Stochastic representations of
Mmax-type functionals from random
walk

Y. Lyulko

Moscow State University,
Mechanical-Mathematical faculty,

email: yaroslav.lyulko@gmail.com



Formulation of the problem

Consider the random walk
Sp=¢&+...+& PE=1)=P(=-1)=1/2
on a probability space (£2, F, P) with natural filtration F, = o0(&;,1 <
n), fooza(ngo Fn).
For functionals ' = F'(w) from random walk it required to make a

e Single representations

F=cp+) up_1AS,
k

where AS, = Sp — Sp_1, up_1 ~ Fr_1 — measurable
process.



° multiple representations

k>1t1<... <t

F=cp+ Z Z Ck(tl,...,tk)AStl...AStk,

where cp(t1, .

There were considered the following functionals:

— Fy = max Sg;

.., t;) is deterministic function.

Sn 1 By

0<k<N
— Fr ,= max S,
0<k<LT_,
where 7_, = inf{k > 0: S, = —a}, a € N.
— Fyy = max S
dN 0<k<gn k>

where gy =sup{0 < k< N : S, =0}.




Single representations

1. Case Fy = max Sg

0<k<N
Theorem 1. For Iy = UCHS S;. we have the following stochastic
representation:
N
Orgnnang Sn = E(Orgnnang Sn) + kgl GN—k—I—l(Fk—l — SL_1)AS, (1)

where



S

N—k+1 2 [N—k;+1—r]_l
GN_kt1(Fp—1 — Sp—1) = > > (=nL 2
r=F;._1—S_1+1 [=0
~1/2
X <[(N k1o r)/2] l) r421(7),

m k 2N

In continuous case for F} = max Bs, t < T

Y A=A R
~o(Jr)|om

o<t<T O<t<T

T
max_B; = E( max Bt)—|—2/
0

(A. N. Shiryaev, M. Yor)
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Proof.
—+ o0

e (>0 = &= g I(£2a)da. Hence
00 too
Fy= [ I > = | I(N, < N)da,
' O/ (Orgnkang S = a)da J (Ng )da

where Ngo =inf{k >0: S5, >a}, a=0.

Sn Fn
a b—— A

Conclusion: sufficiently to receive the representation for I(N, < N).
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e Discrete stochastic exponent for A € (0,1):

En(S) = H (1+AAS)) = (V1 - A2)" (\/H;\) L E(S) = 1.

o AEL(S)=XE,,_1(S)AS, and &,(S) — martingale with respect to

(]:n)n)O-
e From the optional sampling theorem (P-a. s.)

Ng/\n

ECENIFn) =Enpn=1+X ) & 1ASy, (2)
k=1
—[a]
EEy, = 1 = E(y/1 — A2)No = ( 1+;\> | (3)

1—A

—[a] +00
( 1‘”‘) = > (Y1- >\2)(a1+2z90[a1+21([al). (4)
[=0



From (2), (3), (4) we get

E((Y'1 — A2)Na|Fp) = E(V1 — A2)Net-

NgAn 400
+A Y Y (Wil Sttty o ai(fa] = Sp_1) ASy,
k=1 =0
e Denote s :=1/1 — A\2. Then for all s € (0,1) we have
N N NgAn oo
E(s™e|Fn) =Es™+ > > (= 1)m0 1 Pral—s,_+2(la]l = Sk_1)
k=1 1,m=0

« slal=Sk-1H2(mtD+h-1 a6, (5)



f (CC):S:C, x}O,S S (07 1)
* = (5) is valid for £L={e ™},,>0.

s=e " n=1,2,...,

Col0, +o00) ={f € C[0,400) : f(x) — 0 by x — +o0}

V)
L={e ""},>0 is complete in Cy[0, 400).

Consider the function . g(t)

0 :
N N+1 ¢

g(t) € Cp[0, +00)

g(n) = I(n < N) } = (5) is valid for I(n < N).

(*) Sedletski A. M. Classes of analityc Fourier transformations and their exponential approximations.

Moscow: Physmatlit, 2005, 504 p.



Lemma 1. For I(Ny, < N) we have the representation (P-a.s.)

NgAN
I(Na < N)=P(Ng <N)+ > 3 (—1)mCT

k=1 L 14m< [N—§+l:|

X @ra]—s,_,421lal =Skg—1)I([a] =Sk_1 < N—k+1-2(l+m))AS.

T he decision formula is established by integrating on a.

N

Fy=EFN+ Y Gn_j+1(Fr_1— Sp_1)ASk.
k=1
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2. Case Fr ,= max S5,
O0<k<T_4

T_q = inf{k > 0: S, = —a}.
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Theorem 2. For I, we have a stochastic representation

T—a
max Sp = — H(F; NSy,
03X Sk Z_: (Fr—1)ASy
k=2
n 1
where H = , Fp = max 5.
(n) l;a,—l—l R o<i<k !

Proof.

I(Fr_,22)=1I(N;<7-q), 2>0.



T hen

(a+ [2DI(Fr, > H)=a+ S, ..

Sr_oAN, T a = Z I[(Fp_1 =2 z)ASy,

I

2 I(Fy_1 > )

(FT—CL>Z) — —

Integrating on z, we receive

Fr

—a

2 atia
+o0o T_a
[ 1(Fr > 2)dz = = Y H(F_1)AS.

0 k=2
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3. Case Fy,, = max S5,
dN 0<k<gn k

gn =sSup{0 <k < N :S5;,=0}.
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Theorem 3. For Fy,, we have the stochastic representation

3] v

max S = Z P(Fy > 2k) + Z Ln_ k-l—l(Fk 1, S 1)ASy
O<k<gN =

N

— > My_p41(Sk—1)(Fr—1 — Fyg_1)ASy,
k=1

where
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[N—k+1—n]
N—k+1 2 N—k+1—-2m

1
Ly _g+1(Fg—1,5—1) = ) 2 2, (U7 (5)

n:Fk—l_Sk—l+1 m=0 [=0

X ¢1(2n + Sg_1),

1

MN_j41(Sk—1) = > (—1)™ (;) ©s,_1+210Sk—1)
L 1ms | NpEL

X I(S;_ 1 <N—k+1-2(14+m)).
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Multiple representations

Denote

B"={t=(i1...1n)| i € {-1,1}, k=1...n},
Ul ={(t1,...ytm) :1<t1<...<tm<n, t; € N}

Definition 1. Let h: R" — R.
T he difference quotient of order n
h(l,2o,...,2n) — h(=1,25,...,2p)

D(l)h(xl,...,a:n) = 5 ,

1
DWh(zy,... an) = ED(k_D(h(ﬂUl, s 1, L, g1, Tn)

—h(x1,...,25_1,—1,Tp41,...,2n)), k< n.
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For instance, D@ h(zq,z5) = 1/4(h(1,1) — h(—=1,1) — h(1,—-1) +
h(—1,-1)).

Proposition 1. For any n € N and for any function f: R" — R we
have

2_];1 Z Uy - - - ’Ltkf(%) — D(k) (E [f(g) |§t1=$1,---, ftkzmkD ’

1€EB™

where 1 <t1 <...<tr<n, £€=(&,...,&n).

Proof induction on k.
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Lemma 2. Let f: R" — R. Then we have

FO=Ef@+ Y X DD (E[f®) ey mar,... ¢ =er]) DSty - DSy

k=1teUk

where € = (€1,...,&n).

Corollary 1. For Fy = Or<nka<xN S we have the representation

N
Fn = EFN—I— Z Z D(k) (E [FN |§t1=:€1,..., ftk:ack}) AStl - AStk.
k=11<t1<...<tx<N
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1. Multiple representation of functional Fy = max S
O<k<N

Theorem 4. For Fy = oquiXN S, we have the following multiple

stochastic representation:

N

Fy =EFy+ Y E|Gn_pt1(Fpo1— Sk_1)| AS;
k=1

N
+ 3 D c(k1,. .. km)ASy, ... AS,
m=2 1<k <...<km<N

where

C(kla SRR km):D(m_l)(E [GN—km+1(ka_l_skm_l)|§k1:5€1a---7 gkm_lzxm—l )
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Proof.

Using the theorem 1, we have

N

Fy=EFy+ > Gn_+1(Fr_1— Sp_1)ASk. (6)
k=1

Apply lemma 3 for Gy_g4+1(Fr—1 — Sk—1):

GN_k4+1(Fp—1 —Sk—1) = E[GN_p41(Fr—1 — Sp_1)]

k
+ > > ety {1, k)ASy .. ASy_,.
=2%cy/1

Substituting the computed representation in (6), we get the statement
of the theorem.
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2. Multiple representation of functional F; , = O<r22x St
IRXT—aqa

Theorem 5. For Fr_, we have the stochastic representation:

T—a
Fr,=— Y E[H(F, 1)]AS
k=2

T—a
+ — Z Z h(ky, .. km)I(T—q > km)ASkl"'ASkm’
m=21<k; <...<km

where

Ak, k) = DO (€| H (B, Dl =an, ., &, =en 1))

22



T hank you for your attention
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AppendiXx
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Single representations

1. Case Fjy = max S

O<k<N
Theorem 6. For Fiy = Orgnkang S, we have the following stochastical
representation:
N
oMax, Sn = E(Ogﬂnang Sn) + k§1 GN_k+1(Fr—1 — Sk—1)ASg,| (7)

where
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ot

N—k+1 2 [N—k:—l—l—r]_l
GN_gt+1(Fg—1 — Sk—1) = > > o (=1L 2
T:Fk—l_sk:—l—i_l l:O
[N—k-l—l—r}_l
2
x Chy ry21(7),
2
Cm+k E S 2N
— max ~A{l— b N .
pp(m) =307 E((max Su) ~/== by N oo

dokazaTenbcTBO. Let £ > 0 is a random variable. Then

£= _ijool(g>a)da. Hence

0
—+ o0 —+ o0
7( max S d=/IN<Nd,
!(O%Nk > @da= [ 1(Na < N)da
where Ng = inf{k > 0: 5, > a} =inf{k > 0: 5, = [a]} = N, a

26
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Consider the discrete stochastical exponent defines for A € (0, 1):
T+ A"
En(S) = H (1+2A8,) = (V1-A2)" (\/ /\) L &0(8) = 1.

AEL(S)=XE,_1(S)ASy,, and &,(S) — martingale with respect to
filtration (Fn)n>0. From the optional sampling theorem (P-a. s.)

NgAn NgAn
E(‘C:Nau:n) — gNa/\n =1+ Z Agk =14+ Z gk—lASk‘ (8)

Because of Sy, = [a], then

E(eNa|fn>=( 1“) (V1 - 22N (9)

1 -2
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E€ny, = EEn = 1, therefore

—[a]
i = ()

A
From (8), (9), (10) we get

E((V1 =)l F) = E(/1 - 32)Net

1—A

NgAn 1 —([a]=Sk-1)
Ay ( T )
k=1

(V1-=X2)H)F1Aag,.

P(Ng = k)=¢p([a]), so for all a > 0

+o00 —[a]
S (1- a2 (fa]) = ( 1“) .
[=0

1—A

(10)

(11)



Denote /1 — \2 =: s

= A=y\/1-—s° Z( 1)mcm 2m (12)

m=0

From (11), (12) for all s € (0,1) we have

NgA\n oo

E(sa|Fn) = Es™e 4+ 3 3 (~1)™CT 90(@1_5,{_1+2z(faw—5k—1)
k=1 1,;m=0

« slal=Se-1H2m+D)+h-1 A (13)

fs(x)=s" £>0,s € (0,1)

s=e "', n=1,2,...,

} = (13) is valid for L={e™ ""},,>0.
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Col0,+oc] = {f € C[0,400] : f(x) — 0 Nnpn =z — oo}
O

L={e "} ,>0 is complete in Cy[0, 4oc].
Consider the function

~Y

0 [ N+1

(*) Sedletski A. M. Classes of analityc Fourier transformations and exponential approximations.
Moscow: Physmatlit, 2005, 504 p.
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g(t) € Cpl0, 4-00)

o(n) = I(n < N) } = (13) is valid for I(n < N).

Lemma 3. For I(N, < N) we have the representation (P-a.s.)

NgA AN
I(N¢ < N)=P(Na < N)+ ¥ > (—1)mey

k=1 . l—|—m<[N_§+1} 2

Xora1—s,_+2(lal = Sg—1)I(Ja] = Sp 1 S N—k+1—-2(1+m))AS.
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Fy = / I(N, / P(Fy > a)dat
0] 0
N S 14+ N—k+1—2(14m)
+> / (D" CTra -5 y+21(a]=Sk-1)
k= 1l—|— <[N§; 1} 0

x I(k < No)daAS, =

N—k+1-2(14+m)

N
EFvHY. Y (~Dmep | ¢raralfada | AS;

— 2
k=1 l+m<[N_’2“+1} Fipo1—Sk-1
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N
Fy =EFN+ ) >
k=1

N N—-k+1

=EFy+ ) 2

k=1 TZFk_l—Sk_l—l—l

For all zéR

<[ F

[

N—k+1-2(l14m)

> (—1)m0?90r+2z(?“)

r=Fp_1—-5;_1+1

> (—1)mC;1n%-|—25("“)

\H_mg [N—kéi—l—r}

(-D)"CF 4= ) (=1)"Cy

= theorem 6 is proved.

m=0

)

/

)

AS),

/

AS,..
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Lemma 4. For Gn_j4+1(Fr_1 — Skx—1) we have the representation

(P-a.s.)
N—k+1
GN_k+1(Fp—1 — Sk—1) = / (P(FN_k41 = a)
Fr1—5k-1

— P(FN_g+1-2y = a))da,

where n is a random variable, independent from Fy;, with distribution

P(n=m) = (-1)™ ¢, m=1,2...
3
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2. Case Fr ,= max S5,
O0<k<T_4

T_q = inf{k > 0: S, = —a}.
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Theorem 7. For I, we have the stochastical representation

T—a
max Sp = — H(F NSy,
03X Sk 2 (Fr—1)ASy
k=2
n 1
where H = ,  Fp = max 5.
(n) l;a—l—l k= o<k !

Proof.

I(F’T_a 2 Z) — I(Nz < T_a), z > 0.



(a+ [zDI(Fr_, 2 2)=a+ 5 AN, (14)

Y
T_g AN, T_q
S AN, Fa= > ASy+a= > I(k<N)ASL+a
T_a T_a
= Z I(Fp_1 < 2z)AS,+a=— Z I(Fp_1 > z)AS,.

k=1 k=2
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Therefore, from (14) we have

L I(F._ 1>
[(Fr >2) = — (Fli—1 Z)ASk.
—> @4 + [ #]
T 00 TO0
“ (B>
Fr_, = / I(Fr_, > 2)dz = — / Y (Fh1 Z)ASkdz
0 0 k=2 at[z]
T—a Fr—1 dz T—a
=3 (| o rpAs== ¥ HE DAS,
k=2 k=2

[]
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3. Case Fy,, = max S5,
dN 0<k<gn k

gn =sSup{0 <k < N :S5;,=0}.
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Theorem 8. For Fy,, we have the stochastical representation

M=,

maxs_zPF 24+ 3 L Fir1.8._1)AS
oA Sk = 2 (Fn 2 )klNk—l—l(klkl) k

N
; N—k4+1(Sg—1)(Fx—1 — Fg,_1)ASy,

where



[N—k+1—n]

N—k+1 2 | N—k+1-2m

Ly p41(Fp_1,5-1) = > > > (=1)™mCT),;
n:Fk—l_Sk—1+1 m=0 l=0

X p1(2n + Sk_1),

MN_j41(Sk—1) = > (_1)mC?¢Sk_1—I—2l(Sk—1)

L Im< [ NpEL

X I(S;,_1 < N—k4+1-2(14m)).
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Proof.

—+ 00
max S, = / I( max Snp=a)da
O<n<gyn " 2 (0<n<gN n>a)

—+ o0 —+ oo
= [ I(Na<gn)da= [ I(dy,<N)da,
0] 0]

where

dy,=inf{k>=Ng : Sp;=0}.

dn,=Nq + inf{k >0: S, N =0} = Ny + N_g,
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where

N_q=inf{k>0: S5, = —[a]},

(Skk=0 € Sk = Sn, 11 — [a] — random walk that indpendent from
Fn. -

dn,=Nog+ N_q, I(dy,<N) = I(N_qg<N — Ny).
Iemma 4

N_g v Ng H.0.p. I(Ng(=8) <b) =I(N_, <b);

Denote b=N — N,.
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+ 00 dn, NN
I(dn,<N) = ) Il < N—=Na)gi([al)— > > (=)™

[=0 k=(Ng+1) l—|—m<[N_§+1}

X CglgpSk_l—l—Ql(Sk—l)[(Skz—l <N—-k+1-— 2(l -+ m))ASk
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Using the relations below

N
> P(Na < N = Dy¢i([a]) = P(Nppq) < N),
[=0

[N—kél—l—n} _m

S onta(MPWNpyy SN —k+1—-2m—n—2)|,—g, , =
[=0
N—-k+1-2m

= >  @@n+Sp_1),
I=0

we receive the statement of the theorem.
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Multiple representations

Denote

B"={t=(i1...1n)| i € {-1,1}, k=1...n},
Ul ={(t1,...ytm) :1<t1<...<tm<n, t; € N}

Definition 2. Let h: R" — R.
Difference quotient of order n
h(l,2o,...,2n) — h(=1,25,...,2p)

D(l)h(xl,...,a:n) = 5 ,

1
DWh(zy,... an) = ED(k_D(h(ﬂUl, s 1, L, g1, Tn)

—h(x1,...,25_1,—1,Tp41,...,2n)), k< n.
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Proposition 2. For all n € N and for any function f: R" — R we
have

2_1n d gy i f(3) = D) (E [f(g) |§t1=:131,---, StkziﬂkD ’

1€EB™

where 1 <t1 <...<tr<n, £€=1(&,...,&n).

Proof. Induction on k.
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When k=1 we have

1 o
D IENIOE D SO EE- D S TOF

1€B" 1€EBM: it]_:]- 1€EB": ’itlz—l

1

= S F@OP(EL =i, &y ...,gn_zn)—§ > f(@)

i€B™: iy =1 i€B™: iy =—1

X P(€r =11, &ty -y én =in) = = (E|[f @, =1] —E|[fOle,=—1])

l\)||—*

— p) (E|£(© |§t1=x]) '

a7



So,

2_1n STty iy f() = % (D(k) (E [f(f) 6 =1, bt =, Stk+1=1D

1€EBM

_ pk) (E [f(g) |£t1=fc1,---,€tk=$ka ftk+1:_1]>> -

— p(k+1) (E [f(g) |§t1=w1>--->ftk+1:$k+1]> .

48



Lemmab. Let f: R" — R. Then we have the stochastical representation

FO=Ef@+ Y X DD (E[£®) g mar,.. e =er]) DSty DSy

k=1fcUk

where € = (€1,...,&n).

Corollary 2. For Fyy = max S;. we have the
0<k<N

stochastical representation

N
Fy =EFy+ Y S D" (E|Fy Pp— gtk:xk}) ASy, ... AS,.
k=11<t1<...<t, <N
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1. Multiple representation of functional Fy = max S
0<k<N

Theorem 9. For Fy = Or<nka<xNSk we have the following multiple

stochastic representation:

N
Fny =EFy + R E|GN_pt1(Fro1 — Sie1)| ASy

N
+ 5 3 c(k, ... km)ASk, ... AS, |
m=21<k1<...<km<N

where

m—1__+tm—1 )
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Proof.
Apply lemma 6 for Gy_g4+1(Fr—1 — Skp—1)-
GN_k+1(Fp—1 —Sk—1) = E[GN_g4+1(Fxr—1 — Sk—1)]
k—1

+3 Y DUYEGN_ i1 (Fr_1—Sk_1) € =21, =] DSty - - DSty
m=1tecUm™ ,

m=10—1
GN_k4+1(Fp—1 —Sk—1) = E[GN_p41(Fr—1 — Sp_1)]
(15)

k
-+ Z Z C(tl,...tl_l,k)AStl...AStl_l.
=2%cyu, 1
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Substituting (15) in formula (7), we have

N N

Fy =EFN+ Y GN_ g1 (Fr_1—Sk_1)ASy =EFN+ > E[GN_py1(Fr_1

N k
_Sk_l)]ASk+ y: y: y: C(tla"'tl—17k)ASt1 "'AStl—lASk =
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_EFN+ Z E[GN k—l—l(Fk 1_Sk 1)]A5’k+ S‘ S‘ S‘ C(tl,
h=1 =2 k=lepl-1

N
1, K)AS . ASy (AS, =EFN+ ) E[GN_jy1(Fr_1—Sp_1)]1AS}
k=1

N
+ Z Z C(tla---,tl)AStl...AStl.
[=2%cU};
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2. Multiple representation of functional F. A6 = O<r22x Sk
IRXT—a

Theorem 10. For F_, we have the multiple stochastic representation

T—a
Fr ,=— > E[H(F,_1)]AS}
k=2
T—aq
m=2 1<k1<...<km

where

h(k17 IR km) — D(m_l) (E [H(ka—l)|§k1:$1>--'a gk’m—lzxm_ll) .
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Proof.

From lemma 6 we have

H(Fyg_1) = E[H(Fr_1)]+

k—1
+ Sj S: D(m) (E [H(Fk—1)|§t1=x1,..., gtm:xm}> AStl L ASy
m=1tcUm

k
=E[H(F._1)] + Z Z h(t1,...,t;_1, k‘)AStl ca Astl—l'
I=2%cyu, 1

Using theorem 7, we get the statement of the initial theorem.
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