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ABSTRACT. We consider 2n x 2n symplectic difference systems together with associated discrete qua-
dratic functionals and eigenvalue problems. We establish Sturmian type comparison theorems for the
numbers of focal points of conjoined bases of a pair of symplectic systems. Then, using this comparison
result, we show that the numbers of focal points of two conjoined bases of one symplectic system differ
by at most n. In the last part of the paper we prove the Rayleigh principle for symplectic eigenvalue
problems and we show that finite eigenvectors of such eigenvalue problems form a complete orthogonal

basis in the space of admissible sequences.

1. INTRODUCTION AND MAIN RESULTS

In this paper we deal with oscillation properties of symplectic difference systems
(S) Zk+1 = Skzk, ke{0,...,N}

where the matrices Sy are symplectic, i.e.,

S'JS=7J, where J=

-1 0

(Note that here and in the entire paper we use the convention that an equation written as A = B means
that Ap = By, for all k € {0,...,N}.) The system (S) is a natural discrete counterpart of the linear

Hamiltonian differential system
(H) 2 =H(t)z, where JH(t)+H' )T =0, tE€]la,bl,
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whose oscillation theory is deeply developed, see e.g., [14,18-20]. Discrete symplectic systems play a key

“

role in the numerical methods for solving Hamiltonian systems, since they “... present a proper way,
i.e., the Hamiltonian way, for computing the Hamiltonian dynamics” [11, page 18]. Also, these systems
are closely related to discrete quadratic functionals which arise as the second-order nonlinear problems
in the discrete calculus of variations and optimal control theory, see, e.g., [1,10,12,13,16,21-23].

If in (S) and (H) we write

with z,u € R™ and A,B,C,D, A, B,C € R™*", then these systems can be rewritten in the forms

(S) Tht1 = Apxy + Brug, Uk+1 = Crxi + Drup, k€ {0, ceey N}
and
(H) ' = A(t)x + B(t)u, o =Ct)xr— AT (t)u, tE€ [a,b],

respectively. A matrix solution Z = (X, U) of (S), where X}, and U}, are n X n-matrices, is said to be a
conjoined basis of (S) if the matrices X} Uy are symmetric and rank ()U(]’j) =nforall k €{0,...,N}.
A conjoined basis of (H) is defined in a similar way. Let (X,U) and (X,U) be two conjoined bases of
(H) and denote by m and 7 the number of points in [a,b] satisfying det X (t) = 0 and det X (¢) = 0,
respectively (the so-called focal points of (X,U) and (X, U)). The basic statement of oscillation theory
of (H) (the so-called Sturmian separation theorem for (H)) states that |m — m| < n [19, Chapter VII,
Corollary 1 of Theorem 7.9 on page 366]. Of course, if (H) corresponds to a second-order Sturm-—

Liouville equation, e.g.,
(SL) (r@t)2’) +pt)z =0, te€la,b],

then this statement reduces to the classical Sturmian theorem about separation of zeros of linearly
independent solutions of (SL).

The aim of this paper is, among others, to establish the analogue for conjoined bases of the discrete
system (S). To formulate this result, we will use the following notation and concepts. By M T we denote
the Moore-Penrose inverse of a matrix M (see [2]). For a real and symmetric matrix P we write P > 0
if P is nonnegative definite, and ind P denotes the index of P, i.e., the number of negative eigenvalues

(including multiplicities) of P. By Ker M, Im M, rank M, M* and M~! we denote the kernel, image,
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rank, transpose, and inverse of a matrix M, respectively. For a conjoined basis (X,U) of (S), the

following matrices were introduced in [15]:

My = (I = Xp1X] 1) B,
(1.1) Ty, = I — M} M,

Py, =TI X3 X) BTk

for k € {0,...,N}. Then obviously M1} = 0 and it can be shown (see, e.g., [15]) that the matrix Py
is symmetric.

We say that a conjoined basis (X, U) has no focal point [3,5] in the interval (k, k + 1] if
(1.2) Ker X4y C Ker Xp  and  XipX[, By >0

holds. Note that if the first condition in (1.2) holds, then the matrix XkXIIHBk is really symmetric
(see [5]), and it equals the matrix Py given by (1.1) since T}, = I in this case (see [15]). The multiplicity
[15] of a focal point in the interval (k, k + 1] is defined as the number

rank M, + ind P;.

Throughout this paper, focal points of any conjoined basis are counted including their multiplicities.
Now we can formulate the Sturmian type separation theorem for conjoined bases of (S), which is a

discrete version of the above mentioned separation theorem for (H).

Theorem 1.1. The difference of the numbers of focal points in (0, N + 1] of any two conjoined bases
of (S) is at most n.

A natural extension of the Sturmian separation theorem is the Sturmian comparison theorem which
compares the number of zeros of solutions of two equations (SL) or systems (H). Together with (S), we

consider the system

4 B
(S) Zk+1 = Skzk, k€{0,...,N}, where &=

¢ P

and recall that the conjoined basis Z = (X, U) of (S) (and similarly for (S)) given by the initial condition

~

Xo =0, Uy =1 is called the principal solution of (S) at 0.
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Theorem 1.2. Define the 2n x 2n-matrices

ATBBIDBIA — ATC CT — ATBBIDB}

(1.3) G:=
C— (BHYTDTBBIA BBIDBY
and
A'BB'DBA-A"c " - ABB'DE'
g;:
¢-(B8""D'BB'A BB'DB'
and suppose
(1.4) G>G and Im(A-A B)CImB.

If the principal solution of (S) has m focal points in (0, N + 1], then any conjoined basis of (S) has at
most m + n focal points in (0, N + 1].

Theorem 1.3. Suppose that (1.4) holds. If the principal solution of (S) has m focal points in (0, N +1],
then any conjoined basis of (S) has at least m focal points in (0, N + 1].

The proofs of these theorems are given in Section 2 and 3. These proofs are based on various results

concerning eigenvalue problems associated with (S) in the form

®) Tpt1 = Agxp + Brug, ugt1 = Crag + Dyug — Axgy1, k€{0,...,N}

o =xN41 = 0.
The eigenvalue problem (E) (including some preparatory material) is treated in the last Section 4 of this
paper. In particular, attention is focussed on the Rayleigh principle for the discrete quadratic functional
associated with (E) and on the completeness of finite eigenvectors in the space of the so-called admissible

sequences. Section 4 also contains some technical statements used in the proofs of the results of our

paper.
2. STURMIAN COMPARISON RESULTS

An important role in the proof of Theorems 1.2 and 1.3 is played by the associated discrete quadratic

functional

N
F(z) = Z {ak AR Cuay, + 205 C Brug + ui By Dyuy } - for 2 = (z)
k=0
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A pair of n-dimensional sequences z = {2} 1" = { (g, ug) }ny' is said to be admissible for F provided

it satisfies the first equation in (S), i.e., the so-called equation of motion xp41 = Agxy + Brus for all
ke{0,...,N}.

Now we recall some concepts and statements associated with the eigenvalue problem (E). This
eigenvalue problem is treated in detail in Section 4, but some results we need to present already now.
A number A € R is called a finite eigenvalue of (E) if there exists a solution z = (z,u) of (E) such that
zo=0=2zxN4 and z = {xk}ivjol # 0, and then z is called a finite eigenvector corresponding to A. Let
(X,U) = (X()\),U()\)) be the principal solution of the symplectic system in (E) and denote by 71 ()
the number of focal points of (X,U) in (0, N + 1]. Then by (4.8) given in Section 4,

(2.1) 1 (A) = na(N),

where n2(\) denotes the number of finite eigenvalues of (E) (counting multiplicities, see Definition 4.1
for details) which are less than or equal to .

The results in this section extend [13, Theorem 7.1], where the statements are proved (using a different
technique than here, namely the Riccati technique) in the special case m = 0 (see also [4, Theorem 2]).
Here we also use the following lemma from [13, Formula (7.1)] (see also [17, Lemma 1.32]), which can

be proved by a direct computation.

Lemma 2.1. If z = (x,u) is admissible and G is given by (1.3), then

me=3 () e ()

Proof of Theorem 1.2. Let Z = (X,U) be any conjoined basis of (S). Suppose that Z has p focal points
in (0, N + 1]. Then, corresponding to each focal point, we can construct z* = (2l u), 1 < v < p,

as in [8, (12) and (13) on page 338] such that

is admissible and xE\V,Ll =0 forall 1<v<p.

e

Furthermore, since the principal solution Z = (X, U) of (S) has m focal points in (0, N + 1], by (2.1)
with A = 0, applied to the eigenvalue problem

(2.9) Tpy1 = Apzp + Bruk,  uk41 = Cpap + Dyug — Azgy1, k€ {0,..., N}

Lo = TN+1 = 0,

this eigenvalue problem has m nonpositive finite eigenvalues A,, 1 < p < m, with corresponding

orthonormal finite eigenvectors z (1) = (r{ (1), u (M), 1 < p < m. Moreover, by Theorem 4.6 given in
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Section 4, F(z) > F(z) > 0 for z = (z,u) satisfying

N
zLﬁ(“), ie., <z,£(“)>::fo+1£,(€’jr)1=0, 1<u<m, z#0.
k=0

Now suppose that p > m + n. Then there exists a nontrivial linear combination

<ZM7£<1>>

Define
P
z=(z,u) = ch,z[”].
v=1

By construction, zy; = 0 and z is admissible as it is of the same form as in [8, (15) on page 339].

Moreover, >°_, ¢, zl! = 0 implies 25 = 0 and we also have

O:zp:cu<z[l’],£(“)>:<z,£(“)> forall 1< pu<m,

so z L 2 for all 1 < p < m. As in [8, Proof of Theorem 1 on page 339] we have x # 0 (the z there
was of the same form and the only property that was used there was that not all ¢, = 0, which is
guaranteed in our current setting) and F(z) < 0. From the second condition in (1.4) it follows that
there exists u = {gk}ﬁzo such that xj11 = Apzy + Buy, for all k € {0,..., N}, and hence z = (v, u)

is admissible for JF and by applying Lemma 2.1 twice and coupled with the first condition in (1.4), we

find
N T N T
Tk Ty Z Tk Lk
Z) (ka) =k <~Tk+1) - <$k+1> G (ka) (z) <

k=0 k=0
Hence we have found an admissible z = (z,u) with  # 0, g = xn41 =0, 2 L f,(“) forall 1 < pu<m,
and .Z:" (z) <0, contradicting the Rayleigh principle, Theorem 4.6 as stated and proved in Section 4, by
which ;75(2) > 0 for all admissible z with g = xy411 =0, 2 # 0, and z L E;(M) forall 1 < pu<m. O

Proof of Theorem 1.3. We consider (E). Let (X,U) = (X(X),U(X)) be the principal solution of the
symplectic system in (E) and let (X,U) = (X(A),U(A)) be any conjoined basis of the symplectic
system in (2.2) such that Xo(A) = X and Ug(A) = U are constant. Let m = nq(A) and p = p(A)
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be the numbers of focal points of (X,U) and (X,U) in (0, N + 1], respectively. Then the assertion of

Theorem 1.3 says
n1(0) < p(0).

We show that n1(A) < p(A) for all A € R. To do so, let (as in Section 4) A, denote the finite eigenvalues
of (E) with corresponding orthonormal eigenvectors z(*) for 1 < p < r such that \; < ... < \,. Now,

given A € R, we have that
A KA < Apy1  forsome me{0,...,7},

where we put \g = —oo and \,y1; = co. By (2.1), this means that m = ny(\). First suppose that A
is not a finite eigenvalue of (E) so that A\, < A < A\p41. Put 2 = ZT:l B,z where the constants

B1, B2, ..., Bm are chosen in such a way that Z = (Z, ) satisfies p linear homogeneous conditions

%gik—_i_l =0, ke{0,...,N -1},
(2.3) S L{a € R™: «is an eigenvector corresponding

to a negative eigenvalue of ]Njk}, ke{0,...,N},

where

5 =g — QrIy = Z ﬁ#(aé") - Qkﬂf;(f))
p=1

with the matrix @ satisfying QX = Q)N(T)N( and the matrices M, P given by (1.1) with (X, U) = (?\J(, Q),
and where p equals to the number of focal points of (X, U) in the open interval (0, N +1) so that p < p.
The sequence Z is admissible for F and by the second condition in (1.4) there exists u such that (z, w) is
admissible for z . Since the value of the quadratic functional does not depend on the second component

of an admissible sequence z = (2, u) (see Lemma 2.1), we write also Z = (Z, u). Then by the extended

Picone identity, Theorem 4.2 from Section 4, we have
N
FAE) = F(5) - M52 = S 5T Py > 0.

Note that the first condition in (2.3) implies that &) € Im Xy forall k € {0,..., N +1} by Proposition
4.4 from Section 4, and hence Theorem 4.2 can be applied. At the same time, by a direct computation

using orthonormality of z(1), 2(2) . z(m) (see also Section 4), we have

Fa(2) = F(2) = Mz,2) =) (A — VB2

p=1
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Now by Lemma 2.1 and the first condition in (1.4), we have

m N
S =NBE=D 5 PE >0
p=1 k=0

since A > A, for all 1 <y < m, this is possible only if 3, = 0 for all 1 < p < m. This means that the
system of p linear homogeneous conditions (2.3) has only the trivial solution, and hence the number
of conditions p is greater than or equal to the number of parameters 3, which is m. This proves the
statement when \ is not a finite eigenvalue of (E). Since the functions ni(A) and p(\) are continuous
from the right by (4.8), by letting A\ — A, we obtain the statement also in the case when A = A, is a

finite eigenvalue of (E). O

3. STURMIAN SEPARATION RESULTS

Combining Theorems 1.2 and 1.3, we obtain the following statement. This result extends [8, Theorem

1], where the statement is proved in the special case m = 0 (see also [4, Theorem 1]).

Theorem 3.1. If the principal solution of (S) has m focal points in (0, N + 1], then any conjoined
basis of (S) has at least m and at most m + n focal points in (0, N + 1].

Proof. We apply Theorems 1.2 and 1.3 with § = S and note that the assumptions in both theorems
are satisfied since ¢ = G and Im(0 B) C Im B imply that (1.4) holds. O

Now we prove Theorem 1.1 as stated in the introduction of this paper.

Proof of Theorem 1.1. Suppose that Z and Z are two conjoined bases of (S) with p and  focal points
in (0, N + 1], respectively. Theorem 3.1 yields that

m<p<m+n and m<p<m+n,
where m is the number of focal points of the principal solution in (0, N+1]. This yields the assertion. O

Next we show that using the construction introduced in [6, page 1256] we can derive a more precise
estimate for the difference of the numbers of focal points of the principal solution of (S) and of any
other conjoined basis of (S). This statement can be regarded as a discrete version of [19, Problems

VII.7, problem 2, page 367].

Theorem 3.2. Let (X,U) be the principal solution of (S) and let (X,U) be any conjoined basis of
this system. Let m and p denote the number of focal points of (X,U) and of (X,U) in (0, N + 1],
respectively. Then

m < p < m + rank Xj.
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Proof. We extend the eigenvalue problem (E) to a problem of the same kind on the interval [—1, N 4 1].
Define

,A71 Bfl UOK XO
(3.1) W_1:=1 and &_;:= = ,
c, D, “XoK U,

where K := (XI' Xo+UJ Up)~!. Then by a direct computation we see that the matrix S_; is symplectic

and hence

(32) Tpyp1 = Ay + Brug,  urp1 = Crwy + Dyugp — A1, ke {-1,0,1,...,N}

-1 =ITN+1 — 0

is an eigenvalue problem for a symplectic system. Now we extend also (X, U) and (X,U) to [-1, N +1]
by

N ~ T T
Xor) | g1 (X)) _ Uo S _(—Xd
U_.) " "'\U I KUT
KxI KUI
and
UT _XT
X\ _ g1 (%o 0 O (X0 _ (0
U_,) "1\ Uy I
KXI KUL
Hence

M_y = (I—-XoX)B_y =X, T_1=1—-X}Xo, Py =TT, X 1 X\B_\T_, =0,

which means that the extended (X,U) has rank X, focal points in (—1,0] and, since X_; = 0, the
extended conjoined basis (X, U) has no additional focal point in (—1,0]. Denote by m and p the number
of focal points of the extended (X,U) and (X,U) in (=1, N + 1], respectively. Then 7 = m + rank X,
p = p, and by Theorem 1.3 and § = S applied once to (S) on [0, N + 1] and once on [—1, N + 1] (with
S_1 defined by (3.1)), we obtain

m < p=p < m=m+ rank X,

3>

which completes the proof. O
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4. SPECTRAL THEORY
We consider the (slightly more general than in Section 1) symplectic eigenvalue problem associated

with (S)

(4.1) Tpy1 = Apxr + Bruk,  ukyr = Crpap + Dyup — \Weagyr, ke€{0,...,N}

xo =2xN+1 =0,
where we assume that
Wi > 0.
The following definition is as in [9, Definitions 2 and 3, Proposition 2 (v)].

Definition 4.1. A number A € R is called a finite eigenvalue of (4.1) provided it possesses a corre-

sponding finite eigenvector z = (x,u), i.e., z solves (4.1) such that {Wyzp1}e ;" # 0, and then
dim {{Wizp1}h—g 2z = (z,u) solves (4.1)}
is called its multiplicity.

By [9, Proposition 2], finite eigenvectors corresponding to different finite eigenvalues are orthogonal

with respect to the bilinear form

N
(2,2)yy = (2,2) := Za:gﬂwkfckﬂ for z=(z,u) and Z = (Z,q).
k=0

Moreover, we consider the discrete bilinear form F associated with (4.1)
N
(4.2) Falz2) = > {af AL Chix + o} CF Briiy, + uf B Criix + uf B Dyiix } — Mz, 2)yy)
k=0

for admissible z = (x,u) and Z = (#,4), and the quadratic functional Fy(z) = Fi(z,z), so that

Fo(z) = F(z) with the notation of Section 2 above.

4.1. Picone’s Identity. We extend the generalized Picone identity from [7, Proposition 2.1] as follows.

For the continuous version of this identity, see [14, Theorem 2.2.3].

Theorem 4.2 (Extended Picone Identity). Suppose that Z = (X,U) is a conjoined basis of the sym-
plectic system of (4.1) for a fived X € R, let Q be symmetric with QX = UX'X, and define M, T, and

P by (1.1). Let A1,..., Ay be finite eigenvalues with corresponding orthonormal finite eigenfunctions
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20 = () W) 1 < p < m, with respect to (-, s and let By, ..., By € R and put 2 := Z;T:l Buz(“).

Finally, suppose that z = (z,u) is admissible, put Z := z + 2, § := 4 — QZ, and assume that

4.3 L2 e WY =0 for1<p<
(4.3) zL2W, e, <z,z >W for1<u<m
and that

(4.4) TreImX, forall ke{0,...,N+1}.

Then we have that

N+1 N+1

Zskpksk—FZ /\ /\ |BM|2+ kukl‘k’k 0 ~Tﬂk .

= p=1

(4.5) Fa(z) — =z, uk|

Proof. First, we obtain from [7, Proposition 2.1 (iv)] (observe that assumption (1.7) is not needed there)

that

N
Faz) = Z {ngrlekarl — T} QT + §;§Pk§k}
k=0

N+1
= kukxk| +ZSkPk8k

because Z is admissible and (4.4) holds. Next, from [5, page 711] or [8, Lemma 1], from the recursion

of (4.1) for A= X,, 1 < p < m, and from orthonormality we conclude that

N AT A N+1
Fo(2) = dfin

+ Zl‘k+1 {Ckxk + Dty — uk+1}
k=0
N

m
N+1 R
ot E :E :$k+1ﬂu #xk+1

pn=1k=0

= 'LL

and using (4.3),

Folz,2) = xZAk

Nt e N+1
+ T ~ +
peo T E E xkﬂﬂ#)\ ;v,H_l—mkukk o

p=1k=0
and

N+1

Fo(2,2) = &fuel,_, -
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Altogether, we can conclude that

N+1 N+1
Falz) — ac;‘:uk‘kzo = Fo(z) = A (2, 2)y — xfuk|k=0
. . . . N+1
= Fo(Z) = Fo(2) = Folz,2) = Fo(2,2) — Az, 2),y, — x%uﬂkzo
B ) . . . . N
= AE)+A(z+2,242), - Fo(2) - (2} g + ZFup + o ug) k:Ol
N m
~ - - ~ | N+1 T~ |N+1 A A
= D SEPidk+ BLQTk]Zy — B[ 2y — D AalBul® + A (2 2y
k=0 p=1
using that z L 2 by (4.3), and orthonormality yields our assertion (4.5). O

Note first that the existence of a matrix Q with the requirements as in Theorem 4.2 is established

in [5]. Next we analyze the crucial assumption (4.4) using notation (1.1).

Lemma 4.3. Suppose that Z = (X,U) is a conjoined basis of the symplectic system (S) and let
0<k<N. Then we have

(1) Zr+1 € Im Xgi1 implies that MFxyq = 0;

(ii) xg+1 = Agxg + Brug, M,?xk+1 =0, and xp € Im X, imply that xp1 € Im Xpyq.
Proof. First, 11 = Xg11¢ € Im Xp41 implies by (1.1) that
Ml apey = BI (I = X1 X)) Xprrc = 0.
Hence, (i) is true. Next, zx41 = Agxg + Bruk, v = Xpc € Im Xy, and Mz 1 = 0 imply that
0 = BI(I— Xp1 X} ) (ApXpe + Bruy)

= BI(I = Xpa1 X)) (Xnsae + By (ug — Upe)

= Bg([ — Xk;+1X]I+1)Bk(uk; — Ukc)

= BI(I = Xy X[ )" (= X X[ ) B (g — Uge)
so that

0= (I — Xk+1X;+1)Bk('UIk — UkC)

and therefore

Thy1 = Xk+1c+ Bk(uk — Ukc) = Xk+1C + Xk+1X,1+1Bk(uk — UkC) c Ika_,_l

holds. Hence, (ii) is true. O
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Proposition 4.4. Suppose that Z = (X,U) is a conjoined basis of the symplectic system (S) and let
z = (z,u) be admissible with o = xy4+1 = 0. Then (4.4) holds for & = x if and only if

(4.6) MLzp, =0 forall 0<k<N-1.

Proof. First, (4.4) implies (4.6) by Lemma 4.3 (i). Next, suppose that z = (x,u) is admissible, z¢ =
zn+1 = 0, and (4.6) holds. Then 2y = 0 € Im X, and inductively z11 € Im Xj 14 forall0 <k < N-1.

Moreover, zn4+1 = 0 € Im Xy 41, so that (4.4) holds for & = x. O
4.2. Rayleigh’s Principle. In this subsection we put (-,-) = (-,-),, and assume throughout that
(4.7) Wp=1 forall 0<k<N

(as in Sections 2 and 3) and that Z(\) = (X (A),U(N)) is the principal solution of the symplectic system
in (E), ie., that

Xo=Xo(A)=0 and Uy=Us(N) =1

We need the following lemma.

Lemma 4.5. There exists Ao € R such that A < Ag implies Fx(z) > 0 for all admissible z = (x,u) with

o =aNn41 =0 and x = {z}}_, #0.

Proof. Let z be admissible with g = 2y41 = 0. Then, by (4.2) and (4.7),

N
.7:)\(2’) = Z {I{Agckﬂ?k + 2x£Cg(xk+1 — Akxk)
k=0
(st — Apr) T BBI DB (41 — Aar) — Axgﬂxkﬂ}
N
— Z {xg]:kxk — )\|xk|2}
k=1
for certain matrices Fi. This yields the assertion if Ay is sufficiently small. O

Now, using Lemma 4.5, we obtain from [9, Theorem 2]
(4.8) n1(A) = n2(A), ni(A+) =n1(A), na(A+) =nao(A)  forall X eR,

where, including multiplicities

n1(\) denotes the number of focal points of Z = Z(A) in the interval (0, N + 1];

na(A) denotes the number of finite eigenvalues of (E) which are less than or equal to A.
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We let (see [9, Proposition 2])
A1 <... <\ denote the finite eigenvalues of (E)

including multiplicities with corresponding orthonormal finite eigenfunctions 2", 1 < p < r, and we
put g := —oco and A1 := co. Then, by [9, Proposition 2], r < nN < oc.

Theorem 4.6 (Rayleigh Principle). With the above notation and assumptions we have for 0 < m <r
that

Ama1 = min{@(j i z=(x,u) is admissible with o = ry4+1 =0,

z L2 foralll < pw<m, and x = {xk}szl e 0} .
Note that we include the cases m = 0, where the orthogonality condition on z becomes empty, and

m =r, where \p4+1 = 0.
Proof. Let 0 <m < r and X € (Ap,, Am41)- Then, by (4.8),
m =ni(A) = na(N),

so the principal solution possesses exactly m focal points in the open interval (0, N + 1), because N + 1
is not a focal point. The fact that NV + 1 is not a focal point follows from Lemma 4.5, which implies

that rank M (X) = 0 for all A < Ao so that by [6, Remark 3 (ii)]
rank My (A+) =rank Mi(A) =0 forall 0<k <N, A€ (A, Ant1),

in particular rank My (\) = 0.
First, we apply the extended Picone identity, Theorem 4.2, to z = 0 so that

m
f=2=) B,2% with &o=&n11=z=ay41 =0
pu=1

We use an argument similar to that applied in the proof of Theorem 1.3. Suppose that 51,...,0m
satisfy the m linear and homogeneous equations
M7 =0, ke{0,...,N—1},
(4.9) S5 L{a€eR™: «is an eigenvector corresponding
to a negative eigenvalue of Py}, k€ {0,..., N},
where

5 = Uy — Qply.
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Note that the number of these equations is just the number of focal points in (0, N 4 1) by definition.
Then, by Proposition 4.4, the assumption (4.4) holds, and we obtain from Theorem 4.2 that

N m
N+1 o
0=Fx(z) — mfuk‘kzo = ngPksk + Z()\ — )‘u)|ﬁu|2a
k=0 p=1
where 57 Py3, > 0 for 0 < k < N by (4.9), and A — A\, > A=\, > 0 for 1 < pu < m. Hence

01 =+ = By = 0so that (4.9) possesses only the trivial solution. Thus we have shown that
(4.10) the coefficient matrix corresponding to (4.9) is nonsingular.

Now suppose that z is admissible with 29 = 2y41 = 0 and z L 2 for 1 < p < m. Then we apply
Theorem 42to 2 =2+ 2=2+ Zle Bz, where we choose S, ..., By such that (4.9) holds. This
is possible because the m linear and inhomogeneous equations possess a unique solution by (4.10).

Theorem 4.2 implies that

N
A = A - ol
N m
= DSBS+ Y (A=A
k=0 p=1
> D A=A = 0
pn=1

so that
Fo(z) > A{(z,z) forall Xe (A, Amt1)-
Hence Fo(2) > Amy1 (2, 2), and Fo(2) = Apy1 (2, 2) for z = 2™+ For multiple finite eigenvalues use

the fact that Fa(z) = Fa(z + 2) if z is admissible with g = zny41 = 0 and if Z is a finite eigenvector

corresponding to A\. Hence the assertion follows. (|

Rayleigh’s principle yields the following result.

Theorem 4.7 (Expansion Theorem). Suppose that z = (x,u) is admissible with xo = xx41 = 0. Then
(4.11) x = Z cuaz(“), where ¢, = <z(“), z> .
p=1

Proof. First, suppose that z is admissible with zg = zy41 = 0 and z L 2 for all 1 < p < r. Then,
by Theorem 4.6 with m =1, Fo(z) > A (z, z) for all A € R. Hence

N
(z,2) = foﬂxkﬂ =0 sothat x=0.
k=0
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Now if z is admissible with zg = zx 41 = 0, then z — Z;:1 <z(“), z) 2 1 2(m) for all 1 < m < r, and

(4.11) follows from what we have shown before. O

In our final result we prove that “extremal vectors of the functional Fy satisfy necessarily the cor-
responding Euler equations”. The meaning of this becomes clear from the formulation of the following

theorem.

Theorem 4.8. Let be given any eigenvalue problem (E) with (4.7) and with corresponding functional
Fx, and let m € {0,...,r}. Suppose that

( ) Fo(2) = A1 (3, 2) for some admissible 2 with &9 = Eny1 =0
4.12

and 2 L 2 for all 1 <p<m.

Then z satisfies the Euler equation, i.e.,

( ) Ugt1 = CxZk + Drtg — Apr12x+1 for suitable vectors uy, with
4.13

Bkﬂk = Bkﬁ,k forO S k S N.
Proof. Let % be admissible with 29 = Zx41 = 0, 2 L 20 for all 1 < p < m, and Fy(2) = Mg (2, 2).

Then, by the expansion theorem, Theorem 4.7, & = Z;zl cﬂx(“), Cy = <z(“),2>, where ¢, = 0 for

1 < u <'m, by using the notation above. It follows that (use e.g., Theorem 4.2)

T

Amt1 (2, 2) = Fo(2) = Z )‘u|cu|2 > Am+1 Z |Cu|2 = Amt1(%,2)

p=1 p=m-41

so that ¢, = 0 for all p > £+ 1, where A1 = ... = A\¢ < Agy1. Hence 2z := ZZ cuz(") is an

p=m-+1

eigenfunction corresponding to A, 1 with £ = Z. Then (4.13) holds because
Ugq1 = CpTr + Drtiy — Ams1T41 = Cofp + Dpiig — App18h41

and
By (wy — tig) = (Tht1 — Tpg1) — Ax(Zk — ) = 0.

The proof is complete. O

REFERENCES

[1] C.D. Ahlbrandt and A. C. Peterson. Discrete Hamiltonian Systems: Difference Equations, Continued Fractions, and
Riccati Equations, volume 16 of Kluwer Texts in the Mathematical Sciences. Kluwer Academic Publishers, Boston,
1996.

[2] A. Ben-Israel and T. N. E. Greville. Generalized Inverses: Theory and Applications. John Wiley & Sons, Inc., New
York, 1974.



STURMIAN AND SPECTRAL THEORY FOR DISCRETE SYMPLECTIC SYSTEMS 17

[3] M. Bohner. Linear Hamiltonian difference systems: disconjugacy and Jacobi-type conditions. J. Math. Anal. Appl.,

199(3):804-826, 1996.

[4] M. Bohner. Discrete Sturmian theory. Math. Inequal. Appl., 1(3):375-383, 1998. Preprint in Ulmer Seminare 1.

[5] M. Bohner and O. Dosly. Disconjugacy and transformations for symplectic systems. Rocky Mountain J. Math.,

27(3):707-743, 1997.

(6] M. Bohner, O. Dosly, and W. Kratz. An oscillation theorem for discrete eigenvalue problems. Rocky Mountain J.

Math., 33(4):1233-1260, 2003.

[7] M. Bohner, O. Dosly, and W. Kratz. Positive semidefiniteness of discrete quadratic functionals. Proc. Edinburgh

Math. Soc., 46:627-636, 2003.

[8] O. Dosly and W. Kratz. A Sturmian separation theorem for symplectic difference systems. J. Math. Anal. Appl.,

325:333-341, 2007.

[9] O. Dosly and W. Kratz. Oscillation theorems for symplectic difference systems. J. Difference Equ. Appl., 2007. In

(10]

(11]

(12]

(13]

14]

(15]
[16]

(17]

(18]
19]
[20]
(21]
(22]
23]

Press.

J. Elyseeva. A transformation for symplectic systems and the definition of a focal point. Comput. Math. Appl.,
47(1):123-134, 2004.

K. Feng. The Hamiltonian way for computing Hamiltonian dynamics. In Applied and industrial mathematics (Venice,
1989), volume 56 of Math. Appl., pages 17-35. Kluwer Acad. Publ., Dordrecht, 1991.

R. Hilscher. Reid roundabout theorem for symplectic dynamic systems on time scales. Appl. Math. Optim., 43(2):129—
146, 2001.

R. Hilscher and V. Ruzickova. Implicit Riccati equations and quadratic functionals for discrete symplectic systems.
Int. J. Difference Equ., 1(1):135-154, 2006.

W. Kratz. Quadratic Functionals in Variational Analysis and Control Theory, volume 6 of Mathematical Topics.
Akademie Verlag, Berlin, 1995.

W. Kratz. Discrete oscillation. J. Difference Equ. Appl., 9(1):135-147, 2003.

J. Qi and S. Chen. Lower bound for the spectrum and the presence of pure point spectrum of a singular discrete
Hamiltonian system. J. Math. Anal. Appl., 295(2):539-556, 2004.

V. Ruzickova. Discrete symplectic systems and definiteness of quadratic functionals. PhD thesis, Masaryk University
Brno, 2006.

W. T. Reid. Oscillation criteria for self-adjoint differential systems. Trans. Amer. Math. Soc., 101:91-106, 1961.

W. T. Reid. Ordinary Differential Equations. John Wiley & Sons, Inc., New York, 1971.

W. T. Reid. Sturmian Theory for Ordinary Differential Equations. Springer-Verlag, New York, 1980.

Y. Shi. Symplectic structure of discrete Hamiltonian systems. J. Math. Anal. Appl., 266(2):472-478, 2002.

Y. Shi. Spectral theory of discrete linear Hamiltonian systems. J. Math. Anal. Appl., 289(2):554-570, 2004.

Y. Wang, Y. Shi, and G. Ren. Transformations for complex discrete linear Hamiltonian and symplectic systems.

Bull. Aust. Math. Soc., 75(2):179-191, 2007.

LUNIVERSITY OF MISSOURI-ROLLA, DEPARTMENT OF MATHEMATICS, RoOLLA, MO 65401, 2MASARYK UNIVERSITY, DE-

PARTMENT OF MATHEMATICS, CZ-66295 BRNO, CzZECH REPUBLIC, 3UNIVERSITAT ULM, INSTITUT ANGEWANDTE ANALYSIS,

D-89069 ULM, GERMANY



