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Exercise 1: Tricks for fermions and bosons

Show for bosonic destruction and creation operators, b, b†, and a complex number α:

a) b(b†)n − (b†)nb = ∂(b†)n

∂b†
and b†(b)n − (b)nb† = −∂(b)n

∂b

Hint: Use complete induction (vollständige Induktion). (1 point)

b) The exponential of an operator is defined as

exp(αb) =

∞
∑

n=0

αnbn

n!
.

Use the results from a) to show,

e−αb†beαb
†

= b+ α and e−αbb†eαb = b† − α ,

where expressions of the type b+ α should be understood as b+ α · id with identity operator id.

(2 points)

c) Find corresponding results as in b) for fermions? (1 point)

Exercise 2: Shifted Oscillator

A harmonic oscillator in a constant (electric) field is described by the Hamiltonian

H =
p2

2m
+

mω2

2
x2 −

√
2mh̄ωγx .

a) Write this Hamiltonian expressed in terms of the operators a and a† defined on the last exercise

sheet. Show that

H = h̄ω

(

a†a+
1

2

)

− h̄γ(a† + a) . (1)

(1 point)

b) Find shifted operators ã and ã†, so that the Hamiltonian is given as

H̃ = h̄ω

(

ã†ã+
1

2

)

+ ǫ .

Find the constant energy contribution ǫ. Show that ã and ã† fulfill bosonic commutation relations.

(2 points)

c) The ground state of H̃ can be determined by ã|0̃〉 = 0. Write this equation in terms of the original

annihilation operator a and show that the ground state is given by

|0̃〉 = e−γ2/2ω2

exp
(γ

ω
a†
)

|0〉 .

(2 points)


