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Quantum thermalization — 2008 (numerics)
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STATISTICAL PHYSICS
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] Thermalization in closed systems -

Quantum quench
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Outline

* Focus on transverse Ising model
 1d:integrable: Generalized Gibbs ensemble (GGE)
e 2d: non-integrable:

numerical studies of thermalization after quantum quenches
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el The transverse Ising model

H=—-J Z ooy —hZO‘

(25) n.n.

o*, o? Pauli matrices, n.n. = nearest neighbors in d-dimensions, p.b.c.

Order parameter: Magnetization (not conserved!) | m = (o?)

Equilibrium phase diagram:

Ty |1d .




OT0)

[l Non-equilibrium relaxation with heat bath

Quench from T=0, h=0 to T>0, h>0; heat bath dynamics, thermalization =» p~e™/T

Tlog m(t)
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[l Non-equilibrium dynamics in closed system

Quench from h=0 to h>0; Schrodinger dynamics (conserved energy E) = Thermalization ??
Temperature T(E) ?

; 5 T log m(t)
A A
 [1d . ;
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s Quantum Quench in the 1d TIM (at T=0)
L
H = — Z(Jafa:ﬁrl + ho?) = Z €p77;77p n, Fermion operators
1=1

(1)) = e |ehy)
Quench:

| J(t=0> GS of H with e.g. h=0, T log m(t)
dynamics for H with h>0 (exactly calculable) 0

v

=00

b
> ~ a-t/t(h)

mi(t) = ((O)oF(0) x exp(—t/r(R)  with  1/7(h) = = [ dpv, - fy(ha. b

dep

[Rieger, Igloi 2011] _ + _
[Calabrese, Essler, Fagotti 2012] fp(h’ ho) - <¢0‘77p (h)ﬁp(h)‘@b@ and Uy = Op

Does the exponential relaxation mean that the system is thermalized?
(no, because f, # e (P
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Il Look at finite system — what‘s going on?
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sl Quasi-particles = kinks (in FM phase: h<J)

Kinks = non-interacting fermions
are created in pairs (+p,-p)
move with velocity £v,

€, = \/J? + h2 — 2.Jhcos(p)
de,  Jhsin(p)

v
Y op €p
... and will flip spins upon arrival!

Finite system:

2Tp

Reflection at the
boundaries at i=0 and i=L!



1d TIM does not thermalize

exact semi classical
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lﬂlﬁﬁﬂﬂ The 2d transverse Ising model: equil. & quenches

N
Quenches: (Ji; i) = (J; he)
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[l Time evolution

1
(W (t=0)) = [¥io) |\Ifi,o>=m...ﬁ>zzﬁixj\x>
1

V2

i) = —={ 11 A+ [ 1), )

W(t)) = et | (¢t = 0))

’ E 2 E : Es x—FE; /)t
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A TV
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(0) ding = Tr[O pdiag] Pdiag = Z A PE ’\Ijnf,)\_xqj/f,)\’
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Techniques for non-integrable systems

o

J x oz h .. | LxLsquare lattice,
) Z 9ROR — 5 ZOR p.b.c.
<R,R’> R

2d TFIM Non-integrable (in particular not a free fermion model as in 1d) !

What can one do to study the (n.eq.) dynamics ? |¢(t)> = e—itH|¢o>

1)
2)
3)
4)
5)
6)
7)
8)

Mean field theory (or truncated hierarchy of correlations)
Exact diaginalization of snall systems (up L=4 or 5)

Time series expansion

Perturbation theory (e.g. in h)

Time dependent variational calculations

Real time Quantum Monte Carlo

Quantum Boltzmann equation (?)
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Real Time Dependent Variational Ansatz

Principle:
* Choose set of ,,physically relevant” subspace V = span{| CD 121 | Oy>), M<<2N

Initial state  [v) Zak|¢k Ansatz: Zak )| ok)

At each timet m|n|m|ze dlstance between Z \\Ifexact X, 1) — Wyar (x t)f

za Zak(t>‘¢k> and HZ%@)W@

Resulting differential equation for variational parameters o,(t):
Z_Oék; ZOék/ ¢k|H|¢k”>

Solve and caIcuIate observales
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sl Interaction quenches (paramagnetic phase)
Jastrow Ansatz Nrx
W(t)) = ( +(t)C ) . Carleo etal
as variational functions V() = exp Er:oz (CT I 1), PRA2014

quations of | S (8CE*SCET), der (£) = —1 (B (1)5CE®),

Motion for a,

r/

A

50 = O — (0, Bl (x, 1) = (x|H 0 (1)) / (x|T(t))

Initial condition ay(t =0) =0

2
Expectation values  (0), = 2 [Y(x,1)] OQ(X)
> [¥(x,1)]
Calculation via Monte Carlo A(x — x',t) = min [1, Q(x — x/, t)]

Q(x — x',t) —exp{ Zoz )(CEP(x') — CF (x ))}
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Il Field quenches (ferromagnetic phase)

Nmn

1 ;
V() =D amanlt) [Wmn) | [Tpn) = [Trn)
2 N S

Symmetric superposition of all states
with n spins up and m kinks

L | 4 | 8 | 12 | 16
|

number of am,n‘ 45 ‘ 848 ‘ 4551 ‘14834

h
Eq. Of de,n(t) — —J (N — n) Oém,n(t) — 5 Z tm’,n’;m,n A/ n/ (t>

motion:

tm_’,n’;m,n : Tm’,n’;m,n/\/Nm',n’ Nm,n

Trmn:m’.n' =number of transitions between

Initial valuse: - bet
L if (m,n) = (0,0) or (N,0) H,nandH_ . .via1spinflip.

amn(t=0) = { V2

0 else Calculation with rare event sampling Monte Carlo



| Observables

Time average:

Tetr 1

CGE = Tuy
ZCGE

(O) Tr[OeH/Tett]

Thermal average:

1 Al g
PEER(05) = G Tr[6(O; — O)e™H/Ter]
CGE

Calculated with continuous imaginary time cluster Monte Carlo



Comparison (4x4): thermal, rt-VMC, exact

Interaction quench (PM) Field quench (FM)
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[Blass, Rieger: arXiv 2016]



Relative error

Interaction quenches
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Field quench (FM)
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Deviations time - thermal: finite size effects

(a) Interaction quenches (0,7) — (J,h)
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Time | thermal - increasing quench strength (L=16)

Interaction quench (PM) Field quench (FM)
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Correlation functions
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Conclusion

Quantum relaxation after field quench in 1d TIM:
No thermalization, quasi particles (kinks) do not interact,

f, conserved, reconstruction of magnetization in finite systems

Quantum relaxation after quenches in 2d TIM

Time dependent variational calculation (rt-VMC):

Comparison of time averages with thermal expectation values
Good agreement for interaction quenches (in the PM phase)
Absence of thermalization for field quenches (in the FM phase)
Magnetic correlations do not decay in the FM phase

Note: FM phase is gapless (-> lack of clustering property?)



