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ABSTRACT. In our talk, we propose an adaptive mesh-refining strategytiie cell-centered
FVM based on some a posteriori error control for the quantiiyr (v — Zun)||2. Here,
un, € P°(T) denotes the FVM approximation efand Z is a certain interpolation opera-
tor. As model example serves the Laplace equation with ni@addary conditions, where our
contributions extend a result of [NIC05]. Moreover, thipapach allows the coupling of finite
volume schemes with the boundary element method, whicheiw amd fruitful combination of
the shown ideas in [CAR99a, CAR99b] and given below.

KEYWORDSf{inite volume method, cell-centered method, diamond pagimsteriori error esti-
mate, adaptive algorithm

1. Introduction and Elliptic Model Problem

We consider a bounded and connected donfaic R? with Lipschitz boundary
I’ := 09, which is divided into a closed Dirichlet boundary, C T" with positive
surface measure and a Neumann bounBiary= I'\T' . We then consider the elliptic
boundary value problem

—Au=f inQ,
(1.1)
u=up onTp and Odu/dn=g only.

Here,f € L?(Q), up € H(I'p), andg € L*(T'y) are given data, and?(-) and
H'(-) denote the standard Lebesgue- and Sobolev-spaces equiftheithe usual
norms|| - ||z2¢y and| - [|g1¢). We aim to approximate the unique weak solution
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Figure 2.1. The weights)r for an almost regular mesh of squares.

u € H'(Q) by a postprocessed finite volume scheme. ThrougHbuenotes a
certain triangulation of), where A and £ are the corresponding sets of nodes and
edges, respectively. The set of nodes (edges) on the Ritickdp. Neumann boundary
areNp resp. Ny (Ep resp.Ex). For brevity, we assume that the elemefits 7 are
non-degenerate rectangles and refer to [ERAQ7] for tritargalements. Fol’ € 7,

hr = diam(7") denotes the Euclidean diameter and for an efige £, we denote
by hg its length. We say that the triangulati@nis almost regulay if

() the mixed boundary conditions are resolved, i.e. eagedtdec £ with ENT #
() satisfies eitheE CTp or E C T'n.

(ii) the intersectionl’}y N T, of two elementsly, Ty € T with Ty # T3 is either
empty or a node or an edge.

(iii) the edgeE € & contains an interior (i.e. hanging) node, there are two gdge
Ey, Ey € Ewith E = F7 U E», cf. figure 2.1 for examples.

A nodea € N\(Np UNy) is a hanging node provided that there are elements
T:,T» € T such that € T} NTy is a node off; but not ofT,. Let Ny be the set of
all hanging nodes.

2. Cell-Centered Finite Volume M ethod

We integrate the differential equation (1.1) over a contmiimeT € 7 and use the
Gauss divergence theorem to obtain, withthe set of edges df,

fdz=— —ds_ Orp(u)ds forallT eT.
/T or Onr EgT
Here, &7 p( fE Ou/onr g ds is the diffusive flux andchy g is the outer normal

vector ofT on E. Letu, € P°(T) be a piecewise constant approximatiomof
namelyur := up|r ~ u(xr), wherez denotes the center of an elem&he 7. For
the cell-centered finite volume methad, is computed by replacing the diffusion flux
&1 g(u) by a discrete diffusion flu¥r g (uy). First, @7 g( fE g ds is known
for a Neumann edgg& € £y. One therefore defines

FT,E(uh) = <I>T7E(uh) :/ gds for £ € EN.
E
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Figure 2.2. Notation for the diamond path.

Second, for a non-elementary edge with= £, U F» € £ andEy, Ey € Eg, where
Ep denotes the set of elementary edges (i.e. neithienor E> contain an interior
node), there hold®r g (u) = 1,5, (v) + 7 £, (u), which leads to the definition

FT,E(uh) =Fr g (up) + Frg, (up) for E=E;UE; € &with By, Ey € Ep.

Finally, it remains to definé’r (uy) for elementary and Dirichlet edgés € £ U
Ep. This is done by thaiamond patimethod in the following way: For each node
a € N, we define

> Wr(a)ur, foralla € N\(NpUANy),

TEw,
Ua =\ up(a), foralla € Np, (21)
Ua + T forall a € My,

with certain weights{¢r(a) | T € 7, a € N} for each element of the patch, :=
{T € T|a € 8T}. Here, N denotes the set of nodes Bf For details on the
computation of the weights, the reader is referred to [CQUB@ure 2.1 gives the
precise values for almost regular triangulations of sqgudbetails on the computation
of @, andg, are found in [ERAQ7]. For an elementary edfjec £, letxr, andzr,
be the starting and end point &fe £ UEp andT, T” € T the unique elements with
E=TnT,cf Figure 2.2. Then,

urr —ur urt, —ur, >

Frg(up) = hE< P g

2.2
(xpr — ) - trp (:2)

(xpr —27) DR’

with ap = dg = (xp —x7) -nr E.

Here, the additional unknowns,, andur, are located at the nodes, andzr, and
are computed by (2.1). Finally, the tangential vedtgrz is chosen orthogonal to



ny g in mathematical positive sense. For a boundary ellge £p, we compute
Fr g(up) by (2.2), whererr: is now replaced by the midpointz,, of E andur,
becomesip(zg,, ). Altogether, the discrete problem reads: Finde P°(7) such
that

-y FT,E(uh):/fdx, forall T € 7.
T

Ee&ér

Note, that the conservativity of the continuous fibix (u) = —®7 g(u) also holds
for the discrete flud'r g (up) = —Fr g(up).

REMARK. — We stress, that even for an admissible triangular n¥esh the sense
of [EYMOO, Definition 9.1], local mesh-refinement is nontaly since admissibility
necessarily implies that all angles are strictly less thak For rectangular meshes,
local mesh-refinement cannot avoid hanging nodes and tmisaclicts the admissi-
bility condition.

3. A Posteriori Error Estimate

For non-degenerate rectangular elemEnt conv{ai,as,as,as} C R? with edges
E; = conv{a;,a;1+1} andas := a1, a Morley-type elementl’, Pr, ) is given by
Pr = Py @ span{x® — 3zy?, y> — 3yx2} andXr = (S1,...,Ss), where

Sﬂ(p) p(a’J J+4 S forjzla"'74 (pEPT)a

611'1“ B

cf. [NICO5, Section 4.2]. Then(T, PT, ¥ r) is a nonconforming finite element. The
Morley interpolantZuy, is now definedl -elementwise by (3.1)—(3.4). The definition
of which is an extension of the definition in [NICO05, Sectidricdthe case of hanging
nodes and mixed boundary conditions. For each free modeNT N (J\/\(J\/D U
Ny UNg)), we enforce

(Zup)|r(a Z ¥r, (a)un|r, - (3.1)
To€EWq

For each boundary node, the vallig;, (a) is prescribed by

(Tun) r(a) = {uD(a) fora e Nr N Np, (3.2)

Uy + G, fora e Nr N Ny.
For each hanging nodec Nt N Ny, there holds

(Zun)|r(a) = (Zun)|r, (a), (3:3)

whereT,, € 7 is the unique element with € int(E) for some (non-elementary) edge
E € &p,. Finally, for each edg& € &r holds

8(Zuh)|T _
/E m ds = FT,E(uh). (3.4)



We stress, that the Morley interpoldht,, is uniquely defined by (3.1)—(3.4). More-
over, the definition ensures the following orthogonalitygerties, which are essential
for the analysis of the proposed error estimator. The re$iffu:= f + A(Zuy) is
L?-orthogonal toP°(7), i.e.

/(f+Aammdx20fmawreT
T

In particular, R = f — fr, where f; denotes the/ -piecewise integral mean, i.e.
frlr == |T|~" [, f dz. For boundary edges hold

/Mds:o (E€&p) resp. /Mds:o (E € &n)
g Otrg g Onrg

and for the interior edges hold

/ [a(zuh)}l ds=0 (Ec&) resp. / 8Iuh)]l ds =0 (E € &p).

onr g tr e

whereé&, denotes the set of all interior edges which are not part ofraglementary
edge. Here, the jump ovéf € g reads

|[8(Zuh)/8nT,E]] = 8(Iuh)/8nT,E + 3(Iuh)/8nT/,E,

whereT,T' € T andE = T NT'. Note thatny z = —ny g So that the sum in the
definition is in fact a difference. For each non-elementalyesy = E, U E, € £
with E, E5 € £g, we define the jump

[0(Zup)/Onr gle(z) == [0(Zun)/Onr glp,(x) foralz e E;, i=1,2.

The tangential jumfd(Zuy,) /0t g] is defined analogously. For each eleniént 7,
we define the refinement indicator

ng = hzllf = frllizer) + Z he|[V 1 (Zun)l7z (g
E€5T\(5DU5N)

(u — Tuyp)
e 3 nel H T
E€Ernén nT.E

Mu—Iwa (3.5)

otr kg

> e
EcErnép

L2(E) L2(B)

With techniques known from the finite element method [AIN@0]e proves reliability

1/2
Crat IV 7 (u = Tun) | L2y <n = ( > 77c2r) : (3.6)
TeT

As for non-conforming FEM the proof employs a Helmholtz deposition. The
Galerkin orthogonality is replaced by the orthogonalitggerties ofZu,, stated be-
fore. The converse inequality holds evErelementwise, namely for dll € 7

_ 1/2
Crotnr < (V7 (u = Tun)3agup) + W2llf = Frlie@wn) > B7)
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Figure4.1. Errors E7 and E},, estimator in problem(1.1)for unif. and adap. ref.

where the involved patch reads- := (J{T’" € T|T nT" # 0}. This estimate
follows by usual technics and the use of appropriate buhiletfons. In particular
we obtain efficiency of) up to oscillation terms,

Corn < V7 (u = Zup)|[T2i) + P2 = frll720)- (3.8)

The constant€..;, Croc, Cer > 0 Only depend on the shape of the elementginNe
refer to [ERAQ7] for the detailed proofs of the estimate$)3(3.8).

4. Numerical Experiments

We consider the Laplace problem (1.1) on the L-shaped dofhain(—1, 1)%\ ([0, 1]x

[—1,0]). The given exact solution is the harmonic functidm, y) = 3((z +iy)?/?)
and reads in polar coordinates

u(z,y) = r?/3 sin(2p/3) with (z,y) = r (cos o, sin ).

Note thatu has a generic singularity at the reentrant cofied). For the numerical
computation, we prescribe the exact Neumann and Diriclaliet, dvherd’ , = T'\T'y
andl'y := {0} x (—=1,0) U (0,1) x {0}. Note thafl"y includes the reentrant corner,
where the normal derivativ@u/0n is singular. We compute the energy eriy :=
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Figure4.2. Adaptively generated meshes in problgni).

w—un||2 2 0on + |ur —un|2, )2, withur € PO(T the 7 -piecewise integral mean
L2(Q) 1,h
of u, and where the discref@'-seminorm is defined by

2 1/2
lnl1,n = ( Z ‘('UT’ _UT)/dE‘ hEdE)
EeEpUED

for any v, € P°(T). According to [COU0Q], the diamond path method satisfies
Ep, = O(N~Y2) with N = |T| provided that: € H?(2). Moreover, we compute
the Morley errorEz = ||V (u — Zun)||12(o) and the corresponding error estimator
n. All computations are done in MLAB in the spirit of [ALB99, ERA08]. We
employ an adaptive mesh-refining algorithm, which is stésethe local refinement
indicatorsnr from (3.5): An elementl; € 7 is marked for refinement provided
nr; > Omax{nr,,...,nry}, Where we usé = 0 for uniform andf = 0.5 for
adaptive mesh-refinement, respectively. The numericalooo¢ is plotted in Figure
4.1 over the numbe¥ of elements. For uniform mesh-refinement, the energy éfyor
converges with a suboptimal order which appears to be gligbtter tharO(N—1/3),
The proposed adaptive strategy regains the optimal ordesmfergenceé (N —1/2).

As can be expected from the finite element method, the Monley €7 decreases
like O(N~1/3) for uniform mesh-refinement. The adaptive algorithm leadsrt
improved order of convergenc® N —1/2). As predicted by theory, the error estimator
7 is observed to be reliable and efficient.

5. Outlook

The finite volume method is a well adapted method for the diszation of various

convection dominated partial differential equationss Kéry popular in the engineer-
ing community (fluid mechanics) because of its conservatreperties. This method
is contrary to the boundary element method (BEM), which caafiplied to the most
important linear and homogeneous partial differentialagiquns with constant coef-
ficients also in unbounded domains. The coupling of FVYM and/Btémbines the

advantages of both methods, e.g. in problems where stayidifausive heat and con-
vection in different media are coupled. While convectionndobe modelled by the



finite volume method, diffusive heat (in a possibly unbouhdemain) is solved using
the boundary element method.

First numerical examples show the efficiency of the symmewupling of FVM and
BEM, where we used the results given here for the FVM and tefudm [CAR99a,
CAR99b] to develop a stable discretization. The resultiygjem of linear equations
is now a4 x 4 block-system instead ofax 3 system for th&fEMNC-BEM coupling.

The coupling of FVYM and BEM involves two further continuoussatz functions on
the interface to link the discontinuous displacement fielchécessarily continuous
boundary ansatz functions on the boundary. Quasi-optinpalaai error estimates
and sharp a posteriori error estimates are almost establisfhich justify adaptive
mesh-refining algorithms. Numerical experiments show thegptive coupling as an
efficient tool for the numerical treatment of transmissiookpems.
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