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This article presents a new proof for the existence and uniqueness of a variance-
optimal trading strategy to hedge square integrable claims in incomplete and
time discrete markets provided the underlying price process fulfills the mean-
variance-tradeoff condition (nondegeneracy condition) of Martin Schweizer.
The variance-optimal hedging is described as the minimum problem of an
energy functional and the existence and uniqueness of the variance-optimal
trading strategy is done by the theorem of Lax-Milgram.

Introduction The fundamental theorem of asset pricing states, that if the market is
free of arbitrage, then there exists a martingale measure equivalent to the given physical
probability measure (see [18] and the literature therein). And if the market is complete,
i.e. the payoff of every claim can be replicated by a self-financing trading strategy of the
underlying risky securities and a risk free bank account, then the martingale measure is
also unique and the fair price of every claim is the expected value under the martingale
measure. As an example, the market underlying the option pricing model of Black and
Scholes is free of arbitrage and complete and therefore every claim can be priced uniquely.
Now completeness of a market is a very restrictive assumption and is not achieved in
almost all cases. So choosing an equivalent martingale measure is still possible but there
is no unique choice. Hence a change of measure does not solve the problem of hedging
and pricing derivatives in incomplete markets.

Based on the work of many authors, in 1994 M. Schél published a solution of the
variance-optimale hedging problem in his article On quadratic cost criteria for opti-
on hedging (see [19] and the literature therein). His solution is based on the assumption
that the price process {S/;t = 0,1,...,T}? defined on the filtered probability space
(Q{F;t=0,1,...,T}, F, P) fulfills the so called deterministic mean-variance-tradeoft.
This means that the standardized drift coefficient u}/o; with uf = E[AS;|Fi—1] and
of = Var[AS}|F;-1] of the underlying price process is bounded and deterministic, i.e.
there exists M > 0 with |uf(w)|/of(w) < M and |u;(w)|/o} (w) is not a random variable
forallt=0,1,...,T.

In 1995 M. Schweizer published a complete solution of the variance-optimal hedging
problem in his article Variance-optimal hedging in discrete time (see |20]). His solution
is based on the nondegeneracy condition which nowadays is called the mean-variance-
tradeoff (see the definition below). The idea is as follows: Let ¢ € R be any real number
and {V;;t = 1,2,...,T} any trading strategy, i.e. the amount of capital invested in
the risky security at time ¢ — 1 is given by ¥ and let ¥,AS; be square integrable for
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all t. Then the profit and loss ¢ + Zthl VAS] for a given ¢ € R and trading strategy
{94;t =1,2,...,T} is a square integrable random variable. Let G(©) C L%(Q, F, P) be
the subspace of all such profits and losses. M. Schweizer proves that G(0) is a closed
subspace of £*(Q, F, P), provided the price process fulfills the mean-variance-tradeoff
respectively the nondegeneracy condition. The existence and uniqueness of the optimal
trading strategy, i.e. minimizing the variance of the profit and loss, follows by the projec-
tion theorem of Hilbert spaces. Furthermore he solves the projection equation (see [23])
and gives an explicit formula for the optimal trading strategy and the initial investment.
Finally he gives a counterexample for the case that the price process does not satisfy
the nondegeneracy condition.

In the last two decades many articles were published concerning the problem of variance-
optimal hedging in incomplete time discrete markets. These articles range from the
calculation of the variance-optimal trading strategy for specified price processes to the
transfer of variance-optimal hedging to other markets such as the electricity market. See
for example [2, 3, 4, 5, 6, 9, 11, 13, 14, 15, 16, 17, 22| and the literature therein. A
very interesting current article is Best-estimate claims reserving in incomplete markets,
written by S. Happ, M. Merz and M.V. Wiithrich (see [17]), due to the connection with
article 75 of the solvency II directive [1], which states:

a) assets shall be valued at the amount for which they could be exchanged between
knowledgeable willing parties in an arm’s length transaction;

b) liabilities shall be valued at the amount for which they could be translated, or settled,
between knowledgeable willing parties in an arm’s length transaction.

To value any cash flow based on article 75 of the directive the first step is that the
parties reach an agreement about the investment universe®. Then they can calculate
hedging portfolios and the profit and loss process for any given initial investment and
trading strategy. However the amount of profit of one party is equivalent to the amount
of loss of the counterparty and vice versa. Therefore both parties search for trading
strategies which minimize their own expected loss. This is only possible if they search
for trading strategies which minimizing the expected profit and loss of both parties
simultaneously. In the sequel we will show that the trade-off between the two parties can
be characterized as a minimum problem of an energy functional and that the existence
and uniqueness of the minimum of the energy functional can be given by the theorem
of Lax-Milgram provided the underlying price process fulfills the mean-variance-tradeoft
of Martin Schweizer.

The rest of the paper is organized as follows. The first paragraph describes the invest-
ment universe and the definition of the mean-variance-tradeoff. The second paragraph
describes the profit and loss process and mean-self-financing trading strategies as one
possible generalisation of self-financing trading strategies and formulates the optimisa-

3Tt is easy to see that for the investment universe it is enough to consider one risky asset and a bank
account.



tion problem as a minimum problem of an energy functional. The next two paragraphs
present a proof for the existence and uniqueness of the minimum of the energy functio-
nal by the theorem of Lax-Milgram and an explicit calculation of the optimal trading
strategy and the initial investment. The last paragraph describes the calculation of the

shareholder value as an application of the valuation model and gives an interpretation
of the Economic Value Added (EVA).

The investment universe Let ({2, F,P) be a probability space with a filtration
{Fi;t =0,1,...,T} and w.lo.g. Fo = {0,Q2}. We assume that all stochastic proces-
ses are square integrable and adapted to the filtration.

In order to build portfolios for hedging claims there need to be given a risk free asset and
risky assets. The risk free asset is a predictable bank account process {A;t =0,1,...,T}
with Ag = 1 and A; > 1 P-a.s. for all t. The risky assets are given by price processes
{Sis;t = 0,1,...,T} for i = 1,2,...,n. One can combine the price processes to a n-
dimensional vector-valued process {(S1.¢, Sat,-..,Sn) 5t =0,1,2,..., T}, where’ is the
transposition of vectors. For every w € 2 the price S;;(w) € R is called the market price
of the i-th risky asset at time ¢ in state w. A trading strategy is a predictable stochastic
processes {(914, 024, O, me)it = 1,2,..., T} with 9;4,m € L(Q, Fy_y, P) for i =
1,2,...,nand t =1,2,...,T. v, is the proportion of capital which is invested in the i-th
security at time ¢t —1 and 7, is the proportion which is invested in the risk-free security at
the same time. We consider only trading strategies with 9;,AS;;, n,AA, € L*(Q, F, P)
for all (i,t) € {1,2,...,n} x{1,2,...,T}.

Let (¥14,24,...,91,m) be a trading strategy with portfolio value V;_y = ¥ ;S1+-1 +
s+ 1 Sn—1 A1 Then 94,5114+ - - +95,4.5,,4-1 is the risky invested capital with
value U151+ - - + 0,45y, at time ¢. It is assumed that ¥4 ;51 -1+ +Un 1 Sn-1 # 0.
Then ¥y = 014 +09+- -+, # 0 and with a;; = ¥, ¢/, one gets Vi_y = U4(a1,451-1+
<o+ Sni—1) + mAi—1. The sum ;45141 + -+ - + @ Sn -1 1s the price process of a
risky asset. Denoting this by {S;;¢ = 0,1,...,T} with Sp = a1 7517+ -+ + anrSur
one gets V;_1 = 94S;_1 + 1 As_1. This shows that it is sufficient to build hedge portfolios
with only one risk free and one risky asset {S;;t =0,1,2,...,T}.

By discounting S; with A; one gets the discounted price process {S;;t =0,1,2,...,T}.
This process is square integrable because of A;(w) > 1 for all (t,w) € {1,2,...,T} x Q.

Definition 1 The price process {S;;t = 0,1,2,...,T} satisfies the mean-variance-
tradeoff (MVT) if there is a real number 6 € [0,1), so that

(E[AS! | Fia)(w))*

ElAS AR @) =°

is valid for all (t,w) € {1,2,...,T} x Q.



Substituting § = C/(1 4+ C) for some C' > 0 the definition of MVT is the same as
(u;)? < C(o7)?, where i = E[AS}|F;_1] is the conditional expectation and (o})? =
Var[AS}|F;_1] is the conditional variance of AS;. Adding to E[(AS})?|F;_1] the equation
(E[AS}|Fi1])? — (E[AS}|Fi—1])* = 0 one gets the inequality E[(AS)?|F—1] < (1 +
C)(o})* In this paper we only consider price processes which satisfy P(of = 0) = 0
P-as. fort=1,2,...,T.

The profit and loss process Let {Z;t =1,2,...,T} be a square integrable discoun-
ted payment process or cash flow. For a given trading strategy {(J4,n;);t =1,2,...,T}
we can hedge the payments Z; as good as possible by the portfolio process {V*;t =
0,1,2,...,T} defined by

vV — Vi415¢ + Mg 5 ¢
t 0 =T

with initial investment V. At time ¢ we have the value ¥,5; + n; of the portfolio to pay
Z; and to buy the portfolio V;* for the next period. This gives the profit and loss

9 = VS +m =V = 2/

With the definitions ¥y = 179 = 0 and Z; = 0 one has the profit and loss for the initial
investment g5 = —V;. And with n, = V,* | — 9,5;_, we have

9=V
g =0,ASF — AV —ZF t=1,2,...,T

The accumulated profit and loss process is given by

Gy =~V
Gi=g¢g+g9+ - +g,t=12_....T

and with g; and g} defined as above we have

t t t
Gy =Y 0;AS; Vg =Y AV; =>"7Z;
j=1 j=1 j=1

t t
S IFCEE W
=1 =1
If {(O¢,m);t =1,2,...,T} is a self-financing trading strategy then we have g7 = 0 for

t=1,2,...,T and one gets
T T
S 7= uas
t=1 t=1



On the left hand-side of the equation we have the square integrable random variable
H: € L%, F;, P) and on the right hand-side we have a discrete stochastic integral of
the price process {S/;t = 0,1,...,T}. One can show that this equation is not true for
all square integrable random variable Xy € L*(Q, Fr, P) (see [20] for a proof). This
means that the hedge of H} with a self-financing trading strategy is not always possible.
Therefore we consider mean-self-financing trading strategies. Such trading strategies
have the property
E[AG|Fi ] =0

fort =1,2,...,T (see [19]). For a mean-self-financing trading strategy the accumulated
profit and loss process is a martingale.

Let {9yt =1,2,...,T} be an arbitrary trading strategy. Given the martingale property
of the accumulated profit and loss process one can proof that the portfolio process is
given by

T
V=Y E[Z - 0;AS|F].t=01,....T

t=t+1

with the empty sum equal to 0. Now let E[G%] = —V be and define the portfolio process
by the given formula. Then the accumulated profit and loss process is a martingale. This
proves that a mean-self-financing trading strategy is not uniquely defined by the mar-
tingale property of the accumulated profit and loss process. For the uniqueness we need
a second condition. The difference between a mean-self-financing trading strategy and
a self-financing trading strategy is minimal, if E[3",_ {AG¢}?] is minimized. Therefore
we consider the optimisation problem

E[ZT:{AG:}Q} — Min!

With the tower property of conditional expectations and the martingale property of the
accumulated profit and loss process we have F|[AGIAG]]| = 0 for s # t P-a.s. So we can
replace the sum 3, {AG*}? by the square (G — Gy)?. Therefore we have E[G%] = G
and we see that F[(G5 — G§)?] is equal to the variance of the random variable G — G§.
If we set ¥y = V; and Hi = 3.1 Z* then the difference G — G is

T
Gy — Gy =10+ Y _ 0,AS; — Hy

t=1

We define d = (g, 94,...,97) where ¥y € R is the initial investment and {¥;;t =
1,2,...,T} is a trading strategy with J;AS; € L*(Q, Fr, P) for t = 1,2,...,T. We are
searching for such ¥ minimizing the term

E((Gy — Go)’] = E[(Vo + Y _ 0,AS; — Hy)’]

t=1



With the definition Ap(9) =9 + 3., 9:AS; this reads

E((Gy — Go)’] = E[(Wo + Y _ 9,AS; — Hy)?]

= E[A2(9)] — 2E[Ar(9) H}] + E[(H;)?]

and because E[(H})?] being a real number we can also search for 9 that minimizes the
so called energy functional

J(9) = E[A3(0)] - 2B[Ar(9) Hj)

If ¥* minimizes the energy functional J(¥) we call ¥* the optimal mean-self-financing
trading strategy.

The minimum of the energy functional Energy functionals often occur in physics
and technology related to the solutions of partial differential equations, where the first
term of the energy functional is given by a continuous and coercive bilinear form and
the second term by a linear, continuous functional each defined on a suitable Hilbert
space. For an energy functional given by a continuous and coercive bilinear form and a
continuous linear functional the existence and uniqueness of a solution for the minimum
of the energy functional follows from the theorem of Lax-Milgram. Therefore the essential
step for solving the minimum problem of the above energy functional is to construct
a suitable Hilbert space so that a(p,n) = E[Ar(¢)Ar(n)] is bilinear, continuous and
coercive and b(p) = E[Ar(p)H7y] is linear and continuous.

Let H, be the space of all (T"+ 1)-tuples ¥ = (Jg, V1, ..., Y7) with the following proper-
ties:

1. 95 eR

2. {¥;;t = 1,2,...,T} is a predictable and adapted stochastic process with 9, €
L0, Fy oy, P)fort =1,2,...,T

3. For t = 1,2,...,T the random variable ;0] is square integrable, i.e. ¥;0; €
L2(Q, F;_1, P) where o} is the square root of Var[AS;|F,_1]

If a, 8 € H, and if ag = [y and oy = By P-a.s. for t =1,2,...,T then «, § are identified
with each other. It is easy to see that H, is a linear space. Given «, 3 € H, then

T
(, 8) = aoflo + Y BlayBi(07)’] (1)

j=1
defines a weighted inner product on H, % We write || - ||, for the norm given by the

inner product on H,.

*We have assumed that P(o; = 0) = 0 P-f.s. for t = 1,2,..., 7. Without this assumption one must
also demand that ¥, is equal to 0 on the set {o} = 0}.



Theorem 1 With the weighted inner product (1) defined as above, H, is a Hilbert space.

Proof: Let (¢,,),,>1 be a Cauchy sequence in H,. Then for every € > 0 there exists ng € N
with ||¥,, — Uml|s < € for all n,m > ngy. By the definition of the weighted inner product
(Jo.n)n>1 1s a Cauchy sequence in R and is therefore convergent to an element 9y € R.
For every t = 1,2,..., T we have that (¢;,0]),>1 is a Cauchy sequence in £2(Q2, F;_1, P)
and is therefore convergent to an element o; € £2(2, F;_1, P) by the completeness of the
space L2(Q2, F;_1, P). With the definition ¥; = ay(07)~! we have V07 € L2(Q, Fi_1, P),
¥ = (Vo,Y1,...,97) € H, and ¥,, — 9 for n — oc. Qa

Theorem 2 If the price process {S;;t =0,1,2,...,T} fulfills the MVT then the map

Ap - Hy — L2(Q, F, P)

T
9o+ Y 0;AS]

J=1

is linear, continuous and injective and Ar(Hy) is a closed subspace of L*(Q, F, P)°.

Proof:
(1) The linearity of Ap is clear. For ¥ € H, we have

E[(9.A87)%) = E[;E[(AS})*| Feil]
< (1+C)EW;(0})"]

by the predictability of 9, and because the price process fulfills the MVT. Moreover
Yo} is square integrable by the definition of #H, and this shows that Ar(¢) is square
integrable. With the Minkonwski inequality and the definition of Ar we get || Ar(9)]| 2 <
|90 + ZjT:l [9;A8%| 2> in the £2 norm. With the inequality shown above and because
of E[U%(07)?] < ||9||, for t =0,1,...,T we have ||Ar(9)| 2 < /(T +1)(1+CO)|J|, so
A7 is continuous.

(2) To show that Ar is injective let Ar(¥) = 0. By the definition of Ap(¥) it is easy
to see that Arp(V¥) = Ap_1(¥) + 97 ASs. If we multiply with AS}. — uf and calculate
the conditional expectation, given Fr_i, and use the assumption Ar(¢) = 0 and the
Fr_1-measurability of Ar_;(9) it follows that J¥7(0%)? = 0. Moreover o4 is P-a.s. not
equal 0, so we get ¥ = 0 P-f.s. Now we have Ar_1(¢) = 0 and the result that ¥ = 0
P-a.s. follows by backward induction.

(3) Finally we will show that Ap(H,) is a closed subspace of L£L2(Q, F,P). Let u €
Ar(H,), so there exists a sequence u,, € Ar(H,) with ||u, — u||z2 — 0 for n — oco. For
every u, € Ar(H,) there exists a ¥, € H, with Ar(¥,) = u,. Moreover the sequence

SRemember that all equations are only true P-a.s.



(¥5)n>1 1s a Cauchy sequence in H,. To proof this, let € > 0. Then there exists ng € N, so
that ||u, —wm||c2 < €is true for all n,m > ny. Now we have |0y, — o] < € and [[(J, —
Vi) ASH | p2 < efort =1,2,...,T and with the inequality (07)? < E[(AS})?|Fi_1] we
see that (U,),>1 is a Cauchy sequence in H,. By the completeness of H, there exists
Y € H, so that (¥,,)n>1 is convergent to ¥ and because of the continuity of Az it follows
that A7 (9) = u. This proves that Ar(H,) is closed in L*(Q, F, P). O

From the last theorem it follows that At is a continuous, linear and bijective map from
the Banachspace H, to the Banachspace Ar(H,). With the open mapping theorem
it follows that A7' is a linear and continuous map (see [8]), i.e. there exists k > 0
with the property ||A7'(u)|ls < Kk|lullz> for all u € Ap(H,). But this is the same as
| A7 (9)||z2 > m||?]|, for a real number m > 0 and all ¥ € H,. Now let M C H, be a
nonempty, convex and closed subset of H,. Then the best least-square approximation
of x € H, is given by u € M so that ||z — ul|, = inf,er ||z — v||, is true. The best
least-square approximation defines a continuous map Py : H, — M with the property
| Prm(2) — Pr(y)|lo < ||z —yll, for all z,y € H,. Let x € H,, then Py(x) = u also fulfills
the variational inequality (z —u,v —u) < 0 Vv € M.

Theorem 3 I[f M C H, is a nonempty, convex and closed subset of H, and if the price
process fulfills the MV'T then for every square integrable and adapted payment process
{Z}t =1,2,...,T} there exists a unique ¥* € M with the property that J(9*) is the
menimum of the energy functional.

Proof: To proof the theorem we muss show that E[Ar(¢)A7(n)] is a symmetric, bounded
and coercive bilinear form and E[Ar(p)H}| is a bounded linear functional. With the
definition
a:Hy xH, > R
(o.n) = ElAr () Ar(n)]

we have a symmetric bilinear form. By the continuity of Ay and the Cauchy-Schwarz
inequality a(p,n) is bounded. And because A% is continuous there exists a real number
m > 0 so that ||Ar(p)||z2 > m||¢]|, for alle ¢ € H,. This proves a(y, ¢) > m?||¢||3, for
all p € H,, so a is coercive. Let

b:H, - R
¢ — E[Ar(p)H7]

Then b(yp) is a continuous linear functional on #,,. This follows from the Cauchy-Schwarz

inequality and the continuity of Ay and because H} = Zle Z; is a square integrable.
o

For M = H,, the minimum ¥* € H,, is the solution of the equation a(9*,9) = b(J) VI €
H, |7] and if we use the definition for Ar(9*) we have

E[(ﬁg + iﬁjASj - H;)AT(ﬁ)} =0V € H,



In his paper [20] M. Schweizer proves this equation directly using the projection theorem
of Hilbert spaces [23] by showing that G7(0©) defined by

1. Gr(©) C L2(Q, F, P),

2. u € Gp(©) if and only if there is a predictable stochastic process {t¥;t =
1,2,..., T} with 9,AS; square integrable for all t and u = 3., 9,AS?,

is closed in £%(Q), F, P) if the price process fulfills the MVT. With this approach the
structure of the problem remains hidden. That is the reason why the results of the
present paper are not only a new proof for the variance-optimal hedging in incomplete
and time discrete markets but also a slight generalization.

The existence and uniqueness for the minimum problem of the energy functional is often
proven using the Banach fixed point theorem. Since this also is an algorithm by which
the optimal trading strategy - at least in principle - can be calculated in a numerical
way, this will be formulated as a theorem. Previously we gave another discription for
a(p,) and b(y). By the theorem of Ritz there exists a linear and continuous map
A H, - H, with a(p,v) = (A(p),?) for all p,9 € H,. Furthermore there exists
f € H, with b(¢p) = (f,¢) for all ¢ € H, [7]. Hence the optimal trading strategy is the
solution of the equation

AW ) =f (2)

which we solve in the next section [12]. With the definitions AS§ = 1, of = 1 and
F_1={0,9Q} one gets

=3

=
[

o

Ar(y)Hy]

T
= " B[ AS; Hj)

_ ZE[@/)tE[AS:H%|Ft_1]( *)2]

@e

l.e.

| EIAS{HIR]  BIAS H;|Fr)
f= (E[HT], 072 e 1)

In the same way one showes

(07)° s (07)

Aly) = <E[AT<¢>], E[AS; Ar(¢) 7o) E[AS;ATw)\fT_ﬂ)

Now we proof the following theorem.



Theorem 4 If M C H, is a nonempty, conver and closed subset of H, and the pri-
ce process fulfills the MVT then the unique defined trading strateqy 9 € M given by
Theorem (3) is the fixpoint of the map ® : M — M defined by

D(9) = Pr(Mf — AA (D) + 9) (3)

with A\ > 0 arbitrary. Starting with any trading strategy ¥ € M and with a suitably chosen
A > 0 one can calculate ¥* at specified accuracy by the fixpoint theorem of Banach.

Proof: By theorem (3) there exists an optimal trading strategy ¥* which fulfills the
inequality a(9*,9 — 9*) > b(v — 9*) for all ¥ € M. With A and f defined as above we
have (A (¥%),0 —¥*) > (f,9 — ¥*). Multiplication with an arbitrary real number A > 0
and subtracting the term on the left hand-side to the right hand-side gives

</\f YNCOR ﬁ*) <0V)eM
Now expand the first slot in the inner product with 9* — ¥* to get
({Af = 2A@) + 9"} =00 —0") <0 VI e M

This means ¥* is the best least-square approximation to Af — AA(9*) + 9* € H, and
this is the same as V" = Py(Af — MA(9*) + 0*). Therefore ¥* is a fixpoint of ®(J). By
the continuity of the projection Py, we have

12(p) — @(n)|l3, < M — AA(@) + ¢ — (Af — XA(n) + )3,
= llo —n— AMA(e) — A3,
= |l —nll3, —2M(0 — 0, Al — ) + N[|Ale — )3,
< (1=2xm® + X2M?)|le —nll3,,

of a(p, ), i.e. (A(p), ) = m?|¢ll7, . If we choose 0 < A < 22% we have (1 — 2Am? +

A2M?) < 1 and therefore ®(1) is a contraction mapping. a

The last inequality is given by the continuity of | A(v)||x, < M||p|l3, and the coercivity
2

If we know the projection map Py, then we can start with an arbitrary ¥y € M to
calculate the trading strategies ¥, .1 = Py (M — ANA(¢,) + 9,) for n = 0,1,... itera-
tively. The number of iterations result from the desired accuracy of the approximation
concerning the optimal trading strategy ¥*. At first glance this looks like a very easy
possibility to calculate the optimal trading strategy. However we have to calculate A (¥,,)
and Py(Af — AA(9,,) + ¥,,) in every calculation step. And this can be massy because
of the complex structure of the map A and the projection map Pp,. Additionally the
convergence speed to the fixpoint can be very slow for small values of A. So we must cal-
culate a lot of iterations to approximate the optimal trading strategy in order to achieve
acceptable accuracy. In the case of M = H, one can solve the equation (2) explicitly.
This will be done in the next section.
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Calculation of ¥* in the case M = #H, In this section we solve the equation
AW ) =f

in the case of M = H,. To do this, let ¥* = (9§,97,...,0%)" be the optimal trading
strategy. With the definition of A(f}*) and f one gets the following system of equations

E[Ar(9")] = E[H]]
E[Ar(0")AST|Fo] = E[HFAST|Fo] 0
E[Ar(0")AST|Fr-1] _ E[H}AST|Fr-]

For ease of description we define the following random variables

T
M, = [J(1 = a;AS8;)
j=t
o = BAS M Fia] 1,2,....T

E[(ASF)? My | Fia]’

where the empty product is equal to one. We have to show that AS; M, ; is square
integrable for t = 1,2,...,T. With the MV'T and the definition of My and a7 one gets
the equation

E[M7|Fr_1] = E[Mr|Fr] € [0,1] (5)

Now we make the assumption E[M?,|F] = E[M1|F;] € [0,1]. Then the equation and
restriction follows by backward induction for M;. To proof this let

BE[(AS; Myy1)?| Fia] = E[(AS;)? M| Fioi]
E[(AS;)?E[M? 4| F]|Fi-1]

< E[(AS})*| Fi-1]

where we have used E[MZ,,|F;] < 1. This proves that AS; M, is square integrable und
therefore ay is well defined. Now we have

E[MAS] | Fia] = El(1 — alAS7)AS] My | Fyi]

6
= E[AS; My |Fia] — e B[(AS])* My | Fea] = 0 (6)

and®

|ft 1] = E[M|F; 1]

6Therefore {M;S;;t=0,1,...,T} is a martingale.
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The random variable M? is P-a.s. not negative, i.e. we have the inequality F[M?|F;_] =
E[M;|Fi_1] > 0. The other inequality results from

E[M;|Fia] = E[(1 — ayASF) My 1| Fi-1]
= E[My1|Fia] — a B[AS] My 1| Fy]
<1 (BIASI M| Fia])?
 E[(ASMia)?| Fi]
_ Var[ASg‘MHﬂ]:t_l] <1
E[(ASF Myi1)?|Foea] —

Theorem 5 If the price process fulfills the MVT then the solution of (4) is given for
every square integrable and adapted payment process {Z;;t = 1,2,...,T} by v* =
(95,97, ..., 0%) with the t-th component

gr — EHRAS M| Fiy]
L E[(AS;)2My|Fia]

— Atfl(ﬁ*)Oét
and with Ay (9%) = 05 + Y12 05AST fort =0,1,....T.

Proof: If one inserts Ar(0*) = Ap_1(9*) + 95.AS5 in the last equation of (4) and use
the Fr_j-measurability of 9% we have

g EIHIAS;|Fro]
-

BlAS R F ) rer

which is the desired formula for ¢ = T'. If we insert 9} in the equations
ElAr 1 (0)AS|Fia] + E0rASpAS! | Fia] = E[HFASE|[Fi4]
fort=1,2,...,T — 1 we have

EIASYHX|Fr_
Bl (9)AS; | Fir] + B[ as;as; DLSHH e 7

T E[(AS)?|Fri]
- E[AS:AS;AT_1<19*)QT|ft_1]
= E[ASTHT|Fi]

12



Now we transform the second expectation to

B|as; AS;?E[[(A@;;';;:]] Fir| = B[E[AS; AS;?E[[(AE;;'J{E]] Fr-a)|7ic]
- B[AS;BlAS; | Fr] ]?E[[(Afg;f”]fz_h] Fi]
- B[AS; EIAS}H} | Fr] E]ﬁ[ﬁggﬁ;ﬂﬂ Fi|
= E|AS E[ASLHE| Fr_i]ar ]—"t_l}
— B[ EIAS; AS; Hyar| Fro]| Fi |
— E[AS;ASEHEar|Foi]
and and by inserting in the last expectation in (7) we have
E[Ar_1(0")AS] | Fio1]) + E[AS; ASTHpar| Fi—]
— E[AS;ASTAr—1 (0 )ap| Fi-i]
= E[AS;H}|Fi_1]
With the definition of Mz we have
E[Ar_1(0*)AS; Myp|Fi_1] = E[AS; H7 M| Fi—1]
fort = 1,2,...,T — 1. It is easy to see that the same is true for ¢t = 0, i.e. we can

transform the equation F[A7p(9%)] = E[Hy] to E[Ar_1(V*)Mr] = E[H};Mr]. We see that
the ,transformed” system of equations is reduced by one dimension. Now we assume by
backward induction, that the formula is true for ¥; for k =t +1,¢t +2,...,7T and that
the ,reduced” system of equations is given by

E[A(0") My41] = E[H} M ]
E[At(ﬁ*)ASTMt+1|f0] - E[H;:ASTMt_i_l‘FQ] (8)
E[A(0")ASE My | Fra] = E[H7AS; My | Fi]

Then we use the decomposition A;(¢9*) = A;_1(¢*) + 97 AS; and solve the equation for
J;. With the same calculation as before and the definition of M; = (1 — a;AS}) M1 we
get the system of equations

E[At_l(’&*)Mt] - E[H/;Mt]
E[At—l(ﬁ*)ASikMt’fo] = E[H:FASTMJ‘FO]

E[A 1 (0)AS; M| Fis] = E[HFASy | My| Fi_o]

for k =t. EI
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Although the system of equations could be solved simply, the calculation of the com-
ponents of the trading strategy is rather complicated. Therefore a direct calculation of
the trading strategy is extremely difficult or the calculation is only possible if one makes
restrictive assumptions (see for example [5]). To this extent it is necessary to develop
suitable methods for the numerical calculation of the trading strategy. This will be done
in a following article called calculation model.

Initial investment From theorem 5 we get for ¢ = 0 the initial investment

e ge EBlH7M]
Vo =1 = TEDL] (9)

We have proved the equation F[M?] = E[M;] € [0, 1] and this means that E[M;] = 0
if and only if M; = 0 P-a.s. Although we cannot exclude the case M; = 0 for the rest
of this article we will assume that M; # 0 P-a.s. In this case we have the change of
measure d@Q) = %dP. But it is possible that the probability of the event {M < 0} is
greater as null so this change of measure is in general a change to a signed measure (see
[21] for more information about signed measures).

With the optimal trading strategy ¢* the portfolio process is given by

T
V=Y E[Z—9AS)|F].t=0,1,...,T (10)

t=t+1

where the empty sum is equal to zero by convention. We proof another representation
for the portfolio process. To do this we need the definition.

Definition 2 Let {Z/;t = 1,2,...,T} be a payment process and 9 € H,. Then the
portfolio process (10) is nondegenerated if P(V,* =0) =0 P-a.s. fort =0,1,...,7 — 1.

Now we proof the following representation for the undiscounted portfolio process:

Theorem 6 With the assumptions of theorem (3) let {Z;;t =1,2,...,T} be a payment
process and 9* € H, the optimal trading strategy. If the portfolio process is nondegene-
rated then V; has the representation

T Zj
%:ELZ 1 (1+k)

—t+1 1li=t+1

Ert:QL“wT—l

where {ky;t =1,2,...,T} is a predictable return process.
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Proof: The profit and loss process is a martingale, so we have for t =0,1,...,7 — 1 the
equation

Vi + B0 ASE | R = ElZE, + ViR
and with the following definition of the return process

Vi ASi + 1 AA

P
Rt+1 = ‘/%
ki = E[Rijrl’]:t]
we have’
* 1 + kt'i‘l * *
Vi 147 = ElZin + Vil A
Since ﬁf—:i and A; are Fi-measurable we get
Zit Vit }
Vi=F + Fi
' {1 +hir 14k '

With V;r = 0 we have

Zr
1+ kr

VT—l = E|:

JT"T—1:|

We assume by backward induction that the portfolio value at time ¢ + 1 is given by

T 7
Vipr = E{ E - ! ft+1}
j=t+2 g:t+2(1 + kZ)
Finally we insert V;,; in
Zin Vit }
Vi=F Fi
t {(1 +hep) (T4 k) |

and find for the portfolio value at time ¢ the equation

T

Z;
Vt:E{Z T (1+k)

G=t+1 1 Li=t+1

g

which proves the theorem. a

"For this equation we need that the portfolio process to be nondegenerated.
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Theorem 7 Fort=1,2,...,T the return process is given by

ke =1 + 5t(E[R£W|]:t—1} — 1)
5, = Cov|RE, RM|F,_1]
b Var|RM| F;_1]

where {RM:t =1,2,...,T} is the market return process.

Proof: It is easy to see that

9AS; 1

= RP —
Vita 1+ Tt( D

With the definition R} = 25 we have the equation

ASE 1

RM _
1 1+7’t( D
. 9% SE
With g, = i/t{ll we get
B m 1 P
R —r)=——(R
L (RY =) = (B =)
i.e.

Ri) =17+ Bt(Ri\/[ — T't)

and if we calculate the conditional expectation, given F; 1, we get the desired represen-
tation for k;

kt =T -+ Bt(E[RiVILFt_l] — Tt>

To proof that
B Cov[RE, RM|F, ]
b Var|RM|Fi_1]

we only have to calculate the conditional covariance Cov[RY, RM|F,_4]. a

Applications As an application we calculate the shareholder value [10] of a firm and
give an interpretation of the Economic Value Added (EVA). We assume that the invest-
ment universe is given and that the dividend payment process {Dy;t = 1,2,...,T} of a
firm is square integrable. Furthermore we assume that Dy is the terminal value, i.e. Dr
is the value after the liquidation of the firm at time T
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There exists an optimal trading strategy ¥* € H, such that the value of the firm is given

by
T
D,
Ut:ElZ I (k) Ft]

=t+1 1 li=t41

fort =0,1,...,T—1. Recall that the shareholder value of the firm Uy at time T is equal
to zero as a result of the liquidation of the firm. We call the predictable return process
{ky;t =1,2,..., T} the cost of capital process.

With the definition K(t) = (1 + k1)(1 + k2)--- (1 + k;) we have the slightly simpler

formula
K
P

Let EK, for t =0,1,...,T be the shareholders’ equity where E Kt = 0 results from the
liquidation of the firm at time 7. We assume for every business year, running from ¢ — 1
totfort=1,2,...,T, that the change of the shareholders’ equity is given by the clean
surplus relation

Ert:QL”wT—l

AEKt - P&Lt - _Dt

where P& L, is the profit and loss of the ¢-th business year. If we insert the dividend
D, = P&L; — AFK; in the formula for the shareholder value and use the equation
EKp =0 then we get

_ S K(1)
Uy=EK+ > E %0)

j=t+1

(GuV; = K EK; )

E] (11)

Now the market value added is defined by the equation MV A, = U, — EK,;. With
equation (11) we have the following representation:

1
MVA, = E[(GU‘/H_l - k?t+1EKt)|-E]
1+ ki
T
1 K(t+1)
+ E GuV;, — ki EK; ) —————|F;
1+ ki ;2( ! ! ’ 2 K(j) t]
1
ey kt+1E[(GuW+1 ki1 EK)|F
1 T K(t+1)
n ElE GuV: — k:EK: ) ———2\|Foi | | F
1+ ki L;J i~ kBTG mli
1 1
_ El(GuVisy — kot EK)|F) + EMVA; 1| F;
1+ ki (GuVis = ke EK) |7 1+ ki | il

The second equation is true by the tower property of the conditional expectation and
the third equation by the definition of the market value added. After that divide both
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sides by K (t) and use the Fi-measurability of K (¢t + 1) to get

ElGuVii1 — ki1 K| Fi
K+ 1)

E[N\mm!ﬂ] = =

The tilde-symbol is used to indicate discounting with the cost of capital process. Based
on this equation we have the following interpretation of the economic value added. By
the EVA concept the management has the task to earn the cost of capital k, KK, , for
all business years t = 1,2,...,T. The best thing the management can do is to fulfill this
requirement in mean, i.e.

ElGuVi — ki EKF] =0

In this case the discounted market value added {]\mt; t=1,2,...,T} is a martingale,
ie.

E[A]\mHﬂ}—t} - 0

and this equation can be transformed to
E[AUt+1|Ft] = E[AE\IJ(HHE]

or

E[U,1|F] = U, + E[AP&Li1|F)] — E[Dys1|F)

If the management fulfills the concept of EVA in the described meaning, then the share-
holder value is increased by the expected profit and loss and reduced by the expected
paid dividend.

Concluding remarks In this article we have developed a new proof of the twenty years
old theorem of Martin Schweizer for the variance-optimal hedging in incomplete time
discrete markets. New to this proof is the definition of the Hilbert space of all possible
trading strategies. Based on this space the hedging-problem is reduced to the minimum
problem of an energy functional. Moreover there exists an old and rich theory for the
solution of this minimum problem. If one accepts that the knowledgeable willing parties
of article 75 search for trading strategies which minimize the expected profit and loss of
both parties simultaneously, the presented valuation model is a nice, easy and complete
solution of this valuation problem. Still an open question is how the parties can calculate
the optimal trading strategy for a given investment universe and cash flow. This will be
done in an article to be published called calculation model.

Literatur

[1] Directive 2009/138/EC of the European Parliament and the Council, 25. November
2009.

18



2]

3]

4]

[5]

(6]

7]

18]
19]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

BEKKER, P.A. und K.E. BOUWMAN: A Unified Approach to Mean-Variance Port-
folio Selection in Discrete and Continuous Time. Department of Economics, Uni-
versity of Groningen, 2007.

CERNY, A.: Dynamic programming and Mean-Variance Hedging in discrete time.
London Tanaka Business School Discussion Papers: TBS/DP04/15, 2004.

F. ANGELINI, STEFANO HERZEL: Fzxplicit formulas for the minimal variance hed-
ging in a martingale case. University of Perugia, Dipartimento di Economica, Fi-
nanza e Statistica, 2007.

F. ANGELINI, STEFANO HERZEL: Variance of hedging strategies in discrete time.
University of Perugia, Dipartimento di Economica, Finanza e Statistica, 2007.

F. HUuBALEK, F. KALLSEN und L. KRAWCZYK: Variance-optimal Hedging for Pro-
cesses with Stationary Independent Increments. Anals of Applied Probability, 2006.

GEKELER, E.W.: Mathematische Methoden zur Mechanik, FEin Handbuch mit
Matlab-Experimenten. Springer Verlag, Berlin Heidelberg, New York, 2006.

HEUSER, H.: Funktionalanalysis. Teubner Verlag, Stuttgart, 1992.

J. KALLSEN, J. MUHLE-KARBE, N. SHENKMAN R. VIERTHAUER: Discrete-time
variance-optimal hedging in affine stochastic volatility models. Mathematisches Se-
minar, Christian-Albrechts-Universitit zu Kiel, HVB-Stiftungsinstitut fiir Finanz-
mathematik, Zentrum Mathematik, TU Miinchen.

L. KrRusCHWITZ, A. LOFFLER: Discounted Cash Flow: The Theory of the Valuation
of Firms. John Wiley & Sons, Ltd, 2006.

MERCURIO, F.: Claim Pricing and Hedging under market incompleteness and
Mean-Variance preferences. Product and Business Development Group, Banca IMI,
SanPaolo IMI Group, Milano, Ttaly, 2007.

MICHLIN, S. G.: Partielle Differentialgleichungen in der mathematischen Physik.
Verlag Harry Deutsch, Thun Frankfurt/Main, 1978.

NORBERG, R.: Quadratic hedging of payment streams. Working Paper, 2010.

NORBERG, R.: Quadratic hedging: an actuarial view extended to solvency control.
European Actuarial Jurnale, Volume 3, 2013.

S. BAasak, G. CHABAKAURI: Dynamic Hedging in Incomplete Markets: A Simple
Solution. The Paul Woolley Centre Working Paper Series No 23, 2011.

S. GOUTTE, N. OUDJANE und F. Russo: Variance Optimal Hedging for discrete
time processes with independent increments. Application to Electricity Markets. Ap-
plication to Electricity Markets, 2011.

19



[17] S. Happ, M. MERZ, M.V. WUTHRICH: Best-estimate claims reserves in incomplete
markets. Furopean Actuarial Journal, 5, 2015.

[18] SCHACHERMYER, W.: The fundamental theorem of asset pricing. Encyclopedia of
Quantitative Finance, 2, 2010.

[19] ScHAL, M.: On Quadratic Cost Criteria for Option Hedging. Mathematics of Ope-
ration Research, 20, 1994.

[20] SCHWEIZER, M.: Variance-Optimal Hedging in Discrete Time. Mathematics of
Operation Research, 20, 1995.

[21] SCHWEIZER, M.: A Guided Tour through Quadratic Hedging Approaches. Techni-
sche Universitdt Berlin, Fachbereich Mathematik, 1999.

[22] VANDAELE, N.: Quadratic hedging in finance and insurance. Dissertation - Univer-
siteit Gent, 2010.

[23] WiLLAMS, D.: Probability with Martingales. Cambridge University Press, 1999.

20



