.g. K = Tﬁgeo. Then, we obtain for the time
zero price of this option (see Bauer (2006)):

Py = Eq [B7"' Pr| =11y (T, z0) ®(d1) + KP(0,T) ®(da),
where
I (T,x
log { KOJ(D(o %)) } %

dy = 32 (T),

22(T)=/OT /tTUL(Ls) ds

where ||-|| denotes the Euclidean norm. Other options can be priced analogously,
or, when no closed form solutions exist, by applying numerical methods.

So far, we considered only one single cohort. However, our approach can also
be used to model all ages simultaneously. We can interpret fi; (T',x) for a given ¢
not only as a function in 7', but rather as a two-dimensional function in 7" and .
Thus, after some extensions, the argumentation may still be valid. In particular,
when including the dependence on x also in the volatility terms similar to Schrager
(2006), we can model the interdependence between different bonds for different
cohorts. However, we leave the further exploration of this issue for future work.

and

dt

6 Conclusions

This paper presents a methodology for modeling and pricing mortality derivatives.
Besides the valuation of so-called (T, x)-bonds as implied by no arbitrage argu-
ments, our framework allows for a simultaneous modeling of the evolution of in-
terest and mortality rates using the well-known HJM approach. Thus, arbitrary
mortality derivatives such as options or survivor swaps can be priced. Furthermore,
the framework allows for correlations between the dynamics of the term structure
of interest rates and the dynamics of the term structure of mortality. For various
reasons such correlations may be necessary when pricing mortality derivatives.

The resulting models produce prices which are arbitrage-free in a double sense:
On the one hand, the initial prices of mortality derivatives are consistent with our
no arbitrage model presented in Section 3, which describes the interrelations of the
annuity market and the market of mortality derivatives via so-called implied survival
probabilities; on the other hand, the prices are consistent within the hypothetical
market of mortality derivatives. The latter is implied by imposing a HJM drift
condition for mortality derivatives as presented in Section 4.

We introduce a method to derive the forward force of mortality curve analogously
to methods from interest rate modeling via a parametrization of this curve, propose
a specific parametrization, which can be used as a starting point of the dynamic
model, and calibrate it to synthetic data. Furthermore, we show the volatilities of
a specific model can be calibrated to existing products in the annuity market. In
particular, we derive a valuation formula for a variable annuity contract including a
guaranteed minimum benefit under stochastic mortalities, which can be evaluated
numerically. After equating it with existing market prices, this formula presents a
condition to which the volatility of mortality can be calibrated. We discuss how
these models can be applied to value more complex mortality derivatives. As an
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example, we present the closed form solution for the value of an call option on a
(T, zp)-bond assuming a deterministic volatility structure. An instrument with this
type of payoff may come closer to the demand of annuity providers, and thus may
be more successful in the market than the EIB/BNP longevity bond as proposed in
2004.

So far, the framework only allows for modeling and pricing derivatives on the
number of survivors of one single cohort. However, we explain how the framework
could be extended to allow for simultaneously modeling mortality derivatives for
multiple cohorts, or even the whole population. This may be achieved by making
volatilities not only dependent on the time and the maturity, but also of age which
is added as another variable. However, this issue needs to be further explored.

Besides the use as a pricing tool, the framework also offers the possibility to
derive hedging strategies for particular models. Even though this may be of less
importance at this time since the underlying instruments are not yet traded, this
may be of interest in the future: If there is a liquid market for longevity bonds, sim-
ilar to the fixed income market, hedging will become an important risk management
tool.

The next issues that need to be addressed are clear straight away: In order to
obtain a workable model, we need to adequately specify the volatility structure. As
already mentioned earlier in the text, this is a rather difficult problem which clearly
exceeds the limits of financial engineering and statistics. Volatilities need to reflect
possible movements of the future term structure of mortalities. Therefore, this task
has to be tackled by combining statistical aspects with insights from epidemiolo-
gists and health professionals. Also, instead of using synthetic data, market data
should be used to derive implied survival probabilities. This is a considerable task
and requires both, a thorough knowledge of the annuity market and sophisticated
methods how to deal with missing or ambiguous data. Furthermore, numerous
practical problems have to be solved, for example how payoffs of (T, z¢)-bonds can
be determined at or close to maturity 7'

In spite of these open issues, we believe that our approach offers important
insights and that our framework presents an adequate method for pricing and mod-
eling mortality derivatives.
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