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Problem Formulation

Given
» a deterministic parameter set D,
» the probability space (2, B, P),
» the symmetric coercive bilinear form a(w, v; u,w) and
» the linear forms f(v; p,w) and £(v; u)

Variational Formulation
For neD,weQ, find u(p,w)eXs.t.

a(u(p,w),v; pw) = f(vipw) YveX

Output of Interest

S(p,w) = L(u(p,w); p)
V(p,w) = E[Sz(lh')] —E2[s(p, )]




Reduced Basis Methods for PDEs with Stochastic Influences | December 08, 2010 | Bernhard Wieland Problem Description

Affine Decomposition

Karhunen-Loéeve (KL) Expansion

Q° K
a(w,vipw) = Y 05(u) | ag(w,v) Z\/7 w) akg(w, v)
k=1

(]
@

f(v; p,w)

K
a) [ fog(v Z \/> Ekag(@) Fig(V)
=

» KeNU{oo}
> &kq(w) zero mean, unit variance
> Ajq decreasing exponentially
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RB System

» Truncate KL series at some K < K
» Truncated bilinear and linear forms a*(w, v; u, w), fX(v; u,w)

» deterministic parameters . € D
> stochastic parameters {{f,, Ehatha=1....

» RB subspaces: XV

RB Variational Problem

For ne D,we Q, find

a“(u", v; p,w)
a(v.pM; pw) =
a‘(v,y™; pw) =
a‘(v, 2N pw) =

UNK pNK | yNK ZNK ¢ XN gt

K (v p,w) YvexV
—(v; ) vv e XN
—2sMK(u,w) - (v;p) YvexVN
—2EMNK(u) - f(v; )  Yve XV
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Outputs

Primal residual
Mvipmw) = F(vip,w) —a W' vip,w)
Linear RB outputs
Wpw) = (M) - ()
EM(u) = E[s"(y,")]

Quadratic RB outputs

2NK(1 ) = é(uNK) (rK(pNK))ZirK(yNK)
— (SNK) +2SNK K(pNK)_rK(yNK)
E2NK(n) = (EM)® 4 2BNKE [K(pN)] — B [r<(2M)]

V() = E[M(u,)] — BRNK()

Problem Description
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Error and Effectivity Bounds
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KL Truncation Error

» determine Knax s.t. the additional KL error is negligible
» replace g, by some upper bound or quantile {us

a Kimax
St (Voi i) = Zq:1eg(“)zk:;<+1 Mg - €u - [Fig(vo);
Qa KmaX
S (voip) = Zq=1 @Z(M)ZKZKH A - Eus - |akg (UM, wo)]

> for  (Af,, V)x = akg(uM,v) forallve X
» and (Fiq, V)x = fig(v) forallve X

1 a Krmax
f _ f f
A (pyw) = LB Z o eq(.u) ZK:K+1 >‘kq §uB - Fiq N
1
a, —
AKLU(/“L""’) ~ o Zq 1 q(:u Zk K41 \/Aiq -&uB - A%q X
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Error and Effectivity
Error Upper Bounds

Jlu—u|x < AY = Abg+Ag +4)
lp—p"|x < AP = Akg+ AR
ly=y™ix < & = Apg+ Ay
lz-=2Y|x < A" = Apg+AY

Effectivity Upper Bounds

If Aps > AR’ + A, we have

AY < gu ._ uB <A%B + (A?Z1+A£(L)>
S o a,
Ju— uNK]ix ae \Ajs — (AK+A)y)

and analogously for the other solutions.
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Linear Output Error

The linear output error bound is given by

s—s™| < A% = apAAP 5% (PM) + dl (pM)

» all error parts Agg and Ak, appear in products with other error parts
= only small N necessary
> JkL IS more precise than Ak, and decreases fast in K

> since k. and Ak, do not directly depend on N, we can determine an
appropriate value for K a-priori:
» use the “initial reduced basis” in the Greedy algorithm
» test KL-errors for a test parameter sample
» choose K s.t. KL error is smaller than some tolerance
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Quadratic Output Error

Output Error

2 2NK _ g2 (SNK)2 — 2gNKK(pNKY o pK(yNK)

Consider the first part:

s? — (s"”{)2 = (s- s"’K)2 + 25M (s — sNK)
—_———
<(As)?
It remains
2sM (s —sM) = 25M (o(u) — (uNC) + (PN )

= —a(uy") + d WMy + 28 (P

@2 g2NK _ (S_SNK)2 — k(MK yK) + rK(yNK)

with eMNK .= y — yNK
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Quadratic Output Error

Linear output error bound

[s—s"| < A% = asAUAP + 8 (p) + b (0

Quadratic output error bound

|32 . S2,NK| < ASZ — (AS)Z
+ asAUAY + 53 (YY) + ok (YM)

» ASis already small and (A®)? therefore almost negligible
— A% will probably be of the same order than AS
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Variance Error
It remains to find error bounds for

E2 o ]E2,NK

Analogously to AS”, we obtain

IE2 — E2NK| < A — (AJE)2
+ ElasAla?] + E[0f(2%) + ol (2M)]

and the error bound for the variance

V-V™| < AV = ]E[Aﬂ +AF
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Improvement of the Variance Error

Reconsider the additional dual problems:

v,y pw) = —28M(pw)-(vip) vve XV
a(wv, 2N pw) = —2EM(u)  o(vip) vvexN

For small Vwe get sMK ~ ENK and hence, yN< ~ zNK,

With little more effort we get the better variance error bound

V-V < A7 = E[(a%)] + (a®)°
+ ]E[aLBA“N—Z]

+ B[00/ 2M) + ol (-2
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Example
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For an “L-Shape” L, we have the following PDE:

-V (H(X; w, w)Vu(x; u,w)) = f(x;w) Vxel
u(x; p,w) = 0 Vx elp
n- (kX pw)Vulx; pw)) = 0 Vx elpy
n- (k(x; p,w)Vu(x; u,w)% = U(x) VxeTlour

» deterministic parameter domain
D =[0.1,10]
» random process
(X p,w) = O1(p)r1(X) + O2(p)r2(X; w)
ry » Output
£(x) = 1 constant
S(u,w) = o, 0X) - u(x; p,w)dx
» Karhunen-Loéve Expansion:
K< =17, K" = 20, K5, = 23, K|, =24

Tour

Tn

Tn

Tp

'
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Example

Figure: Four Random Realizations of x2(x; w)

-

Figure: First 4 KL Expansion Terms of x»(x; w)
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Figure: First 4 KL Expansion Terms of f(x; w)
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Convergence of Error Bounds

X — max AT
s mex v(p,w) — max ATBP
107 by —=-max A"(p) ) By
' s 10 — max A"
— max A%(n,w) AFBZ
o —— max
RE.y-2

— max A

(a) Noncompliant Output and Variance Error (b) RB Solution Error Convergence
Convergence
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Effectivity
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Figure: Effectivities for 4 = 10 and 1000 random realizations

ENTIN P a,p
Appt(Ay +8)) | ApgtAy

u P
H Mg —(Ag +AL) | Apa—ARP Tk Tk
0.1 1.000058 1.001645 15176 | 1.5201
1.0 1.000087 1.001751 1.1171 1.1190
10 1.000226 1.001766 3.1325 | 3.1373

Table: Sample Means of effectivities for 1000 realizations
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Online Costs

[ N T (NuNy Ny Nz) T RB:wihour | Full: w/hour | Factor ]
3965 (11 8 11 11) 617699 61387 10.06
15609 (11 8 11 11) 617699 13652 45.25
61937 || (11 8 11 11) 617699 3147 196.3

Table: Realizations / Hour

Reference:

3.06 GHz Intel Core 2 Duo
4 GB 1067 MHz DDR3
Mac OS X Version 10.6.5
Matlab 7.8.0 (R2009a)
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