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AN IMPROVED ERROR BOUND FOR REDUCED BASIS
APPROXIMATION OF LINEAR PARABOLIC PROBLEMS

KARSTEN URBAN AND ANTHONY T. PATERA

ABSTRACT. We consider a space-time variational formulation for linear para-
bolic partial differential equations. We introduce an associated Petrov-Galerkin
truth finite element discretization with favorable discrete inf-sup constant (s,
the inverse of which enters into error estimates: (s is unity for the heat equa-
tion; Bs decreases only linearly in time for non-coercive (but asymptotically
stable) convection operators. The latter in turn permits effective long-time
a posteriori error bounds for reduced basis approximations, in sharp contrast
to classical (pessimistic) exponentially growing energy estimates. The paper
contains a full analysis and various extensions for the formulation introduced
briefly in [13] as well as numerical results for a model reaction-convection-
diffusion equation.

1. INTRODUCTION

The certified reduced basis method (RBM) has been successfully applied to para-
bolic equations in the case in which the spatial operator is coercive [3, 4]. However,
for problems — linear or nonlinear [7] — in which the spatial operator (or lin-
earized spatial operator) is non-coercive, the standard Lg-error bounds based on
energy estimates are very pessimistic. In particular, these energy estimates suggest
exponential growth in time even for problems which are asymptotically stable and
for which the actual error grows at most linearly with time.

In a recent paper [10] space-time adaptive numerical schemes for linear parabolic
initial value problems based upon wavelets have been introduced. One key ingredi-
ent there is the transformation of the partial differential equation into an equivalent
well-conditioned discrete (but still infinite-dimensional) system w.r.t. the wavelet
coefficients. In order to show this equivalence, a new proof for the well-posedness
of the space-time variational formulation of linear parabolic initial value problems
is presented in [10]. This proof contains an explicit lower bound for the inf-sup
stability constant. In the context of RBMs, it is well-known that the inverse of the
inf-sup-constant multiplied with the (computable) dual norm of the residual form
an a-posteriori error estimate in a (Petrov-)Galerkin scheme. A closer investigation
and modification of the proof in [10, Theorem 5.1, Appendix A] shows that a space-
time inf-sup stability constant — and related appropriate norms — can avoid the
“worst—case” energy assumption at each time ¢ (or discrete time level) and instead
reflect the coupled temporal behavior over the entire time interval of interest.
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We show in [13] that indeed a space-time formulation can improve reduced basis
error bounds: we provide theoretical justification for the symmetric coercive case,
and computational evidence for the nonsymmetric noncoercive case. We elaborate
here on the brief presentation of [13]: we consider in detail the underlyling Petrov-
Galerkin discretization and associated Crank-Nicolson interpretation; we provide
the proofs of the central propositions; we extend the approach and analysis to
primal-dual formulations for the output of interest; and finally, we provide numer-
ical convergence results for the inf-sup constant which plays the crucial role in the
reduced basis error bounds.

This paper is organized as follows. In Section 2, we investigate the space-time
variational problem, in particular its well-posedness also for long time periods. We
also show the main difference of our analysis as opposed to more standard techniques
using a temporal transformation. Next, we introduce a space-time discretization
which leads to a Petrov-Galerkin scheme whose error is analyzed for the particular
case of symmetric coercive spatial operators. Section 3 contains the application of
our space-time error analysis for the Reduced Basis Method. We give a posteriori
error bounds w.r.t. the residual and discuss various issues concerning the numerical
realization. We present numerical results in Section 4, in particular for those cases
that are not yet covered by our theory, namely convection-diffusion operators as
well as asymptotically unstable equations.

2. SPACE-TIME TRUTH SOLUTION

2.1. Space-Time Formulation. Similar to [10], we consider Hilbert spaces V <
H — V' with inner products (-, )y, (-,-)g and induced norms || - ||v, || - || &, & time
interval I := (0,T], T > 0 and A € L(V, V') such that (A, )y v = a(¢, ) with
a bilinear form a(-,-) : V x V. — R. We consider the following problem: Given
g € Lo(I; V'), determine u such that

(2.1) w(t) + Au(t) = g(t) in V', u(0) = 0 in H.

Nonzero initial conditions can easily be treated by slight modifications of the vari-
ational form to be introduced next. According to [10] we assume that there exist
constants M, < oo, @ > 0 and A > 0 such that for all ¢,% € V we have

(22) la(v,0)] < M||¥|lv ||¢]v, (boundedness)
(2.3) a(, ) + X [9IEH > allylli. (Garding inequality)

In addition, we consider outputs of the form
(2.4) 5= /E(u(t)) dt for some £ € V'.
I

The above setting corresponds to the LTI (linear time invariant) case, but we remark
that some of our results can be extended to the LTV case as well.

In order to formulate the variational form of (2.1), we need some preparation.
We use as trial space

Xi={ve Ly(l;V): v,0 € Ly(I;V"),0(0) = 0} = Lo(I; V) N Higy (I; V),

+

where H o (I; V') := {v € H'(I; V') : v(0) = 0} with the norm [[w[|3 := [[w]|F, 1.v,)
||w||§2(l;v,) +||w(T)||% (note: X — C(I; H)). The test space is Y := Lo(I; V) with

norm [[vlly := [[v]| vy
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Remark 2.1. At a first glance, it seems to be more standard to use the graph norm
(||w||%2(j;v) + ||u')H%2(I;V/))1/2 on X. Obviously, || - ||x defined above is a stronger
norm and also allows the control of the solution at the final time T .

We will use the following abbreviations: [w,v]y = [, (w(t),v(t))v/xvdt for w €
Ly(I; V'), v e Ly(I; V) (as well as [w, v]y := [;(w(t),v(t))gdt for v,w € Ly(I; H))
and Afw,v] := [; a(w(t),v(t))dt for v,w € Ly(I; V). Then, defining

(2.5) b(w,v) := [, v]y + Alw,v],  f(v) = [g,v]n,
results in the variational formulation
(2.6) findu € X : b(u,v) = f(v) Yv e Y.

The output is again given by (2.4) and can also be formulated as
(2.7) s=J(u) where JeX' reads J(w):= /E(w(t))dt, we X.
I

The well-posedness of (2.6) (under the above assumptions) has been shown in [10,
Theorem 5.1, Appendix A]. A more detailed investigation of the proof in [10] shows
that the arguments used there can also yield an estimate for the inf-sup constant

b
B := inf supM-
weX yey [[wlx lvlly

|1l e
llollv

We define ¢ := supg4ecy and [ = infgev Sup,ey %; we then have

Proposition 2.2 ([13, Proposition 1]). Assume (2.2) and (2.3). Then, we obtain
the inf-sup lower bound

min{1, (o« — A\g?) min{1, M 2}}
max{1, (8;) "1 }v2

Proof. Let 0 # w € X be given and denote by A* : V — V' the adjoint of A. Set
2w = (A*)" M and vy, = 2, + w € Y. Then, we have

B> pie =

lvolliony < 20lz0ll3 + Ilwll3) < 208 21007, v + lwl3))
(2.8) < 2max{L, (67) 7" }Hwll%-

In order to bound b(w,v,,) we use the following facts ||w(t)||v: = [|[A* 20 ()| <
M|z (t)]lv and thus

a(zu(t), 20 (t) = ollllzu 7 = Allzw ()

(W(t), 2w (t))vixv

(2.9) > (=) ze®)F = (@ = A?) M2l (t)]3,
as well as

. l1d 2
(2.10) a(w(t), zw(t) = (w(t), w () vxv = 5 —llwt)|y

2 dt
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to obtain (recalling that w(0) = 0)

b(w,vw) = /<w(t),zw(t)>v/xv dt+/<7j}(t),’w(t)>v/xvdt

I I

+ [[atw®). @)+ [ atw(e) w) i

I

1 (Td
2 —211,:.112 2
> (MM il + g [ GOl
1Td 2d 2 2
+g [ GO d+ @ =) Ol
> (o= A minfL M2l ey + 00 ry) + (D) s

> min{(a — A¢%) min{1, M2}, 1}Hw| > 8% w2 [lvelly,
where the last step follows from (2.8). O

Remark 2.3. Note that "B does not depend on the final time. However, the
estimate is only meaningful if o > Xo?, i.e., if the system is coercive. In the non-
coercive case, (2.1) is often transformed as described in Section 2.3 below.

Remark 2.4. If we would use the graph norm for X, the above proof yields an
a—Xo?) min{1,M %}

inf-sup lower bound of ( max (1.(3) 1173

2.2. The heat equation. The heat equation is a special case of (2.1), where
A=A, V=HyQ), H=L), ¢l =a(d.¢)=[VelL,@q-
Thus, we have M, =1, A =0, « = 1 and 8} = 1. Thus, Proposition 2.2 would

result in a lower bound of % A slight modification of the proof, however, allows

to improve this lower bound.
Corollary 2.5. For the heat equation, it holds > 1.

Proof. Given 0 # w € X, we choose as above vy, 1= 2z, + w € ) with z,, := A7 1.
Then,

lwwllZ, vy = Nzl Ly vy + 1w, vy + 2/I(zw(t)vw(t))v dt.

Since ||zl £y vy = |A7 0 Ly (r:vy = W] 1, (1;v7) and recalling that a(z.,(t), v(t)) =
(w(t),v(t))v v for all v(t) € V, we obtain

1d

(2w (t), w(t))v = a(zw(t), w(t)) = (W(t), wt)v/ v = g%ﬂw(t)ﬂza
so that
ol vy = AT+ w7,
(2.11) = Nwllz, @ + 10l gy + lw@)F = w3

The rest of the proof remains the same so that we arrive at b(w,v,) > ||w|% =
[wll vwly- O

We can go even a step further.

Proposition 2.6. For the heat equation, it holds 8 = ~v = 1, where vy is the

continuity constant defined as 7y := SUp,,¢ x SUP,cy m
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Proof. For w € X and v € Y we have b(w,v) = [} a( (t)+w(t),v(t)) dt. Given
v € )Y, we have Av € Lo(I; V') = Y and Corollary 2 5 ensures that there exists a
unique z € X such that 2 + Az = Av, i.e, v = A2 + 2. Then, we have

bw,v) blw, AT i+ 2)
vey Ivlly  ex A1z +z|ly
B [ra(A™ i (t) + w(t), A7 2(t) + 2(t)) dt
s [A=12 + 2]

= [[A70 +wly = wllx,

where the last step is shown in (2.11). The claim is thus proven. O
2.3. Using temporal transformation. Another possibility to derive a lower inf-
sup-bound is the transformation of the initial value problem (2.1) in the following

(standard and well-known) way. In view of the Garding inequality (2.3), setting
a(t) := e Mu(t), 9(t) := eMu(t) and §(t) := e~ g(t) solves the variational problem

E(ﬁ)v@) :f(@)’ Vo Eya
where
T T
b(w, ) == /0 %w(t),@(t»wv dt +/0 a(w(t), o(t)) dt

as Well as &(u?(t), @(t)) = a(w(t),o(t)) + AM(w(t),9(t)) g and for the right-hand side
= [,(( )vrxv dt. Note, that the form & fulfills (2.3) with A = 0 which
glves rise to the followmg lower inf-sup-bound

Corollary 2.7. Under the above assumptions, we get the following lower bound for
the inf-sup-constant

e~ AT " min{1, amin{1, M, ?}}
ma{ /LT 2200, 2} max(l, (3) 1 }v2

Proof. Tt is readily seen that b(w,9) = b(w,v) with the above transformations, so
that it remains to estimate the norms. It is known from [10, Appendix A] that

[wle < X max{v/1+2X201, V2}|[@|x, o]y < e Mlo]y.

This implies that

(2.12) 8> BLB =

b(w, v) b(w, D)
inf sup —————~— = inf Supi
wex ey lwllx [olly ~ wex uey flwllx [olly

Tmax{\/1+2/\2p4,\/§} 1nf sup M

¥ yey [0l [|9]ly

v

The result then follows from Proposition 2.2. O
Remark 2.8. Obviously this approach yields an inf-sup bound that behaves as e
— often extremely pessimistic and clearly unsuitable for error estimation in long-
time integration.
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2.4. Petrov-Galerkin Truth Approximation. Let X5 C X, Vs C Y be finite
dimensional subspaces and us € X5 the discrete approximation of (2.6), i.e

(2.13) b(U5,U5) = f(vs), Yos € Vs,

S5 = fo ))dt. Henceforth, we concentrate on the case H = Ly(Q), V =
HY(Q). Let X5 Sat®@Vi, Vs = Qar @V, 6 = (At, h), where Sa¢, Vi, are piecewise
linear and Qa; piecewise constant finite elements with respect to triangulations
TP in space and TAme = {1 = (k- 1)At <t < kAt=t"1 <k < K} in
time for At :=T/K.

Let Sa; = span{o!,...,c%}, where o is the (interpolatory) hat-function with
the nodes t*=1 t¥ and t**1 (resp. truncated for k = K) and Qa; = span{r!,... 75},
where 7% = x;&, the characteristic function on I* := (t*=1 k). Finally, let

Vi = span{¢1,...,¢n,} e.g. be the nodal basis w.r.t. 7,7%“. For any given
ws = Zszl S wkok @ ¢ € X5 and vs = Ze 1 Z;”‘l 0T k ® ¢; we obtain

b(uws,vs) = / ((s(t), 05(8)) voser + alws(t), v (1)) dt

I
K Nh )
S > il (65 ) nay (66, 8)m + (0 7)1y aléi, 6)]
ke=11i,j=1
= w; Bsvs,
where
(214) Bs = I\Itlme MZPaCC Mtlme A;‘-lpacc
and Mspace = [(¢Z’¢J)L2(Q ]7] 1,...,nps Mzrtne = [(Uk7TZ)LQ(I)]/C,Z:L.,,,K are the
spatial and temporal mass matrices as well as Ntme := (&, TZ)LQ(I)]k,z:L‘..,K and
AP = a(¢i, 5))i,j=1,....,n,- For our particular spaces we obtain (denoting by

5;6,4 the discrete Kronecker delta)

(6 Ty = Ok — Okties (0" ™) o) = ?(51@,4 + Okt1,0),
¢ = [0 At ¢ -1
bws, 7 @ ¢;) = D [(wf —wi ) (i, b;)u - (wi +w; ) al¢i, ¢5)]
i=1
1
— At [M:pace&(wl _ We—l) + Aipacewé—l/Q]’
where wt := (wf)izl,m,nh, wffl/Q = 2(w + we 1) and w!=1/2 accordingly. If we

use a trapezoidal approximation of the right- hand side temporal integration

T
frted) = /0 (9(t), 7! @ b))y dt

At At, ,_ —
~ ST gt d)vixy = (87 el = Argy
where gt = LOINVIXV)j ., then we can rewrite (2.13) as
J 1,...,np
(215) 7MZP3CB(WZ o Wﬁ—l) + AZPaCeWZ—1/2 — gZ—1/27 WO — 07

At

which is nothing else then the well-known Crank—Nicolson (CN) scheme; hence, we
can derive error bounds for the CN scheme via our space-time formulation.
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For the analysis we introduce a different norm on X: For w € X set w* :=
pew(t)dt € V oand w := =3 Xk @@ € Ly(I; V); then, set

wlll3,5 = @112, 1) + 1017, vy + 0D
and the inf-sup parameter as well as the stability parameter

— b(ws, vs) . b(ws, vs)
Bs inf sup ——————, Y5 = sup SuUp -

ws€Xs vseys |||wslllx s llvslly wsexs vseys ||[wslllx,s [vslly
Proposition 2.9 ([13, Proposition 3]). Let a(-,-) be symmetric, bounded and co-
ercive and set |||} == a(¢, ¢), ¢ € V; then we have B5s = v5 = 1.

Pmof Since vs € Vs is plecewise constant in time, we have J;a( I w(t),vs(t)) dt =
J;al s(t)) dt for all w € X. Hence, b(ws,vs) = [, a(A, "is(t)+ws(t), vs(t)) dt,
where 25( ) = A, Mis(t) is defined by a(zs(t), ¢n) = (W ( ), dn)v xv for all ¢y €
Vi, Note that for o € V’ we have |4, 9|2, = a(A; 19, A, '0) = (0, A, 'D)yixy =
|0]|3,. We will prove later that for all v5 € Vs there exists a unique z5 € X5 such
that

(2.16) / (A 25(8) + 25(0), as(8)) dt — / a(vs(t).as(t)) dt Va5 € V.

I

Note that vs := A;l,é(; + zZs € Vs for z5 € Xs. Hence,

b(ws, vs) B b(wtg,Aglé(s + Z5)
sup —— = su 2k %
vs€Vs ||U5Hy 2sE€Xs ||Ah z5 + 25”:)/
(A} Mg + wg, Aj s + Z5) dt 1.
— sup f[ h ) — ||A 1w5 —|—7I)5||y
h
25 E€Xs ”Ah z5 + Z5||y

by the Cauchy-Schwarz inequality and choosing zs = ws. Next,

||A;1u'15 +1D5||§; = |4, Yis|ly + ||@s|y + 2/<wg(t),w5(t)>wxv dt
I

= llwsllL, vy + 181 L, 1y + lws (D = [MwsllI% 5.

b?ﬁjgl’ﬁf) = |||ws]|| s Which implies 85 =5 = 1.

It remains to prove (2.16). Let A\; > 0, e; € R™, j =1,...,np, be the eigenvalues
and normalized eigenvectors of Ay, i.e.,

so that sup,, cy,

alej, on) = Aj (e, dn)m Von € Vi, lejla =1, 1 <5 <ny.
Given Y5 3 vs = 25:1 vk R ok = Z;”Ll 7 ej € Vj, determine CJ’?, k=1,...,K,
j=1,...,np as the unique solution of the iteration

A _
2.17) =0, (C’“ gh+ Ej(cj’wcj’? H=xuE k=1, K.
Then, define z5 := Zszl St e ¢F € X, so that

K K Ay
Zs = 2 = —(ZF TR 2R = (Y,
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since z; is piecewise linear in time. Then we obtain for any ¢s € Vs, ¢5 = Zszl qrrr,
k k
q" = qs(t”)

K K
/a(v(g(t),qa(t))dt > a(vk,qf)/rk(t) (t)dt =Y Ata(v
I k=1 1 k=1

K K np

- ZZA“} N (e d)m =YD Atvf A (e,q")m
k=1j=1 k=1 j—1
K np 1 ) )

= I;;At(ej,qk)g[m(af—g;? 1)+>\j0f 1/2}
K np o

= Z(Z(Uf—gffl)ej,qk) + At ZZ k=120 gy
k=1 5=l k=1j=1

- / Gs(t), a5 () vrer dt + / a(z5(t), a5 (1)) dt.

This proves the existence in (2.16). The uniqueness is seen as follows. Let zs5,ws €
Xs be two solutions of (2.16), then

/a(Agl(é(s(t) — lb(;(t)) + 25(75) — ’LT)g(t), Q5(t)) dt =0 Vq5 € )Vs.

I

By using the first argument as test function we arrive at ||Zs — ws|| L, vy + |25 —
u’15||2L2(14V) = 0, which shows the uniqueness in X. O

Remark 2.10. We may rephrase Proposition 2.9 also in the following way:

(2.18) sup 7) = |||ws|||x.5, ws € Xs.
vseys  |lvslly

Moreover, the proof also shows that

(2.19) VO#ws €X5 Fvs € Vs = ||Jws][|x,5 # 0.

Remark 2.11. Proposition 2.9 also shows the well-posedness of the discrete prob-

lem with continuity and inf-sup constant being unity.

For later purpose, we consider also the dual inf-sup parameter defined as

Bs:= inf sup _ blws,ve)
T vV wyex; |lwslll s llvslly

Proposition 2.12. Under the hypotheses of Proposition 2.9, we have 55 = Bs = 1.

Proof. We use Necas’ theorem [6, Theorem 3.3] that shows that (2.18) and (2.19)
are equivalent to 85 = B85 = 1. O

3. THE REDUCED Basis METHOD (RBM)

3.1. Parameter-dependence. Now, let ;1 € D C R be a parameter vector and
A = A(p) a parameter-dependent linear partial differential operator. It is fairly
standard to assume that A(p) is induced by a bilinear form a(-,-; ) that is affine
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w.r.t. the parameter, i.e., there exist functions 07 and bilinear forms a,(-,-) such
that

(3.1) Xﬁa )ag(h,¢),  pED, P, eV
We obtain the parameter—dependent space-time bilinear form

b, 051) = 03+ Alwvig, where Aw,vsy = [ atw(®)o(0)p)

I

and [, -; u] is a parameter-dependent version of [, ], with a similar expansion as
n (3.1), so that we derive an affine decomposition according to

b(w, v; 1) ZG

Also the right-hand side may depend on the parameter and is also assumed to be
affine in functions of the parameter, i.e.,

Q
(3.2) f;m)=> "0/ (n) fo(v),  peD,ve.

If (3.1,3.2) are not satisfied, it is fairly standard to construct an approximation via
the Empirical Interpolation Method (EIM), [1, 12].
The parameter-dependent version of (2.6) then reads

(3.3) ( )6 X b(U(M) vip) = flv;p) Vo e .

The output reads s( f 7 )) dt. The truth approximations are then fairly
standard, i.e.,

(3.4) us(p) € Xs o blus(p),vsi ) = f(vssp) Vs € Vs,

and the output reads ss(u) := [; £(us(t; ) dt = J(us(p)). Defining
(3.5)
vs(p) == sup sup M Bs(p) == inf sup  blws, vsin)
wseXs vses ||wslllxs [vslly ws€Xs e s [[lwsll a6 [lvslly
it is well-known (see also [10]) from the Babuska-Aziz theorem that (3.3) is well-
posed for all u € D provided that the following three properties hold

(i) ys() < 75" < oo, (i) Bs(u) > B5® >0, (iii) b(-, ;) is surjective.

3.2. RB error bounds. We introduce a standard Reduced Basis (RB) approxima-
tion [3, 8, 9] for the Crank—Nicolson interpretation (2.15) of our discrete problem.
Let Vy := span{&,...,En} C Vi be an RB space provided for example by the
POD-Greedy procedure of [4]. Then, set Xayn := Sar ® Vi, Yar,v = Qar @ Vi
and let un(p) € Xar v denote the unique solution of

(3.6) b(un(p),vn;p) = flonsp)  Yon € Vaen-
The RB output is then given by
sy(p) == J(un(p /éuNt,u ))dt(= /(uNtu ))dt).

(It is possible, alternatively, to consider a space-time RB approximation as well

[11].)
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We define the common RB-quantities, namely the error en () := us(p) —un (@),
the residual

r(vsp) = fo;p) = blun (), v; ) = blen (), v p), veD,

the Riesz representation 7 (p) € Y (not in X!) as

(Pn(p),v)y =rn(vsp), vey

and ||#x(u)||ly = ||rn()|lyr. The ‘truth dual norm’ on X’ is defined as

; Jlw ~
1|l 27,5 := sup _Jw) , Jex'.
wex |||[wl]|x.s

It is then simple [9] to demonstrate

Proposition 3.1. The following estimates hold
(a) Nlus(pr) = un (W)l < 1250

(b) Iss(w) = sn (W< o €llv llrn ()l
() Iss(n) = sv(w) < gtull 12 llr ().

Proof. The proof follows standard arguments

blen (1), vs(1)) v (vs; )

By (|lus (1) — un ()|l .6 < sup L |7 (1) |y

wevs  vslly  vseys lvs

as well as

Is5() — sw(w)| < / (0Cus (8 1)) — Ol (8 ) |

< / el lus (6 1) — e (8 )l de

< el VT llen(m)lly < VTlellv lllen ()lla.s

which —combined with (a)— proves (b). Finally, (c) follows standard lines since
ss(1) — sn () = J(en(u)) and using (a). O

Remark 3.2. The estimates in Proposition 3.1 (b) and (c¢) differ in the fact that
(b) explicitly involves the time on the right-hand side so that the error estimate
grows with increasing time T. Even though the right-hand side of (c) is formally
independent of T, one would expect that the dual norm of J grows with increasing
T since J is the integral over a time period of length T. However, the estimate in
(c) still should be sharper since it avoids the application of one additional Cauchy-
Schwarz inequality.

The utility of these a posteriori error bounds is critically dependent on the depen-
dence of (5 as a function of the parameter p and final time T, Bs(u; T). We will
investigate this dependence in our numerical experiments described in Section 4
below.
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Primal-dual formulation. The estimate (b) in Proposition 3.1 is not completely
satisfying since the error estimator grows with respect to time. In order to overcome
this issue, we consider a dual problem. The original, truth and RB dual problem,
respectively, read

(3.7) find z(u) € Y: b(w, z(p); n) = —J(w) Ywe X,
(3.8) find zs(p) € Vs : blws, zs(p); 1) = —J(ws)  YVws € Xy,
(3.9) find z5(n) € j}At,N Ch(wy, 2y (p)ip) = —J(wg) Ywg € ‘)eAt,N’

where XAuN = Sa: ® Vg, yAt’N = Qar ® Vg and Vi C Vy is a spatial RB-space
also possibly different from V. The dual RB residual is defined as 7g(w;p) :=
—J(w) — b(w, z5(n); 1) for w e X, ie., 7y(p) = 75(;pn) € X' and the dual error
as €5 (p) := z5(n) — 25 (p). Finally, we define the RB output in this primal-dual
setting as

sn(p) = J(un(p) —rn(zg (w)-
Then, standard RB-arguments yield:
Proposition 3.3. The following estimates hold
(a) llzs(r) = 25 (Wlly < g5 75 ()27,
(b) [85(1) = sn ()I< g I () |y 175 ()] 7.6

Proof. Since ffp = frp, we obtain

N b(ws, € (1); T (Ws; p _
i e )ly < sup L0 CRUR) gy T ORIy
wsex  |lwslllx s wsex |[[wsllx,s
which proves (a). In order to show (b), we first note that
ss(u) —sn(u) = Jlen(w) +rn(zg(p) = Jen(n)) +blen (), 25 (1); 1)
—7y(en(n);p)

so that |ss () —sn ()| < |17 5 ()l a6 llen (p)]|x so that (b) follows by Proposition
3.1, (a). O

Remark 3.4. Note that both estimates in Proposition 3.3 do not depend on the
time T. Again, however, one expects that the space-time morms of the residuals
will show T-dependence, which is due to the nature of the evolution problem, not
because of the discretization.

Let us comment on the numerical realization of (3.8). We are looking for zs(u) =

Ze 1 Zj 17 27t ® ¢; € Vs, z§ = (z E)] 1, . Then, for 1 < i < ny, we obtain
K Nh
b(UK ®¢i) = Z ZZ L2(1 ) (¢is0j)m + (o aTe)Lz(I) a(pi, ¢5)]
=1 j=1
np
At Space At Space
= Z (25 (i, b)) m + ?Z]K al¢i, 9;)) = (M + ?Ahp )z"];
j=1
and J(of @ ¢;) = %E(@), so that zX () can be computed via the solution of

Space At Space At
(3.10) (M + 7Ahp )74 (1) = **1
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where 1 := (¢(¢;))i=1,....n,- Correspondingly, we obtain for k=K —1,...,1

K np
bot @¢i) = DN (6% ) La) (0005 + (0%, ) Loy aldis 65)]
0=1j=1
Nnh A
= Z[(Zlii — 2 (i, 05 + {(ij + 25T al¢i, 6))]
j=1

= MG (25 (1) — 25 () + %Ai’f“e( 5 (1) + 25 ()]

as well as J(o% ® ¢;) = At£(¢;), so that for k=K —1,...,1

At , At
(311) (Mspace + 7Aspace) ( ) _ —Atl+ (M:;Lpace _ 7AbpaC9) I§+1(’u)
This means that (3.10) and (3.11) is an iterative procedure for computing the dual
truth solution very similar to a backward Crank-Nicholson scheme. We do not need

to solve a coupled space-time problem.

3.3. Numerical realization. We are now going to consider the quantities that we
have to determine while numerically approximating terms like the inf-sup-constants.

Norms. Let ws =i S wi o' @ ¢y, € X5, ws := (w}); . Then,

el = [Tl ai= 3> 3 wind [ o000) (00,0
k=114,j=1
— (Mtlme Vzpace)w(s,
where M€ is the temporal mass matrix and V"% = [(¢y, ¢1)v]k,; the spa-
tial matrix w.r.t. the V-inner product. For the discrete norm ||| - |||x,s, we need

[[@s]|| Lo (1:v)- We obtain

25121y = i /Ik<wk<t>,wk<t>>vdt=§tf( [ wtwn [ wsas),

= AtZ S whub (60, 0y)v = At wl (L5 & Vi)

k=11,5=1

The second part of the X-norm, ||ws| 1, (7,17, is a little bit more involved due to
the appearance of the V’'-norm. Given 0, = Y 1", O ¢x € Vi, Vi, = (Uk )k, we need
the Riesz representation Rp0p, = Y p/_ 'k G, T = (13 )i (since we know from
the Riesz representation theorem that ||Rp0n|v = ||0n]|v+), which is determined by
the condition

(RO, de)v = Z T (G5 Ge)v ka Gk, de)m = (O, Ge)u VE=1,.

k=1 k=1
or in condensed form V;P*“°r, = MP*“v;, ie., ) = (VP*)IMP*°y), for the
coefficients. Then,
~ 112 _ ~ 12 _ T space
IOnllv: = IRaOully =13 V3

o ((Vspace) Mspace~ ) Vspace(vspace) Mspace{,h

= h h

_ ~T n rSpace spacey—1 space &

= 9T MRS (VEPRee) L pace g



IMPROVED RB ERROR BOUND FOR LINEAR PARABOLIC PROBLEMS 13

Using this, we get

M 2 space Space 1 space
Hw5HL2(1;V/) / J(MH (V5 M), 5 dt
k A=11,j= 1
— (thme (szace (V:}slpace) —1 M;‘lpace)) ws,
where Ve = [(6%,6%) 1, (1)]k,¢ is the temporal matrix of the derivatives. As for

the last part, we obtain by o*(T") = &

M h

ls(DI = 3 wh wh (61, 65) = (Wl )TV,

Q=1
Consequently, we obtain for the norm |lws||% = wi Xsws + (wE)TVP**wk with
(3.12) X5 — Mtlme ® Vspace T thme (Mspace(vbpace)—lMipace).

For the discrete norm, we just need to modify Xs to XIH L = Iime @ ViP*ee 4

thme ® (Mspace (VspaCe) 1Mspace)
For vs = Y1, S vk 7% @ ¢; € Y we can use very similar arguments and get
||U6||§; =v; TY svs with

(313) Y6 — thme ® Vzpace

and GUWP° = [(7%,7%) 1, (1)]k,¢ Deing the mass matrix of the Qa,-basis functions. In
our case of piecewise constants, this coincides with At I%me,

Bilinear form. We have already seen that b(ws,vs) = W5TB5V5 with Bs given by
(2.14).

Supremizing operator. Finally, we determine the supremizing operator for the bi-
linear form b, i.e., Tsws = argsup,, ¢y, bm(‘: \’sz) for given ws € Xjs. It is well-known
that Tsws € Vs is the solution of (Tsws,vs)y = b(wg,vg) for all vs € Vs. The
coefficients t5 of Tsws are then given by ts = Y BT 5 Ws. Finally, it is also well
known that

6y g ITusly
5 =
ws EX5 ||w5||X
and we get

HTgU)g”%; _ thgtg B W?BgY(S_lB?W(;

lwsl}%  wj Xsws wj X5ws

with the involved matrices defined in (3.12), (3.13) and (2.14). Thus, we need to
determine the square root of the smallest eigenvalue of the generalized eigenvalue
problem BsY; 'Blv = AX;v.

Error estimators. Since the computation of lower bounds for the inf-sup parameters
has already been described, it remains to detail numerical schemes for the dual
norms of the residuals, i.e., ||rn(p)||y and |||7]||x+,5. We have already seen that
llrn ()]ly = ||én (p)]]y with the Riesz representation éy(p € Vs which is given by
(en(p),vs)y = flvs; ) — blun (i), vs; p) for all vs € Ys. In matrix-vector form for
the coefficients this reads

Ysén (p) = f5(1) — Biun(p),
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where as above Y; = Gime @ VP £5(u) = (f(oF ® ¢is p))ket,.. i i=1,...nn s
Bs = N@we @ MP* + Mtlme ®@ AP* and upn(p) being the vector of expansion
coefficients of the RB—solution. Finally, for the right-hand side using the affine
assumption (3.2) and defining gg € V' by [gq, v}y = fq(v) v e, we get
Q
fle*@dip) = D05 (n) fu(o" @ ¢:) Z9f ) (94, 5" © @il

1

L)
Il

Q
DA "), di)vixv,

q=1

I
M=

~
Il
-

where we used the fact that o* are piecewise linear and are thus integrated exactly
by a trapezoidal rule. This shows that expanding g,(t*) in any appropriate basis
gives rise to a tensor-product representation of f5(u). Hence, the Riesz representa-
tion calculation is reduced to a sequence of K uncoupled spatial problems in V' —
just as in the non-space-time case.

The situation is different for |||75(u)|/|lx'.6 = |||é5(1)]||x.6, Where the Riesz
representation ¢y € X; is defined by (€(u), ws)x,s = —J(ws) — b(ws, 25 (1); ) and
the truth inner product is defined as

(vs,ws)x,5 := (V5,0s) v + (Vs, Ws)v + (vs(T),ws(T)) s,  vs,ws € Xs.

In general, this sum can not be written as one tensor product. Thus, in practice this
represents a space-time coupled problem and hence is rather expensive; however, at
least in the primal-only formulation these calculations are restricted to the offline
stage.

4. NUMERICAL RESULTS

Now, let pu = (u1, p2) € D := R? be a parameter vector and A = A(u) := —Au+
w1 B(x) - Vu + pou, ie., a diffusion-convection-reaction operator with convection
field 8. We report numerical results for the Crank—Nicolson scheme for various
choices of the parameters 1, ps as well as for different time steps At and uniform
mesh sizes h. For simplicity, we consider the univariate case (in space) Q = (0,1)
and choose B(z) = z — 3. Let us denote by Bs5(i;T), vs(i;T) the numerical
values for the truth inf-sup and continuity constants, respectively, corresponding to
parameter p and final time T

We start by confirming Proposition 2.9. Thus, we choose p; = pe = 0; for
several values of T, h, and At we invariantly obtain 1.000 for both Bs(u;T) and
vs(p; T), as must be the case.

The next issue is that we want to confirm the independence of Ss5(u;T) with
respect to the discretization parameters 6 = (At,h). In Table 1 we consider the
case p = (50, 10) with the final time T' = 0.2. We clearly see the rapid convergence
for At — 0 as well as for h — 0. This behavior has been observed for various
choices of the parameters and final time.

Next, we investigate the case of convection, pus = 0, in which case a is coercive
only for p; < 2m2. We are particularly interested in the long-time behavior. The
results are displayed in Table 2 for the choice Ny = 19 and N; = 10 per time
interval of length 0.2. The displayed numbers, however, are relatively invariant
for sufficiently small A and At. We observe numerically an overall behavior of
Bs((p11,0);T) ~ (uaT)~ and ~s((p1,0); T) ~ py (the latter is readily proven, but
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Ny; Ny 9 14 19 24 29
10 | 5.7242e-02 | 5.8419e-02 | 5.8863e-02 | 5.9073e-02 | 5.9188e-02
15 | 5.7459¢e-02 | 5.8631e-02 | 5.9072e-02 | 5.9281e-02 | 5.9395e-02
20 | 5.7535e-02 | 5.8704e-02 | 5.9145e-02 | 5.9353e-02 | 5.9467e-02
25 | 5.7570e-02 | 5.8739e-02 | 5.9179e-02 | 5.9387e-02 | 5.9501e-02
30 | 5.7589¢-02 | 5.8757e-02 | 5.9197e-02 | 5.9405e-02 | 5.9519¢-02
35 | 5.7600e-02 | 5.8768e-02 | 5.9208e-02 | 5.9416e-02 | 5.9530e-02
40 | 5.7608¢-02 | 5.8775e-02 | 5.9216e-02 | 5.9423e-02 | 5.9537e-02
TABLE 1. Inf-sup parameter 85((50, 10);0.2) for various choices of

§= (1\}g ) %)
Bs
Ny T p1 =950 p1 =100 p1 = 150
10 | 0.200000 | 2.081838e-01 | 9.189784e-02 | 5.605419e-02
20 | 0.400000 | 1.164954e-01 | 4.767668e-02 | 2.858245e-02
30 | 0.600000 | 8.062734e-02 | 3.200346e-02 | 1.911024e-02
40 | 0.800000 | 6.187347e-02 | 2.405788e-02 | 1.434315e-02
50 | 1.000000 | 5.040255e-02 | 1.926570e-02 | 1.147687e-02
60 | 1.200000 | 4.267737e-02 | 1.606301e-02 | 9.564429e-03
70 | 1.400000 | 3.712638e-02 | 1.377228e-02 | 8.197915e-03
80 | 1.600000 | 3.294756e-02 | 1.205285e-02 | 7.172878e-03
90 | 1.800000 | 2.968954e-02 | 1.071484e-02 | 6.375585e-03
100 | 2.000000 | 2.707910e-02 | 9.644058e-03 | 5.737750e-03

TABLE 2. Long time-behavior in the convection case p = (y1,0).

not the former). Note T' = O(1) is effectively a “long time” in convective units,
1/p1. We emphasize that although the problem is non-coercive, the problem is
asymptotically stable in the sense that all eigenvalues o of —a(y, ) = o (¢, P)v'xv
lie in the left-hand plane; this stability is reflected in the inf-sup behavior. In con-
trast, a standard energy approach [5] gives effective inf-sup constants on the order
of e7#7T (here about 10~%). Hence, the traditional method fails to provide useful
results, whereas our new approach, which reflects the true time-coupled properties
of the system, yields relatively sharp error bounds.

Finally, we consider the case p; = 0 which gives rise to an asymptotically unsta-
ble (and non-coercive) system for pz < —72. This means that any error estimate
must grow exponentially with the final time 7. We observe this for our estimator
as well, as Table 3 shows, the values are in the order of e#2T.
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