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Learning nonlinear state-space models from input-output data is a central problem in sys-
tem identification. If accurate multi-step predictions are of interest, a natural approach
is simulation error minimization (SEM), where the parameters of a dynamical model are
obtained by minimizing the discrepancy between measured and simulated outputs over
a finite dataset [1]. For nonlinear models and long datasets, however, solving the resul-
ting optimization problem can become computationally demanding. This is particularly
relevant for recurrent neural networks and related nonlinear state-space models, where
training requires forward simulation and corresponding sensitivity computations over long
time horizons. Practical approaches therefore frequently perform SEM over shorter sub-
sequences and fix their initial states, possibly after a finite burn-in phase [4]. This raises
the question of when the resulting solution is nevertheless representative of the original
SEM problem in which the initial state is optimized jointly with the model parameters.

We study this question using turnpike properties, which classically describe the pheno-
menon that optimal trajectories remain close to an optimal steady state or reference
trajectory for most of the time [2, 3]. Specifically, we consider a discrete-time nonlinear
state-space model

x+ = f(x, u; θ), y = h(x, u; θ),

with states x, inputs u, outputs y, the parameter vector θ to be identified, and the SEM
objective

J(x0, θ) =
N∑
j=0

βjl(yj(x0, θ), y
d
j ) + r(θ).

Here, the stage cost l penalizes the difference between model outputs yj(x0, θ) and given
measurement data ydj , while r denotes a regularization term and βj is a user-defined
scalar weighting. We distinguish the unconstrained SEM problem, where both x0 and θ
are optimized, from a computationally simpler constrained problem in which the initial
state x0 is fixed to some x̄ and only θ remains a decision variable.

In contrast to classical optimal control, the turnpike is naturally formulated here in terms
of outputs. Moreover, optimal model parameterizations and even optimal output sequences
need not be unique, as is particularly relevant for overparameterized black-box models.
The corresponding cumulative output turnpike property requires the existence of α ∈ K∞
and E > 0, independent of the training dataset length N , such that

N∑
j=0

α (∥yj(x̄, θ′)− yj(x
∗
0, θ

∗)∥) ≤ E

for every constrained optimum θ′ and every associated closest unconstrained optimum
(x∗

0, θ
∗); the corresponding optimal output sequence yj(x

∗
0, θ

∗), j ∈ [0, N ], is referred to as
the turnpike. Hence, the average output discrepancy vanishes as N → ∞, while individual
discrepancies at all time instants remain uniformly bounded.



Our main result provides a system-theoretic characterization of this property [5]. Under
a mild cost-reachability condition, we establish the equivalence

cumulative output turnpike ⇐⇒ coercivity ⇐⇒ strict dissipativity. (⋆)

The dissipativity notion is tailored to system identification: its supply rate compares the
cost generated by a constrained solution with that of its associated optimal output se-
quence, while the storage function may depend on the finite dataset length. This extends
classical connections between turnpike properties and strict dissipativity in optimal con-
trol [2, 3] to SEM problems with potentially non-unique and horizon-dependent turnpikes.

We additionally investigate the weaker cardinality turnpike property, which bounds the
number of time indices at which a constrained optimal output lies outside a neighbor-
hood of its turnpike. We show that cumulative turnpike behavior always implies cardi-
nality turnpike behavior. The converse, however, is false in general, which we prove by
constructing a corresponding counterexample.

Finally, we derive sufficient conditions under which turnpike behavior arises in nonlinear
system identification. Specifically, we show that cost reachability follows from incremental
output stability of the model, while coercivity of the value function follows under uniform
strict convexity of the stage cost and a suitable optimality condition. Together with the
equivalence result (⋆), these conditions establish cumulative turnpike behavior.

The theory is illustrated for a scalar Elman-type recurrent neural network, for which
the relevant conditions can be verified analytically. The example also explicitly exhibits
a non-unique optimal solution set for a short training horizon and illustrates how the
cumulative output discrepancy remains bounded as the dataset size N increases.

Overall, these results provide a theoretical explanation for why computationally con-
venient SEM formulations with fixed initial states can yield output sequences close to
those of the corresponding unconstrained identification problem, and establish connections
between system identification, stability, dissipativity, and turnpike theory.
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