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1 Introduction

The construction of wavelets is usually based on the determination of the mask
coefficients of refinable functions. The orthogonal wavelets by Daubechies
[13,14] where constructed in this way. Analogously, biorthogonal wavelets
where introduced by Cohen, Daubechies, and Feauveau [10] starting with two
refinement masks, which define two refinable functions generating a pair of
biorthogonal Riesz bases. Having found the refinement masks the construc-
tion of an orthogonal wavelet basis or a pair of biorthogonal wavelet bases is
straight forward.

In many applications, in particular in signal processing, only the refinement
coefficients are needed in computations. On the other hand, in many wavelet
methods in numerical analysis one has to compute function values, derivatives
or integrals of wavelets by a fast method (see e.g. [6–8,12]). Although all this
computations can be done knowing only the refinement coefficients (see [16]),
such a computation might be relative expensive. Therefore, spline wavelets are
often preferred in this case. B-splines and spline wavelets have the advantage of
an explicit representation as piecewise polynomials so that the computation
of function values, derivatives or integrals is easy to perform. Furthermore,
the theory of splines has developed very far in the last decades, and optimized
methods for splines are available.

For computational reasons one is interested in wavelets with compact support.
Compactly supported spline wavelets have been developed independently by
Cohen, Daubechies, and Feauveau [10] and by Chui and Wang [4,5]. While the
first approach aims on compactly supported dual wavelets, which are usually
no splines, the second approach considers semi-orthogonal wavelets, where
the dual wavelets are also splines but in general not compactly supported.
Compact support of the duals seems to be desirable for computational rea-
sons. However, we want to mention here that semi-orthogonal spline wavelets
may be more stable, while computational problems can often be circumvented
applying the spline structure of the dual wavelets [1,2,17].

In this article we want to investigate biorthogonal compactly supported spline
wavelets with compactly supported duals. An important issue is the stability
of such bases. In [10], a necessary condition is given under which a wavelet
generates a Riesz basis. A sufficient and necessary condition was given in [9].
While a qualitative statement about stability can be made it is not easy to
measure the stability in the sense that one can determine the Riesz bounds
for a wavelet basis. Furthermore, it is not clear if there are other biorthogonal
spline wavelets with better stability than the ones from [10].

The situation becomes more involved, if one wants to construct wavelets on the
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interval or even on more complicated domains in R
n. As in [11] Riesz bases

of spline wavelets for the interval can be constructed, but due to technical
difficulties it turns out to be very hard to control the stability. One difficulty
here is that the original approach in [10] is based on Fourier methods. To obtain
functions for the interval one has to truncate the wavelets or scaling functions
on the real line. But truncation usually leads to the loss of biorthogonality and
vanishing moments. The preservation of these properties leads to boundary
constructions which are technically involved.

On the other hand, splines on the interval, even with non-uniform knots, are
well understood. Therefore, we want to present an approach to biorthogonal
spline wavelets, which is based on a construction in the time domain making
use of the fact that the functions in consideration are splines. In Section 2,
we will recall results on splines and spline wavelets that we will need in the
following sections. Section 3 contains sufficient and necessary conditions for
biorthogonal spline wavelets in order to have finitely supported decomposi-
tion sequences (Theorems 2 and 3). Then we show in Section 4 how refine-
ment coefficients for such wavelets and the corresponding scaling functions
can be obtained. The connection to the biorthogonal spline wavelets of Co-
hen, Daubechies, and Feauveau is shown in Section 5. Finally, in Section 6, we
give a result on the Riesz bounds of biorthogonal spline wavelets (Theorem 6).

2 B-splines and spline wavelets

Since the scaling functions and wavelets will be B-splines and linear combina-
tions of B-splines, respectively, we collect a few facts about B-splines, which
we will need in the sequel.

For given knots t0 < t1 < . . . < tn, n ∈ N0 we define the B-spline

B(t0,...,tn)(x) := (tn − t0) [t0, . . . , tn](· − x)n−1
+ , (1)

with the divided difference

[t0, . . . , tn]f :=
[t1, . . . , tn]f − [t0, . . . , tn−1]f

tn − t0
(2)

and the truncated powers xm+ := χ[0,∞)(x) x
m. (see e.g.[15,18]).

Later, we will need the following statement about divided differences.

Lemma 1 For t0 < t1 < . . . < tn we have

[t0, . . . , tn]f :=
n∑

k=0

f(tk)
∏

ℓ 6=k(tk − tℓ)
.
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PROOF. For n = 0 the statement is obvious. For n > 0 we show by induction

[t0, . . . , tn]f =
1

tn − t0





n∑

k=1

f(tk)
∏

ℓ 6=0,k(tk − tℓ)
−

n−1∑

k=0

f(tk)
∏

ℓ 6=k,n(tk − tℓ)





=
1

tn − t0




f(tn)

∏

ℓ 6=0,n(tn − tℓ)

+
n−1∑

k=1

(

(tk − t0)− (tk − tn)
)

f(tk)
∏

ℓ 6=k(tk − tℓ)
−

f(t0)
∏

ℓ 6=0,n(t0 − tℓ)





=
n∑

k=0

f(tk)
∏

ℓ 6=k(tk − tℓ)
. 2

If the knots tk are equidistant, the corresponding B-spline will be a scaled
translate of the cardinal B-spline

Nd(x) := B(0,...,d)(x) =
1

(d− 1)!

d∑

k=0

(−1)k
(

d

k

)

(x− k)d−1
+ . (3)

The cardinal B-spline satisfies the refinement equation

Nd =
d∑

k=0

akNd(2 · −k)

with refinement coefficients

ak = 21−d

(

d

k

)

. (4)

Further, the integer translates of Nd are locally linear independent, i.e., if for
any open set Ω ⊂ R

∑

k∈Z

ckNd(· − k)

∣
∣
∣
∣
Ω

= 0,

then ck = 0 if suppNd(· − k) ∩ Ω 6= ∅ (see e.g. [3]).

It is well known that for a given spline of order d the spaces

Vj := closL2
span

{

Nd(2
j · −k) : k ∈ Z

}

=
{

f ∈ L2(R) ∩ Cd−2(R) : f
∣
∣
∣
2−j [k,k+1]

∈ Πd−1, k ∈ Z

}
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form a multi resolution analysis (MRA). Here, Πd−1 denotes the space of
polynomials of degree less than d. Therefore, we can introduce a spline wavelet

ψ =
∑

k∈Z

bkNd(2 · −k) ∈ V1 (5)

so that

Wj := closL2
span

{

ψ(2j · −k) : k ∈ Z

}

satisfies Vj+1 = Vj +Wj and Vj ∩Wj = {0}. This implies the decomposition
relation

Nd(2x− ℓ) =
∑

k∈Z

cℓ−2kNd(x− k) + dℓ−2k ψ(x− k) (6)

The sequences a = (ak)k∈Z, b = (bk)k∈Z and c = (ck)k∈Z, d = (dk)k∈Z play an
important role for the reconstruction and decomposition algorithm (synthesis
and analysis), respectively (see e.g. [3, Sect. 5.4]). Therefore, it is desirable that
these sequences have finite support, i.e., there are only finitely many nonzero
coefficients. Note that the local linear independence of B-splines implies that
the finite support of b is equivalent to a compact support of the wavelet ψ.
Furthermore, we know already that a is finitely supported.

In the sequel we look for compactly supported spline wavelets with finitely
supported decomposition sequences, i.e., we want the sequences b, c, and d to
be finitely supported. As an abbreviation we will use the term biorthogonal
spline wavelets in the remainder of the article, if a misunderstanding is out of
question.

3 Compactly supported spline wavelets with finitely supported de-

composition sequences

An example for a class of biorthogonal spline wavelets is given in [10]. Looking
at the graphs of these spline wavelets with order 1 and 2 it seems that there is
only one non-integer knot at 1

2
. These observation is confirmed by the following

theorem.

Theorem 2 Let ψ be a spline wavelet with support in [0, r], r ∈ N which
satisfies (6) with finitely supported sequences c and d. Then, ψ is a spline
with knots

tk =







k, if k = 0, . . . , s− 1,

k − 1
2
, if k = s

k − 1, if k = s+ 1, . . . , r + 1,

for some s ∈ Z, 1 ≤ s ≤ r
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Fig. 1. Spline wavelets of order 1 and 2.

PROOF. From (3), we know that

Nd(2x− ℓ) =
2d−1

(d− 1)!

d∑

k=0

(−1)k−ℓ
(

d

k − ℓ

)
(

x− k
2

)d−1

+
. (7)

Furthermore, ψ ∈ V1 is a compactly supported spline with knots in 1
2
Z, i.e.,

ψ(x) =
2r∑

k=0

αk
(

x− k
2

)d−1

+
. (8)

Since the functions Nd(x− k) have only integer knots we can write (6) as

Nd(2x− ℓ)=
∑

k

βk(x− k)d−1
+ +

∑

k∈Z

dℓ−2k

r∑

n=1

α2n−1

(

x− n− k + 1
2

)d−1

+

=
∑

k

βk(x− k)d−1
+ +

∑

k∈Z

r∑

n=1

dℓ+2(n−k)α2n−1

(

x− k + 1
2

)d−1

+
(9)

with some coefficients βk which depend on c and d. By comparison of coeffi-
cients in (7) and (9) we conclude that

2d−1

(d− 1)!

(

d

k

)

(−1)k =
r∑

n=1

d2n−k−1α2n−1, k ∈ Z. (10)

By z-transform we obtain

2d−1

(d− 1)!

∑

k∈Z

(

d

k

)

(−z)k =
∑

k∈Z

r∑

n=1

d2n−1−kα2n−1z
k,
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i.e.,
2d−1

(d− 1)!
(1− z)d = D(1

z
)A(z),

where D(z) =
∑

n∈Z dn+1z
n and A(z) =

∑r
n=1 α2n−1z

2n are Laurent polyno-
mials. From the equality above it follows that A(z) can have zeros only at
z = 1 or z = 0. On the other hand, since A(z) is even we know that A(1) = 0
implies A(−1) = 0, i.e., if z 6= 0 then A(z) 6= 0. Hence, A(z) = α2s−1z

2s or
equivalently α2n−1 = α2s−1δns for some s ∈ Z, 1 ≤ s ≤ r. Therefore,

ψ(x) = α2s−1

(

x− s+ 1
2

)d−1

+
+

r∑

k=0

α2k (x− k)d−1
+ , (11)

which proves the theorem. 2

Theorem 2 states that it is necessary that the wavelet is a spline with one
and only one knot in Z + 1

2
. From the proof one concludes by some simple

arguments immediately that this condition is sufficient, too.

Theorem 3 Let ψ(x) defined in (11) be a spline wavelet with compact support.
Then (6) holds with finitely supported sequences c and d.

PROOF. If ψ is a wavelet, then there exist (not necessarily finitely sup-
ported) sequences which satisfy the decomposition relation (6) and (10) holds.
Since ψ(x) satisfies (11) we know α2n−1 = α2s−1δns and (10) becomes

dk = −
2d−1

α2s−1(d− 1)!
(−1)k

(

d

2s− k − 1

)

, (12)

i.e., dk = 0 if k < 2s − 1 − d or k > 2s − 1. Now we conclude from (6) with
ℓ = 0 that

∑

k

c−2kNd(x− k) = Nd(2x) −
∑

k

d−2kψ(x− k) (13)

is a compactly supported spline with knots in Z. By local linear independence
it follows immediately that there can be only a finite number of non-vanishing
coefficients c−2k. For ℓ = 1 in (6) one obtains analogously the statement for
the coefficients c1−2k. 2

4 Computation of the Decomposition and Reconstruction sequences

Let us assume we have chosen a spline wavelet and the coefficients αk in
the representation (11) are known. From (4) and (12) we know already the
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sequences ak and dk. In order to determine the coefficients bk we apply (7) and
(8) to (5) and obtain

2r∑

k=0

αk
(

x− k
2

)d−1

+
=

2d−1

(d− 1)!

∑

k∈Z

bk

d∑

ℓ=0

(−1)ℓ
(
d

ℓ

) (

x− k+ℓ
2

)d−1

+

=
2d−1

(d− 1)!

2r∑

k=0

d∑

ℓ=0

bk−ℓ(−1)ℓ
(
d

ℓ

) (

x− k
2

)d−1

+
.

That is
(d− 1)!

2d−1
αk =

d∑

ℓ=0

bk−ℓ(−1)ℓ
(
d

ℓ

)

, k = 0, . . . , 2r. (14)

or equivalently (d−1)!
2d−1 α = ∆d

b, where ∆ is the difference operator defined by
(∆x)k := xk − xk−1.

That means b can be computed as follows. Set b
(0) := (d−1)!

2d−1 α and compute

b
(m)
k by the recursion

b
(m)
−1 = 0, b

(m)
k := b

(m−1)
k + b

(m)
k−1, k = 0, . . . , 2r + 1−m, m = 1, . . . , d,

i.e., b
(m−1)
k = ∆b

(m)
k , k = 0, . . . , 2r+ 1−m, and thus b

(d)
k = bk, k = 0, . . . , 2r+

1− d. The remaining coefficients bk are zero, what can be shown by the local
linear independence of the B-splines or directly from (14).

Analogously, applying (3), (7), and (8) to (6) yields

2d−1

(d− 1)!

d∑

k=0

(−1)k
(
d

k

)

(x− k+ℓ
2

)d−1
+

=
1

(d− 1)!

∑

k∈Z

cℓ−2k

d∑

m=0

(−1)m
(
d

m

)

(x− k −m)d−1
+

+
∑

k∈Z

dℓ−2k

2r∑

m=0

αm (x− k − m
2
)d−1
+ ,

By comparison of coefficients of xd−1
+ we obtain

∑

k∈Z

cℓ+2k(−1)k
(
d

k

)

= 2d−1(−1)ℓ
(
d

−ℓ

)

− (d− 1)!
∑

k∈Z

dℓ+2k α2k

=
2d−1(−1)ℓ

α2s−1

(
(
d

−ℓ

)

α2s−1 −
∑

k∈Z

(
d

2(s−k)−1−ℓ

)

α2k

)

=
2d−1(−1)ℓ

α2s−1

∑

k∈Z

(
d

2s−k−1−ℓ

)

αk,
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i.e.,
∑

k∈Z

cℓ+2k(−1)k
(
d

k

)

=
2d−1(−1)ℓ

α2s−1

∑

k∈Z

(
d

k

)

α2s−k−1−ℓ.

Using z-transform the equality reads as

(1− z−2)d
∑

k

ckz
k =(1− z−1)d(1 + z−1)d

∑

k

ckz
k

=
2d−1

α2s−1

(1− z−1)d
∑

k

α2s−k−1(−z)
k,

i.e.,
d−1∑

ℓ=0

ck+ℓ
(
d

ℓ

)

=
2d−1

α2s−1
α2s−k−1(−1)k. (15)

With (4) we obtain
∑

ℓ

ck+ℓaℓ =
α2s−k−1

α2s−1
(−1)k.

For k = −2m this becomes

∑

ℓ

cℓ−2maℓ = δm0, (16)

Further, (14) and (15) imply

bk =
α2s−1(d− 1)!

4d−1
(−1)1−kc2s−k−1,

while (12) means that

dk =
4d−1

α2s−1(d− 1)!
(−1)1−ka2s−k−1.

That is, given the coefficients αk we are able to determine b, c, and d.

If the refinement equation

ϕ̃(x) =
∑

k∈Z

ckϕ̃(2x− k)

has a unique solution ϕ̃ ∈ L2, then (16) implies that ϕ̃ satisfies the biorthog-
onality condition 〈Nd(· − k), ϕ̃(· − ℓ)〉 = δkl. Furthermore, the wavelets ψ =
∑

k bkNd(2·−k) and ψ̃ =
∑

k dkϕ̃(2·−k) generate a pair of biorthogonal wavelet
bases (see e.g. [19]).
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5 Biorthogonal spline wavelets with minimal support

Up to now, we have only described all spline wavelets with finitely supported
reconstruction and decomposition sequences. However, there are other proper-
ties desired in applications as vanishing moments, symmetry, or small support.

Assume ψ is compactly supported in [0, r] and has d̃ vanishing moments, i.e.,

∫

R

xm ψ(x) dx = 0, m = 0, . . . , d̃− 1.

Let f be the uniquely determined solution of f (d̃) = ψ and f (k)(0) = 0,
k = 0, . . . , d̃ − 1. Obviously, f is a spline of order d + d̃ with f(x) = 0 for
x ≤ 0. The vanishing moments of ψ imply for x ≥ r that

f(x) =
∫ x

0
f ′(t) dt =

∫ x

0
(x− t)f ′′(t) dt =

1

(d̃− 1)!

∫ x

0
(x− t)d̃−1f (d̃)(t) dt = 0,

i.e., ψ is the d̃-th derivative of a spline of order d + d̃ with support in [0, r].
Conversely, if ψ is the d̃-th derivative of a compactly supported spline of order
d+ d̃ one shows by partial integration that ψ has d̃ vanishing moments.

Now it turns out, that we can fix ψ by demanding symmetry and minimal
support.

Theorem 4 Let d + d̃ = 2n be even. If ψ is a symmetric or antisymmetric
spline wavelet of order d, with d̃ vanishing moments and minimal support
[0, r], which satisfies (6) with finitely supported sequences c and d, then ψ(x) =

C ψd,d̃(x) with some C 6= 0 and

ψd,d̃(x) := B
(d̃)

(0,1,...,n−1,n− 1

2
,n,n+1,...,2n−1)

(x) (17)

=
2n− 1

(d− 1)!




(−16)n

2n
(

2n
n

) (x− n+ 1
2
)d−1
+ +

2n−1∑

k=0

(−1)k
(

2n−1
k

)

(n− 1
2
− k)

(x− k)d−1
+



. (18)

PROOF. If ψ is a symmetric or antisymmetric spline then the correspond-
ing knot sequence must be symmetric, too. Together with Theorem 2 this
implies that ψ has the knots 0, 1, . . . , r = 2ν − 1 and ν + 1

2
for some ν ∈

N. The vanishing moments imply that ψ is the d̃-th derivative of a com-
pactly supported spline f of order 2n = d̃ + d with 2ν + 1 knots. Now it
is well known that a compactly supported spline of order 2n has at least
2n + 1 knots, i.e., in order to have minimal support f must have the knots
0, 1, . . . , n−1, n− 1

2
, n, n+1, . . . , 2n−1. But B(0,1,...,n−1,n− 1

2
,n,n+1,...,2n−1) is (up
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to a constant factor) the only compactly supported spline of order 2n having
these knots (see e.g. [18, § 4.2]), i.e., equality (17) is proven.

Now Lemma 2 applied to (1) implies

B(0,1,...,n−1,n− 1

2
,n,n+1,...,2n−1)(x)

= (2n− 1)





2n−1∑

k=0

(k − x)2n−1
+

(k − n+ 1
2
)
∏k−1
ℓ=0 (k − ℓ)

∏2n−1
ℓ=k+1(k − ℓ)

+
22n (n− 1

2
− x)2n−1

+
∏2n−1
ℓ=0 (2n− 1− 2ℓ)





= (2n− 1)





2n−1∑

k=0

(−1)2n−1 (−1)k (k − x)2n−1
+

(k − n+ 1
2
)k!(2n− 1− k)!

+
(−1)n 22n (n− 1

2
− x)2n−1

+

(
∏n
ℓ=1(2ℓ− 1))2





=
2n− 1

(2n− 1)!



−
2n−1∑

k=0

(−1)k
(

2n−1
k

)

(k − n+ 1
2
)

(k − x)2n−1
+

+
(−1)n 42n

2n
(

2n
n

) (n− 1
2
− x)2n−1

+



.

Finally, applying the symmetry of B(0,1,...,n−1,n− 1

2
,n,n+1,...,2n−1) and taking the

d̃-th derivative yields equality (18). 2

Note that the biorthogonal spline wavelet of order d with d̃ vanishing moments
found by Cohen, Daubechies, and Feauveau in [10, Sect. 6A] has support
length d + d̃ − 1 and is symmetric or antisymmetric. Hence, it is up to a
constant factor and some integer shift identical with ψd,d̃. In particular, from
[10] we know that ψd,d̃ has the Fourier transform

ψ̂d,d̃(ξ)=
∫

R

ψd,d̃(x) e−ixξ dx

=C e−i(n−
1

2
)ξ (4

ξ
)d sin2n( ξ

4
)
n−1∑

ℓ=0

(
n−1+ℓ

ℓ

)

cos2ℓ( ξ
4
) (19)

with some constant C 6= 0.
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6 Stability of Biorthogonal Spline Wavelets

The stability of a wavelet basis is crucial in applications. In particular, we
want the wavelet system

Ψ =
{

2
j

2ψ(2j · −k) : j, k ∈ Z

}

to be a Riesz basis for L2(R), i.e.

A
∑

j,k∈Z

|cjk|
2 ≤

∥
∥
∥
∥

∑

j,k∈Z

cjk2
j

2ψ(2j · −k)
∥
∥
∥
∥

2

≤ B
∑

j,k∈Z

|cjk|
2 (20)

for some constants 0 < A ≤ B <∞. In [10] it was shown that ψd,d̃ generates
a Riesz basis if d̃ > 4.1653 d + 2.5826. Furthermore, in [9] a necessary and
sufficient criterion for Riesz stability was established, which permits to prove
Riesz stability also for some smaller d̃.

However, in applications it is usually not sufficient to know that there are
positive constants A and B satisfying inequality (20), but also that these
constant are close to each other. Therefore, we introduce the condition number

κψ := min
{
B
A

: A and B satisfy (20)
}

.

Obviously, κψ ≥ 1 for any wavelet, while κψ = 1 if and only Ψ is an orthogonal
basis (cf. Parseval’s identity). Therefore, κψ is a measure of stability, in the
sense how good (20) approximates Parseval’s identity.

Next we will show that for biorthogonal spline wavelets there is a lower bound
for the condition number depending only on the spline order. We start with an
auxiliary result showing that any biorthogonal spline wavelet can be obtained
by lifting the classical ones from [10].

Lemma 5 Let ψ be given by (11). Then there exists a γ ∈ R and a k ∈ Z so
that

γ ψ(x− k) = ψd,d(x) +
∑

ℓ∈Z

αℓNd(x− ℓ). (21)

PROOF. With ψ given by (11) and ψd,d given by (18) we choose k = s− d

and γ = (2d−1)(−16)d

(d−1)!2d (2d

d ) α2s−1

. Then it is obvious that γ ψ(· − k)− ψd,d ∈ V0, what

proves the lemma.

Theorem 6 Assume ψ given by (21) has at least one vanishing moment. The
corresponding condition number satisfies

κψ ≥ 4d−1

12



PROOF. Note that shifting the mother wavelet ψ does not change the basis,
while multiplying γ changes the Riesz bounds A and B by the same factor γ2,
i.e., the condition number is the same. Therefore, we can assume without loss
of generality that γ = 1 and k = 0 in (21). If the wavelet system is a Riesz
basis with Riesz bounds A and B, then it is obvious, that the single scale basis

Ψ0 =
{

ψ(· − k) : k ∈ Z

}

is also a Riesz basis, with Riesz bounds A and B. Since Ψ0 consists of shifts
of a single function we know that

A ≤
∑

k∈Z

∣
∣
∣ψ̂(ξ − 2πk)

∣
∣
∣

2
≤ B

(see e.g. [3, Theorem 3.24]). The Poisson summation formula implies

∑

k∈Z

∣
∣
∣ψ̂(ξ − 2πk)

∣
∣
∣

2
=
∑

k∈Z

〈ψ, ψ(·+ k)〉eikξ.

For ξ = 0 we obtain by (21)

A≤
∑

k∈Z

〈ψ, ψ(·+ k)〉

=
∑

k∈Z

〈ψd,d, ψd,d(·+ k)〉+
∑

k∈Z

〈ψd,d, s(·+ k)〉+
∑

k∈Z

〈s, ψ(·+ k)〉
︸ ︷︷ ︸

〈s(·−k),ψ〉

=
∑

k∈Z

〈ψd,d, ψd,d(·+ k)〉+

〈

ψd,d,
∑

k∈Z

s(·+ k)

〉

+

〈
∑

k∈Z

s(·+ k), ψ

〉

,

where s =
∑

ℓ αℓNd(· − ℓ). Since the B-splines form a partition of unity we
have

∑

k∈Z

s(·+ k) =
∑

ℓ∈Z

αℓ
∑

k∈Z

Nd(·+ k − ℓ) =
∑

ℓ∈Z

αℓ,

and the vanishing moment of ψ and ψd,d imply

A ≤
∑

k∈Z

〈ψd,d, ψd,d(·+ k)〉 =
∑

k∈Z

∣
∣
∣ψ̂d,d(2πk)

∣
∣
∣

2

Analogously, we obtain for ξ = π that

B≥
∑

k∈Z

(−1)k〈ψd,d, ψd,d(·+ k)〉

+ 2Re

〈

ψd,d,
∑

k∈Z

(−1)ks(·+ k)

〉

+
∑

k∈Z

(−1)k
〈

s, s(·+ k)
〉

.

13



Since u(x) =
∑

k∈Z(−1)ks(·+k) is a spline which satisfies u(x) = −u(x+1), we
have u(d) = Cu

∑

k(−1)kδk (in the sense of distributions). By partial integration
and (17) we obtain

〈ψd,d, u〉 = Cu
∑

ℓ

(−1)k+dB(0,1,...,d−1,d− 1

2
,d,d+1,...,2d−1)(k) = 0,

where the last equality follows immediately from the symmetry of the B-spline
B(0,1,...,n−1,n− 1

2
,n,n+1,...,2n−1). Furthermore, the Poisson summation formula yields

∑

k∈Z

(−1)k
〈

s, s(·+ k)
〉

=
∑

k∈Z

|ŝ(π + 2πk)|2 ≥ 0.

Hence,

B ≥
∑

k∈Z

(−1)k〈ψd,d, ψd,d(·+ k)〉 =
∑

k∈Z

∣
∣
∣ψ̂d,d(π + 2πk)

∣
∣
∣

2

Therefore, we have shown

κψ ≥
B

A
≥

∑

k∈Z(−1)k〈ψd,d, ψd,d(·+ k)〉
∑

k∈Z〈ψd,d, ψd,d(·+ k)〉
=

∑

k∈Z

∣
∣
∣ψ̂d,d(π + 2πk)

∣
∣
∣

2

∑

k∈Z

∣
∣
∣ψ̂d,d(2πk)

∣
∣
∣

2 .

With (19) we obtain

κψ ≥

∑

k∈Z(π
4

+ πk
2

)−2d sin4d(π
4

+ πk
2

)
(
∑d−1
ℓ=0

(
d−1+ℓ
d

)

cos2ℓ(π
4

+ πk
2

)
)2

∑

k∈Z(πk
2

)−2d sin4d(πk
2

)
(
∑d−1
ℓ=0

(
d−1+ℓ
d

)

cos2ℓ(πk
2

)
)2

=
2 η2d(

π
4
) sin4d(π

4
)
(
∑d−1
ℓ=0

(
d−1+ℓ
d

)

cos2ℓ(π
4
)
)2

η2d(
π
2
)

=
2 η2d(

π
4
) 2−2d

(
∑d−1
ℓ=0

(
d−1+ℓ
d

)

2−ℓ
)2

η2d(
π
2
)

, (22)

where
η2d(ξ) :=

∑

k∈Z

(ξ + πk)−2d.

Note, that

η2d(
π
4
)=

∞∑

k=0

(πk + π
4
)−2d +

−1∑

k=−∞

(πk + π
4
)−2d

=
∞∑

k=0

(πk + π
4
)−2d +

∞∑

k=1

(πk − π
4
)−2d

=
∞∑

k=0

(π
2
k + π

4
)−2d = 22d

∞∑

k=0

(πk + π
2
)−2d = 22d−1η2d(

π
2
). (23)
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Further,
n∑

ℓ=0

(
n+ℓ
n

)

2−ℓ = 2n (24)

which can be shown by induction as follows

n∑

ℓ=0

(
n+ℓ
n

)

2−ℓ =
n∑

ℓ=0

(
n+ℓ
ℓ

)

2−ℓ =
n∑

ℓ=0

(
n−1+ℓ

ℓ

)

2−ℓ +
n∑

ℓ=1

(
n−1+ℓ
ℓ−1

)

2−ℓ

= 2n−1 +
(

2n−1
n

)

2−n +
n−1∑

ℓ=0

(
n+ℓ
ℓ

)

2−ℓ−1

= 2n−1 +
(

2n−1
n

)

2−n −
(

2n
n

)

2−n−1 + 1
2

n∑

ℓ=0

(
n+ℓ
ℓ

)

2−ℓ.

With
(

2n
n

)

= 2
(

2n−1
n

)

we conclude

1
2

n∑

ℓ=0

(
n+ℓ
n

)

2−ℓ = 2n−1

and (24) is shown. Plugging (23) and (24) into (22) yields κψ ≥ 4d−1. 2

In Table 6 one can see numerical estimates of the condition numbers for the
biorthogonal spline wavelets of Cohen, Daubechies, and Feauveau. The es-
timates are obtained by computing the Gramian matrix of the periodized
wavelet system up to a certain level and taking the ratio of the largest and the
smallest eigenvalue. Therefore, the numbers in the table are lower estimate for
the condition number. However, by doing the computation for several choices
of the maximum level jmax up to jmax = 11 we get an idea how accurate the
estimate might be, what is represented by the number of digits in the table.
A dash represents choices of d and d̃, where we do not have a Riesz basis
according to the criterion in [9].

Table 1
Condition numbers of the wavelet bases

{
2

j

2 ψ
d,d̃

(2j · −k) : k ∈ Z, j = 0, . . . , 11
}

d̃− d

d 0 2 4 6 8 10

2 10 4.146 4.027 4.092 4.148 4.189

3 80 19.2 16.3336 16.0223 16.0036 16.0172

4 — 120 68.448 64.6584 64.0907 64.0067

5 — — 330 263.78 257.299 256.225
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Obviously, for a small spline order d there are spline wavelet bases with a
condition number, which is very close to the lower bound found in Theorem 6.
In particular, the spline wavelets of Cohen, Daubechies, and Feauveau seem
to be a nearly optimal choice, if one chooses the number of vanishing moments
d̃ ≈ 2d.

In the future our goal is to use ideas from this work to construct new spline
wavelet bases on an interval. The bound from Theorem 6 will serve as a cri-
terion how good the stability of such bases is.
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