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ABSTRACT. We consider parametric partial differential equations (PPDEs)
with stochastic influences e.g. in terms of random coefficients. Using standard
discretizations such as finite elements, this often amounts to high-dimensional
problems. In a multi-query context, the PPDE has to be solved for vari-
ous instances of the deterministic parameter as well as the stochastic influ-
ences. To decrease computational complexity, we derive a reduced basis (RB)
method, where the uncertainty in the coefficients is modeled using Karhunen-
Loeve (KL) expansions. We restrict ourselves to linear coercive problems with
linear and quadtratic output functionals. A new a-posteriori error analysis
is presented that generalizes and extends some of the results by Boyaval et
al. [3]. The additional KL-truncation error is analyzed for the state, output
functionals and also for statistical outputs such as mean and variance. Error
estimates for quadratic outputs are obtained using additional non-standard
dual problems. Numerical experiments for a two-dimensional porous medium
demonstrate the effectivity of this approach.

1. INTRODUCTION

Several problems in science, medicine, economy and engineering are modeled by
partial differential equations (PDE) with stochastic influences. One could think of
measurements that are uncertain or unknown spatial coefficients such as porosity.
Examples include porous media flows (e.g. groundwater, Li-ion batteries or fuel
cells), models in finance or inverse problems. In addition to such uncertainties,
many problems also depend on a number of (deterministic) parameters, i.e., one has
a parameterized PDE (PPDE). Examples include geometry, model parameters or
forces. We are particularly interested in situations where the PPDE with stochastic
influences has to be evaluated quite often for various instances of the deterministic
parameters and the stochastic influences. In the stochastic framework, such a
situation occurs e.g. in Monte Carlo simulations to compute statistical quantities
such as mean, variance or other moments. For the deterministic parameters, one
might think of parameter studies or optimization. Such a multi-query situation
requires the numerical solution of the PDE for many instances of parameter and
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stochastic influence which is infeasible in particular for more complex PDEs. Hence,
model reduction is required.

It should be noted that we are not concerned with stochastic PDEs involving
the It6 calculus. This is the reason why we use the term PDFEs with stochastic
influences, even though this might be a bit lengthy.

The reduced basis method (RBM) has intensively been studied for the numerical
solution of PPDEs; e.g. [7, [I5] [I6] T9], a complete list of references would go far
beyond the scope of this paper. The basic idea is an offline-online decomposition
combined with a rigorous a-posteriori error control. In the offline stage, a reduced
basis is formed by solving the complex PPDE for certain parameter values, so-called
snapshots. The selection is based upon a Greedy algorithm using a rigorous error
bound, [20]. The so formed reduced system is then used in the online stage for a
highly efficient simulation for a given new parameter.

One might think that this approach can immediately be used also for PPDEs
with stochastic influences, viewing the stochasticity, i.e. stochastic events or inputs,
as additional parameters. However, unlike for deterministic parameters, we have
generally no distance measure in the probability space at our disposal, so that the
ideas cannot be transferred directly. A basic assumption of the RBM is a smooth
dependence of the solution of the PPDE w.r.t. the parameter, which can not be
assured due to the lack of the distance measure. Furthermore, the dimension of
the parameter space crucially influences the efficiency of the RBM. In the case of
stochastic influences, the parameter space may be infinite-dimensional.

As a way-out, we propose to use a Karhunen-Loeve (KL) expansion [12, [13] [17]
of the stochastic process and appropriately truncate it. Even though the resulting
expansion coeflicients are still random variables, i.e. functions w.r.t. the stochastic
event, we treat them in some way as parameters that can be modeled using poly-
nomial chaos (PC) expansions [2I] 22]. The KL truncation error of course has to
be analyzed. The KL expansion shows some resemblance to the empirical interpo-
lation method (EIM) [2] 18] in order to obtain an affine decomposition of random
and spatial variables, where the random variables correspond to the parameter de-
pendent EIM coefficients. Consequently, our analysis is in some parts similar to
the EIM analysis e.g. in [18].

PDEs with stochastic influences have been widely studied in the literature,
where, apart from Monte Carlo methods, also weak solutions in space and prob-
ability are considered. These techniques are also known as stochastic collocation
methods [I] or stochastic finite elements [6]. For more information we refer to
[5, 8, [14] and the references therein.

So far, not much work on RBM regarding stochastic problems has been done. In
[3], Boyaval et al. studied a specific problem with stochastic Robin-type boundary
conditions. However, to the best of our knowledge, the analysis presented there
does not cover the case of general stochastic influences, e.g. in terms of random
spatial coefficients. In this sense, the present paper generalizes and extends the
findings in [3]. For the sake of completeness, let us also mention [4], where an RB
control variate technique for variance reduction is introduced.

In particular in the presence of stochastic influences, one is not only interested
in a good approximation of the state, i.e. the solution of the PPDE, but in accu-
rate outputs, together with corresponding statistical quantities such as expectation
or variance. The latter requires the computation of quadratic output functionals.
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Different RBMs for quadratic outputs have been studied. These methods use ex-
panded formulations that eliminate the nonlinearity [9], or introduce special dual
problems [10]. Due to the KL truncation effects, however, these approaches cannot
be used directly for our problem at hand. Hence, we introduce two more modi-
fied dual linear problems in order to derive a-posteriori error bounds also for the
above mentioned statistical quantities. These error estimates can then be used in
a standard Greedy approach [20] for the offline snapshot selection.

We are aware of the fact that the stochastic influences in general cause the
underlying problem to be high-dimensional. This leads to the necessity of solving
high-dimensional problems in the offline stage which calls for the use of specific
numerical methods. This aspect, however, is not investigated in this paper, also
since we consider a Monte Carlo framework w.r.t. the stochasticity.

The remainder of the paper is organized as follows. In Section |2] we collect
known facts on variational problems with stochastic influences, the KL expansion
and the RBM. We restrict ourselves to linear coercive problems. Section [3|contains
our a-posteriori error analysis for the primal and dual solution as well as linear and
quadratic outputs. In Section [d] we introduce the error analysis for the statisical
quantities such as moments and variances. Note that since the operator has sto-
chastic influences, we cannot derive a deterministic PDE for linear moments such as
the expectation even for linear PDEs. The offline-online decomposition is presented
in Section [p| as well as a method to compute coercivity lower bounds adjusted to
stochastic problems. Our numerical experiments are described in Section [6}

2. PRELIMINARIES

In this section, we collect the basic features of the problem under consideration.

2.1. Variational problems with stochastic influences. Let D C R be an
open, bounded domain, D C R a set of deterministic parameters and (Q,2,P) a
probability space. For some X C H'(D) (accounting also for the corresponding
boundary conditions) let a : X x X x M — R, M := D x , be a possibly
nonsymmetric form that is bilinear, continuous and coercive w.r.t. the first two
arguments and let f : X x M — R be a form with f(-; u,w) € H1(D), (p,w) € M
such that the variational problem

(2.1) a(u,v; py,w) = f(v; p,w), veX,

admits a unique solution u(u,w) = u(;u,w) € X for all (u,w) € M. As an
example, think of a linear elliptic second order PDE whose coefficients and right-
hand side depend on deterministic parameters p € D and stochastic inputs w € Q.
In particular we have the case in mind in which a coefficient function on D depends
on stochastic influences modeled by w. A formulation of type (2.1)) is also called D-
weak /Q-strong, [3], and the difference to a variational approach w.r.t. both terms,
e.g. stochastic Galerkin methods [I4], should be noted. As already mentioned in
the introduction, the direct view of w as an additional parameter is not entirely
possible. One should think of it merely as an uncertainty, i.e., a(-,;-,w) is a
random variable or a stochastic process. Nevertheless, we somtimes refer to w as
the stochastic parameter.

In order to achieve computational efficiency of a RBM for , we assume both
terms in to allow for an affine decomposition with respect to the deterministic
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parameter pu, namely

(2.2) a(w,v; p,w) = ZH“ ) [aqg(w,v) + ag(w, v;w)],

(2.3) fospw) = Zef V) + folv;w)],

with Q, Qf > 1, 93,95 :D =R, Gy, ag(-,5w) 1 X x X — Ras well as f, fy(w):
X — R bounded for all w € €). Note that a, and f, denote the expectations of
the terms in brackets, a4(-, ;w) and f,(-;w) denote the respective fluctuating parts.
In general, we do not require any further assumption on these terms. However, in
Section [5] some restrictions are introduced in order to use an alternative method
for the computation of coercivity lower bounds. A standard tool to derive an affine
approximation of a non-affine function is the Empirical Interpolation Method (EIM,
[2]), which, however, may not be applicable here since we have different types of
parameters and influences, respectively.

In order to describe the well-posedness of 7 one usually defines the coercivity
and continuity constants, respectively

. CL(’U,?};,U/J,L}) a(w7U;Maw)
(2.4) a(p,w) := inf ——"=/ (4,w) := sup sup ————=.
veX ||U||§( weX veX ||’LU||XH’U||X
We assume that for some 0 < g, Vo0 < 00, we have
(2.5a) ap,w) > ag >0, (uniform coercivity),
(2.5b) Yy w) < Yoo < 00, (uniform continuity),

for all (p,w) € D x Q. Under these assumptions, the Lax-Milgram theorem guar-
antees the well-posedness of (2.1)). Next, we define parameter-dependent bilinear
forms and energy norms as (u € D,w € Q)

(2.6) (w,0) pw = a(w,v; p,w), ||w||/2“,J =(w,w)pw, vweX.

In many situations, one is not (or not only) interested in the state u(u,w) or
the error in the energy norm, but in some quantity of interest in terms of a linear
continuous functional £: X x M — R. Again, we assume that ¢ is affine, i.e.,

(2.7) 0(v; pyw Z@é v) 4 £4(v;w)]

with Q¢ > 1, 95 :D — Rand /,, €Q(~;w) : X — R bounded and linear for all w € Q.
If £ is deterministic, we set £, = 0. The output s : M — R is given as

(2.8) s(p,w) = L(u(p, w); p,w).

If ¢ = f, the output coincides with the right-hand side which is called the compliant
case. In the non-compliant case, it is fairly standard to consider a dual problem of
finding p(" = p(M (11, w) such that for given (u,w) € D x Q one has

(2.9) a(v, pV; p,w) = —L(v; g, w), veX.

The superscript () in (2.9) is motivated by the fact that we will introduce further
dual problems later on.
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2.2. Karhunen-Loéve expansion. As already stated in the introduction, we con-
sider the well-known Karhunen-Loéve (KL) expansion [12,[13]. Let us briefly recall
the main facts. Let x : D x 2 — R be a spatial stochastic process with zero mean
and existing covariance operator Cov,(z,y) := E[x(z;-) k(y;-)], z,y € D. Let
(Mg, 5k (x)), k = 1,...,00, be the eigenvalue/eigenfunction-pairs of the covariance
operator, then the KL expansion reads

(2.10) R(zw) =Y VA () s (2),
k=1

where & :  — R are uncorrelated random variables with zero mean and variance
1. The eigenvalues are ordered A\; > Ay > --- > 0 and typically decay exponentially
fast. One of the main reasons why we consider the KL expansion is now obvious
since the above equation allows for a separation of the stochastic and the spatial
terms. This is very similar to an affine expansion of a form with respect to a deter-
ministic parameter as common in RBM. Here, we can use the deterministic, purely
space-dependent terms for calculations in the offline phase so that the stochastic
influences only enter through the coefficients in the KL expansion and are thus
scalar quantities.

Since the KL expansion requires zero-mean random variables, the affine decom-
positions in , and are made by a separation into the deterministic
expectation aq, fy, ¢; and the zero-mean stochastic parts. We apply the KL ex-
pansion to the factors a4, fy, and ¢,. For b € {a, f,£}, we get (using the correct
arguments of course)

QP oo
(2.11) w%m=2%w%m+zgmwm@7
o k=1

where for notational convenience b, ) also contain )\Z} « from the spectral decom-
position of the corresponding covariance operator.

For numerical purposes, one usually restricts the infinite sum by some K 3 < 00.
It is well-known that the KL approximation is optimal in a certain sense, [12, [13].
For b € {a, f,¢} we obtain the truncated forms

Qv Ky
(2.12) MMMW=Z%whm+Z§mwmﬂ.
=1 k=1

Here and in the following, an index K indicates that the expression is or is derived
from a truncated form. We do not distinguish the dependencies on Ké’, g=1,...,Q"
b € {a, f,¢}. The truncated primal and dual problem read for (u,w) € M

(2.13) a® (uk (p,w), vip,w) = X (v p,w), veX,
(2.14) aK(v,p(I;)(Mw); ww) = —05 (v p,w), veX,

with solutions ux = ugk (4, w) and pg) = pg) (1, w), respectively.

2.3. Reduced Basis Approximation. We consider a Reduced Basis (RB)-appro-
ximation w.r.t. our parameters (u,w) € M. To this end, we first consider the ‘truth’
approximation of the primal and dual problem e.g. by a finite element discretization
on a sufficiently fine grid. The corresponding spaces are usually again denoted by X
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indicating that the ‘truth’ approximation and the exact solution are (numerically)
indistinguishable. We assume that dim(X) = N, where N is assumed to be ‘large’.
The primal and dual RB spaces are then appropriate subspaces

Xy C X, dim(Xy)=N< N, XV cX dmX{)=ND <N

Here and in following, an index IV indicates that the expression denotes or is based
on reduced systems. We do not explicitely indicate the dependencies on the different
dimensions of the reduced systems, e.g. the dimensions of Xy and f(](\',) defined
below may be different. We obtain a truncated primal-dual RB formulation. For
(p,w) € M, determine uy, g = un,x(1,w) € X, p%}K = pg\l,?K(u,w) € XJ(\}) such
that

(2.15) aK(uN,K,v;u,w) = fKpw), veE Xy,
(2.16) aK(v,pg\}’)K;u,w) = K (v;p,w), UE)N(I(\}).

We will comment later on the specific construction of X and )N(I(\P

3. A-POSTERIORI ERROR ANALYSIS

Now, we focus on the introduction of a-posteriori error bounds for the primal
and dual problem as well as for (linear and quadratic) output functionals. We will
partly follow similar considerations as in [18].

3.1. Notation. We start by fixing some notation for the subsequent analysis. In
many cases, where it should be clear from the setting, we will omit the parameter
(1, w) for notational convenience. Let

~(1 1 1
(3.1) er(p,w) == u (11, w) — un k(1 w),  Eqp(iw) = pY (11, w) — Py (11, W),

be the primal and dual RB error, respectively, where again uyx and pg) denote the
solution of (2.13)) and (2.14)), respectively. The corresponding residuals read

(3.2a) rrp(vipw) = fF(0ipw) —a™ (un k. v;p,w) = a (ern (1, w), v; 1, w),
~(1 1 ~(1
(3.2b) (v w) = —0%(v; p,w) — a® (v, p{ i 1, w) = 0¥ (v, 8 (1, w); 1, w).

Assuming the availability of a computable lower bound 0 < arp(u, w) < a(p,w) of
the coercivity constant, it is fairly standard to derive RB error bounds in terms of
the following quantities

(1)

1 rre(v < 1 Tah (v
(3.3) Agrp(p,w) := — sup s ), Ag])g(u,w) ‘= —— sup rs( )
arB vex |vlx arB vex |vllx

Following the arguments of standard RB a-posteriori error analysis [I5], the terms
Agp and Ag% account for the error caused by restricting X to Xy or )N(](\}) (i.e.,
the RB error) given the truncated KL forms in . Next, we investigate
the KL truncation error. In view of the definition of o, fX and ¢X we see that
any truncation error depends on the random variable w and thus on the particular
realization. This dependency is somehow unsatisfactory since all derived bounds
would depend on a realization of a random variable. Thus, we propose to replace the
random variables {Z,q(w), k> Kf]’, b € {a, f,£}, by some w-independent quantity.
If the probability density functions of the random variables have finite support or
the problem that underlies the PDE restricts their variations, we can use rigorous
upper bounds &g, i.e., |§Z’q(w)| < &y, b e {a, f, 0} for all w € Q. In many cases,
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however, it is also appropriate to use quantiles, instead. For some 0 < p < 1, we
define &y such that |§2,q(w)| < &b holds with probability 1 — p, where p should
be sufficiently small to be negligible in the following analysis. Hence, we can define
the error terms for the primal and dual problem as

Q 00
(34a)  Skn(vimw) = Y 108w Y &b lage(unk(tw),v),
q=1 k=Kg+1
-1 Q* 00 W
(84b)  S(wipw) = D65 D & lagk(v ok (W),
q=1 k=Kg+1
as well as for the right-hand sides b € {f, ¢}
Q° o
(3.4¢) Sk (vip) ==Y 105w D & lbgk(v)].
a=1 k=Kb+1

Note, that dky, and 5}%)1 still depend on w via the RB solutions uy, x and pg\l,?K.

The right-hand side terms 5IJ;L and 6f<L are deterministic and thus only depend on
€ D. For numerical realizations, the terms in are usually truncated at some
Kinax, where Ké’ < Kpax € N < 0. In a similar fashion as for the RB error, we
set
£(1)
AR = L sup L.
aLp vex [lvllx

1 )
(3.5) Ak (p,w) := — sup KL(U),
oL vex ||vllx

as well as

1 5t (v
(3.6) Al (1,0) = —— sup KLl
aLB vex |vllx

be{ft}.

3.2. Primal and dual error. We start by estimating primal and dual errors in-
volving both KL and RB truncation, i.e.,

(3.7) e(mw) = ulpw) —un(pw), D (pw) =pD(uw) —p§p(uw),

where u and p denote the exact (truth) primal and dual solution of (2.1 and (2.9),
respectively. For a better readability and for notational compacteness, we omit the
parameters p and w in the following whenever it does not affect the understanding.

Proposition 3.1. Setting A(u, w) = Arpp(p,w) + Agr(p,w) + AJ;(L(,u,w), we get
lle(u, )|l x < A(p,w) for all (p,w) € M.

Proof. We have for any v € X that

ale,v) = a(u,v) —alun,k,v)
= (f()=f% ) + (@™ (un.k,v)—aluy k,v)) + (f5 () —a" (un,x,v)).

The last term coincides with a® (egrp, v) = rrp(v). Testing with v = e yields

lelx < onpt Ue9)
llell x
|f(e) = f5(e)| | |a"(un,k,€) —alun k. e)l N | /5 (e) — a® (un i, €)|
ars el x ars el x ar el x

IN

A{<L + Akr + Agrs
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by standard RB estimates. O
Corollary 3.2. Setting AW (p,w) = AW = Ag,)B—FA(;)L—i-A%L yields the estimate
16D ()|l x < AD (u,w) for all p,w € Mx.
Proof. In a similar way as above we get for any v € X that
a(v,é") = a(v,p™) — a(v.pfy)

= ()~ 1)) + (@ (0.0 ) ~alv.p50)) = () +a" (0.0 x)
and using v = ) yields the desired estimate. O

The next step is to investigate the effectivities of the above estimators. To this
end, we define the Riesz representations of primal and dual residual by

(38) (Erp(1w),v) y =rre(inw), (Explnw),v)y = FRaimw), veX,
for p € D and w € €. Since Erp is the Riesz representation, we have that
I€rp (1, w)||x = |ITRE (K, w)||x+ and thus by definition

(3.92) [€rB (1, w)llx = ows(u,w)Ars(p,w),

(3.9b) IER (W) lx = orn(uw) AR (1 w).
Analogously, we define the Riesz representations of the KL residuals by
(3.10a) (5KL(M, w), U)X = r(v; p,w) — rrB(V; Y, W),

(3.10b) (B w),v) . = (03 ) — Pl (05 ),

where the truth residuals are defined as

(3.11a) r(vi s w) = f(v; p,w) — alun kv p,w),

(3.11D) F(0: p1,w) 1= —E(v; 1, w) — a(v, P s s ).

We obtain that
I€kellx = lr—rrellx = If = alunk,") = f5 + o™ (un i, )| x:
< N F=15Nx + llaun, g, ) —a" (unk, )l xr = o (i, w) (Afy +Akr)
and similarly HSI%ZH x < arp(Ak + A%{) Finally, in order to estimate the effec-
tivities
AL (p,w)

(3.12) M) = 20 () = 180 () x

le(u,w)llx”
we define the following quantitites

AKL (/’La OJ) + A{{L (:u? (U)
Arg (1, w)

A (1,) + Mgy (11.0)
— .
Afip (1. w)

Proposition 3.3. If ¢(u,w) € [0,1), we get

Yyus(p,w) 14 c(p, w)

OéLB(,LhCL)) 1- C(/,L, CU)’

where yyp(p, w) > v(p,w) is an upper continuity bound.

(3.13a) c(p,w) ==

)

(3.13b) D (p,w) =

n(p,w) <
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Proof. 1t is straightforward to see that for v € X we have
ale,v) = 7r(v;p,w) = 7(v;p,w) —rRB(V; Ky W) + TRB(V; K, W)
= (&kn(pw),v)x + (Erp(p,w),v)x = (L, w) + Erp(1, W), v)x,
thus, with v = Egr — EkL
ale,Erp — Ex1) = (Eki + Erp, Erp — kL) x = [|€rBl% — I1€xLl%,
hence
I€rBl% — l€xLllx = ale,&rp — &) < yus llellx (1€rnlIx + ExLlx)

€% — lI€xel%

YUB ||€]| X
el e = el

i.e., by the above estimates
1 o
lellx = ——(I€rnllx — I€xkelx) = = (Are — Axr — Afy)-
YUB YUB
This finally implies that

A < Jus ARB+AKL+A{<L _uB l+c

a HGHX T oL ARB*AKL*A{(L O1,B 1—-¢’

Ui

which proves the claim. [
Completely analogously we can estimate the dual effectivity as follows.

Corollary 3.4. If ¢ (u,w) € [0,1), we get

< Qs w) 14V (p,w)

7(1)
Te) S w) T— @ ()’
O
Finally, for later reference, we note another result. Defining
YuB (K, w) (1 + c(p, w))
3.14 yw) = )
(314 1) = a1 0) \T = )
we get the following estimate for the effectivity w.r.t. the energy norm.
Corollary 3.5. If ¢(p,w) € [0,1), we get
Vars(p,w)A(p,w)
S Mo (ILL7 CU)
(s )l
Proof. In the proof of Proposition we replace ||e||x by |lel.oyvus /2. O

3.3. Output error. Now we consider the approximation ZK(UMK;M,w) to the
output f(u;p,w) = s(p,w). As already known from the RB a-posteriori error
analysis of linear output functionals, [I5], we add a correction term and consider

(3.15) s (1, w) = 5 (uny iy 1 w) — rRB (DY 3 1, @)
and define the output error estimator by
(3.16) A = appAAD + 0k (0 k) + 0 (0 ) + Okt (un ).

Then, we obtain the following estimate.

Theorem 3.6. It holds |s(p,w) — sy ik (@, w)| < A%(p,w) for allp € D andw € Q.
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Proof. By standard arguments, we get (omitting the argument (u,w))
s—snx = Lu)— 0 (uyk)+ TRB(pS)K)
= L) = (un g) + D) — 0" (o)
= [0w) — ¢ (un )] + [F ) — @™ (e, P )]

Hew) = £ ()] = [Foix) = I o))
For the first term on the right-hand side, we have

EK(u) —ﬂK(uN’K) = —aK(u,pg)) +aK(uN7K,p%)) = —q

Using f(pg\%),{) = a(u,p%?K), we get for the first two terms

05 (u) — €% (un )] + [F (0N x) — 0™ (unie, PN i )] =

= —af(e,p)) + alu,p{ ) — o’ (unxc, 0N )

1 1 1
= —a%(e,p) + a" (u— un i, P ) + lalu, piY) — a™ (u,p§ )]

= —a"(e, ) — ) + lalu, p) — € (u, )]

= —a¥(e, &4} + lalu,p§ ) — a (u, P )]

Putting all this together yields

s— sy =—a(e,ehn) + lalu,piyx) — a¥ (u,p§ k)]

+[0(w) = (W) = [fNx) = FE O]

Using the triangle inequality, we have to estimate these 4 terms separately, i.e.,

(3.17)

1 el X X
" (e, )| = |rRB<e )| < lellx gl x = llellx ae Mgy < avs A AR
by Proposition For the second term, we have

1 1 1 1
|a<u,p§v3K> —a®(u,p)l < lale,px) — ¥ (e, pi )]

1
Halun,x, P ) — € (un i, 03 )]

IA

lellx I3l + ok (0 50)
< agA AKL + 6KL<pN K)
again by Proposition Next,
[0(u) — 5 (u)] < [(un k) — 5 (un )| + [€(e) — 05 (e)] < Sir,(un,x) + oLs A Ak,

and |f(p§\1,)K) fK(pN x)| < 6KL(pN)K) Putting everything together yields the
desired result. O

The above analysis shows two effects. First of all the RB and KL error terms in
A = Agrp + Ak + A{;L and AM) = A () 5+ A —|— Al are multiplied. In order
to obtain the full order of approximatlon RB and KL error terms should thus be
of comparable sizes. Secondly, as opposed to the deterministic case, we obtain the

additional additive terms ok, (pgv)K) 51’;L (pg\l,)K) and 0k (un k) as we see from the

. 1

estimates of [a(u, piyc) — a’ (u, p )|, [F(0Nx) — £ ()| and [€(w) — € ().
Finally, we investigate the effectivity of the output error bound for the special

case of a compliant output, i.e., £ = f, and symmetric bilinear form a. For this
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case, we have pg\})K = —uyg, NO = N and A® = apg A? + 557P, S =
JKL(UN,K) + 26IJ;L(UN,K)-

Proposition 3.7. In the compliant case and with symmetric bilinear form a and

forno(u,w) from ([B3.14), we assume that o p(p, w)A(p,w)? > 1o, w)?857 " (1, w).
Then, the effectivity n*(u,w) : A% (pw) s bounded by

T Tsmw)—snx (mw)]

(3.18) 7 (1, @) < o, w)?

comp

aLB(/’% OJ)A(/J/, w>2 + 6KL (Ma W)
(s w)A(p,w)? — no(p, w) 205, ™ (1, w)

Proof. Following the proof of Theoremyields for £ = f and pg\l,?K = —up, i that

s—sni=f(u) =2 (un k) +a" (un K, unx)
= a(u,u) + 2[f (un k) = 5 (un k)] = 2f (un k) + a(un K, un x)
—la(un, i, un ) — ™ (un xc, un x)]
=a(e,e) +2[f (un.x) — 5 (un k)] = [a(un i, un k) — o (uy x, un )],
Using Corollary we get

1B 2 2 comp
—5 A% < lellw =alee) < s — syl + 0
0
. arpA2485550P . .
This yields i < = 2+ KL which proves the claim. O
S—SN,K| A —O5r

0

The assumption arp(p, w)A(u,w)? > no(p, w)?dgp ¥ (4, w) is rather restrictive
and can be validated only a-posteriori. It requires either the energy norm error
effectivity 7y or the KL truncation error di} " to be small. However, the effectivity
bound is consistent with the deterministic case in the sense that for large K, it
converges to the energy norm error effectivity bound 72 as provided in Corollary

[3:5] where ¢ is approaching zero at the same time.

3.4. Quadratic output. As a next step, we consider quadratic output functions
of the form

5% (1 w) = [u(p,w); p))?,
where £ is a w-independent linear functional. If ¢ would be stochastic itself, the
subsequently constructed error bounds would include terms depending on the size
of s which is independent of NV and K. Also, it is readily seen that just squaring
the output sy x from is not sufficient. In fact, since

(319) 52 — (SNJ()Q = (S — SN,K)(S + SN,K) < A% (S +5N,K)7

the right-hand does not have the desirable “square” effect, as typical in RB methods.
Hence, we follow a different path by introducing an additional dual problem, namely
determine pg) (1, w) € X such that

(3.20) @ (v,pd (1w} w) = =25 (1, w) - (v 1) = —LP (v p,w), v € X.

Of course, the solution of reads p([?) = 25Nk p([;), which, however, is use-
less in the RB context since we have a different parameter-dependent right-hand
side and thus different RB spaces. Hence, we consider an RB space X](\f) C X,
dim(f(](\?)) = N® and determine some pg\z,?K (1,w) € XJ(\?) such that

(3.21) X (0, 0 (1, s pyw) = 0@ (s ), ve XY,
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We can apply the analysis performed in Section @ and just need to adjust
)

the notation. The dual error reads égé = p(lg) — pl\%lo the residual 7:1%;(1}) =

a® (v, ég%) and t~he RB bounds as Ag% = arp ! sup,ex (fgl)g(v)/HvHX). The KL
truncation term 5}%1 is defined analogously to (3.4b|) by replacing pg\},)K by pﬁ)K, and
analogously to (3.5)), A%)J = arp ! Sup,ex (S%Z(v)/HUHX) The terms 6{;? (v; )
and Aféi) (14, w) vanish since ¢ is deterministic. Then, Proposition [3.1{and Corollary

yield the following estimate for é(2) := p(?) — pf,?K

(3.22) 16®) (1, ) | x < AP (p,w) = AZ) (1, w) + AZL (1, w).

We consider the approximation [¢(ux g (1,w); g, w)]?. Similar to the definition
of sy, K in Section we add correction terms and consider

(329) s c(nw) = Eun ) - (ma@) — e

It is important to keep in mind that we distinguish the squared approximation
(5N7K)2 = SN,k - SN,k from the approximation sE\Q,]K of the square of s. In fact, it

is easy to see that we can also write 553]7[{ in terms of sy x = {(un,x) —TRB (p%,)K),

(3.24) sl (,w) = (sv,x)” + 25w, - Tre (DN k) — TRB(DS &),

i.e., we have two additional correction terms. For X](\?) =X 1(\}), the correction terms
would cancel out. We define the quadratic output error bound

(3.25) AT (pw) = (A2 + arAA®D 4 o (02) + 6 (0P

and obtain the following result.

, hamely

Theorem 3.8. It holds ‘32(;17(,0) - S%]’K(M,UJ) < AY (u,w) for all p € D, we Q.

Proof. With , the output error is given by
2 —sig = 82— (snk)? — 25wk Tre(PY k) +TRB(DS )
= (s—snK)?+2snK(s—snK)— 25N K TRB(p%?K) + TRB(pS\%)K)'
Using sy, x = £(un, k) — TRB (p%)K) yields
25N,k (s — SN x) = 25N K (E(u) —l(un k) + TRB@S\?K)) .
Together, replacing 2sy g/ by £, we have
(3.26) 2 —sWp = (s—snx)? + (D (w) — 0P (uy k) + 1ROV )-

From Theorem we know that (s — sy )2 < (A®)>. The second part of (3.26)
can be estimated analogously to Theorem by replacing ¢ by ¢ and p) by
p?). Since £ = (¥ we obtain

62 w) = €2 (i) + rrn (P )| < arpAAD + 61w () + 0 ().

which proves the claim. O

If A% is already small, the first part of the error bound A% will be comparatively
negligible. The second part of the error bound is of the same form as A® in (3.16)).

Hence, we can hope that A% s approximately of the same order than A®.
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4. STATISTICAL OUTPUT ERROR ANALYSIS

In this section, we consider first and second moments of the linear output func-
tional s(u,w) = (u(p,w); p),

My (p) = E[s(p,-)], Ma(p) :=E[s*(,-)], V(p) :=Ma(s) — (My(p))*.
We assume again that the functional ¢ is deterministic, i.e., there is no explicit

dependence on the stochastic parameter w but the randomness of the output func-
tional s is only through w.

4.1. First and second moment. The straightforward estimate for the first mo-
ment My (u) is given by My yx(p) := E[sny x(u, )] and Theorem yields the
error bound

(4.27) M (1) = M, v i ()] < AY (1) := E[A%(u, )] -
Analogously, the straightforward estimate for the second moment My (p) is given
by Mg Nk (1) == [SEV]K(/L, )] and Theorem [3.8) yields the error bound

(4.28) M (1) = Mo, ()] < A2 () = B [A 11, )]

4.2. Squared first moment. In order to get an estimation of the variance, it
remains to find an estimation for the the squared first moment. We follow the same
approach as in Section [3.4 and introduce a third dual problem with right-hand side
() (v; ) == 2M y (1) £(v; p). The dual and the corresponding reduced system
are then given by

(4.29) aK(v,p(Ig);u,w) = —6(3)(11;”), veEX,
(4.30) Vi pw) =~ (o), ve XY,

respectively, where X ®) ¢ X denotes the RB space of dimension dim(f( (3)) N®.
The error analysis is now mainly straightforward, following Section [3.4 We denote
the new dual error by eg’% = pg) fp(?’) and the residual by r(s)( ) == a’ (v, égj])g)
to define the RB bound ARB = CYLB_1||7"RB||X' The KL truncation term (5%1
is defined analogously to (3.4b)) by replacing p x by pN «» and analogously to
(3:5), AR = app 68 ||X/ Then, Propos1t10n and Corollary [3 . 2| yield the

following estimate for 6(3) = p® — pSV)Ky

(4.31) 18P (1, w) | x < A®) (,w) 1= A (1, w) + A (1, w).

We define the approximation of the squared first moment adding some correction
terms. Analogously to (3.24)), we consider

(432) My g(uw) = (Mivk)® +2My vx - E {TRB(pS\lh)K)} -k [TRB(PE\?,)K)} '

Note the distiction between the squared approximation (M k)% = My vk -Mi Nk

and the direct approximation M[l ]N i of the squared first moment. The error bound

is given by
(4.33)  AYi(uw):=(A"1)? 4+ E [QLBAA(S) + 5KL(P§3)K) + 5KL(PS\?;)K)}

Theorem 4.1. It holds ‘M%(,u) . ME]NK(M)‘ < AYE (1) for all p € D.
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Proof. Analogously to Theorem [3.8] the output error is given by
ME — M = (M1 = Mivi)? + B[00 () = 09 (uw,i) + e (p§ )]

From ([£.27), we know (M; — M yg)> < (AM1)2 = (E[A%])2. Analogously to

Theorem replacing ¢ by £ and p™) by p®), we obtain

‘5(3) (u) — £ (un k) + TrE (pg\?,)x)‘ < argAA® 4 5KL(pN K) + 5KL(P )K)
and the claim follows directly. O
4.3. Variance. It is straightforward to define
(4.34) Vnr () = Mg N (1) — M[12,]NK(#)

and it is furthermore clear that |V — Vx| < ]E[ASQ] + AMY is an upper bound for

. . (4
the error. However, we can derive more precise error bounds. Denoting Tl({% (v) ==

K( =2) _ ~3)

a¥(v,62) — e®)y and ALYl = apptsup,cx (rRB( )/||v||X) as well as defining

the KL truncation term S}(élﬁ by (3.4b), replacing pN7K by (p %)K - pg\?,’?K), and

analogously to (3.5)), A%)J = arp ! sup,cx (SI(?I)J(’U)/HUH)(), we obtain [|é?) —
B x < AW = Ag% + A%)J and the variance error bound

AV(nw) == E[(AD?] + (AM)? 1 E [aLBANﬂ
+E [0 0k~ 25x) + o 0fx — V)]
Proposition 4.2. It holds that |V(u) — Vg (p)| < AV(u) for all p € D.
Proof. From Theorems [3.8 and [.1] we know
V-Vyxk = E[(s— SN,K)2] — (M; — My nE)?
+E [E(Z)(u) — (D (uy i)+ TRB(pgg)K)}
— E[69(w) ~ €O (un i) + s (05 )]

and the first two terms can be bounded by E [(A®)?] and (AM1)2 respectively.
Analogously to Theorem we transform the other two expressions to the form

of (3.17) and obtain

(4.35)

(0 w) = 09 un ) + () = =0 (e,ep) + [l PR ) —a" (P )
[f(pN K) fK(pN ) i=2,3.
We subtract the two expressions and follow again the proof of Theorem [3.6] The
claim follows directly using the definitions from above. (I

In our numerical experiments, we have observed that it is suffient to use the same

reduced space for the third dual problem as for the second dual problem
, ie. X'](\?) = X’](\}?’) Then, it is sufficient to solve only one additional dual
problem and it holds that pg\?;?K(u, ) = pEV)K(u, )M Nk (1)/sn K (1, w). Hence,
we consider

(4.36) aK(v,pgé’)K(mw);u,w) = —20(v;p), vEX](\?)
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such that psv)K =5SN.K ~pSV)K and pgv)K =M nvK ~p§V)K. For the evaluation of the

variance error bound (4.35]), we therefore use pg\?)K —pg\g;?K = (sn,k—Mi NK) pgé?K.

5. OFFLINE-ONLINE DECOMPOSITION

In this section, we describe the offline and online procedures and provide cor-
responding run-time and storage complexities. We start with the description of
a method to evaluate lower bounds for the coercivity constant. For this method,
we assume the bilinear form a to be parametrically coercive with respect to the
deterministic parameter, i.e. 67 (u) > 0 for all u € D and aq(v,v) + a4(v,v;w) > 0,
ve X, forallwe Qand 1 < g <Q°.

5.1. The Coercivity Lower Bound. From the deterministic case, we know the
following methods to determine lower bounds app(p,w) for a(u,w), the “min-6”
approach [I5] and the “Successive Constraint Method” (SCM) [II]. The latter
approach is less restrictive and could be directly applied to the stochastic parameter
case. However, it requires much more effort, online as well as offline. The “min-6”
approach requires the bilinear form a to be parametrically coercive with respect to
the deterministic and stochastic parameter. Therefore, the extension of the method
to our case is not possible. We would reqire &, (w) to be positive.

To partially maintain the advantage of the “min-0” approach, we propose a
combination of both methods. We fix some parameter fi € D and get the inequality

(v,v;p,w) _ . L alv,v;p,w) . L a(v,v;p,w)

a
5.1 ,w) = inf
(5.1) ap,w) oy lvll3 T vex a(v,vif,w) vex  |u]%

If a is parametrically coercive, we apply the “min-6” approach on the first term, i.e.,
for Omin () := miny<g<qe {05 (1)/05 (1)}, we obtain w-independent lower bounds

alv,v; 1, )

> emin ) Xa )
doviw) = (w), YwelX, V(uw)e M

analogously to [I5]. For the approximation of second term, we first apply the SCM

to the truncated form and obtain u-independent lower bounds

a® (v,v; i, w)
lvlI%

To take the truncation error into acount, we consider the parameter independent
truncation error

> afmw), YweX, YweQ.

Q* Kmax
(e} a (- a ak(’U’v)
52 TSPy
veX \g=1 k=K+1 X
such that —AZ; ||v||% < a(v,v; i,w) — a® (v, v; i, w). Hence, we define agom(w) =
afy(w) — A%y and obtain the coercivity lower bound arp(p,w) = Omin(p) -

ascMm(w). Tt is essential that K is large enough to obtain a positive agom.

Both agcm(w) and Omin () can be evaluated independently. Therefore, in the
offline stage, it might be useful to evaluate and store agcy for many w and use
these values in the online stage in combination with different p. This is possible if
the online required stochastic parameters can be fixed a-priori, for example using
(Quasi) Monte Carlo methods. Then app(p,w) can be evaluated very fast in the
online stage.
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5.2. Online Procedure. We first summarize the run-time complexity to solve a
reduced system and evaluate the corresponding outputs and bounds. Assuming the
availability of all necessary terms, the complexity is the same for all primal and
dual problems. For notational compactness, we do not distinguish between Q°, K?,
K® . for b e {a, f,£}, but just use Q, K and K., respectively. In the same way,
we just use N instead of N, NU, N2 and N®.

The complexity to assemble a reduced systems for a new parameter pair reads
O(QKN?), the solution is then obtained in O(N3) operations. For the output
evaluation, we need to assemble some additional matrices and vectors — again
with complexity O(QKN?) — to evaluate the residuals. The actual evaluation is
then of complexity O(N?). For the error bounds, we first evaluate the coercivity
lower bound. The complexity depends on the chosen method, optimally O(Q). For
the Akr- and Agg-error bounds, we use the previously evaluated and stored Riesz
representator inner products and compute the bounds in O(Q?(Kmax —K)?>N?) and
O(Q?K?N?), respectively. For the dkp.-error bounds, we just need O(Q(Kpax—K))
matrix-vector and vector-vector multiplications, the total complexity is therefore
O(Q(Kmax - K)NQ)

Suppose we use M random realizations to evaluate the Monte Carlo estimates
for any given deterministic parameter, the overall run-time complexity for the com-
putation of My yx and Ms yk is given by O(M (N3 + Q?K?2 . N?)), including the
complexity for the evaluation of the error bounds.

If we are interested in both second moment and variance, the online procedure
works as follows. We solve the primal and first dual problem for M realizations
and some fixed p. For all realizations, we store sy g that is later used to solve
the second and third dual problem and . For the quadratic output
evaluations, we additionally store rgp (p]; K) as well as the primal solutions uy,
that is needed for the computation of the respective last terms in and .
Furthermore, for the corresponding error bounds and , we store A and
A?. Hence, the overall storage complexity is O((N + 4)M).

If M is large and storage is limited, it is possible to store only expectations
and recompute the quantities un k, sy, k, TRB(pg\l,?K), A and A® when needed.
The storage complexity can thus be reduced to O(1). However, the run-time will
considerably increase.

Alternatively, using the the less precise variance error bound

|V— VNK| < AM2 + AMf,
it is also possible to solve all problems without any recomputations and a storage
complexity of only O(1), independent of N and M. The basic concept is to use
just one additional dual space Xz(\?) and solve the additional dual problem (|4.36))
at the same time as the primal and first dual problem ([2.15) and (2.16]). It is clear
that the evaluation of sg\z,]’K in (3.24) and the second moment My yx = E[sgf,]yK}
as well as its error bounds A* from (3.25) and AM:z = ]E[ASQ] can be obtained
with storage complexity O(1). As a consequence of the use of (4.36]), we have

]E[TRB(pg\?;?K)] = My nvrE[rrs (pgé))K)] and the evaluation of M[lz]NK in (4.32) is of
storage complexity O(1), too, and hence the evaluation of Vyx = My vx — M[f]N K-
It remains to show that the storage complexity to evaluate AM in (4.33) is constant.

We therefore have to separate M yx-dependent and pgé,)K—dependent terms. It is
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clear that 5KL(pSV)K) = My nk| - 5KL(p§3?K) and consequently E[JKL(pS\?;?K)] =

My vk |- E [5KL(p§v)K)} Since FS%( ) =M Nk - af (v, p® —pgé?K), we also have

A%B =My nk|-aLs™ supvex ( Ko, p —p(4) )/HUHX) and analogously A(g)

My N |-aLs ™! sup,ex (Sl(?g(v)/HvHX) Hence. E[ars AA®)] can be separated and

the storage complexity for the evaluation is O(1).

5.3. Greedy basis selection. To generate the bases of the reduced spaces, we
perform a Greedy algorithm as it is well known in the RB context, [20] [15]. For
a training parameter set Zt.n C M and some initial basis, given by an arbitrary
single snapshot, we solve the reduced primal and dual problems , ,
(3-21), and evaluate the error bounds for the desired outputs. For each
problem, we select the parameter pair for which the RB error part of the desired
output error bound is maximal and add the corresponding solution of the unreduced
problem to the respective basis. We iterate the procedure until the error bounds
fall below an intended tolerance for all training parameters.

Next, we are going to describe how to specify the KL truncation, precisely the
numbers of affine terms used for the approximation, K, b € {a, f,¢}, and the num-
ber of terms used to estimate the truncation error, Kb, . b € {a, f,¢}. We integrate
the specification into the Greedy algorithm. For different truncation lengths and
very large Kpax values, we solve the reduced system and evaluate the KL error
bounds for all training parameters. K°, b € {a, f,{}, are chosen as the minimal
numbers such that the KL error bounds do not exceed a given tolerance, respec-
tively. This tolerance should be rather small compared to the allowed output errors.
Similarly, we adjust K&, b € {a, f, ¢}, as small as possible such that we underes-
timate the KL error bounds only negligible small. Since the KL truncation errors
do not depend on the dimension of the RB spaces, K’ and K?, , b € {a, f,{},
are likely to be appropriate for all reduced spaces and can be fixed for all further
computations. However, it would also be possible to do further adjustments during
the Greedy algorithm.

Suppose that Z¢,ain consists of ngpain deterministic parameters and Miqi, random
realizations for each of the parameters. Then, the Greedy complexity is O(Nnyrain)
times the online complexity to ﬁnd the “optimal” parameters in each iteration,
i.e. O(NngrainMirain(N3 + Q? K2, N?)), plus O(QKmax NN) to solve for the cor-
responding true solutions. Furthermore, the construction of the reduced system
matrices and vectors is of complexity O(QKmaxN?N) and the evaluation of the
used Riesz representators and the pairwise inner products O(Q*K?2,,, N?N).

We store these RB system matrices and vectors as well as the Riesz representator
inner products that are used to construct the Axki- and Agrg-error bounds. Hence
the total storage complexity is O(Q*K?2,,,N?).

6. NUMERICAL REALIZATION AND EXPERIMENTS

In this section, an example of a two-dimensional porous medium is chosen to
illustrate the different aspects of the proposed methods. We consider heat trans-
fer in a wet sandstone with porosity modeled by a random function x(z;w) that
represents the rate of pore space within some control volume and is assumed to be
smooth in space. Furthermore, our model depends on a deterministic parameter
uw € D = [0.01,1] that denotes the global water saturation in the pores. Hence,
the proportion of air in the pores is given by (1 — ). Let ¢ = 2.40 be the heat
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Sample 1 Sample 2 Sample 3

FIGURE 6.1. Four random realizations of x
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FIGURE 6.2. First four modes of &

conductivity constant of pure (theoretically imporous) sandstone and ¢, = 0.60,
¢, = 0.03 the respective heat conductivity constants of water and air. With these
notations, the total heat conductivity of a wet sandstone is assumed to be

c(; p,w) = s - (1= w(z;0)) + (pew + (1= p)ca)r(; w)

(6.1) =cs + (—Cs+ picy + (1 — p)ca)k(z;w).

We consider a domain D = [0,1]? and impose homogeneous Dirichlet boundary
conditions on some boundary part I'p and non-homogeneous Neumann boundary
conditions on the opposite “output” boundary 'y, where the right-hand side of
the boundary condition is a random function g(w) : [0,1] — R, representing some
random loss of heat at the output boundary. On the other boundaries, we impose
homogeneous Neumann conditions, representing isolated parts of the sandstone.
For a given p € D and some random realization of k, we are interested in the
average temperature at the “output” boundary T'oyt, denoted by s(u,w).
Now, the PDE reads as follows: for given (u,w) € M, find u(u,w) such that

-V (e(p,w) Vu(p,w)) = 0 inD,
u(p,w) = 0 onIp,
(6.2) n- (c(p,w) Vu(p,w)) = 0 only,
n- (c(p,w) Vu(p,w)) = glw) on Loy

In the weak form, we compute u(u,w) € X such that a(u(p,w),v;p,w) = f(v;w)
for all v € X, where a(w, v; p,w) = [, c(p,w)Vw - Vo and f(v;w) = [ g(w)v.
For the functional ¢(v) = fl‘out v, the non-compliant output is given by s(u,w) =
((u(p,w)).

The affine decomposition of the bilinear form a in p is straightforward. Let
R(z) denote the mean of k(x;-) and &(x;w) := k(z;w) — K(x) its stochastic part
with zero mean. We define 01 (u) = ¢, and 02(p) = —cs + pew + (1 — p)ca.
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FIGURE 6.3. Four random realizations of g
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Then, using the notation of (2.2)), a;(w,v) = [, Vw - Vv whereas a;(w,v;w) =

0 vanishes. For the second affine term, we have as(w,v) = [,&Vw - Vv and
az(w,v;w) = [pRA(w)Vw - Vo. In the same way, we denote by g(x) the mean
of g(x;-) and g(w;w) its stochastic part and define fi(v) = o  guv as well as

filv;w) = fFout g(w)v, where 9{ = 1. Using KL expansions of % and §, we directly
obtain affine decompositions of ay and fi in w, respectively. Since ¢ is independent
of p and w, we put all forms into the framework of with Q% =2, Qf =1 and
Q" =1, where & (w) = 0 for all k > 1 and therefore K{ = 0 in (2.12)).

Figure [6.1] shows four random realizations of x and Figure the first four
eigenmodes of the KL expansion of &. Its eigenvalues are provided in Figure[6.5(a )|
The expectation of « is supposed to be constant in space, &(z) = 0.33. We assume
the random coeffilents &3, (w) to be standard normally distributed. Since r(z;w)
is restricted to [0, 1] whereas £, (w) are unbounded, we dismiss realizations that
do not satisfy the physical constraints. However, this can be done easiliy online
and this happens with a probability of less than 2.5 - 107° in our model. Then,
c(x; phyw) > e+ (1—p)ey > 0.0357 > 0 and the PDE is uniformly coercive. Figure
[6.3] shows four random realizations of g and Figure the first four eigenmodes
of the KL expansion of g. Its eigenvalues are provided in Figure The
expectation of g is constant in space, g(x) = 1. The random coeflicients f{’k(w)
are assumed to be standard normally distributed. Here, we do not restrict g to a
certain interval. However, negative values of g are very unlikely.

For the “truth” approximations, we choose a finite element (FE) space X with
linear Lagrange elements and N = 4841 degrees of freedom. Furthermore, we
use K¢, = 78 and thmth = 18 terms to assemble the “true” forms a and f,
respectively. These numbers of terms are already precise enough compared to the
FE error.
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(a) Eigenvalues of the KL expansion of & and (b) Eigenvalues of the KL expansion of § and
KL truncation values K* =30, K%,, =47 and KL truncation values K/ =11, Klf:‘ax =15 and
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FIGURE 6.5. Eigenvalues and truncation values of the Karhunen-
Loeve expansions
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FIGURE 6.6. Greedy error decay

The bilinear form a with the affine decomposition introduced before is not para-
metrically coercive since 65 (u) < 0. However, since ao(-) = 0.33 - @;(+), resorting
the affine terms to

a(s pw) = 0 (1) (a1 () — a(-) — az(w)) + (09 (1) + 03 (1)) (a2(-) + az(;w))
leads to a decomposition that fulfills the requirements of the proposed method to
evaluate coercivity lower bounds.

Using the initial basis of the Greedy algorithm, we specify the KL truncation as
described in Section For a relative error tolerance tol = 1073, we choose a K
and K/ such that the truncation errors, especially the dkr-parts, do not exceed
0.2tol. This leads to K% = 30, K&, = 47, K/ = 11 and K], = 15, as marked
in Figures [6.5(a)| and [6.5(b)l For the KL error bounds, we use the upper bound
¢up = 5.2 such that |¢, x| > &up with a probability of less than 2.5 - 1077,

As mentioned, we use the same space for the second and third dual space, X ](\,2) =

)N(J(\?), and solve only the additional dual problem (4.36)). Figure [6.6(a)| shows the
decay of the maximal relative error bounds of the primal and dual solutions u and
p™), and of the difference of the additional dual solutions p(2) — p(®) that is used for
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FIGURE 6.7. Mean output E[sy g (,)], its standard deviation,
and 100 random samples for a test set of 30 logarithmically dis-
tributed values of pu, respectively

the construction of the variance. In Figure we provide the decay of the error
bounds of the desired outputs. We omit the dki,-parts since they do not decrease
with the number of basis functions and could therefore have a negative effect on
the basis selection procedure. It turns out that (N, N, N(®)) = (16,10, 16) is
sufficient for relative error below the tolerance for all outputs.

On our reference system, a 3.06 GHz Intel Core 2 Duo processor, 4 GB RAM,
we used Matlab 7.8.0 (R2009a) to implement and run both the truth and reduced
model. Solving the truth with A/ = 4841 degrees of freedom, we needed about
0.132 seconds per sample on average whereas the reduced problem could be solved
in about 0.0105 second per sample, including the solution of all primal and dual
problems and the evaluation of all outputs and error bounds. Hence, we gain a
speedup by a factor greater than 12. To show that the number of reduced basis
functions is independent of the degrees of freedom of the truth, we started another
Greedy algorithm using A/ = 19121. Again, the error bounds fell below the desired
error tolerance for (N, N, N®) = (16,10,16). On average, the computation
of the larger truth needed about 0.594 seconds per sample. Since the size of the
reduced system did not change, we gain a speedup by a factor greater than 56.

The result of the reduced computation ist shown in Figure For each pa-
rameter of a test set of 30 logarithmically distributed values of u, we evaluated the
output s, its mean, and the variance V using 10000 random samples. In Figure
we plotted the mean and standard deviation of sy x as well as 100 random samples
for each parameter of the test set.

In Figure we show the errors and error bounds for the output s for two
values of u and 200 random samples each. The samples are sorted according to A*®.
We see that the error bound is effective. The average effectivity A®/|s — sy k| is
about 100. We furthermore separated the error bound in its different parts. One
can see that the dkp-part does hardly varies since it is not directly dependent on
the current random realization. While for p = 0.01, aLgAAM contributes most to
A? the dkp-parts contribute most for ; = 1.00. Hence, adaptive choices of K% and
K/ could improve the error bounds and reduce the run-time and will be a part of
future work.
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FIGURE 6.9. Different relative error bounds for variance V(pu)

In Figure [6.9] we compare our variance evaluation method and corresponding
error bounds with two other evaluation procedures based upon the use of the sample
variance E[(sy x)?] — (Enx)?. For the “direct” bound, we follow and replace
s by (s — sy k) + sy x which can be estimated by A® + |sy k|- Analogously, we
obtain [M;| < AMt + |M; yx| which leads us to the “direct” variance error bound

V- Vng| < E[A%(A% +2|syx])] + A (AM 4 2)My n k).

For the “sophisticated” bound, we refer to [3]. We see that our variance approx-
imations and the corresponding error estimates give in fact sharper bounds. The
direct error bound is about 30 times larger, the sophisticated error bound still is
about three times larger in average.

Compared to the deterministic problems, the effectivity bound n(u,w) from
(3.12) contains an additional factor of the form (1 + ¢)/(1 — ¢), where ¢ is given
by (3.13]). Figure shows the average factor, its standard deviation, and 100
random samples for each parameter of the test set. We can see that the additional
factor takes an average value of about 1.3. Hence, compared to the deterministic
case, the effectivity upper bound increases only moderately.
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FIGURE 6.10. Mean of effectivity bound factor }fz, its standard

deviation, and 100 random samples for a test set of 30 logarithmi-
cally distributed values of p, respectively
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