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A POSTERIORI ERROR ESTIMATE AND ADAPTIVE
MESH-REFINEMENT FOR THE CELL-CENTERED FINITE VOLUME
METHOD FOR ELLIPTIC BOUNDARY VALUE PROBLEMS

CHRISTOPH ERATH AND DIRK PRAETORIUS

ABSTRACT. We extend a result of NICAISE [13] for the a posteriori error estimation of the
cell-centered finite volume method for the numerical solution of elliptic problems. Having
computed the piecewise constant finite volume solution uy, we compute a Morley-type inter-
polant Zuy,. For the exact solution u, the energy error ||V (u — Zuy)| L2 can be controlled
efficiently and reliably by a residual-based a posteriori error estimator 7. The local con-
tributions of 7 are used to steer an adaptive mesh-refining algorithm. As model example
serves the Laplace equation in 2D with mixed Dirichlet-Neumann boundary conditions.

1. INTRODUCTION

Throughout, Q C R? is a bounded and connected domain with Lipschitz boundary I' := 0.
We assume that I' is divided into a closed Dirichlet boundary I'p C I with positive surface
measure and a Neumann boundary I'y := I'\I'p. We consider the elliptic model problem

(1.1) —Au=f inQ

with mixed boundary conditions

(1.2) u=up onlp and Ju/on=g¢g onIy.
Here f € L*(Q), up € HY(T'p), and g € L*(T'y) are given data, and L?(-) and H'(-) denote
the standard Lebesgue- and Sobolev-spaces equipped with the usual norms || - [|z2() and

| |1y The weak form of (1.1) reads: Find u € H'(Q) with u|r,, = up and

(1.3) /Vu-Vvdx:/fvdx—i-/ gvdz for allv € HH(Q) := {ve H(Q)|v|r, = 0}.
Q Q I'n

Recall that there is a unique solution u which we aim to approximate by a postprocessed
finite volume scheme. For technical reasons, we assume that I'p as well as Iy are connected,
cf. Section 5.2 below.

Let 7 be a triangulation of Q) and £ the set of all edges of 7. Replacing the continuous
diffusion flux [, Qu/Ong ds by a discrete diffusion flux FZ (uy,), the cell-centered finite volume
method provides a 7 -elementwise constant approximation u, € P°(7) of u. The classical
choice of FE(uy) is based on the admissibility of the triangulation 7 in the sense of [11].
However, locally refined meshes are usually not admissible. Another choice of FZ (uy,) is the
diamond path method, which has been mathematically analyzed in [8, 9] for rectangular
meshes with maximum one hanging node per edge. Optimal order of convergence |lu —
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upllin = O(h) of the error with respect to a discrete H'-norm || - ||;4 holds under the
regularity assumption u € H?(Q), which is usually not met in praxis.

We aim to provide a mathematical criterion for steering an adaptive mesh-refining algo-
rithm to recover the optimal order of convergence O(N~/2) with respect to the number
N = #T of elements. Following Nicaise [13], we introduce a Morley type interpolant Zu,
which belongs to a certain H'({2)-nonconforming finite element space. The definition of
which is a generalization of the definition in [13, Section 5] to the case of hanging nodes and
mixed boundary conditions. Roughly speaking, the analytical idea is to ensure that Zuy
has enough orthogonality properties which can be used to adapt the well-known a posteriori
error analysis from the context of the finite element method, e.g., [15, 1]. For each element
T € T with corresponding edges Er, we define the refinement indicators

= B~ ol + Y hellVr@un)l e

EcErNER
— Zuy,) u—Iu
(1.4 D e R M e
EcErnEn Ee€ErnEp L2(B)

Here, [-] denotes the jump, ng and ty denote the normal and tangential vector on FE,
respectively, fr denotes the piecewise integral mean of the volume term, and hg is the
length of the edge E. We prove that the corresponding error estimator

(15) = ()"

TeT

is reliable and efficient in the sense that

(1.6)  Col IV7(u —Zun) | z2(0) < 1 < Cogt [IV7(w — Zup) || 22¢0) + [10(f = f)llr2(0))

Here, V1 denotes the 7-piecewise gradient, and the constants Cyg, Cre; > 0 only depend
on the shape of the elements in 7 but not on f, the local mesh-width h, or the number of
elements. Moreover, the efficiency estimate holds even locally

(1.7) nr < Ceg [[|IV7(u = Zun) |20y + [10(f = f) | 2200m ] »

where wr denotes the patch of the element T € 7.

The proof of the reliability makes use of the Helmholtz decomposition to deal with mixed
boundary conditions. For the proof of the efficiency estimate, the non-avoidance of hanging
nodes needs the extended definition of edge patches. We stress that [13] only treats the
Dirichlet problem I'p, = I' and that the a posteriori error analysis is restricted to the case of
regular meshes. Therefore the definition of Zu, had to be substantially modified.

The content of this paper is organized as follows: In Section 2, we introduce the notation
that is used below. In particular, we define the concept of an almost reqular triangulation,
which allows the analytical error analysis in case of certain hanging nodes. Section 3 gives
a short summary on the classical cell-centered finite volume method for our model problem.
We recall the ideas of the diamond path, where emphasis is laid on the treatment of nodes
a € I'y that lie on the Neumann boundary I'y. In Section 4, we define the Morley interpolant
and collect the orthogonality properties used for the error analysis. Reliability and efficiency
of the error estimator 7 are then proven in Section 5. Numerical experiments, found in

Section 6, confirm the theoretical results and conclude the work. In particular, we observe
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FIGURE 2.1. The sets of edges and nodes for a simple (almost regular) triangulations,
which consists of 6 rectangular elements.

that the proposed strategy even recovers the optimal order of convergence with respect to
the energy norm ||u — uy|

1,h-
2. PRELIMINARIES & NOTATIONS

In this section, we introduce the notation for the triangulations that are considered below. In
particular, we define the so-called almost regular triangulation which allows certain hanging
nodes.

2.1. Almost Regular Triangulation. Throughout, 7 denotes a triangulation of €2, where
N and & are the corresponding set of nodes and edges, respectively. We assume that the
elements 7" € 7 are triangles or rectangles, which are nondegenerate either. For T' € T,
hr := diam(T") denotes the Euclidean diameter and pr is the corresponding height, i.e. the
volume of T is |T'| = hpor in case T being a rectangle and |T'| = hror/2 in case T being a
triangle. Moreover, for an edge F € £, we denote by hg its length.

Nodes. In the following, we introduce a partition

N =Np UNy UNy UNE
of N into Dirichlet and Neumann nodes, hanging nodes, and free nodes, respectively: First,
let Np = {a c N|a € FD} resp. Ny = {a c ./\f‘a c FN} be the set of all nodes that
belong to the Dirichlet boundary resp. Neumann boundary. A node a € N'\(Np UNy) is a
hanging node provided that there are elements 77,75 € 7 such that a € T1 NT5 is a node
of T} but not of Ty. Let Ny be the set of all hanging nodes. Finally, the set of free nodes is

Np = N\(Np UNN UNFg). For an element T € T, we denote with Nz the set of nodes of
T, ie. |Np| =3 for T being a triangle and |N7| = 4 for T being a rectangle, respectively.

Edges. For the edges, we introduce a partition

E=EpUENUERUER

into Dirichlet and Neumann edges, non-elementary edges, and interior elementary edges,

respectively: First, we define £&p = {E € 5‘E - FD} and &y = {E € 5}E - FN}.

Second, an interior edge F € & is non-elementary, if there are pairwise different nodes
3
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FIGURE 2.2. The dashed lines show the a priori chosen normal vector ng resp. tangential
vector t i on the edge E, whereas the full lines are the outer normal vector ny|gp = o7 png
of T resp. tr|g = or,ptE with respect to the edge E.

x,y,z € N such that £ = conv{z,y} and z € F, i.e. there is a hanging node z in the
interior of E. The set of all non-elementary edges is denoted by £y. Contrary, E\Ey denotes
the set of all elementary edges, which is split into boundary edges £p U £y and interior
elementary edges g := E\(Exg U Ep U Ex). Moreover, we define the set

& :={Ecé| BE' €&y ESE'Y},

of all interior elementary edges which are not part of a non-elementary edge. Finally, for an
element 7' € 7, we denote with &y C & the set of all edges of T', i.e.

Er={E€&|ECIT, BE' €& FE SE}

Almost Regular Triangulations. We say that the triangulation 7 is almost regular, if

(i) the mixed boundary conditions are resolved, i.e. each edge E € £ with ENT # ()
satisfies either £ € £p or E € Ey;,
(ii) the intersection T} NTy of two elements 71, Ty € 7 with T7 # T, is either empty or a
node or an edge.
(iii) each non-elementary edge E € £y is the finite union of elementary edges, i.e. there
are finitely many elementary edges E, ..., E, € g such that E = |J;_, E;.

With respect to regular triangulations in the sense of Ciarlet, the only difference is that in
(ii) the intersection 77 N'Ty may be, for instance, a node (or an edge) of 7} but not of T, cf.
Figure 2.1 above. However, in case of E := T; N Ty being an edge, (iii) implies that there
holds at least either £ € &, or £ € &p,. From now on, we assume that all triangulations
are at least almost regular (or even regular).

2.2. Normal and Tangential Vectors. For each edge F € £, we fix a normal vector ng
as follows: For E € £&p U &y, let ng point outwards of €2. For an edge E € £y, there is a
unique element 7' € 7 with E € &, and we choose ng to point into T'. For each elementary
edge E' € £ with E' C E, we define ng := ng. For the remaining edges, namely E € &,
we may choose the orientation of ng arbitrarily.

In Section 3, we shall use the following notational convention: For each elementary edge
E € &g, there are unique elements Ty p and Tk g such that £ C Ty g N Tg g and such
that ng points from Ty g to T p (i.e. from West to East). For E € £p U Ey, there is a
unique element Ty p with ' C 0Ty g. If the edge E is clear from the context, we omit the
additional subscript and simply write, e.g., Ty = Tw g.
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FI1GURE 2.3. The four patches introduced in Section 2.5.

Moreover, for each element 7' € 7 and an edge F € £ with E C 0T, we define the sign

{—H, provided T' = Ty g,
0T E =

2.1
(2.1) —1, else,

i.e. or gpng is the outer normal vector ny|g of T restricted to the edge E.

Finally, the tangential vector tg of an edge E € £ is chosen orthogonal to ng in math-
ematical positive sense. We note that o gtp is the tangential vector ty|g of an element
T € T restricted to the edge E.

2.3. Patches. We recall the definition of the patches which are well-known from finite
element analysis. Additionally, we introduce the elementary patch of an edge which is
needed for the handling of the hanging nodes in our a posteriori error analysis.

Patch of a Node. For a € N, the patch is given by
Wy = U T, where w,:= {TG T‘a - OT}.

Tew,

Patch of an Edge. For an elementary edge £ € £\Ey, the patch is given by
wp:= |J T, where @p:={Te€T|ECIT}.
Tewg

For a non-clementary edge E € £y and Ey,. .., E, € & with E =J;_, E;, we define

n n
Wg = U T = UWEm where Wg = UZDE
i1 i=1

Tewg

Elementary Patch of an Edge. Let us consider a non-elementary edge £ € £y and
Ey,...,E, € & with E = J;_, E;. Then, there is a unique element T € T with E € &p,,.
Moreover, there are unique elements 7; € 7 such that E; € &,. We denote by aq,...,a,-1 €
Ny the hanging nodes, which are on E. Moreover, let ag and a,, be the nodes of E. Without
loss of generality, a;_1, a; are the nodes of E;, i.e.

E; = conv{a;_1,a;}.

If Ty = conv{ag, a,, b} is a triangle, we define triangles T, = conv{a;_1,a;,b} and note that

(2.2) T = Uﬁ and int(ﬁ) N int(fj) =0 fori# 7,
i=1
5



where int(-) denotes the topological interior of a set. We stress that the triangles T, cannot

be elements of the triangulation 7. For Tgr a rectangle, we can construct rectangles i
with (2.2). For each of the elementary edges E;, we may then define the elementary patch

wg, =T; Uﬁ- and Wy = {ﬂ,ﬁ}
So far, we have defined the patch wj, for all edges £ € £ which are contained in a non-

elementary edge. For the remaining edges F € &, we define w}, := wg and w}, 1= wg.

Patch of an Element. The patch of an element T' € 7 is defined by
wp = U T, where wr:= {T’ ET‘TQT’ES}.

Tewr

2.4. Jump Terms. For T € T, E C 9T, and p € H'(T), let | denote the trace of ¢
on E. Now, let EF € £ be an interior elementary edge and Tg and Ty, the unique elements
with E = Tg N Ty For a {Tg, Ty }-piecewise H' function ¢, the jump of ¢ on E is defined
by

(2.3) lele = ¢lpry — elem,

Note that [¢]z = 0 provided ¢ € H'(Tg U Ty). Moreover, for a {Tg, Ty }-piecewise poly-
nomial ¢, the jump on F reads

(2.4) [ole(z) = th%l o(r +tng) — th%l o(x —tng) forallz e E.
—04 —04

For each non-elementary edge E € &y, we define the jump [¢]g by
[ele(x) == [¢]e, () for all x € E;,
where E = J!_, E; with Ey, ..., E, € &g.

3. CELL-CENTERED FINITE VOLUME METHOD

This section summarizes the discretization for the cell-centered Finite Volume Method for
our model problem. It specially points out the difference between the approximation of the
diffusive flux on an admissible mesh and an almost regular mesh.

3.1. Discretization Ansatz. We integrate the strong form (1.1) over a control volume
T € 7 and use the Gauss divergence theorem to obtain

1 de = — [ Audx = — —d— —ds forallTeT.
(3.1) /fo /Tua: 8TanT8 ZOTE/@HES orall T e

Ecér

With the diffusive flux ®3(u) = [, Ou/Ong ds, we get the so-called balance equation

(3.2) ) ore®( /fda: for all T € 7.

Ee&r

For the cell-centered finite volume method, one replaces the continuous diffusion flux ®£ (u)

by a discrete diffusion flux F2 (uy), which is discussed in Section 3.2. Here, uj, € P°(T) is a
6
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FIGURE 3.1. The orthogonality condition for E € Eg (left) resp. E € Ep (right) for an
admissible mesh in the sense of [11].

piecewise constant approximation of w, namely ur := up|r & u(zr), where xy denotes the
center of an element 7' € 7. The discrete problem thus reads: Find u; € PY(7) such that

(3.3) — Z or.eFE (uy) = / fdx, forall T eT.
T

Ecér

3.2. Discretization of Diffusion Flux. Note that ®F(uj) = [, gds is known for a
Neumann edge F € Ey. One therefore defines

(3.4) F2(up) = 2 (uy) = / gds for E ¢ Ex.
E

Moreover, for a non-elementary edge with E = |J!_, E; and E; € g, there holds &2 (u) =
S, P (u), which leads to the definition

(3.5) FE(uy) : ZF up) for all El,...,EnegEandE:UEiGSH.

i=1

Therefore, it only remains to define FZ (uy,) for E € Eg U Ep.

Admissible Meshes. For an admissible mesh in the sense of [11, Definition 9.1], a first
order difference scheme leads to

%hﬁ if Ee&yand E =Ty N Ty,
T T
(3.6) 2(u) ~ FP (up) = o

ug,,

AhE7 ifEeé’DandE:TWﬂFD,
ZE,, — T1y |
with ugy, = up|r, ~ u(zr, ) and ur, = u(rr,) as well as, for £ € Ep, ug,, ~ up(rg,,).
The admissibility of the mesh 7 allows to choose the centers 7 for T' € 7 in a way that
the edges £ = Ty N Tg for any Ty, T € 7 are orthogonal to the directions zp, — xy,,, cf.
Figure 3.1. For general meshes, it is not possible to choose the centers z; appropriately, and
the approximation (3.6) is not consistent [11].

Remark 3.1. Even if a triangular mesh is admissible in the sense of [11, Definition 9.1,
local mesh-refinement is nontrivial: One has to guarantee that all angles are strictly less
than 7/2, i.e. one cannot avoid remeshing of the domain. For rectangular meshes, local
mesh-refinement cannot avoid hanging nodes. This, however, contradicts the admissibility

condition.
7



s~ N T:
. Ei o ° e 2
“®Za -~ @ za=wT T3 "o T,
PagN n -
ng, ‘O0TT, By T%a i FEo
T - =a ng
.1/ 2
¢ [, T np,
El LnEl a E2 lnE2 a E2 LDEQ a E2 lnE2 1 El

FIGURE 3.2. The different cases for calculating u, with a € Ny and Eq, Ey € Ey.

Diamond Path Method. A possible choice of F£(uy;) for general meshes is the so-called
diamond path method, which has been mathematically analyzed in [8, 9] for rectangular
meshes with maximum one hanging node per edge. For each node a € N, we define

(S vr(@)ur,  foralla € Np UNG,
TEW,

(3.7) uq =  up(a), for all a € Np,
\ﬂa +9,, for all a € Ny,

for certain weights {wT(a) | TeT,ae NT}. For details on the computation of the weights,
the reader is referred to [7, 8, 9, 10]. We stress, that the computation can be done in linear
complexity with respect to the number #7 of elements.

We only remark on the computation of %, and g, in case of a Neumann node a € Ny,
cf. Figure 3.2: To a € Ny correspond two edges Ey, E» € Ey such that {a} = EyNE,. Let n;
denote the normal vector of E;. In case of #w, > 1, let T1,T5 € w, with T} # T5. We define
x, as the intersection of the line v, (s) = a + s(n; + ny)/2 and the line v5(t) = t(xg, — z1,).
Moreover, provided #&, > 2, we assume that |z, — a| is minimized over all pairs T}, Ty € W,.
Then, U, ~ u(z,) is interpolated linearly from up, and ur,,

ﬂa — M‘xa — 'TT1| _|_ uTl
|xT2 _xT1|
For n; = ny, we choose
1 1
ga:|xa—a|(— gds + — gds) 2
Bl S 0 Tl )0

and finally, for n; # ny, we choose

1

1
_a:)\—/ ds + p— ds,
Yo = e ) 77 T ME )Y

where A, i € R are calculated from the linear equation a—x, = An;+puny. In case w, = {T'},
i.e. a is the node of only one element 7" € 7, we choose z, = xr and U, = ur whereas g, is
computed as before.

Remark 3.2. Provided z, = a, we obtain a —z, =0, A= =0, and g, = 0.
8



Ficure 3.3. Diamond Path with domain xg.

With the notations from Figure 3.3, where zp, and x7, are the starting and end point of
E € Eg U Ep, we compute FE (uy). For an elementary edge E € £x

Fg(uh) = hg (—UTE — M OéE—UTN — UTS)
dg hg

(xry — 1y ) - tE

(21, — 21y,) - ME

Here, the additional unknowns ur, and ur, are located at the nodes xr, and x7, and are

computed by (3.7). For a boundary edge E € £p, we compute FZ (uy,) by (3.8), where 27,
is now replaced by the midpoint z g, of E and ur, becomes up(zg,,).

(3.8)

with ap = , dg = (x1, — 213, ) - DE.

4. MORLEY INTERPOLANT

Let uj, € PY(7T) be the computed discrete solution. In this section, we define an interpolant
Zuy, which is appropriate for the a posteriori error analysis. The definition of which is an
extension of the definition in [13, Section 5] to the case of hanging nodes and Neumann
nodes.

Triangular Morley Element. Let T' = conv{ay, as, a3} C R? be a non-degenerate triangle
with edges E; = conv{a;,a;+1}, where a4 := a;. The standard Morley element (7', Pr, X7)
is given by Pr = Py and X = (S, ..., Ss), where

(4.1) Si(p) = pla;) and  Sjy3(p) = [E -

anT,Ej

ds forj=1,...,3 and p € Ps.

Note that Sji3(p) = hg,0p(m;)/Onr g, where m; := (a; 4+ a;41)/2 denotes the midpoint of
E;, so that this definition is consistent with [4, Section 8.3].

Rectangular Morley Element. Let T = conv{ai,as, as,a,} C R? be a non-degenerate
rectangle with edges E;. A Morley-type element (T',Pr, Xr) is then given by Pr = Py @
span{z3 — 3xy?, y® — 3yz?} and X = (S4,...,Ss), where

(4.2) Sj(p) = p(a;) and 5J+4<p>:/E_ anap

J

9
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FIGURE 4.1. An almost regular triangulation, where the elementwise and recursive com-
putation of Tuy does not stop.

cf. [13, Section 4.2]. Note that the polynomials z° — 3zy? and 3* — 3yx?, which enrich the
ansatz space, are harmonic.

The Morley Interpolant. In either of the cases, that T is a non-degenerate triangle or
rectangle, the Morley element (7, Pr,Yr) is a nonconforming finite element. The Morley
interpolant Zuy, satisfies elementwise (Zuy)|7r € Pr for all T € 7 defined by the following
properties (4.3)—(4.5): For each free node a € Ny N N, the value Zuy,(a) satisfies

(4.3) (Zup)|r(a) = D ¢r(a)unlz,-
ToEWq

where the weights 7, (a) are the same as for the computation of u; by use of the diamond
cell method. For each boundary node, the value Zuy(a) is prescribed

up(a) for a € Np N Np,
Uy + G, for a € Np N Ny,

(44) (Tun)lr(a) = {

where the calculation of uw, and g, was discussed in Section 3. For each hanging node
a € N N Ny, there holds

(4.5) (Zup)|r(a) = (Zup)|r, (a),

where T, € 7 is the unique element with a € int(E) for some (non-elementary) edge £ € Er,.
For each edge E € &r holds

o [ 2T

8nE

where FZ(uy,) is the numerical flux from Section 3.2.

Lemma 4.1. The Morley interpolant Zuy, is uniquely defined by (4.3)—(4.6). Moreover, Tuy,
is continuous in all nodes a € N but not globally continuous in Q.

Proof. For an element T' € T without hanging nodes, i.e. Ny N ANy = 0, the interpolant
(Zup,)|r is uniquely defined by (4.3)—(4.5) and (4.6) since (T, Py, ¥7) is a finite element. [

10



Remark 4.1. The computation of Zu;, can be performed by solving a large system of
linear equations which is coupled through the hanging nodes. However, normally Zu; can
be computed locally by solving a 6 x 6 (resp. 8 x 8) system for each element 7" € 7. For
an element 7' € 7 without hanging nodes, the interpolant (Zuy)|r is uniquely determined
by (4.3)—(4.4) and (4.6). For an element with hanging nodes, we have to compute (Zuy)|r,
first, cf. (4.5). This leads to a recursive algorithm. Figure 4.1 shows an almost regular
triangulation, where the proposed recursion would not stop. Instead, one has to solve a
global linear system to compute Zuy,.

Properties of Morley Interpolant. From the definition of the discrete scheme and the
property (4.5), we obtain an additional orthogonality property of Zuy,.

Lemma 4.2. The residual R := f + A(Zuy,) is L*-orthogonal to P°(T), i.e.

(4.7) / (f+A(Zw))de =0 forallT€T.

In particular, the residual sTatz'sﬁes R=f— fr.

Proof. From integration by parts and the definition of the balance equation (3.2), we infer

/TA(Iuh)|de:/ a(%n};)hd = ZUTEFE up) /f )dz,

or Ecér

where we have used (4.6) in the second equality. In particular, there holds Rz|r :=
1T~ [, Rdx = 0. With Az (Zuy,) € P°(T), we obtain R = R — Ry = f — fr.
O

According to the definition of Zuy, on the Dirichlet and Neumann boundary, namely (4.4)
and (4.5), we obtain corresponding orthogonalities.

Lemma 4.3. For boundary edges hold

(4.8) / Ou—Tw) 4o g for all E € &p
g Otp

as well as

(4.9) / Ou = Zun) ds=0 forall E € &y.
E ong

Proof. For E € &Ep, let ag and ayn be the starting and end point of E, respectively. Then,
Oo(u—1T
/ w ds = (u — Tup)(an) — (u — Tup)(as) = 0
B te
by use of (4.4). To prove (4.9), we use (4.6) and the definition of the finite volume scheme:

0(Iuh) D /
= Iy
/E i ds (up) = : gds,
where g = Ou/0On. O

Finally, we note some orthogonality relations of the normal and tangential jumps of Zuy,
which follow again from (4.6) [in combination with (3.5)] and from the nodal values (4.3)—
(4.5) of Zuy,.
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Lemma 4.4. For the interior edges hold

8(Iuh) .
(4.10) /E |[ o ]l ds=0 foralEe&UEy
as well as
O(Iuh) o
(4.11) /E |[ ot ] ds=0 foralE €&g

Proof. We first prove (4.10) for E € €. There holds E = |J;_, E; with Ey,..., E, € &,
E; = Tw, N Tk and ng shows from element Ty, to Tx. Therefore, the definition (3.5) of the
discrete flux on non-elementary edges implies

= [ PGt / O(Tuw)lry, O B
/E[ ong ]lds_/E ong ds ZZI o Ong ds = Fg(up) iZIFEi<uh)_O.

For E € &, the proof of (4.10) works analogously with n = 1. To prove (4.11), let ag and
ay be the starting and end point of E € &g, respectively. Note that [Zup]g(an) = 0 =
[Zup] g(as) because of the continuity of Zuy, in all nodes. Therefore,

/E |[8(Iuh)]l ds = /aazv |[8(Iuh)]] ds = [Zup] p(an) — [Zun]p(as) = 0,

8tE atE

which concludes the proof. O

5. A POSTERIORI ERROR ESTIMATE

In this section, we provide a residual-based a posteriori error analysis for the error u — Zuy,
where Z denotes the Morley interpolant from Section 4. The idea goes back to [13] and is
now extended to almost regular triangulations and mixed boundary conditions. The math-
ematical techniques follow the a posteriori error analysis for nonconforming finite elements.
Throughout, V7 and A7 denote the 7 -piecewise gradient and Laplacian, respectively.

5.1. Residual-Based Error Estimator. For each element T' € 7, we define the refine-
ment indicator

iy =00 = frliee + D hElIVT@u)lliee

(5 1) EeErnNEE
: Iuh (u— Iuh
DT L D B el
Ee&rnEn E€Ernép L2(E)
Here, fr denotes the 7-piecewise integral mean, i.e. fr|p := |T|™' [, f dz. Moreover, the

length h7, of an edge E' € £* is defined by

5.2
(5:2) hg, else, i.e. E € &.

e {hE, if £ C E' for some E' € &y,

E -

The residual-based error estimator is then given by the fo-sum n = (ZTeT 77:2,,)1/ 2 of all
refinement indicators. In the following sections, we prove that 1 is (up to terms of higher

order) a lower and upper bound of the error ||V (u — Zuy)||12(q) in the energy norm.
12



5.2. Helmholtz Decomposition. To treat mixed boundary conditions instead of ho-
mogeneous Dirichlet conditions only, we need an improved Helmholtz decomposition which
is recalled for the convenience of the reader. This decomposition is used for the reliability
estimate of Section 5.3 only.

Theorem 5.1 ([12, Theorem 3.1]). A function ® € L?(Q)? satisfies

(5.3) dived =0 and / ®-nds=0 for all connectedness components I'; of T,
Ly

if and only if there is a function w € H'(Q) such that ® = curl w. O

Corollary 5.2. Given ® € L*(Q)?, there are v,w € H'(Q) with ® = Vv + curlw such that
vlr, = 0 as well as w|r, = 0. In particular, there holds

(5.4) 121172 () = IVUllZ2() + Il curlw]72 g
Proof. There is a unique v € H}(Q) such that

/VU~V¢dx—/<I>~V¢dx for all ¢ € HA(Q).
Q Q

In particular, ¥ := & — Vo satisfies ¥ € H(div; Q) with div ¥ = 0 and, moreover,
/ \If~n<bds:/\lf~v¢dx:0 for all ¢ € Hp(Q),
I'n Q

whence U - n|p, = 0 almost everywhere. Moreover, the Gauss divergence theorem proves

/ \If~nd5:/div\lfd$:0.
FD Q

Recall that I' = I'p U I'y and the assumption that I'p and I'y are connected. Thus, we
may apply Theorem 5.1, which provides w € H*(2) with curlw = ¥ = & — Vv. Note that
0 = curlw-n = dw/0t on I'y. Since I'y is connected, we infer that w is constant on I'y.
Subtracting a constant, we may therefore guarantee w|r, = 0. Finally, an integration by

parts yields
/Vv curlwdzr = — /—wds—O

i.e. Vv and curlw are L2-orthogonal. 0

5.3. Reliability of Error Estimator.

Theorem 5.3. There is a constant ¢y > 0 which depends only on the shape of the elements
in T but neither on the size nor the number of elements such that

1/2
(5.5) 197 (= Tun)llgzoy S e (D n3)
TeT

Proof. To abbreviate notation, we use the symbol < if an estimate holds up to a multiplicative
constant that depends only on the shape of the elements in 7. For e := u — Zuy, the
Helmholtz decomposition from Corollary 5.2 provides v € H'(Q2) and w € H*(Q) such that
(5.6) Vre=Vov+curlw and wvlp, =0 aswellas wlr, =0.

13



Moreover, there holds
(5.7) ||Vv||%2(9) + || curlw||2L2(Q) = ||V76||2L2(Q) = / Vre-Vvdr + / Vre - curlwdz.
Q Q

We now estimate the two addends on the right-hand side separately. The first term reads

VVd— /Rd+/ ds — /
/76 vdx vdx ngsz 3nT

TeT TeT

according to elementwise integration by parts and the definition of the residual R := f +
A7(Zup). We now consider the sum over the boundary integrals, namely

Z/ 3nT UdS_ZZUTE/ 8nE

TeT TeT Ecér

For E € &p, the boundary integral vanishes due to v|p, = 0. The Neumann edges F € Ex
are combined with the boundary integral fFN gds. Fach edge F € & appears twice for
associated elements Ty, and T, respectively. The normal vectors or, png and o7, png
only differ in the sign so that we obtain the jump of the normal derivative on E. For a non-
elementary edge E € &y with E = J!_, E; and E; € Eg, both, E as well as the elementary
edges F; appear only once in the sum. Similarly to the prior arguments we are led to the
jump of the normal derivative on E, where we make use of np = —npg, for allt =1,...,n.
Altogether, we obtain

/V’]’G Vvdx—Z/Rvdx— Z / (9n vds+Z/ g— (’3n >vds
E E

TeT Ee&Uly Ecén

—Z/ (v —wvp)dr — Z / 8n (v—vg ds—I—Z/an v —vg)ds,
B E

TeT Ee&UElr Ecén

where we have applied the orthogonalities (4.7), (4.9), and (4.10) for the integral means
vy = |T|™! fT vdr and vg = hp' ) 5 Vds, respectively. We now apply the Cauchy inequality
combined with a Poincaré inequality ||v — vp| 2y S hrl| Vol 2y for the first sum and a

trace inequality [|[v — vg|lL2m) S hy! 2||Vv||L2(TE) for the remaining sums, where Tp € 7 is
14



an arbitrary element with £/ € £7,. This leads to

5o (S ) (5 )
< Z i H ail;h]l E)>1/2(E€;5H HW”%Q(TE))W
<Z " HanE ) (2 I90ln)
[(Zh RN Z2 ) (Z he |[ aIr:;h ]HLQ(E)>1/2

o9 (Sl ) ot

For the second integral in (5.7), we proceed in the same manner: Elementwise integration
by parts yields

/VTe curlwdx = — Z/ 8de8— Z Z UTE/Wwds
or T E

TeT TeT EEgT\g

since w|r, = 0. Treating the interior edges as before, we obtain

= e [ i 3 [ [ 3 [ 2

TeT EcEr

where we have used that, for an interior edge E, the tangential jump of an H!'-function
vanishes, i.e. [Ou/0tg]r = 0. With the orthogonalities (4.11) and (4.8), we prove

(T
/VTe curlwdx = — Z/ 8tUh w— wg)ds — Z/@t w— wg)ds
E E

for the integral mean wg := h;;l Il pwds. As before, the application of the Cauchy inequality
and the trace inequality yield
[l
otp

(5.9) /VTe ~curlwdr < { Z hy;
Q Eetp

If we finally combine (5.7)—(5.9), we prove

(Vrelline < [Zh%uRH%zm £ 5 Bl Zunler,

TeT EcEp
L2(E } ’

+ Z hEH@nE

where we have used that {tg, ng} is an orthonormal basis of R2 and that |Vol||2 < ||V relr2

as well as ||Vw||p2 = ||curlw||2 < ||Vzel|r2. This and R = f — f7 conclude the proof. [
15
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(a) Almost regular tri- (b) Bubble function (c) Bubble function (d) Bubble function
angulation. bg on E € &,. bg on E € EE\&. bgp on a boundary
edge.
FIGURE 5.1. The different types of the edge-bubble functions on an almost reqular trian-
gulation.

5.4. Bubble Functions and Edge Lifting Operator. The elementary edge patch is
defined in a way that it belongs to a locally regular triangulation. Therefore, for £ € £*, we
may adopt the notation of the edge-bubble functions and the edge lifting operator from the
literature [3, 15].

Lemma 5.4. For each edge E € E U Ep U EN, there is a Wy-piecewise polynomial bubble
function bg € H'(w}) with 0 < by < 1 such that, for all w € PP(E), there holds

(5.10) Collwlr2(ey < lJwbpl|r2e) < [JwllL2(E).-

The constant co > 0 depends only on the shape of the elements of T and the polynomial
degree p. Moreover, for E € £*, the bubble function satisfies bp € Hy(wy), whereas for a
boundary edge £ € Ep U Ey, there holds bg|aw:\r = 0. O

Lemma 5.5. For each edge E € Eg U Ep U En, there is a lifting operator Foy @ PP(E) —
H'(w}) such that Fo(w)|p = w, for w € PP(E), as well as

(5.11) eshy ez < | Fexe(w)bel 2y < eahif w2y

and

(5.12) IV (Past (w)bp) || 2wy < eship w22z

The constants cs, ¢y, cs > 0 depend only on the shape of the elements in T and the polynomial
degree p. Here, by denotes the bubble function from Lemma 5.4. 0

5.5. Local Efficiency of Error Estimator. To prove efficiency of the proposed error

estimator, we need to control the constant ¢4 > 0 in the estimate hp < h}, < cghp uniformly
for all £ € &*.

Theorem 5.6. There is a constant c; > 0 which depends only on cg and the shape of the
elements in T but neither on the size nor the number of elements such that

(513) 1 < er(IVr(u— Tun)Paory + WIS = frlliegn). Jor all T € T.

We split the proof into 4 claims which dominate the different edge contributions of n2

separately. Throughout the proofs, we adopt the foregoing notations for e = u — Zuy,
R=f+ Ar(Zuy) and <.

T 2
Claim 1. There holds hEH [0(811%)] ‘ L*(E)
E 2

S HV']’6H%2(M*E) + h%EHRH%z(%) for each E € Eg.

16



.. 19Zuy) Oe .
1 I 1(, %
Proof. We first stress that u € H'(£2) implies |[ o ]IE = [[anEﬂE. With bg € Hj(w};)

the corresponding edge-bubble function, we may define

vim o [R2] Yo i),

& ail;h]] E)S/JaéIT?rbEdSZ[J%IT?LMS.

We rewrite the right-hand side and use integration by parts to prove

a(Iuh
/E[ ong ]IE Z/BTEU@—— /Ve Vvda:—/TRvdg;>

Tew?,
With the help of (5.11)—(5.12), the Cauchy inequality proves

[e=ail¥

(T 2
Claim 2. There holds hEM at“")]] ( v,
FE

Note that

Frl

_ 1/2
< (hg'IVreliawsy) + el Rlz2wy)) o

2(E) L2(E)

< HVTeHLz +) for each E € Eg.

Proof. With bp € Hj(w}) the corresponding edge-bubble function, we observe

[ 2 RN -8 s

As before, we rewrite the right-hand side and use integration by parts to prove

/[G;Zh Z/ f?Zch Z/ (Zuy,) - curlv dx.
E aT

Ty

Together with [ . Vu - curlvdz = 0 and (5.12), we obtain
E

(&l

ot L2(E)

El
ot
where we used || curlv||p2 = [|[Vv]| 2. O

S hp 2 Vrell 2 or)

LB

2
Claim 3. For E € Ep, there holds hE‘ Oe
8133 L2(

S |V€H%2(T)

Y ’

Proof. For E € Ep, there is a unique element wgp =T € 7 with £ € &p. The corresponding
edge-bubble function by € H'(T') satisfies bg|om g = 0. We consider

Oe
= Foy ( )b e HYT
v t Oty E € ( )
and note that v|sr\ g = 0 as well as tp|g = tg. Therefore,

Oe Oe
. < %vds— aT%Uds— /TVG-curlvdx
17
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The application of the Cauchy inequality together with (5.12) yields

B Oe
— | Ve cullvde < b2V H— )
L e-curlvde < hy 7| eHLQ(T) Ot ll12(E)

which concludes the proof. 0

0 2
Claim 4. For E € Ey, holds hE’ ¢ S IVelar + il Rl
ongllL2(E

Proof. Asin Claim 3, let T € 7 be the unique element with wg = T for a fixed edge E € Ey
and let by € H'(T) be the associated edge bubble function. With

0
U::Fext< ‘

GnE
and integration by parts there holds

” / —vds—/Ve-Vvda:—/Rvdx.
ong |l L2(E) o Onr T T

The proof now follows as in Claim 1. O

Proof of Theorem 5.6. According to Claim 1 and 2, there holds
> WllVr@uwllim < Y (IVrelizey +hElRlz;)

EcErnép EcErnéE
S Vel o) + MBI R

)bE e HY(T)

(wr)-

With Claim 3, there holds

2
2 hEHatE Ly D > IVeliam < 4lVellia

EeErnEp Eeérnép

With Claim 4, there holds
S g S X (1Telan + REIRI )

EeErnéEn EenggN
< 4(HV€HL2(T + b3 HR||L2 T))
Finally, this and R = f — f7 prove (5.13). O

6. NUMERICAL EXPERIMENTS

In this section, we study the accuracy of the derived a posteriori error estimate from Sec-
tion 5 as well as the performance of an adaptive mesh-refining algorithm which is steered
by the local refinement indicators ny from (5.1). All computations are done in MATLAB.
Throughout, we run the following standard algorithm, where we use # = 0 for uniform and
6 = 0.5 for adaptive mesh-refinement, respectively.

Algorithm 6.1. Given an initial mesh T, k =0, and 0 < § < 1, do the following:
(1) Compute the discrete solution uy, € P°(T®) for the current mesh T®) = {Ty,... Tn}.
(2) Compute the Morley interpolant Zuy,.
(3) Compute the refinement indicators ny, for all elements T; € TH,
(4) Mark element T} provided that nr, satisfies ny, > 0 max{nr,,..., N1y}
18



15

: .

(a) original mesh (b) not allowed (c) allowed

N

FIGURE 6.1. To bound the constant cg which enters the efficiency estimate of Theo-
rem 5.6, we only allow one hanging node per edge: If in configuration (a) the element
T is marked for refinement, we mark element T1 for refinement as well. This leads to
configuration (c) instead of (b) after refinement.

1 1 5 1
4 4 19 6 4 1 1 1
19 4 3 3
1

1 1 3 5 4 1 1 1
4 4 19 19 4 6 6

6| 5 1)1 17 3

19 ] 19 3 3 59 | =

5 17

19 3 1 5 59

19 3 59

FIGURE 6.2. A priori computed weights 1 for the special mesh of squares with at most
one hanging node per edge.

(5) Refine all marked elements Tj € T™®) and generate a new mesh T*+Y.
(6) Update k — k+1 and go to (1). O

In all experiments, the initial mesh 7 is a uniform and regular triangulation, where
all of the elements are either triangles or squares. In case of triangular elements, we use
a red-green-blue strategy to obtain 7®**1 from 7® ie. marked elements are uniformly
refined and the obtained mesh is regularized by a green-blue closure [15]. In case of square
elements, a marked element is uniformly refined, and we allow hanging nodes. However, we
do some additional marking to ensure the following assumption.

Assumption 1. For all almost reqular meshes consisting of squares, there is at most one
step of refinement between two neighbouring cells, cf. Figure 6.1. 0

Note that under this assumption, there are only 7 possible geometrical configurations for
triangulations with square elements. This allows the a priori computation of the weights

Yr(a) in (3.7) and (4.3) which is shown in Figure 6.2.
19



Dy D3 Do

N4 Dl

N1 N Ny

FIGURE 6.3. Domain Q = (0,1)? as well as Dirichlet and Neumann boundary conditions
in Ezample 6.1. The initial mesh TO) consists of four squares (left) and four triangles
(right), respectively.

Throughout, we compute and compare the following numerical quantities for uniform and
adaptive mesh-refinement: First, the Morley error

(61) EI = ||V7(u—Iuh)||L2(Q),

where Z denotes the Morley interpolant. Second, the corresponding residual-based error
estimator

(62 = ()"

where nr are the refinement indicators of (5.1). Finally, the discretization error in the
discrete H'-norm

1/2
(63) Eh = ||U, — uh||1,h = (HU - uhH%Q(Q) + |UT - uhﬁ,h) / s
where ur € P°(7T) is the T-piecewise integral mean of u, i.e. urlr = |T|™" [ udz, and
where the discrete H!-seminorm is defined by

|Uh\1,h = ( Z

EcEpUED

UTE — UTW

2h J 1/2
dp E E)

for any 7 -piecewise constant function v, € P°(7). According to [9], the diamond path
method satisfies £, = O(h) with h = maxrer hr provided that u € H%(Q). We stress that
this, however, is only proven for locally refined Cartesian meshes, i.e. meshes consisting of
rectangular elements with at most one hanging node per edge. In case of triangular meshes,
the proof still seems to be open.

6.1. Example with Smooth Solution. We consider the Laplace problem (1.1) on the
unit square Q = (0, 1)? with prescribed exact solution
(6.4) u(z,y) = sinh(rz) cos(my) for (z,y) € Q.

Note that u is smooth and satisfies f := Au = 0 so that the data oscillation term ||h(f —

J7) |l L2(q) of the error estimator 1 vanishes. We consider mixed boundary conditions, where
20



FIGURE 6.4. T -piecewise constant solutions uy, in Example 6.1 with respect to adaptively
generated meshes T consisting of #7190 = 706 squares (left) and #7009 = 3967
triangles (right), respectively.

the Dirichlet and Neumann data on
(6.5) I'p={1} x[0,1]U[0,1] x {1} and Tpn =(0,1) x {0} U {0} x (0,1)

are computed from the given exact solution. The initial mesh 7 consists of either 4 squares
or 4 triangles, cf. Figure 6.3.

Figure 6.5 shows the curves of the errors Er = ||V (u — Zup)| 120y and By, = [[u — up||1,n
as well as the curve of the error estimator n with respect to uniform and adaptive mesh-
refinement. We plot the experimental results over the number of elements, where both
axes are scaled logarithmically. Therefore, a straight line g with slope —a corresponds to a
dependence g = O(N~%), where N = #7 denotes the number of elements. Note that, for
uniform mesh-refinement the order O(N~%) with respect to N corresponds to O(h?*) with
respect to the maximal mesh-size h := r%léi% hr.

Because of u € H?(2), theory predicts the optimal order of convergence Ej, = O(N~/2) in
case of uniform mesh-refinement and square elements. This is, in fact, observed. Moreover,
in case of square elements, the curves of Ej for uniform and adaptive mesh-refinement
almost coincide. However, the adaptive algorithm does not lead to uniformly refined meshes.
Instead, the adaptive meshes plotted in Figure 6.6 show a certain refinement towards the edge
x = 1 since the gradient of u(z, y) is increasing with  — 1, cf. Figure 6.4, where we visualize
some computed discrete solutions uy. Although the Dirichlet and Neumann boundary are
not chosen symmetrically, the adaptive meshes appear to be almost symmetric with respect
to the line y = 1/2, which corresponds to the symmetry |Vu(z,1/2 —y)| = |[Vu(z,1/2 +y)]
of the exact solution.

For triangular elements, we observe the order O(N~/2) for both uniform and adaptive
mesh-refinement. However, the absolute values of Ej are better in case of uniform mesh-
refinement. As in case of rectangular elements, we observe a certain refinement of the
adaptively generated meshes towards the right edge x = 1 in Figure 6.7, and again they are
almost symmetric related to the line y = 1/2.

For the Morley error F7 and uniform mesh-refinement, we experimentally observe some
superconvergence of order 3/4 for both square and triangular elements in Figure 6.5. This
superconvergence is destroyed by use of adaptive mesh-refinement, where we only observe a

convergence order 1/2. Independently of the mesh-refining strategy and the type of elements,
21
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FIGURE 6.5. Morley error Ez = ||V1(u — Zup)||12(q) and corresponding error estimator

n as well as energy error By = ||lu — up|1p in Example 6.1 for uniform and adaptive
mesh-refinement and triangulations consisting of squares (top) and triangles (bottom),
respectively.

we observe the theoretically predicted reliability and efficiency of the error estimator n: The
22
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FIGURE 6.6. Adaptively generated meshes T®) for k = 5,10, 20, 30 with square elements
in Example 6.1.

curves of the Morley error E7 and the corresponding error estimator 7 are parallel up to a
certain range.

6.2. Laplace Problem with Generic Singularity. @ We consider the Laplace prob-
lem (1.1) on the L-shaped domain

(6.6) Q= (-1,1)*\([0,1] x [-1,0])

as shown in Figure 6.8. The given exact solution is the harmonic function u(zx,y) = %((m +
iy)?/?) and reads in polar coordinates

(6.7) u(z,y) =3 sin(2p/3) with (z,y) = r (cos @, sin ).

Note that u has a generic singularity at the reentrant corner (0,0), which leads to u €
H'*2/37¢(Q) for all € > 0. Therefore, a conforming finite element method with polynomial
ansatz space leads to convergence of order O(h?/?) for the finite element error in the H'-
norm, where h denotes the uniform mesh-size. This corresponds to order O(N~'/3) with
respect to the number of elements.

For the numerical computation, we prescribe the exact Neumann and Dirichlet data, where

(6.8) I'p=I\Iy and Ty :={0} x (=1,0)U(0,1) x {0}.

The initial meshes as well as I'p and I'y are shown in Figure 6.8. Note that I'y includes the

reentrant corner, where the normal derivative du/dn is singular.
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#T ) = 484 #7010) — 3967

#7115 — 13867 #T20) = 27518
FIGURE 6.7. Adaptively generated meshes T®) for k = 5,10,15,20 with triangular ele-
ments in Example 6.1.

Dg D~ Dg Ds Dy Dg
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D11 N2
Dg N1
Dio Ny
Dy Do Dy

FIGURE 6.8. L-shaped domain as well as Dirichlet and Neumann boundary conditions in
Laplace Problem 6.2. The initial mesh T©) consists of twelve squares (left) and twelve
triangles (right), respectively.

Figure 6.9 plots the experimental results for the energy error E}, as well as for the Morley
error F7 and the corresponding error estimator 1 over the number of elements. For uniform
mesh-refinement, the energy error E} converges with a suboptimal order which appears to
be slightly better than O(N~'/3) for both square and triangular elements. The proposed

adaptive strategy regains the optimal order of convergence O(N~1/2).
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FIGURE 6.9. Morley error Ez = ||V1(u — Zup)||12(q) and corresponding error estimator
n as well as energy error Ep = |lu — up||1,p in Laplace Problem 6.2 for uniform and
adaptive mesh-refinement and triangulations consisting of squares (top) and triangles
(bottom), respectively.

As can be expected from the finite element method, the Morley error E7 decreases like
O(N~1/3) for uniform mesh-refinement. The adaptive algorithm leads to an improved or-
der of convergence O(N~'/2). For both mesh-refining strategies as well as for square and
triangular elements, the error estimator 7 is ebserved to be reliable and efficient.
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FIGURE 6.10. Adaptively generated meshes T®) for k = 5,10, 20, 30 with square elements
in Laplace Problem 6.2.

6.3. Laplace Problem with Inhomogeneous Right-Hand Side. Finally, we consider
the Laplace problem (1.1) on the L-shaped domain (6.6) from the previous experiment. The
exact solution is prescribed by u(z,y) = S((z + iy)*?) + (2? + y2)3/2
coordinates

and reads in polar

(6.9) u(z,y) = r?? sin(2p/3) + r*  with (z,y) = 7 (cos p, sin ).

Note that f = —Au reads f(x,y) = —9 (2> + y*)"/? resp. f(x,y) = —9r with respect
to polar coordinates. We consider mixed boundary conditions with I'p and I'y as in the
previous experiment. Figure 6.12 shows the numerical results of our computation. Despite
a pre-asymptotic phase, where the f has to be resolved, we observe the same behaviour as
in Example 6.2.

APPENDIX A. ELEMENTARY PROOF OF TRACE INEQUALITY

In this section, we give a somehow elementary proof of the trace inequality

(A.1) v — vl 2y < cshid” |Vl 2y for v € HY(T),
where vy = |T|™! fTvdx is the integral mean of v and T is a triangle or rectangle in

R? with edge E. We stress that all proofs even work for arbitrary dimension d > 2 and

T a tetrahedron or cuboid, respectively. The analysis is elementary in the sense that we
26
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FIGURE 6.11. Adaptively generated meshes T for k = 5,10, 15,20 with triangular ele-
ments in Laplace Problem 6.2.

provide trace identities and then only make use of the Poincaré inequality ||v — vp||r2r) <
cohr||Vv|| 2y, where ¢y = 1/7 is known to be the optimal constant [2, 14].

Remark A.1. In the literature, the trace inequality often reads [|[v—vr||z2(g) < ¢s||VV|| 2(wp)

cf. [1]. We stress that our version (A.1) does only involve the L?*-norm over T instead over
the patch wg on the right-hand side.

Theorem A.1. (i) Let T = conv{ay, as,as} be a nondegenerate triangle and E = conv{ay, as}.
Then, there holds for w € WHH(T)

1 1 1
A2 —/wdx:— wds — —— —as) - Vw(x) dz.

(ii) Let T' = conv{ay, as,ag,as} be a nondegenerate rectangle and E = conv{ay,as}. Then,
there holds for w € WH(T)

(A.3) |T‘/wdx—— Ewds— ]T]/HE g - Vw(z)dz,

where ng 1s the outer normal vector of T on E.

Proof for Triangles [5]. We first consider the reference element Ty = conv{(0, 1), (0,0), (1,0)}
with reference edge E,f = {0} x [0,1]. Note that aif = (1,0) and the outer normal vector
of Thet on Erep is nS' = (—1,0). We consider the function g(y) = w(y)(y — ai!). Note that

(y—at) ng  (y) =1 for y € Erer and (y — a) -ng, (y) = 0 for y € OTrer\ Erer. The Gauss
27
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FIGURE 6.12. Morley error Ex = ||V 7(u—Zuy)||r2(q) and corresponding error estimator
n as well as energy error Ep = |lu — up||1,p in Laplace Problem 6.3 for uniform and
adaptive mesh-refinement and triangulations consisting of squares (top) and triangles
(bottom), respectively.

divergence theorem proves

/ wdx:/ g‘nTrefds:/ div gdy = Vw(y)~(y—a§ff)dy+2/ w dy
E 6Tref Tref 28 Tref Tref

ref



which concludes the proof of the reference case since |Tie¢| = 1/2. With an affine bijection
&1 that maps Tief — T and F. — FE, the general proof of (A.2) follows from integral
transformations. O

Proof for Rectangles. We consider the reference element Ty = [0, 1]? with edge E,of = {0} x
[0,1]. Note that a’*® = (1,1) and the outer normal vector of T on Fy is nis' = (—1,0).
To verify (A.3) in this case, we consider the function g(y) = (y1 — 1)w(y) on Tie. The main
theorem of calculus proves

1
0

w@wﬁ=90wﬂ—9@wﬁ=[:&Mw@hz/idw@n+l(w—U&w@Mw-

Integrating this equality over [0, 1], we obtain

[ wis= [ ways [ - Dowt) dy
Eref T, ef Tref

T

Finally, there holds (y; — 1)0yw(y) = ni&t - (y — a}*)nie’ - Vw(y), which concludes the proof of
the reference case. Again, the proof of the general case follows by affine transformation. [J

Corollary A.2. Suppose that T C R? is either a nondegenerate triangle or rectangle. Then,
there holds (A.1), where cg > 0 only depends on the shape of T' but not on its size.

Proof. Plugging w := (v — vr)? into the trace identities, we obtain

1 ) 1 2h

T
|T| o — vrll T2y + c10 75 10 = vr) Vol L)

T

where cyg € {1/2,1} for a triangle and rectangle, respectively. The L?-norm is estimated by
the Poincaré estimate. The L'-norm is estimated by the Cauchy and the Poincaré estimate
which yields

I(v = vr)Vollary < lv = vl VUl < cohrl|VollLa ).

Altogether, we prove the trace inequality (A.1) with the constant
2

h
(A.4) s = 09’—7T|(09 + 2¢49).

For triangles, the quotient h%/|T| depends only on the minimal angle in T". For rectangles,
it is nothing but the quotient of the longest and the shortest edge. ([l

Remark A.2. For a square T, Equation (A.4) becomes cs = (27 (7! +2))l/2 ~ 1.21486.
With hp = hy/v/2, (A.1) can thus be written as

(A.5) lv —vr|L2m < cnhT ||Vv||L2 ) forve HI(T),

with ¢;; = 27Y4cg ~ 1.02157. However, this estimate is by far not optimal. Nicaise [13]
proves (A.5) with ¢;; = (7 tanh7)~'/2 & 0.56524 by some eigenvalue analysis.
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