On Interpolatory Divergence-Free Wavelets

Kai Bittner und Karsten Urban

Preprint Series: 2005-07

Fakultat fiir Mathematik und Wirtschaftswissenschaften
UNIVERSITAT ULM




Preprint Series: 2005-07

Fakultat fiir Mathematik und Wirtschaftswissenschaften
UNIVERSITAT ULM




ON INTERPOLATORY DIVERGENCE-FREE WAVELETS

KAI BITTNER AND KARSTEN URBAN

ABSTRACT. We construct interpolating divergence-free multiwavelets based on
cubic Hermite splines. We give characterizations of the relevant function spaces
and indicate their use for analyzing experimental data of incompressible flow
fields. We also show that the standard interpolatory wavelets, based on the
Deslauriers-Dubuc interpolatory scheme or on interpolatory splines, cannot be
used to construct compactly supported divergence-free interpolatory wavelets.

1. INTRODUCTION

Wavelets are by now a widely accepted tool in signal and image processing as
well as in numerical simulation. Divergence-free vector fields do have obvious pos-
sible applications for the analysis and numerical simulation of incompressible flows
typically modeled by the Stokes system or by the incompressible Navier-Stokes
equations. This has lead to the construction of divergence-free wavelets. The first
construction was introduced in [3] leading to an orthonormal wavelet basis for the
space of divergence-free vector fields on R™. These functions were used in [19] to
show an existence result for the instationary incompressible Navier-Stokes equa-
tions on R™. For numerical purposes, in particular for bounded domains, these
wavelet bases are not appropriate since they are globally supported. In fact, it was
shown in [30] that no orthonormal compactly supported divergence-free wavelet
basis exists.

In [29, 38] compactly supported biorthogonal wavelets have been constructed and
these functions have been used for the analysis of the Navier-Stokes equations [31],
the numerical simulation of the Stokes equations on rectangular domains [37, 39, 41]
and also for the analysis of experimental data of incompressible turbulent flows [1].
There are also generalizations to multiwavelets [27, 28].

However, the application of divergence-free wavelets in numerical simulations
is so far restricted to rather academic simple domains like rectangles. This is
mainly due to the necessity of a rather technically complicated construction of
biorthogonal divergence-free wavelet bases on general domain geometries. This is
one reason for considering collocation methods, see e.g. [24, 25, 26, 42]. In this case,
interpolatory wavelets are required, which can easier be adapted to complicated
domains. However, to our knowledge, there are no divergence-free interpolatory
wavelets available, which is the reason why, e.g. in [25], an additional projection
method has to be performed.
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Another motivation for our investigation comes from applications of wavelets
in data analysis. Since wavelets are a widely accepted tool for signal and image
processing, denoising and compression, it is a natural idea to use wavelet methods
also for the analysis of incompressible flow data. Of course, for incompressible flows
divergence-free wavelets would be appropriate. However, since typically the data
in terms of point values is approzimated by scaling function coefficients this does
not only invent an approximation error, it also adds artificial compressibility (like
in [1]). This could be avoided if point values and expansion coefficients coincide,
which is the case for interpolatory functions.

The remainder of this paper is organized as follows. In Section 2 we collect some
preliminaries, notation, and basics on interpolatory wavelets and we review the
main construction idea for divergence-free wavelets. It is a natural idea to consider
the maybe most frequently used interpolatory wavelet bases as a starting point for
the construction of interpolatory divergence-free wavelets. We show in Section 3
that this approach does not work. Thus, we consider a multiwavelet construction
based upon cubic Hermite splines in Section 4. We show in Section 5 how our
construction can be used within the lifting scheme. The further generalization to
arbitrary grids and domains as well as the numerical applications are devoted to a
forthcoming paper.

2. PRELIMINARIES

In this section, we collect some preliminary facts that are needed in the remainder
of the paper. Let us first set our notation. Let @ C R™ be a domain, L,(2) the
standard Lebesgue space, and

(21)  Ly(Q) = Ly(Q)" i={v=(v1,...,v0)" : v; € Ly(Q),i=1,...,n}

the corresponding space of vector fields. We will always denote vector fields by
boldface characters and real-valued functions in the standard font. For example,
H*(Q) is the space of n-dimensional vector fields whose components are functions

in H*(0Q).

The spaces of vector-fields induced by the divergence operator are denoted by
(2.2) H(div;Q) := {ve Ly(): divwe € L2(N)},
(2.3) V(div;Q) = {ve H(div;Q): div v =0}.
Since we consider interpolatory functions, we will also need the spaces C*(£2) and
(2.4) C(div;Q) = {veC(Q):divveC(Q)},
(2.5) N(div;Q) = {veC(div;Q): divv = 0}.

We will frequently use the notation A < B to abbreviate that A is bounded by
a constant multiple of B. A 2 B is defined as B < A and A ~ B means A < B
and A 2> B.

2.1. How to Construct Divergence-free Wavelets. A standard tool for con-
structing wavelet bases for La(R), i.e., on the whole real line, is a multiresolution
analysis (MRA), which is a nested sequence of spaces V; C V41 C La(R), j € Z,
whose union is dense in La(R), while the intersection contains only the zero func-
tion. Moreover, Vj is shift-invariant and V; arises from Vj by scaling in the sense
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that v € Vp if and only if v(2’:) € V;. Finally, these spaces are generated by a
scaling function £ in the sense that

V; = clos, span{&; 1, : k € Z},
where &; () 1= 27/2¢(27x — k), x € R, is a scaled and shifted version of £&. From
Vo C V1 it follows immediately that £ is refinable, i.e.,

&(x) = Zak €2z —k), zeR

kEZ

The translates of ¢ should be orthonormal or at least stable, in the sense that

> eng(2n— k)‘

kEZ

~lellezzy, €= (cr)rez € €2(Z).
L2 (R)
A MRA can also be constructed on bounded domains 2 C R™, involving more
technicalities and renouncing shift-invariance, of course, see, e.g. [6, 7, 8, 11, 13, 14,
15).

Once a MRA (or two in the case of biorthogonal wavelets) is known, there are
several general techniques to construct a corresponding wavelet basis.

Thus, it would be an immediate idea to construct a divergence-free wavelet basis
from a MRA in V(div;Q). However, this is not appropriate since V' (div;{2) is a
closed subspace of L2(£2), [29]. Instead, one uses an appropriate MRA {V; : j € Z}
in H(div;$2) and then splits the detail spaces

(2.6) W, =VigaoV,=WYaWw?

into the divergence-free part ij = W;NV(div; Q) and a stable complement WJ»A.
Then, one needs to construct a wavelet basis “ij,k : k} for ij and the collection
over all levels j gives the desired basis of divergence-free wavelets.

Biorthogonal wavelets, differentiation, and integration. Next, we need to describe
what an ‘appropriate’ MRA in H(div; () is. In order to avoid unnecessary tech-
nicalities we restrict ourselves to the case = R™ and refer to [37, 40, 41] for the
construction on general bounded domains. Keeping in mind that any divergence-
free wavelet 1,[;ij is a linear combination of the basis functions of V1, the spaces

VAV = div (V;) C La(R™)
play an important role in the construction. Recall that V; is a vector-valued mul-
tiresolution space, i.e., the spaces are of the form
Vi =V e x v

where each Vf is a real-valued multiresolution space. Hence, a natural condition is
to require that

o di .
3%Vj:vjv7 i=1,...,n,

where dei" is a multiresolution space, too.

In turns, if we use a standard tensor product construction to obtain a MRA on
R™ from n MRA on R, (2.7) reduces to a relation of the form
d
dz

2.7)

(2.8) Vit=v7
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for two multiresolution spaces Vj+, V" of functions f; : R — R. Indeed, one can

choose VIV := V7 @ .. @V and V/ .=V, ®..@V, oV eV ®...0V,
with Vj+ as the i-th factor in the above tensor product.
For the corresponding compactly supported scaling functions this implies the

relation
d

d _

d—f+($) = Z e (z — k),

x

k=—d
for some finite d € N and coefficients a, € R. We will use ¢ to indicate a univariate
scaling function while ¢ will always denote a multivariate function.
It is proven in [29] that for a biorthogonal pair £+ € HY(R), £t € La(R) of

compactly supported scaling functions there always exists another biorthogonal

pair £~ € La(R), £~ € HY(R) of compactly supported scaling functions such that

dooti N om - d s N _ &+ F+
(29) €@ =@-Ee-1),  SE@=EEr) @)
Moreover, the corresponding biorthogonal wavelets satisfy the relation

1

(2.10) %n*(x) =4n (z), %ﬁ*(w) =1 it (2).

From the above remarks, it should be clear that the latter equations are the heart
of the construction of divergence-free wavelets. We will come back to this point
later in Section 3.

Now, we define for any subset of indices I C {1,...,n}
n + .
I._ (1) v [V itvel,
(2.11) V6= @xg , where V") := { Vo vl

In particular, we set, as already mentioned above, Vi := Vj@ =V, ®---0V]

and Vji = Vj{i}. The corresponding scaling functions are

n

1) Psm) = [, v = (& ver
Obviously, the vector fields

(2.13) @i =l 8,

are scaling functions in H(div;R"), where 8; := (1,..., 6n7i)T denotes the i-th

canonical vector in R™. In fact,
V; :=closspan{p;jk, i =1,...,n, k € Z"}
is the desired MRA, where
ijr(x) =200 20, (22 — k)  zeR", j€Z kel
Divergence-free wavelets. Now, we consider the corresponding wavelets. Let n¥,

n~ be (orthogonal or biorthogonal) wavelets according to T and £, respectively.
Then, the wavelets generated by ¢! are defined for

E,:={0,1}", and E; :=E,\ {0}
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as follows

(2.14) Pl '*éﬂ’ h o= b =0,
. e = - e,V wnere Ly T 7757 if = 1,

with 7! defined analogously to ¢! in (2.12). The vector-valued wavelets in
H (div;R"™) are scaled translates ; c.; , of the mother wavelets

e = i, eeEr.

Note that for any e € E}, there exists an index

ic € {1,...,n} suchthat e; =1,

e

i.e., at least one factor in the tensor product is a univariate wavelet. This index plays
a crucial role in the definition of divergence-free wavelets. In fact, the additional
constraint div u = 0 fixes one degree of freedom. This means that we have |E}| (n—
1) = (2" — 1)(n — 1) wavelets instead of n |E| (which is the number of wavelets in
L5(£2)). Then, we define divergence-free wavelets for e € E and ¢ # i, component-
wise by

e, if v=1;
(2.15) SRR SR TR (L
0 otherwise.

We always denote bf f.; the i-th component of a vector field f. Note that #{(e, 1) :
e € E*i # i} = |E*|(n—1) = (2" — 1)(n — 1), so that we have in fact the
correct number of divergence-free wavelets. It is easily seen that these functions
are divergence-free, i.e.,
0 0
divY, = —apV. . v
Y ¢e,z 3:62 we,z.z + axic e,i%e
0 . 1 0 0 y

_ Loty 22 Y {iie}
8.’1?1‘ we 4 8.’132'6 axi we
19 9 iy 10 0
4 8$i 8%‘,’8 ¢ 4 83@3 8%‘1

wii,ie} _ O

Note, that the index i, is chosen so that we can apply equality (2.10). Moreover,
it was shown in [29, 38] that the system

OV = {p); s e € B i #ic}

generates a Riesz basis for the space V(div;R™) of all divergence-free vector fields
on R™. Generalizations to more general domains can be found in [37, 40, 41].

As already mentioned, the above system is a biorthogonal one. Let us denote
by the accent ‘7 the dual system corresponding to all functions involved in the
construction. Then, the dual wavelets according to ¢Zi are defined by

(2.16) by =l 8, ee€ E* i #i..

Note that these functions are not divergence-free which is by no means a contra-
diction. It comes from the splitting of the complement spaces in (2.6).
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2.2. Interpolatory Wavelets. As above, the starting point for the construction
of interpolatory wavelets is a MRA generated by an interpolatory scaling function
&, ie., (k) = do for all k € Z. Thus, any function f; € V; has an expansion of
the form

(2.17) filw) = eré@a—k),  cn=f277k)
keZ
i.e., the expansion coefficients are given in terms of point values (samples) of f
rather then by a scalar product (f, éj)k)o,g.
It is readily seen that

(2.18) n(x) :=2&(2x —1)

is a possible choice for such a wavelet with interpolatory properties, [18]. This is
also the reason, why in several papers the term ‘interpolatory wavelet’ is used for
the scaling function €. From (2.18) it is obvious, that interpolatory wavelets do
not have vanishing moments. On the other hand, one still has fast algorithms for
decomposition and reconstruction of a signal (Fast Wavelet Transform). Finally,
one cannot hope to obtain a Riesz basis for L. However, in [18], norm equivalences
and characterizations for Besov spaces embedded in C(R) are proven (the range of
Besov spaces depends of course on the regularity and polynomial exactness of £),
see also Theorem 2.4 below.

2.2.1. Subdivision Schemes and Interpolatory Wavelets. One way, to construct in-
terpolatory scaling functions is to consider iterative interpolation processes. In
this section, we review some known facts on subdivision schemes and interpolatory
wavelets. A subdivision scheme based on a mask {ay : k € Z} starts (for planar
curves) with a sequence of control points A := {\; : k € Z}. These control points
are interpreted as values of a signal on the integer lattice Z and one step of the
subdivision scheme refines these data to the finer grid Z/2 = {k/2 : k € Z} using
the following definition

(2.19) M= (SN = Y ar-omAm, kEL

meZ
and recursively A’ := S'A = S(S*"1X). In practice, one usually assumes that the
mask is compactly supported, i.e., there are only finitely many non-zero coeflicients
ay so that the sum in (2.19) is finite.

A subdivision operator S : lo(Z) — {lxo(Z) is called convergent if for every
sequence X there exists a limit function f = fx € C(R) such that

Jim (A = F(k/2)iezll ez = 0.

and f # 0 for at least one A.

We are in particular interested in a special subclass of subdivision schemes,
namely interpolatory ones, where the limit function interpolates the original control
points, i.e. f(k) = Mg, k € Z, (see, e.g. [32]).

Remark 2.1. One particular example are subdivision schemes that leave the previ-
ous control points unchanged while adding new intermediate control points. This
is the case if

(2.20) sy = 51@7 keq.

Note that condition (2.20) is sufficient but not necessary.
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We now quote two results from [32], which we will use later. For this purpose,
we introduce the symbol a(z) of a mask a defined by

(2.21) a(z):=Y a2, zeC
keZ

Theorem 2.2. [32, Thm. 2.1] Suppose that the subdivision scheme S satisfies (2.20)
and converges. Then

(2.22) a(—1) =0, a(l)y=2

and the limit f is given by

(2.23) fl@) =Y Mé&x—k), weR,
keZ

where € is a continuous function of compact support which satisfies the refinement
equation

(2.24) &(x) = Zak &2z —k), ze€eR,
keZ

as well as ) ., &(x —k) =1, z € R, and

(2.25) &(k) = oy, keZ.

Conversely, if £ € C(R) is a solution of the refinement equation (2.24) satisfying
(2.25), then (2.22) holds and the subdivision scheme converges to f in (2.23).

The following result gives some information on the regularity of & which is an
important information for the construction of divergence-free functions.

Theorem 2.3. [32, Thm. 2.2] Suppose a is a finite mask satisfying (2.20) and the
corresponding subdivision scheme converges. Then £ € C"(R), r > 1, if and only if

1 r+1
a(z) = %b(z)
for some b(z) such that b(1) = 1 and the subdivision scheme corresponding to
c(z) :== (1 + 2)b(z) converges.

2.2.2. Characterization of Function Spaces. The following general characterization
result is well-known. We will derive similar results for interpolatory divergence-free
wavelets. Here By (L,(IR)) denotes the standard Besov space.

Theorem 2.4. [18, Thm. 2.7] Let £ € C"(R) be a compactly supported, refinable,
interpolatory scaling function which is exact of order d, i.e.,

xm:Zamkg(m—k:), 0<m<d, z€eR,
kEZ

with appropriate coefficients ami € R, where the convergence of the sum is to be
understood locally. Then we have the following characterization for the interpolatory
wavelets n = £(2 - —1) for % < s <min{r,d}, 0 < p,q < o0

1/q

N Z(Qi“%‘%)}:uj’kv’)q
J %

(2.26) > djknjik
dik By (Ly(R))
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Note that the above result also holds for interpolatory spline functions (which are
not compactly supported, but piecewise polynomials). In this case, one obviously
hasr=d — 1.

3. A DEaD END

The maybe most natural approach is to use the above mentioned interpolatory
scaling functions for a construction of divergence-free interpolatory wavelets. Un-
fortunately, this is not possible, as we will show in this section.

At a first glance, there seems to be some hope from the following result.

Proposition 3.1. Let £t € C"(R) be a compactly supported, interpolatory scaling
function such that (2.20) holds. Then, there exists a compactly supported scaling
function £~ € C"~Y(R) defined by the mask

2
1 - = +
(31) a™(2) = 1 —at ()
satisfying
d
(3.2) @)= @) - @)
Proof. By Theorem 2.3 the symbol a™(z) can be divided by 1 + z and one has
(1+2)"

a (z)= ?b('z)

with the same b(z) as for a™(z). Hence, the subdivision scheme converges resulting
in the existence of £~. Finally, (3.2) follows from [29, Prop. 4]. O

Hence, the required differentiation process as in (2.9) in fact works.

Remark 3.2. (a) Note that a™ also satisfies (2.22) which is easily seen by direct
computation and Theorem 2.3.
(b) In general £~ does not satisfy (2.20). In fact, from (3.1) we obtain

(3.3) 2a; = ay + ap—1,

which implies

_ 1 1
Ay, = 5((1% +ag-1) = 5(5k + asgk—1)

which only coincides with & if asg_1 = dx. This however is only true for
the scaling function corresponding to the orthonormal Haar wavelet.

Part (b) of the previous remark already gives a first hint, why we cannot use
Proposition 3.1 to base a construction of interpolatory divergence-free wavelets
upon it. In fact, the resulting scaling function £~ may not be interpolatory. Thus,
we cannot use it in a tensor product construction like in (2.11). We will show that
£~ is in fact not interpolatory.

One popular choice for the construction of wavelets are spline functions. Choos-
ing the space of cardinal splines of even order d > 0 as VU+, we can choose the
corresponding fundamental spline [33] as interpolatory scaling function £+. How-
ever, then Vj~ is the space of splines of odd order, where the interpolation problem
at the integer knots does not have a unique solution. Thus, we cannot have an
interpolatory scaling function £, i.e., splines are not suited for the construction of
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interpolatory divergence-free wavelets. Moreover, £T is only compactly supported
for d = 2 (i.e., the hat function).

Next, we consider the interpolation process introduced by Deslauriers and Dubuc
in [16]. It can be described as follows. Using the standard Lagrange fundamental
polynomials Ly € Pan 41 corresponding to the integers k = —N, ..., N + 1, defined
by

N+1 .
Li(z) = ‘l: z z€R, k=—N,...,N+1,
k#i=—N
the mask a is defined by
asy = O ke,
(3.4) aok+1 = L_k(%) k=—-N—-1,...,N,
a2k+1 = 0 k>Nork<—-N-—1.

The regularity of £ in dependence of the parameter N is studied in [16].

Ezample 3.3. For N = 2 and N = 5 we display the original Deslauriers-Dubuc
functions and the modified functions £~ in Figure 1.

B I |

FIGURE 1. Deslauriers-Dubuc functions and modified functions
¢~ for N =2 (left) and N =5 (right)

It is known that there is a close relationship between Deslauriers-Dubuc func-
tions £y and Daubechies’ orthonormal scaling functions fy. In fact, £y is the
autocorrelation of 6y

(3.5) Ex(@) = (O % 0x)(z) = /RQN(t) On(t—2)dt, z€R.

Moreover, it was shown in [32] that a relation like (3.5) also holds for a large
class of interpolatory scaling functions arising as the limit of subdivision schemes
corresponding to masks satisfying certain conditions.

Proposition 3.4. Let €T = £ be a Deslauriers-Dubuc interpolatory scaling func-
tion. Then, the scaling function £~ defined by Proposition 3.1 is not interpolatory.
Proof. Since £ =01 x0T, we obtain

d

d +
. — _9+ 9+
dac5 (dw )

and we can apply (2.9) to the orthonormal Daubechies’ scaling function *. This
yields a pair of biorthogonal scaling functions 6—, 8, so that we obtain

et @)= (07«0 )(w) ~ (07 07)a 1),

i.e., £ =60~ 0" which is not interpolating at the integers. 0
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As a consequence of Proposition 3.4 there are no Deslauriers-Dubuc interpolatory
divergence-free scaling functions. Now, we describe a possible way to circumvent
the above mentioned problem.

4. HERMITE INTERPOLATORY SPLINES AND MULTIWAVELETS

As we have seen in Section 3 above, it does not seem to be a good idea to try
to construct interpolatory divergence-free wavelets starting from a scaling system
generated by only one function €. Thus, we now aim to construct two families of
functions E* = {¢],..., &0} and 27 = {&], ..., &, } such that

e the derivatives of 21 are spanned in terms of 27
e both systems are interpolatory with respect to the integers.

This can in fact be achieved by Hermite interpolatory spline functions and leads us
to multiwavelets.

Definition 4.1. The space of cardinal splines of order d, d > 0, with knots of
multiplicity ¢ (splines with deficiency ¢ — 1) is defined by

Sai = {f c Cd—i—l(R) : f][k7k+1) elly_q, k€ Z}.
A stable basis of Sq; is induced by the B-splines

BZ’i(I) = (tiktrd —tik) [ti,ka e 7ti,k+d] (- — x)fl’ k ez,

with knots t; ; := | £] (see e.g. [34]). In fact, the B-spline basis can be represented
by integer translates of the i successive B-splines B,‘Z’l, ceey Bgii—l' Splines with

knots of multiplicity ¢ can be used to interpolate not only function values but also
the values of derivatives up to order ¢ — 1 if the splines are sufficiently smooth, i.e.,
if d > 2i.

4.1. Interpolatory Hermite Splines and Differentiation. In the sequel we
consider cubic Hermite splines defined as follows

1—32% - 223, ifxec[-1,0];
(4.1) (@) =4 1-322+223 ifxe0,1];

0 otherwise,

r+22% +23, ifzel-1,0];
(4.2) & (w):=¢ x—22%2+23 ifxel01];
0 otherwise,

as well as the quadratic Hermite splines

v =6z —62% ifxe[-1,0]
(4.3) & () = { 0 otherwise,
1+4x+ 322, ifxec[-1,0];
(4.4) & (z) =< 1—4x+32% ifxel0,1];

0 otherwise,

The corresponding functions are displayed in Figure 2. These functions have been
investigated in several papers. Biorthogonal multiwavelets on the interval [0,1]
generated by ff , §2+ have been introduced in [12]. It is well-known that the integer
translates of €], & generate the space of C''-continuous piecewise cubic functions
on R which interpolate function values and first derivatives at the integers. Based
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FIGURE 2. Original (left) and differentiated system of Hermite
interpolatory splines.

on these functions, biorthogonal divergence-free multiwavelets (also on rectangular
domains) have been constructed in [27, 28]. There, the system {T, {; plays a role
as part of a whole family of multiwavelets that can be linked by differentiation and
integration similar to (2.9).

The above functions are fundamental interpolants in the sense that

dl/
(4.5) dxyg,j;(k) =0k0 Om—1., k€Z, ve{0,1}, me{1,2},
and
k
(46) g;l(k‘) = 5k0 5m2; f;l($) dr = 5k0 5m1; ke Z, m € {1,2}.
k—1

Furthermore, it is easily seen that we have the following relation for the derivatives

(@.7) L@ =G @ -G -1, @) =& @)

which will turn out to be crucial in the sequel.

It is well known, that {&(- — k),&5 (- — k) : k € Z} is a stable basis for Sy ».
Indeed, this property follows immediately from £ = B*? 4+ B> and & = %(34_% —
B"3). Furthermore, from ¢; () = 3B>3 and & = 3(B*} — BJ® — BY?(- +1)) it
follows immediately that {{; (- — k),&5 (- — k) : k € Z} is a stable basis for S3 5.

For our further investigations we will need the cubic Hermite spline interpolant

defined as

(4.8) Atf=Y ( FRTIR)ES, + 27 f’(2‘jk)§;;j7k>,
kEZ

as well as the generalized quadratic Hermite spline interpolant

A;f;:Z(?/Q

kEZ “I(k=1)

277k

fO)dt &, + f(277k) €;j,k),

where
(@) =En(2z—k),  weR, jkEL
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(i.e., {i_j i is normalized in L), i.e., by f.; » we denote the L.-normalized shifted
scaling of a real-valued function f. Obviously, Aj[ is a projection onto the space

Vji := closp, span{ffm.’k :me{l,2}, keZ}

and we have for all j € Z
(4.9) AFNHE7R) = f@27k),
(4.10) (ASf)@7R) = f'(277k),
277k 277k
(4.11) /21'(k—1) A f(x)de = /2j(k—1) f(z) dz, ke Z.

It will be convenient to express the above interpolants in terms of dual functionals
in the sense

2
(4.12) AFF =2 D &) G
keZ m=1

where (-, -) denotes the dual pair. It is readily seen that, in the sense of distributions,

& =60, e, (&) =r27k),

g; =—6p, le, (f, g;;j,k> =277 f/(Q_jk)7
as well as
~ ~ 27k
& = xieroy Ben (60 =2 / f(@) de,
2-3 (k—1)

52_ = 507 i'e'a <f, 52_;3'7k> = f(27]k)

Note, that the dual functionals are (L.o-normalized) scaled and shifted versions of

—, in the sense that
(4.13) &) = (F(F) €0
Then, we have the following relations.
Proposition 4.2. [t holds:
(a) d%é; =& (¢+1)-¢, %5; = —&f in the sense of distributions.

(0) {f' €)= (£ 2 (& p = Epn))s (I Eai) = (127655 )-

© Latf=a; (), if fe CO'®).

dx 7

(d) <€$/;j’k'a£,:7tl;j_’k> = 6m,m’ 6k,k’-
Proof. (a) is obvious, also the second part of (b). By definition, we have

(f €n = 2J/2 flx)yde = 2(f(277k) — f(277 (k — 1)))

~i(k—1)
(20— &)
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which proves (b). Finally, for f € C*(R), we have by (a), (b) and (4.7)
d o L
%A;_ = Z <<f7 g;j,k) 2 (fl;j,k - 51;j,k+1) + <f7 £;j,k> 2 fQ;j,k:)
keZ
= > (<f, 2 (& e — &) € + (12765 0) é;j,k)
keZ
2 ~ ~
= D D (e = AT S
keZ m=1
Finally (d) follows from (4.5) and (4.6). O

Often, one collects the two generating functions in one vector

v (& - _ (&
¢ "(fﬁ*)’ ¢ "(fi‘)'

Such a vector is called a multigenerator if the integer translates form an Lo-stable
basis and & satisfies a refinement equation
(4.14) £x) =) A&z —k), =zeRac,
keZ
with mask A := {Ak}kGZ; A € R2%2,
Applying the projectors AT to & (5) € Sa2, i = 1,2, it follows that £ satisfies
the refinement equation (4.14) with mask matrices

1 0
2

(see also [12, 23]) and the application of A} to & (5) € Sz yields that £~ is
refinable with mask matrices

0

1 )

_ 00 _ 00 _
A= _1 0/’ Aa={1.1] A=
4 4 4

Next, we define interpolating wavelets

= N[
00— W]

o~ N[
[
00l #>]
v

Ly
|
VR
|
NN
|
B Ll [PV
\_/

PN NI

mho= &h(2--1),  m=1,2,
(4.15) o= ) -2 -2),
ny = & (201
The following interpolation relations follow from (4.5) and (4.6)
av .
dwynjr;(g) = 2 61@'1677’7,71,1/7 IS {0, 1}7
Mn(5) = Ok Oma,
(k+1)/2 1
/ 77;1(15) dr = _6m1(5k0 - 5k1), ke Z, i€ {1,2}.
k/2 2
Note that we obtain the following crucial property
d
(4.16) —nt(z) =20, (x), m=1,2.

dx
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By the interpolation properties one sees immediately that the wavelet spaces
I/Vji := closyg, span{ni_j p: me{l,2}, keZ}

satisfy Vji N Wji = {0} and Vji U VVji Vﬁ1 In particular, we have
9(277k) = ¢/(279k) = 0, ifge W,

(4.17) . 277 (k+1)
g(277k) = / g(z)dx =0, ifge W,
27k
ie. (g,gij7k> =0 and Ajig =0if g€ Wji.
In order to compute the wavelet expansion of a function, we are also interested
in dual wavelets.

Theorem 4.3. The functionals ﬁi,j . defined by
<f777mjk> (f - Aif fmgﬂ 2k+1>

satisfy the biorthogonality conditions

(4.18) <ni/;j/,k/aﬁi;j,k> = Om,m’0j,j Ok kv
as well as

=t + ~
(4.19) <ni/;j7k/’§m;j7k> - <§M’;j7k”ni;j7k> =0

for allm,m' = 1,2 and j,j', k, k' € Z. Furthermore, 7. . is a shifted translate of
ﬁi in the sense that

(4.20) (o) = (fF (F5).7%),
where
W= 6y — S0 — o+ oy — 141,
B o= - - 10 1o - 1
M= X4~ X3~ l50 + 161,
My = 01+ 100 + 101 — 3x[0,1]-
Proof. First, we show the biorthogonality relation (4.18). The equalities in (4.17)
yield A;tni;jk =0, i.e.,

+ ~+ ot
<77m';j',k'v77m;j,k> = <77m/-,j/,kf A 77m 7, k"gm G+, oki1) = <77m g, k"gm 1, ok41)-

Now (4.18) follows from the definition of 7t in (4.15) and biorthogonality for the
scaling functions in Proposition 4.2 (d). The equalities in (4.19) follow immediately
from the definitions of ni;j,k and ﬁnim,’k.

Furthermore, (4.13) gives

FoTimsge) = (F(FE) = AT F(5E), &)
With (4.12), we obtain the representations of the particular dual functionals by

<f7 ﬁ7:5> = <f7 51:5;1,1> - Z<f7 m;0, k> <£7:::L;07k357:::1;1,1>'

kEZ
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The dual functionals lead to a fast decomposition algorithm. For a given function
f= Zm & Cmij+l, kfi Jt1k € V]f_l we want to compute the coefficients Ci;j,k and

djE gk of the expansion

+ + +
(4.21) f= Z Coniikmik T D o 1o b
m,k
. hal . . 4
Applying &, ;. to f we obtain with (4.19) that Consi <f7§ i &) 1€,
+ _ o+ + _ +
Cljk = Cljrize 25k = 2054106
- o 1- -
Cojk = Cojt12kr Ciyk = 5(01;j+1 2k—1 T Crj4, ok)-

Analogously, the wavelet coefficients can be obtained by dm Gk = ={(f,n nm ik ) 1€,

d+,j k= C;r;j+1,2k+1 - %Cij+1,2k - %c-l"_;j+1,2k+2 - %c;j+1,2k + %c;j+1,2k+2’

df] k= %Cir;j—i-l,Zk - %Cir;j+1,2k+2 + C;r;j+1,2k+1 + iCQtj-&-l,% + %C;r;j+1,2k+27
Lk T %cl_;j+1,2k+1 - %Cl_;j+1,2k+2 - %C;;jJrl,Qk + %Cijﬂ,zmza

d;;j,k = Coiyiok41 T icg;j—&-ljk + %c;;j+1,2k+2 - %Cij+1,2k+1 - %c;j+1,2k+2'

Finally, relation (4.16) implies an analogous relation

d 1
—p- = ——pt
dz 5 'Im

for the duals in the sense of distributions, i.e.,

(4.22) <f/a f];;j,k> =27~ 1<f7 Ny, k>

4.2. Characterization of Function Spaces. For any function f € C1(R) (f €
C(R)) we can compute the coefficients (f, 7" g, k) ((f:7m.j.))- An interesting ques-
tion is in which sense the expansion ZJ LT nm’J k>ni;j’k is to be understood. In
this section we show that Hermite interpolatory wavelets form unconditional bases
for certain Besov spaces, which contain the space of continuous (differentiable)
functions.

In the sequel we will use the following standard definition of Besov spaces. For
0 < p,q <ooands >0 we define a semi-norm

1

(X2 wnlf27, L))", 1< q<oc,
(4.23) |flBs(L,0)) = J€Z .

sup 27° wd(f72ijaLp(Q))7 lfq: o0

JEZ)
with m := [s| +1, where w,, (f,t, L,(2)) is the m-th order modulus of smoothness.
The Besov space B, () is the set of all f € L,(£2) such that \f|B;(Lp(Q)) is finite.
A norm is defined by

1£ B (L, ) = 1,0 + | flBs (L, 0))-

There are numerous equivalent norms in the literature. Here, we only need that
an equivalent norm is obtained if m in (4.23) is replaced by any integer d > s (see

e.g. [10]).
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Furthermore, we need the following discrete norms for coefficient sequences. For
the sequences ﬁ = (ﬁk)keZ”a o = (ajk)ijo,kGZna and a; = (Oz]'k)kezn, we define

(zk |ﬁk|1’)%, if 0 < p < oo,

1Blle, = .
supy, | B/, if p=oo
=) (S @ Plagle))"s o< g <o,
leelle;, = .
sup; 235||01J||gp7 if g =0
for p € (0, o0].

In [18], Besov spaces on the real line are characterized in terms of the wavelet
expansion with respect to interpolatory wavelets (see Theorem 2.4). Here we need
more general results for the characterization of Besov spaces on R™ with Hermite
interpolatory wavelets. Our characterization is essentially based on results reported
n [10].

The Besov norm of a multiscale representation can be estimated by the corre-
sponding discrete norm of the coefficients.

Lemma 4.4. If ¢ € BZ(L,(R")) is compactly supported, 0 < p,q < oo, and
0 < s <o, then

(4.24) > Beo(@ < 2078,
kezn B; (Ly(R"))
(4.25) S ajre(2 < e,
j=jo keZ™ B3 (Lp(R™))

Proof. Obviously, it is sufficient to show the statement for finite right-hand sides.
Let us first assume that 1 < p < oo. For vj := Y, ;. ajr (27 - —k) we have by
scaling and the compact support of ¢

_in
> awel =R £2F llayle, 19],@n)-

~Y
et Ly(E")

Now, (4.24) follows from [10, Thm. 30.2]. Analogously we conclude for M € N,
M > o that

]n

[vjllL, @) =27

M (vj, t, Lp(R™)) 275 |layle, war (o, 278, Ly(R™))
27217 oy lle, 61l e 1, (wmy) -

Since was (f,t, Lp(R™)) S| fll 2, ®n) we conclude for 0 < ¢ < oo that

o) 1
q\ @
v < (2” wa(vy,27", L,(R” ))
>0y e = (2 S wonrlug 2, Ly (R"))
J=Jo reZ

Jj=jo

S
S

S (Z <27’s Z ||’Uj||Lp(Rn))q) ‘ + ( Z (27-(s—o) Z 2j(0—2)|ajep>q> q

rez Jj=r T=Jo Jj=jo

Furthermore, for any ¢ € (0,00), we have

[ 3 vl e < Zzﬂ ol er < (30 (273 Iz o))
i=jo j

r=Jjo Jj=Jjo

Q=
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Thus, substituting » — —r and 7 — —j in the second sum we obtain

U
=Jo
) 1 00 1
—in AN r(oc—s (X —o AN
< (ZETefian)’) « (S e s es )

rEZ j=r reZ j=r

Now, (4.25) follows immediately from the discrete Hardy inequality [17, Chap. 2,
Lemma 3.4].

For p = oo or ¢ = oo the proof is analogous, and for p < 1 the use of ||« + yllg <
||a:||’£p + [ly[[ instead of Minkowski’s inequality leads to

e o] a
DT I 0] C R YT Ay
7=do i)

rEZ Jj=Jjo

Q=

Then, the estimate can be shown as before. O

Applying Lemma 4.4 to our interpolatory wavelets we obtain by the facts £ €
BEYP(L,(R)) and &, € BX/P(L,(R)) the following corollary.

Corollary 4.5. Let 0 < s <2+ % and 0 < p,q < oco. Then

2 o0 2
3 (Zam,k%,k+z Zam;j,kn;;;j,k) <3 (1Bl Hlew

m=1 \kez J=jo k€L Bg(Ly(R)) m=1

e?ﬂz) :

Ifo<s<1+ % the estimate holds also if & and 0} are replaced by &, and n,,,
respectively. a

In order to estimate the Besov norm of a function by a discrete norm of its
wavelet coefficients we will employ the vanishing moments of the dual functionals,
which enable us to estimate the wavelet coefficients by the error of a locally best
approximation

Ed(fa W#J(O—)) = Peigg_l HffP”W,‘f(U)

by a polynomial P of degree less than d, in the norm of the Sobolev space Wk (o)
on some o C R™. These errors depend in turn on the Besov regularity of f.

Lemma 4.6. Let%—%+u<s<d,5>O,NEN0,O<p,q§oo,ISTSOO.

Furthermore, let o, C 279 (0 + k), j € Z, k € Z"™, with a cube o C R™. Then, we
have

1\ ¢
5 (2075 (8 Balf o)) ) S FThry e
JEZ keZm

Proof. If T < p we can apply Hoélder’s inequality to obtain

2/ ) [ (o)1) ||f(a)||Lp(aj,c)’ laf < g,

i.e., it is sufficient to prove the lemma for p < 7.
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For P € Il;_1 and Tjpf(z) = f(277(x + k)) we have, by the embedding
BY (L. (0)) C WHE(o) (see [4, Sect. 6.2]), that

1f = Plweo,y = Qj(“_? jk(f_P)HW#(a)
NTie(f = Pl r o))

. o0
Cc27r (”f - P||L-r(l7jk) +27 Z 2 wa(Tinf, 277, LT(J») ’
r=0

IN

IA

with a constant C independent of j and k. Let the side length of the cube o be 2¥.
Applying the Whitney-type inequality Eq(f, L-(0j%)) < wa(f,2"77, L-(0jk)) (see

g. [10, (25.24)]) and the identity wq(Tjx f,27", L+ (0)) = 2% wal(f, 27977 L (ojk)),
we obtain

(4.26) Eq(f, WE(oj1)) ZQ”‘ (f.2"7", Ly (ojk))-

For p = 0 the estimate follows 1mmed1ately from the Whitney-type estimate.
From [10, Theorem 30.5] we conclude

Eq(f, Wl (o) < 22”‘ Z 2G5 wa(f, 27 Ly(oge)

b=r—v
oo L+v
= >0 S MG wa(f, 27 Ly(o)).
_] I/’I"—]
Satn

Together with (4.26) for 7 = p we have

(4.27) Ea(f,WH (o)) Z 27570 wa(£,277, Lp(ojn)-

r=j—v

For 1 < p < oo we conclude by Minkowski’s inequality and [10, (26.14)]

( Z Ed(f, ((Tjk))p); < Z grinty—=) <de 27" L U]k)) >p
kezn r=j—v kEZ
(4.28) < i 27T wg(£,277, Ly(R)) .
r=j—v

=:bj_»

Now, by the discrete Hardy inequality [17, Chap. 2, Lemma 3.4] we obtain (for
0<g< o)

Z <2](é—+—u)( Z Ed f7 (ij))p> %)q < Z (2j(s—%+%—u)bj>q
JEZ kezn™ JEL

S Y (2wt 2 LR))

JET

~

(R))"

For p = 0o or ¢ = 0o the estimate works analogously.
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For p < 1 Minkowski’s inequality is replaced by [lz +y||) < [lz[|] + [[y]|} and we

have
> By(fWE(o))" 277 Y 2r et gy (f,277, Ly(R))P
kezn r=j—v

instead of (4.28). Thus,

5 (sb( minerenr))

Jez kezn
~ . 4
5 Z (2](psnpu+ Z 9r (n+pp—=L (Ud(f7 ,LP(R))p)
J=jo r=j—v
and the final inequality follows again by the discrete Hardy inequality. [

We will also need an estimate for the coefficients of the scaling functions on the
coarse level. This estimate will be based on the following lemma.

Lemma 4.7. Let——%—!—,u< s, €Ny, 0<p,g< 00,1 <7<00. Forop Co+k,
k € Z™, where o C R™ is a n-dimensional cube, we have

(3 1 )™ S 1y -
kezn
Proof. Again by Hoélders inequality we conclude that it is sufficient to prove the
result for p < 7. For s > a > ]l) — T + o we know that B (Ly,(0)) is embedded in
the Sobolev space W¥ (oy), i.e.,
||f||Wl‘(gk) ~ ”f”L (ok) + |f|B°‘(L (k)"

Now the statement follows as in the proof of Lemma 4.6. ]

For our Hermite spline wavelets we obtain from Lemma 4.6 and Lemma 4.7 the
following estimate.

Corollary 4.8. Let f € Bi(Ly(R)), 1+ < s < 4,0 < p,q <oo. Then the

coefficient sequences oy, = ((f, ﬁj_n;j,k»jzjo,kez’ B = ((f, @r_b;jo,k»kez’ jo € Z,
m = 1,2, satisfy

> (Jull,

m=1

<
i) S 11

B (Lp(R))-

If% < s < 3 the estimate holds also if é,fl and 7% are replaced by 5771 and 1, .

Proof. Obviously
[ & o i) SIF s 2=s0 o))
and since II3 C V-Jr we know nm,j w(P) =0, P elIl3. Thus,
‘(fa ﬁimyﬁ)’ = mf ‘ f—P, 77,] k>| S E4(f, LOO(ij)) + 2_jE3(f/,LOO(Ujk))

< E4(f7 (Ojk))

with o = 277[k, k+ 1]. Now, the statement follows immediately from Lemma 4.6
and Lemma 4.7.
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For é;l.jo y and 7, ., we obtain analogously

(€] S U ae—sope—ragy  and (€50 ] S IF Lo 2-s0 -1,
as well as
[(FoTmgi)| S B (fs Los(03)) + 2 Es(f, L(o51).
Next, Holder’s inequality yields ||f — Pz, (0,0) S 277 11f = Plliw (o), i€

|(fs i S E3(fy Loo(ojk))

Now the statement follows as before from Lemma 4.6 and Lemma 4.7. O

Finally, putting all pieces together, we obtain that these wavelets form uncondi-
tional bases for a certain range of Besov spaces.

Theorem 4.9. Let 1 +% < s < min(4,2 + 11—)) , 0 < p,g < oo. Then every
f € B;(Ly(R)) has the expansion

2 e
(4.29) f= Z (Zﬁm,kf;;,k + Z Zam?%knz;j,k)

m=1 Mk€EZ j=jo k€L

+ >

with uniquely determined coefficients Bm ik = (f, é:;l_jo k) and am i = (fif,p

Furthermore,
43 ) .

If &Y and m)!, are replaced by &, and n,,, then the statement holds for % <s<
min(3,1 + %)

2

1 mg,mn ~ S (1Bmlle, + o

m=1

Proof. The unconditional convergence of (4.29) is shown with the estimates in
Corollaries 4.5 and 4.8 and the biorthogonality relations in Prop 4.2(d), (4.18),
and (4.19). Then the norm equivalence follows immediately from Corollaries 4.5
and 4.8. d

Note that the bounds for s are relatively narrow. In particular, we can not choose
the same value of s for the wavelets 7, and n;.. This will cause some difficulties for
the divergence-free wavelets constructed in Sect. 4.3 below, which can be avoided by
considering anisotropic Besov spaces as done later in Sect. 4.4. However, wavelets
of higher regularity might be desirable in some cases.

4.3. Divergence-free Interpolatory Hermite Splines. We now describe a con-
struction of divergence-free interpolatory Hermite spline wavelets based on (4.7).
We first consider the interpolatory tensor-product MRA VjI similar to (2.11). Note
that these spaces are generated by scaled translates of

or (o, wn) =[] &, (@), m=(m,...,m,)7" €{1,2}",
v=1

where

H b
§, otherwise,

+ o if I
o { Ly p=1,2
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This means that le is generated by a multigenerator of dimension 2". The corre-
sponding wavelets are

n
L@, xn) =[]0, (@), e€EL m=(m,...,m,)" €{1,2}",
v=1

where

v "

, { L, ife=0,

nh, otherwise,
and ’7;‘17 ,, is defined in a similar fashion as fi{ - Analogously, we define ¢!, and ﬁgm
as tensor product functionals. Thus, we obtain
|EX|2" = (2" —1)2"
wavelets, i.e., 12 wavelets in 2D and 56 wavelets in 3D. We denote by
n .
AT, ifvel
I ._ . . 9 )
A= Qv Av = { Ay, ifugl
u—1 i 9
the corresponding Hermite spline interpolants. Before we proceed, we collect some

properties of these interpolants.

Proposition 4.10. The following properties hold for sufficiently smooth functions
f:R*"—>R

(a) <Aij? Sarln;j,k> = <f7 @fn;j,k>7 fOT’ k € Zn7 me {172}71;
(b) G2ALf =AM (G2 p) e 1

(¢) Lol =oplMD ifiel e =1.

oz, re,;m

Proof. (a) follows directly from (4.9-4.11), whereas (b) follows from Proposition
4.2 (c). As for (c), by i € I and e; = 1 we have

I I
eiymiyi - Ylmg,i T 77;:11
so that the claim follows from (4.16). O

Note that (a) describes the (Hermite) interpolation properties of A]I- , similarly
to (4.9-4.11) in the univariate setting. In particular, for m; =1, ¢ € I, and m; = 2,
i ¢ I, statement (a) becomes Aff(277k) = f(277k).

The next step is again a vector-valued MRA for the component ¢ similar to
(2.13), i.e.,

Om.i = oLt §;, me {1,2}", 1 <i<n,

and the corresponding interpolants
Ai;j = A;{z} (51

Putting these together, we obtain an interpolatory MRA {V;};>;, in C(R") gen-
erated by
{‘Pm,i tme {1,2}”, 1< < n}

n
with the associated interpolant A; := ZAM. Hence, we have n 2" generators. As
i=1
an immediate consequence of Proposition 4.10 we obtain
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Proposition 4.11. For a vector field f € C(div;R™) we have
div (A;f) = AJ(div £),

where A? =A@ QA

Proof. With 4.10, (d), we obtain

div (A f) = Z A{}fz ZA@( ) AY(div £).
O

The Hermite interpolant A; is used to interpolate given sample data of a flow
field. The above proposition ensures that the interpolant of an incompressible flow
field remains divergence-free.

Now, we construct divergence-free interpolatory multiwavelets. Let us first
briefly sketch the idea, which is similar to (2.15) above. Let W; = V1 &V}
denote the vector-valued interpolatory wavelet spaces. The road map is to decom-
pose W; as

WY =W;NNdiv;Q), W>=W;eW
in a stable way. To this end, we define
1/Je,m,i = ¢é% 61
so that
W, = closspan {¢e m ik e € B, me{1,2}", i=1,...,n, k€ Z"}.

This means, we have

|Er|2"n =n2" (2" —1)
vector-wavelets, i.e., 24 in 2D and 168 in 3D. From (4.16) we conclude

'lbem“_?%m, 61‘:1.

For e € E} and i # i, we deﬁne

(430) emz = qzzjem % ,ll){zz }
Again, it is readily seen that due to e;, = 1, we have
. 1 9 0 y
(431)  div 9, = w{” 37 7, Vo = w“} w“}
In order to obtain the de31red decomposition, we define
(432) d]e m = WHC} 6

The dual functionals for the divergence-free wavelets turn out to be the standard
ones, i.e.,

(433) e,m,i = we m i 7é ie;
Furthermore, it is easy to verify that
1,[36A’m = ——grad 1/)6 o

where the derivatives are meant in the sense of distributions (cf. (4.22)), i.e

(4.34) (f. 92, = —3(f,grady? ) = L(div £,97 ).
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4.4. Characterization of Spaces of Vector Fields. We will consider the spaces
Bj(Ly(R") = {f € By(L,(R"): 52-f; € Bj(L,(R"), i=1,....n}

with the semi-norm

o fi

flps nyy i= max
1B (L)) = Ba(Ly (&)

and the norm Hf”B;(Lp(Rn)) = | fllBs (L, @)+ |f|Bg(Lp(Rn))' Note that equivalent
norms can be defined by replacing the maximum by any p-norm for R™.
The components of a vector field f € B;(L,(R")) are from certain anisotropic

Besov spaces (see [5]). In particular, we have for f € B;(LP(R")) that div f €
B(Lp(R™)).

Theorem 4.12. Let 0 < s <1+ % and 0 < p,q < oco. Then

§ BrmiskPrmisjo k

m,i,k

v v A A

Jj=jo e;myk Niie Bg (Ly(R™))
S Tlmil, + 3 (ladnlgn + X laTmalg )
m,i e,m iFle

Proof. Let

. \v4 \v4 A A
g=> > ( > O sk Yemaiiih T o ‘pe,m;j,k)-

j>joe;m,k NiFie
Let us choose a fixed but arbitrary v. From the construction of the wavelets we
know that the v-th component has the form

gv = Z Z Z O‘n,j,kq)u,n(2j : 71{)’

K j>jo kEL™

where k represents any possible choice of e, m,i and A or V. Further,

oo
éu,m = ® ¢V,/{,Z
(=1

with compactly supported Hermite splines ¢, ¢ € S32 for v # £ and ¢, ., € Sq 0.

Then 9
8—%91/ - Z Z Z 2jan,j,k (%q)v,n) (2] ° _k)7

K j>jo keZ™

where a%@,,y,{ is a tensor product of compactly supported splines from S5 and

1
therefore contained in B;rp (Lp(R™)). Now, Lemma 4.4 yields

<
‘ By(Ly(R™) ~ XH: fevs

905, 5 2 (Homlgss + 3 o,
e,m iFie

8
Bz, Iv ot

Hence,

s+1 ).
ZP‘I )
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The estimate

S D IBmille,

Bi(Lpy(R™) i

H E Brmi,kPrmizjo.k

m,i,k

follows analogously. O

Theorem 4.13. Let % <s<3,0<p,q< 0.
Then the sequences B i = (<f7¢m7i;jovk>)kezf o i = (£, 97 e mis, k>)j2jo7k€Z
and acA,m = (<f’¢£m;j7k>)j2jo7kez’ .jO € Z; S(ltZSfy

S ol + 3 (Jeallgy + 3 o,
iF# e
Proof. If e; = 1 we have by (4.22) that

\% _ Y _ 71}
Cem,isjk = <f»’/’e,m,z';j,k> = <fiv¢e,m;j,k>

4) S 18z, -

2 J= 1 <3$ f’“’l/}emJ k;>
S 277K (aimfivLoo(gjk)) ;
where o, = 277([0,1]? + k). Now the application of Lemma 4.6 yields

Ofi

(4.35) |y o

e,m,i

< 1F 18y, amy

s+1 ~o
tpq B3 (Ly(R"))

The same estimate follows for e; = 0 and m; = 2 by Proposition 4.2.
On the other hand, for e; = 0 and m; = 1, we assume without loss of generality
that ¢ = 1 and then

(4.36) <f» eym, 15, k> - <f1a7/~f§,1fi;j,k> = (f15 00k, @ Ve iy @ @ De )
Now, set
Yo {g €CYR™) : gl _poip, € H3}'
Obviously,
<971/~’;{,17i;j,k> B <9‘I1=2*jk1’796_2’m2 ©0 ﬁg"’m"> -hooeed

Hence, we have with Proposition 4.2

(A1 080 )| = it |[(F = 9,580

geX
<
o ;g§(< ’< (fl )¢em,gk>‘+‘<fl g’wemjk 51>‘)
(o i)
~ ;2>f< <2 m(fl 9) I J]k)Jr )|9;1:271(k_51) Lo (RP-1)

Note that g can be chosen independently of g} In particular, for

=27 (k—81)"
(fi — )|x1=2*j(k—61) =0 and 6x19 € I3 one obtains

‘<f171/~}£7173uj7k>‘ S277E; (a%lthoo(Ujk)) )

which leads again to estimate (4.35).
For a m the proof is done analogously.
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Finally, one shows by similar arguments and Lemma 4.7 that

H I I fill s (2, ) if m; =1,
Bmsill, < ‘ o H e
P ox; fZ B;(LP(R)) ) if m; = 2.

Applying biorthogonality we obtain the following result.

Theorem 4.14. Let % < s < min(3,1 4+ %) , 0 < p,g < oo. Then every f €
Bg (Lp(R™)) has the expansion

f = Z ﬁm,i;k"pﬂbai;joak

m,i,k

(4.37) + 2> < > ik Vomisgk + ek ¢§m;j,k)

Jzjo e;mik NiFic

with uniquely determined coefficients, and
A
||f||B;(L,,(Rn)) ~ Z [Bmille, + Z (ae,mllz;y + Z e i e;;l)-
m,i e,m iF e

Note that we need the Zzg‘l—norm and not the £} -norm in the statements above.
This is due to the normalization of the wavelets in BS(L,,(R”)).

The limited regularity of the wavelets and their dual functionals permits only a
small range of smoothness parameters s. In particular, for higher spatial dimensions
n there are no admissible values for s if p becomes small. However, in many cases
one might only need a one-sided estimate. Therefore, we stated the inequalities in
Theorems 4.12 and 4.13 separately.

By the construction of the divergence-free wavelets we know that any linear

combination of the wavelets @bzm7i;j7k, e € E*, m € {1,2}", i € 4., j,k € Z is
divergence-free (cf. (4.31)). On the other hand, we know from (4.34) that for
A N

any divergence-free vector field f the coefficients a,, ., == (f, ¥z, ; ) are zero.
Thus, we know that a vector field f is divergence-free if and only if in the expansion
(4.37) the coeflicients aﬁmd’k are zero and the coarse part Em’i’k BimiskPrmizjo k 18
divergence-free. For the single-scale wavelet bases we deduce the following result

Proposition 4.15. The functions

nj 7 . . nj A
22 ik 1 F e 220 ks ec EX, me{l,2}", keZ"
generate a Riesz basis for W; and 2%¢Zm,i;07k, i # i, e € B, m e {1,2}",

k € Z", constitute a Riesz basis for ij, with Riesz bounds independent of j.

Proof. 1t is well-known that it is sufficient to show the statement for j = 0. From
the construction in Sect. 4.3 it is obvious that the functions ¢Zm7i;0_k and 1,[12m;07k
are complete in Wj. /

To show stability we consider

R E A A E \% v
w = <de7m;k we,m;O,k + de,m,i;k 'l/Je,mﬂ';O,k:) € WO~
iie

e,m,k
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Theorem 4.12 gives

1
lwllz, S lwllgyz,@ny) < lldlle, = < D el + > |demzk|2> :
e,m,k iFle

Since %wi is continuous we have
i

|dZm,i;k| = ’(qu/;Zm,i;O,kM S ||aimiwi||c(g+k) g ||wi||L2(0+k)7

where supp1/: C o. Since w is compactly supported we conclude

ETTLZ emz

Z |demzk|2 5 ||w1H%2(]R)
kezn

With an analogous argument for the coefficients dém;  we obtain finally that

ldlle, S ”wHLz(R)

and the first part of the proposition is shown.

Furthermore, we know from (4.31) and (4.34) that w is divergence-free if and
only if d2 mx = 0 forall e € B, m € {1,2}", k € Z", which proves the second
statement (]

4.5. Quasi-interpolation. As already mentioned above, A* interpolates function
values and values of derivatives or primitives at the integers. This, however, is not
realistic in applications where one is interested in the analysis of experimental data
with the aid of wavelets. In fact, experimental data typically consist of measure-
ments of the velocity field at given nodes. This means, that one only has the point
values of the velocity field available and no information on the derivatives or prim-
itives. Thus, we study approximation schemes for our divergence free interpolating
Hermite splines. Our goal is to replace f/(k) and f k“ x) dz by linear functionals
depending only on function values f(k), k E Z, in such a Way that we still have a
good approximation. This condition leads to the notion of quasi-interpolation.

Definition 4.16. Let S C C(R™). A linear operator @) : C™(R") — S, is called a
quasi-interpolation operator, if
(a) @ preserves polynomials of degree less than d € N, ie., Q(P) = P for
Pelly .
(b) The operators @ are local and uniformly bounded, i.e., there is a constant
Cq and a compact set K so that for each U C R"

(4.38) 1QflI,w) < Cq I fll,w+k)-

Theorem 4.17. Let 1 < p,q < 0o and m +n/p < s < d. The the scaled quasi-

interpolation operator Qp defined by Qnf := Q(f(h))(ﬁ), with any Q from Defi-
nition 4.16, satisfies for any f € By (L,(R™)) the inequality

1Qnf = fllL,®) S h°1f|Bs (L, Rn))-

Proof. From the assumptions of the theorem we know that B (L,(R™)) is embed-
ded in C™(R™), i.e., Qnf is well defined. With oy 5 = h([0,1]" 4+ k) we have for
any P € Il that

1@nF =112y S NQRI=QUPIL o \FIP=IE () < (CtDIP=FIE (e .

:D(gh,k)
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where o}, , = h([0,1]" + k + K). Hence,

QS = I, ) < D (Balf, Ly(oh 1))
kezn
Now the statement follows immediately from Lemma 4.6. (|

Obviously, AJ and Ay satisfy the conditions of Definition 4.16 withm = 1, d = 4
and m = 0, d = 3, respectively. Now, we set

Q f@) = Y (FWE @ =k +af (N @~ ),
keZ

QI@ = Y (w(DE @@=k + (R (@ - k).
kez\{0}

Obviously, QT and @~ are quasi-interpolation operators with exactness d = 4 and
d = 3, respectively, if

qu(p) p/(k), pE H3a

k
) = /k p@)de,  pell,
—1

and the functionals qkjE depend only on values of f in a neighborhood of k. Since
we only know values of f at the integer points, we have to consider methods for
numerical differentiation and integration with a sufficient polynomial exactness in
order to define suitable functionals q,': and g, , respectively. Local functionals of
minimal support, with sufficient polynomial exactness are

G (f) = §(=flk+2)+6f(k+1)=3f(k) - 2f(k 1)),

G (f) = $(f(k—2)—6f(k—1)+3f(k)+2f(k+1)),
g (f) = H(Gfk—1)+8f(k)— f(k+1)),
QI;(f) = 112( f(k_2)+8f(k_1)+5f(k))

We also present the corresponding symmetric functionals of minimal support

G (f) = S(flk—2)—8f(k—1)+8f(k+1)— f(k+2)),
G () = 35(—fle—2)+13f(k—1)+13f(k) — f(k +1)).

By corresponding scaled versions of Q* we are able to obtain an approximation
of a smooth function f from sampled data, which has the same order of approxi-
mation as the interpolation operators A?E. By tensor product methods we can also
construct quasi-interpolation operators replacing the multivariate Hermite interpo-
lation operators A]I. and A;.

5. LIFTING SCHEME

The lifting scheme (yielding so called second generation wavelets) has become a
popular standard tool to adapt wavelet bases to particular requirements, [35, 36]
(see also [9] for a quite similar approach called stable completion). The adapta-
tion and usage of second-generation wavelets for the numerical solution of partial
differential equations by a collocation method is introduced in [24, 25, 26, 43].
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For multiwavelets, the lifting scheme has been applied e.g. in [12, 20]. In
[2, 21, 22], the lifting scheme has been applied for biorthogonal multiwavelets gen-
erated from Hermite splines also yielding wavelets with arbitrary order of vanishing
moments.

In this section we show how a lifting scheme can be applied to interpolatory
divergence-free wavelets as constructed above. Let &, n°9 be an initial pair of
scaling function and corresponding wavelet. Then, the simplest form of a lifting
scheme on R is to define a new wavelet n"°" by

(5.1) " (x) = 0" a) + ) un e — k)
k

where ug € R are suitably chosen coefficients. The generalization to general inter-
polation grids and domains is straightforward.
For the Hermite cubic splines the lifting scheme can be described by
+,new +,0ld
m’ m’ &
(e J@r= (o J @+ 20z (5 ) @w
T2 "l2
with U,j € R?2%2, We leave the choice of these matrices free in order to leave
freedom to achieve desirable properties.
Having fixed the wavelets n; """ and 7, we want to choose wavelets 7,

and 7, """ which permit the construction of divergence-free wavelets. The essential
relation for this construction was (4.16). Therefore, we set

n—,new B 1 d 77+ new
( 77; ,new ) (.’I)) - 2 d(E ( 3rnew )

—,old _

_ [ m +( & —k)—&(iv—k—l))

(o )+ ZU ( & (a— k)
,old

= <77 7old) +2Uk ( _)(I—k),

Up)

et iz, (3 ).

Since 7,52 and 7, " satisfy (4.16) the construction of divergence-free wavelets
can be done as in Sect. 4.3.

That means, we have to fix either the U,j or U, in order to establish certain
properties of the wavelets n,>"°" and n,,°", both. In the particular important
case of vanishing moments it turns out that k& vanishing moments for n,5"*" with
supp 71, C [~ R, R] imply

+,new new
)

where

_{/xe Lptmew(p)de =0, £=1,...,k,
2 Jr

/ 2l 0o (z) dr =
R DY (R) — Y (~R) = 0, £ =0,

- IleW

i.e., k + 1 vanishing moments for 7,
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