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Curse of Dimensionality 



Molecular Chirality: Why is it a problem? 
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Microscopic Description 

 Hamiltonian 
 

 Liouville Equation 
 

 Initial Condition   

 Decoupling: Put stochastic fields such that  
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Heuristic Way to Decoupling  
JS, JCP 120, 5053 (2004); Castin, Dalibard, Chomaz  

 Propagator of Whole System 

 

 

 

 Hubbard-Stratonovich Transformation 
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Decoupled Propagator 
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Gaussian Fields  

Statistical Properties for 

 

 

 

Separated Hamiltonians                     
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Ito Calculus Helps 
JS, CP 322, 187 (2006); 370, 29 (2010); Li,JS&Wang, PRE 

84, 051112 (2011) 

 EOM for System 
 

 

 

 EOM for Bath 

 

 

 Complex Wiener Processes 
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One Can Prove 
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EOM 

  Initial Condition  

  Decoupled Equations of Motion  

 

 

 

 

 

    which, by a simple change of variables can be 

recast as what we obtained by virtue of Ito 

calculus 
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Reduced Density Matrix  

 Reduced Density Matrix (RDM) 

 

 

 

 Trace of Density Matrix for Bath: 

Influence on System 
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Girsanov Transformation 

RDM 

Change of Variables 

 

 

EOM 
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1. Calculating the bath-induced field 

2. Solving the SDE and doing stochastic 

average 



Toy Model 
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Spontaneous Decay of Two-State Atoms  

Hamiltonian 

 

 

 

Bath-Induced Field 
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Working Formula  
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Hierarchy Approach 
 Yan, Yang, Liu, & JS, CPL 395, 216 (2004), Cao, Tanimura, Yan; 

Shapiro-Loginov 

Memory Kernel 

  Auxiliary Quantities (due to correlation) 

 

  EOM 

 

 

  Truncation  
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 Bath-Induced Field 

 

 

 

 

 Auxiliary Quantities    
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Hierarchical Structure 



Truncation vs Dissipation Strength  
Zhou, Yan & JS, EPL 72, 305 (2005), YiJing Yan 
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Truncation vs Memory Length  
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Electron Transfer  
Yan, Yang, Liu, & JS, CPL 395, 216 (2004) 
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Spectral Density Function  

A finite number Ne of exponentials will be used in 

numerical calculations.  



Transient Dynamics 
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Rate Constants 
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Bath-induced Random Field 
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 Caldeira-Leggett Model 

 

 

 

 

 Response and Spectral Density Functions  
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A Way to Master Equation               

  Furutsu-Novikov Theorem 

 
 

  Exact “Master Equation”                                            
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Formal Solution and Unravelling 
JS, Chem. Phys. 322, 187 (2006), 370, 29 (2010) 

                     correspond to 

 

 
 

   Natural unravelling for 
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Dissipative Operators 

  Time-Local Form 

                      

 

 

 

  Time-Nonlocal Form 
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Markovian Limit 

Exact Relation 

                      

 

 

Approximation 

 

Master Equation 
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        Harmonic Oscillator 
H. Li, JS, & S. Wang, Phys. Rev. E 84, 051112 (2011) 

  Hamiltonian 

                           

 

 

  Heisenberg Operators 

 

 

 

  Dissipation Operators 
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Determining Dissipation Operators 
Li, JS, & Wang, PRE 84, 051112 (2011) 

  Operator Forms 

                          

  

  Equations of Coefficients 
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Master Equation of Harmonic Oscillator 
Hu, Paz, & Zhang, PRD 45, 2843 (1992), Halliwell & Yu 

  Operator Form 

                          

  

 

 

  Equations of Coefficients 
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Deriving Master Equation 
 JS, JCP 120, 5053 (2004), Garraway, Breuer, Petruccione 

  Exact Equation of Motion 

 

 

 

 

 

  Dissipation Operators 
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Implementation of Stochastic Processes 
Stockburger, JS 

 Total stochastic fields 

                      

 

  
 

 Regrouping 

 

   

   

, 1,2

1 4 1 4
0

1,2 2 3 2 3
0

1,2 1,2

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) /2

( ) ( ) ( ) ( ) ( ) ( ) /2

( ) is independent of ( ),  and ( ) are dependent on each other.

f b

t

R

t

I

W t t t

t dt t t t i t t i t

t dt t t t i t i t t

t t t

 

     

     

  

 

       

        





 , 1 2 3 4( ) ( ) ( ) ( ) ( ) ( )
2

f bW t g t t i t t i t       

                        1 4 2 30
( ) ( ) ( ) ( ) ( ) ( ) ( )

t

R I
g t dt t t t i t t t t i t



Rev.  Mod. Phys. 59, 1 (1987) 



 

 

 

 

 

 

 



Statistics of New Gaussian Processes 

 The Real 

                      

 The “Imaginary” 

 

 

 Example: Spin-Boson (Ohmic case at zero 

temperature) 
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Problem and Solution  

   P: The real stochastic field is long-ranged in 

time and numerical convergence of averaging 

is very slow.                                                              

    

    

 

 

 

 

   S: Combining the hierarchical equations of 

motion method and stochastic simulation is 

very useful.  

Other better solutions? 



Mixed Random-Hierarchy Approach 
Zhou, Yan & JS, EPL 72, 334 (2005) 
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Special Case (α= 0.5, Toulouse 

Limit) 
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Decay Dynamics (α> 0.5)  
Zhou & JS, JCP 128, 034106 (2008) 
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Decay Rate 
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Phase Diagram 



SBM: From Operator Eq to Scalar One 
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Integral Equation for z(t) 
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Girsanov Transformation 

Stochastic average of z(t) is equal to that of the 

transformed z1(t),    
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As ( ) ( ) ,  no confusion will arise if  ( ) is simply denoted as ( ).

Introduce two deterministic functions and  and define 

( )  and ( ) .

z t z t z t z t

A A

t A t A



       



From IE to Functional Equation  

JS, Klyatskin 
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Girsanov Transformation Again 
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Functional Integral Equation  
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Formal Equation of Motion 
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Non-interacting Blip Approximation 
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Neglecting the self-induced field:
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Stochastic Formulation   

 Alleviating or transforming the curse 

of dimensionality 

 Designing numerical techniques 

 Studying spin-boson model 

 Obtaining the functional integral 

equation for the spin-boson model  
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