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Preliminaries of Error Correcting Codes Idea of Channel Coding

Problem: Transmission of k symbols over an errornous channel

EEE | —EES

Channel Flannel
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Problem: Transmission of k symbols over an errornous channel
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Preliminaries of Error Correcting Codes Idea of Channel Coding

Problem: Transmission of k symbols over an errornous channel

EEE | —EES

Channel Flannel not detectable 7 Book?
Book Boor detectable but not correctable—> Boot?
English Channel Enguish Changel correctable * poor?

Idea of Channel Coding

k information symbols, n — k redundancy symbols to get codewords of
length n

EEE - BEE0
— — "

k info symbols k info symbols n — k redundancy symbols
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Preliminaries of Error Correcting Codes Definition of a Blockcode

Blockcode C(n, M, d)

Let X beaset, n,d € Zy withd <nandd: X" x X" — Z, a metric.
We define a blockcode C of length n, cardinality M and minimum distance d as

c={eW,...,cMex|  min {4 eP)}=a}.
ROWE
i,5€{1,...,M}
Its elements ¢ = (co, .. ., ¢,) € C are called codewords and X is called the code
alphabet.
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m employ the Hamming metric
dy (C, C/) = Z?:O ]lcﬁfc;to
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two codewords ¢, c'.

Universitat Ulm, Institut fir Nachrichtentechnik



Overview and Motivation

Commonly used setting:

m employ the Hamming metric
du(ec, C/) = Z?:O ]lcﬁgc;to
measure the distance between
two codewords ¢, c'.

m choose the code alphabet
Y =T,

Universitat Ulm, Institut fir Nachrichtentechnik



Overview and Motivation

Commonly used setting:

m employ the Hamming metric
du(ec, C/) = Z?:O ]lcﬁgc;to
measure the distance between
two codewords ¢, c'.

m choose the code alphabet
=TI,

m define C as a k-dimensional
subspace of Fy

Universitat Ulm, Institut fir Nachrichtentechnik



Overview and Motivation

Commonly used setting:

m employ the Hamming metric
du(ec, C/) = Z?:O ]lcﬁgc;to
measure the distance between
two codewords ¢, c'.
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Overview and Motivation

Commonly used setting:

m employ the Hamming metric
du(ec, C/) = Z?:O ]lcﬁgc;to
measure the distance between
two codewords ¢, c'.

m choose the code alphabet
Y =T,

® define C as a k-dimensional
subspace of Fy
= linear Blockcode C(n, k, d)
over I, in the Hamming metric
with k£ = dim(C) and |C| = ¢".

Aim of Channel Coding

large minimum distance = good error correcting properties

Universitat Ulm, Institut fur Nachrichtentechnik



Overview and Motivation

Commonly used setting: Settings in this work:

m use the socalled sum-rank metric

m choose the code alphabet
=TI,
m define C as a k-dimensional
subspace of Fy
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Overview and Motivation

Commonly used setting: Settings in this work:

m employ the Hamming metric
dy (C, C/) = Z?:O ]lcﬁfc;to
measure the distance between
two codewords c, c. m choose a finite ring R as code
alphabet
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The Sum-Rank Metric Codes in Sum-Rank Metric

m F,~ extension field of IF,
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The Sum-Rank Metric Codes in Sum-Rank Metric

m F,~ extension field of IF,

® linear code C C Fy. subspace of dimension k
® split codelength n = n - £ into ¢ blocks, each of size n

c=[c | e | ... | e J€F

e]FZm

C=[C | Co | ... | C |eFmxn

eFy*n
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The Sum-Rank Metric Codes in Sum-Rank Metric

m F,~ extension field of IF,

® linear code C C Fy. subspace of dimension k
® split codelength n = n - £ into ¢ blocks, each of size n

c=[c | e | ... | e J€F

e]FZm

C=[C | Co | ... | C |eFmxn

eFy X
¢-sum-rank weight/distance:
wtsr () = Zle tky, (C;) < £- ]
~~

‘=min{m,n}

dsrele, ) =wtsr(c— )
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The Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Hamming Weight

For € Fym it holds that wtsp ¢(z) < wtgpn(z).
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The Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Hamming Weight

For € Fym it holds that wtsp ¢(z) < wtgpn(z).

Proof: ¢ = [z1]. .. |z/] € Fim
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The Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Hamming Weight

For € Fym it holds that wtsp ¢(z) < wtgpn(z).

Proof: = [x1] ... |x/] € Fym with wtsg,(x) =n — 1t
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The Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Hamming Weight

For € Fym it holds that wtsp ¢(z) < wtgpn(z).

Proof: © = [z1]... |x/] € Fjm With wtspn(z) =n—t=n—t1+...+1n—1
where Zle t; = t and each x; has t; zero entries.
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The Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Hamming Weight

For € Fym it holds that wtsp ¢(z) < wtgpn(z).

Proof: © = [z1]... |x/] € Fjm With wtspn(z) =n—t=n—t1+...+1n—1
where Zle t; = t and each x; has t; zero entries.

¢ ¢ . ’
= wtsre(x) = > i tke(@i) < 3o ymin{m,n —t;} <> (n—t;) =
n—t=wtsrn,(x).
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Preliminaries of the Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Rank Weight

For z € Fym it holds that WtSRyl(ZC) < Wts&g(ﬂ?).
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Preliminaries of the Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Rank Weight

For z € Fym it holds that WtSRyl(ZC) < Wts&g(ﬂ?).

Proof: Assume w.l.o.g. n < mand let wtgp (x) =t =t + ...+t (i.e,, each
x; has t; F-linearly independent columns for i € {1,... ¢})
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Preliminaries of the Sum-Rank Metric Relation Between the Different Metrics

Relation Between Sum-Rank Weight and Rank Weight

For z € Fym it holds that WtSR’l(ZC) < Wts&g(ﬂ?).

Proof: Assume w.l.o.g. n < mand let wtgp (x) =t =t + ...+t (i.e,, each
x; has t; F-linearly independent columns for i € {1,... ¢})

= x has at most ¢ F,-linearly independent columns in the union of all blocks,
which corresponds to the rank weight of x.

Universitat Ulm, Institut fir Nachrichtentechnik



Spheres and Balls in Sum-Rank Metric

Let7 € Z>owith0 <7 </-pandx G]Ff;m.
A sphere in sum-rank metric with radius 7 and center «x is defined as

Se(x,7) ={y € Fym | dspye(z,y) =7}
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Spheres and Balls in Sum-Rank Metric

Let7 € Z>owith0 <7 </-pandx G]Ff;m.
A sphere in sum-rank metric with radius 7 and center «x is defined as

Se(x,7) ={y € Fym | dspye(z,y) =7}

Analogously, we define a ball of sum-rank radius 7 with center a by

Be(x,7) =y Se(z, ).

We also define the following cardinalities:

Vols, (7) = [{y € Fym | wtsre(y) = T},

Volg, (1) == Y7, Vols, (4).
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Spheres and Balls in Sum-Rank Metric Volume of a Single Ball in Sum-Rank Metric

Volume of Spheres and Balls in Sum-Rank Metric

Vols, (t) = > [T M, m,5)

t=[t1,....te)€ i=1

number of m xn matrices over F
Tt,0p K !

for a given rank ¢t; <min{m,n}

set of partitions of
t=t1+...+tp into terms ¢; <p
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Spheres and Balls in Sum-Rank Metric Volume of a Single Ball in Sum-Rank Metric

Volume of Spheres and Balls in Sum-Rank Metric

Vols, (t) = > [T M, m,5)

t=[t1,....te)€ i=1

number of m xn matrices over F
Tt,0p K !

for a given rank ¢t; <min{m,n}

set of partitions of
t=t1+...+tp into terms ¢; <p

t
Volg, (t) =) _ Vols, (4)
=0

Vols, (t) can be computed with complexity O (¢23 + ¢d*(m + 1) log(q)) using
the efficient algorithm for computing Vols, in [PRR22, Theorem 6 and
Algorithm 1].
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Spheres and Balls in Sum-Rank Metric Bounds on the Volume of a Single Sum-Rank Ball
Lower and Upper Bound on the Volume of a Single Sum-Rank Ball

[OPB21, Lemma 2] if p>1 [PRR20, Theorem 5] ! —1
men—$)t—1 .,yq—f < Volg,(p) < pVols,(p) < < —Zf " )

,)/fqp(mﬂ—%)

g : .
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Spheres and Balls in Sum-Rank Metric Bounds on the Volume of a Single Sum-Rank Ball
Lower and Upper Bound on the Volume of a Single Sum-Rank Ball

[OPB21, Lemma 2] if p>1 [PRR20, Theorem 5] ! —1
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g : .

Applications of these bounds:
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Spheres and Balls in Sum-Rank Metric Bounds on the Volume of a Single Sum-Rank Ball
Lower and Upper Bound on the Volume of a Single Sum-Rank Ball

[OPB21, Lemma 2] if p>1 [PRR20, Theorem 5] ! —1
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Applications of these bounds:
m simplified Sphere Packing bound for the sum-rank metric
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Spheres and Balls in Sum-Rank Metric Bounds on the Volume of a Single Sum-Rank Ball
Lower and Upper Bound on the Volume of a Single Sum-Rank Ball

[OPB21, Lemma 2] if p>1 [PRR20, Theorem 5] ! —1
men—$)t—1 .,yq—f < Volg,(p) < pVols,(p) < < —Zf " )

,)/fqp(mﬂ—%)

g : .

Applications of these bounds:
m simplified Sphere Packing bound for the sum-rank metric
m simplified Gilbert-Varshamov like bound for the sum-rank metric
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Spheres and Balls in Sum-Rank Metric Bounds on the Volume of a Single Sum-Rank Ball
Lower and Upper Bound on the Volume of a Single Sum-Rank Ball

_t\,_¢ _,[0OPB21,Lemma 2] if p>1 [PRR20, Theorem 5] l4+p—1
gt 4.7q13 < Volg,(p) < pVols,(p) < ( Efl )

_P
fygqp(m"'"? 7 ) .

Applications of these bounds:
m simplified Sphere Packing bound for the sum-rank metric
m simplified Gilbert-Varshamov like bound for the sum-rank metric

m simplified versions of upper and lower bounds on the covering problem
in the sum-rank metric
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Spheres and Balls in sum-rank metric Intersection of two Sum-Rank Balls

The volume of the intersection of two balls is |By(x1, 71) N By(x2, 72)]
independent of their centers, only dependent on their radii 7, 75 and the
distance § := dgp (1, T2) between their respective centers given as follows:

e
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Spheres and Balls in sum-rank metric Intersection of two Sum-Rank Balls

The volume of the intersection of two balls is |By(x1, 71) N By(x2, 72)]
independent of their centers, only dependent on their radii 7, 75 and the
distance § := dgp (1, T2) between their respective centers given as follows:

Volz, (71, 72,0) = [{y € Fym|wtsre(y) < 71 Adsre(y,d) < 72},

where d € Fy. arbitrary but fix with wtsg ¢(d) = 0.
If & > 7 + 7, then VOIIZ(Tl,TQ,(S) =0.

e
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Spheres and Balls in Sum-Rank Metric Volume of the Intersection of Two Sum-Rank Balls

New Result

Let u, s, t be positive integers such that w + s > ¢. The number of vectors

v € Fym lying in the intersection of two balls with sum-rank radii v and s and
sum-rank distance ¢ between their centers is

Volz, (u, s,t) =

Z Z Z H I(uhsla i) 71,1 )

u=[u1,. ] 8=[s1,.o50] t=[t1, 8] =161 me ofthe intersection of
eTu i ETs,t,p et two rank metric balls of radii
u;,8; and distance t;
between their centers
over ]FZm
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Spheres and Balls in sum-rank metric volume of the Intersection of two Balls: Special Case 1

New Result
Letz,y € Fym such that dsg(x,y) = J. Then

Volz, (8,1,8) =|By(e, 8) N Be(y, 1)|
(" —1)(¢" - 1)

=1+

qg—1
Y’
P> zq"‘q =)
_1 :
§=[61,0¢] i= q
Gngu

=1 2:5
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Spheres and Balls in sum-rank metric volume of the Intersection of two Balls: Special Case 2

New Result
Letx,y € Fym such thatdsg¢(x,y) = J. Then

VOlIg (’77 o — s 5) = |Bf(w77) N Bﬂ(y7 o — ,‘/)|

l
_ i(0i—i) | 0
> ¥ e

0=[01,...,0¢] Y=[71,--7e] ©=1
75,0, €Ty,0,6

for0 <~ <6.

! ep
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Bounds on codes Singleton like Bound [MPK19b, Corollary 4, 5][MPK19a, Theorem 5]]

Let C be a linear [n, k, d] sum-rank metric code. Then it holds

d<pl—"k+1
n
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Bounds on codes Singleton like Bound [MPK19b, Corollary 4, 5][MPK19a, Theorem 5]]

Let C be a linear [n, k, d] sum-rank metric code. Then it holds

d<pl—"k+1
n

MSRD codes
C is called maximum sum-rank-distance (MSRD), if the Singleton like Bound is
fulfilled with equality.
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Bounds on codes in sum-rank metric sphere-Packing Bound
Sphere-Packing Bound [BGLR21, Theorem 111.6]

For a linear [n, k, d] sum-rank metric code C, it holds that

vl |252]) <.
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Bounds on codes in sum-rank metric sphere-Packing Bound

Sphere-Packing Bound [BGLR21, Theorem 111.6]

For a linear [n, k, d] sum-rank metric code C, it holds that

vl |252]) <.

simplified S

For a linear [n, k, d] sum-rank metric code C, the parameters fulfill

g gL DL < Lt o g

Universitat Ulm, Institut fur Nachrichtentechnik




Bounds on codes in sum-rank metric sphere-Packing Bound

Asymptotic Sphere-Packing Bound - New Result

Let C be a linear [n, k, d] sum-rank metric code and § := % the relative minimum
distance. Then the code rate R = £ is upper bounded by

n

1 1 1 1
R<o? L -g(s+L(s+-))+-(1+L+-L)
4m 2 m\2 n n m nm

1 /1
=F U_m (Z aF logq(vq)) + 1.
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Bounds on codes in sum-rank metric sphere-Packing Bound

Asymptotic Sphere-Packing Bound - New Result

Let C be a linear [n, k, d] sum-rank metric code and § := % the relative minimum
distance. Then the code rate R = £ is upper bounded by

n

1 1 1 1
R<o? L -g(s+L(s+-))+-(1+L+-L)
4m 2 m\2 n n m nm

1 /1
=F U_m (Z aF logq(vq)) + 1.

Let £ > 0 be fixed.

B Form = né — oo we get ® For ¢ — oo one get
R~k = 4(14 1) +1, R~ 02 =g (142 ) (310, (7)) +1.

Universitat Ulm, Institut fur Nachrichtentechnik



Bounds on Codes in Sum-Rank Metric Gilbert-varshamov Bound

Gilbert-Varshamov Bound [BGLR21, Theorem 111.11]]
Let F,m be afinite field, ¢,n, k,d < pf be positive integers that satisfy

g™ * =Y . Volg,(d — 1) < ¢™.

Then, there is a linear code of length n, dimension k, and minimum ¢-sum-rank
distance at least d.
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Bounds on Codes in Sum-Rank Metric Gilbert-varshamov Bound

Gilbert-Varshamov Bound [BGLR21, Theorem 111.11]]

Let F,m be afinite field, ¢,n, k,d < pf be positive integers that satisfy
g™ * =Y . Volg,(d — 1) < ¢™.

Then, there is a linear code of length n, dimension k, and minimum ¢-sum-rank
distance at least d.

Simplified Gilbert-Varshamov Bound - New Result
Let F,m be afinite field, ¢,n, k, d be positive integers with 2 < d < pf that satisfy

olll— {4+d—2 1) (mtm— 4= mn
G 1).(d_1)< o )quw D(m+n—25) _ gmn

Then, there is a linear code of length n, dimension k, and minimum ¢-sum-rank
distance at least d.
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Bounds on Codes in Sum-Rank Metric Gilbert-varshamov Bound

Asymptotic Gilbert-Varshamov Bound - New Result

For a finite field F,~ and positive integers ¢, n, Rn, d with ¢ := % and2 < d <l
satisfying

2 1
R<e?L g1+ L+ ) 1o Ly
m m  nm n nm  n?m
on—1 _
iy log, (1 + L’il) + log, (6n — 1)  log,(7q)

mn nm

there exists a linear /-sum-rank metric code of rate R and relative minimum
sum-rank distance at least §. Let £ be a constant. For m = n¢ — oo and
m € w(log,(¢)), we have

R~52%—5(1+%)+1.
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Bounds on Codes in Sum-Rank Metric Numerical Comparisons: Bounded Blocksize

]. 22 T T T
NS exact SP (n = 128)

e - — — Simplified SP (n = 128)
° S exact SP (n = 2048)
3 Sy, - = — simplified SP (n = 2048)

T - asymptotic SP £ — oo

- induced Hamming bound [BGLR21]
- asymptotic SP [BGLR21]
exact GV (n = 128)
D — — — Simplified GV (n = 128)
O. 6 — AN exact GV (n = 2048) —
< — — — Simplified GV (n = 2048)
g R\ O R ACEE asymptotic sphere-covering [BGLR21]

I
’

0.4 N

0.2 3 -

| | | | ~
00 0.2 0.4 0.6 0.8 1

iversitat Ulm, Insti ur Nachrichtentechnik



Bounds on codes in sum-rank metric Numerical Comparisons: Growing Blocksize

1 i
exact SP (n = 256)
= = = Simplified SP (n = 256)
exact SP (n = 1024)

— — — Simplified SP (n = 1024)
08 N TN e asymtotic SP 1, 7,{ — oo
exact GV (n = 256)
— = = Simplified GV (n = 256)
exact GV (n = 1024)
— = = Simplified GV (n = 1024)

06 NG NN asymtotic GV m,n,{ — oo [ |
Singleton

0.4} 7

0.2| 7

| | | \
00 0.2 0.4 0.6 0.8 1

J

FIgU '@ Comparison of different bounds for fixed value of ¢ = 16 and different values of n withn = £ = m
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Covering Problem

Covering Problem

Find the minimum number of sum-rank balls B,(x, p) of radius p (with
x € Fim) that cover the space Fg. entirely. We denote this cardinality by

Ksr,e(Egm, p).
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Covering Problem

Definition (Covering Radius)

Let C be a linear [n, k, d] sum-rank metric code over F,~. The covering radius
of C is the smallest integer psg ¢ such that every vector x € Fy. has at most
sum-rank distance pgg ¢ to some codeword c € Ci.e,,

psr = maxgepr,, {dsr.(=,C)].
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Covering Problem

Definition (Covering Radius)

Let C be a linear [n, k, d] sum-rank metric code over F,~. The covering radius
of C is the smallest integer psg ¢ such that every vector x € Fy. has at most
sum-rank distance pgg ¢ to some codeword c € Ci.e,,

PSR = Maxgern,, {dsmel,

Reformulation of the Covering Problem

Find the minimum cardinality of a code C C F» with covering radius p.
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Covering Problem: Extreme Cases

Extreme cases for the covering radius:

(i) Ksre(Fym,0) =q™"
From psre = maXycpr,, {dsp(x,C)} = 0 it follows that
dsre(x,C) = 0,Vz € Fym and therefore x € C, i.e., C = Fym.

(i) Ksre(Fgm, ul) =1
Consider psr¢ = maxgcpr,, {dsp(x,C)} = p - £ which means that
there exists an x € [y such that dgg ¢(,C) = - £. This is already
fulfilled by choosing C = {(0,...,0)}.
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Covering Properties in Different Metrics

New Result

Let C C Fym, then it holds for its corresponding covering radii psr.1, PSR, ¢
and psg, in the rank, the sum-rank and the Hamming metric that

PSR1 < PSR < PSR-

New Result

For0 < p < p -/, it holds

Ksr1(Fym, p) < Ksre(Fgm, p) < Kspn(Fgm, p)-
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Numerical Comparison of Different Covering Bounds
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LB-[OLWZ22, Theorem 3]
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Figure: Comparison of bounds on Ksg ¢(Fym, p) for parameters
qg=4m=4n=3L=3,n=nl=9.
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Numerical Comparison of the Different Covering Bounds
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Figure: Comparison of bounds on Ksg ¢(Fym, p) for parameters
q=16,m =16, =16, = 14,n = nf = 224.
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Conclusion

B the sum-rank metric = wtsp 1(z) < wtgpe(x) < Wtsgn(x)




Conclusion

m the sum-rank metric = wtsr1(z) < wtspe(x) < wtsg.n(x)

® spheres and balls in sum-rank metric
m exact volume of a ball in sum-rank metric —>- and upper-

= exact Volume of the intersection of two balls in sum-rank metric.
|+ cwospedalcase ofthe ntersecton of o bl nsum ank metrc
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Conclusion

m the sum-rank metric = wtsr1(z) < wtspe(x) < wtsg.n(x)

® spheres and balls in sum-rank metric
m exact volume of a ball in sum-rank metric —>- and upper-

]
NEW u

B bounds on codes in sum-rank metric
® Singleton like bound
® Sphere-Packing bound

m Gilbert-Varshamov like bound
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Conclusion

® the sum-rank metric = wtsp 1(x) < wtsr(x) < wtgr,n(x)

® spheres and balls in sum-rank metric
m exact volume of a ball in sum-rank metric —>- and upper-

]
NEW u

B bounds on codes in sum-rank metric
® Singleton like bound
® Sphere-Packing bound

m Gilbert-Varshamov like bound

® covering problem in the sum-rank metric
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Outlook: Codes over Rings skew Polynomial Rings

Let A # {0} be a unitary ring (i.e., there exists 1 € A \ {0}, such that
l-a=a-1=ua,Va € A)with a unitary endomorphism 6 (i.e., (1) = 1).
For any a,b € A, an endomorphism @ fulfills
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Outlook: Codes over Rings skew Polynomial Rings

Let A # {0} be a unitary ring (i.e., there exists 1 € A \ {0}, such that
l-a=a-1=ua,Va € A)with a unitary endomorphism 6 (i.e., (1) = 1).
For any a,b € A, an endomorphism @ fulfills

® f(a+b) =06(a)+0(b),

® O(a-b)=0(a)-0(b).
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Outlook: Codes over Rings skew Polynomial Rings

Let A # {0} be a unitary ring (i.e., there exists 1 € A \ {0}, such that
l-a=a-1=ua,Va € A)with a unitary endomorphism 6 (i.e., (1) = 1).
For any a,b € A, an endomorphism @ fulfills

® f(a+b) =06(a)+0(b),

® O(a-b)=0(a)-0(b).
A 0-derivationisamap § : A — Asuch that, foralla,b € A

® §(a+b)=46d(a)+0(b),

® §(a-b)=0d(a) b+ 06(a)-d(b).
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Outlook: Codes over Rings skew Polynomial Rings

Let A # {0} be a unitary ring (i.e., there exists 1 € A \ {0}, such that
l-a=a-1=ua,Va € A)with a unitary endomorphism 6 (i.e., (1) = 1).
For any a,b € A, an endomorphism @ fulfills

® f(a+b) =06(a)+0(b),
® O(a-b)=0(a)-0(b).
A 0-derivationisamap § : A — Asuch that, foralla,b € A
® §(a+b)=46d(a)+0(b),
® §(a-b)=0d(a) b+ 06(a)-d(b).

R=A[X;0,6] = {Za,xya,eAneN}

=0
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Outlook: Codes over Rings skew Polynomial Rings

Let A # {0} be a unitary ring (i.e., there exists 1 € A \ {0}, such that
l-a=a-1=ua,Va € A)with a unitary endomorphism 6 (i.e., (1) = 1).
For any a,b € A, an endomorphism @ fulfills

® f(a+b) =06(a)+0(b),

® O(a-b)=0(a)-0(b).
A 0-derivationisamap § : A — Asuch that, foralla,b € A

® §(a+b)=46d(a)+0(b),

® §(a-b)=0d(a) b+ 06(a)-d(b).

R=A[X;0,4]: {Zazx la; € A, neN}
=0

The addition in R is the usual polynomial addition and the multiplication is
defined using the rule Xa = 6(a)X + d(a) which is extended using
associativity and distributivity.
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Outlook: Codes over Rings Definion of Principal Module Code

Definion: Principal Module Code

Let # be an endomorphism of the finite ring A, § be a #-derivation of A and
R = A[X;0, 6] be the skew polynomial ring. Let f € R be a monic skew
polynomial with a right divisor g € R.

A principal module (6, §)-code C is defined as

(9)np,6 ={c=(co,c1,...,¢n-1) |Veo +c1 X +---+ e Xt e Rg/Rf}.

Setting: Choose g of degree n — k then we have that Rg/Rf is a free left
A-submodule of R/Rf of dimension k = deg(f) — deg(g) (a linear code of
length n and dimension k over A).

Aim: Find selforthogonal codes

Universitat Ulm, Institut fur Nachrichtentechnik



References

[BB10]
[BGLR21]
[MPK19a]
[MPK19b]

[OLwZ22]

[OLWZ23]

[OPB21]

[PRR20]

[PRR22]

Martin Bossert and Sebastian Bossert.

Mathematik der digitalen Medien.

VDE, Berlin, 2010.

Eimear Byrne, Heide Gluesing-Luerssen, and Alberto Ravagnani.
Fundamental properties of sum-rank-metric codes.

IEEE Transactions on Information Theory, 67(10):6456-6475, 2021.

Umberto Martinez-Pefias and Frank R Kschischang.
Reliable and secure Multishot Network Coding using Linearized Reed-Solomon Codes.
IEEE Transactions on Information Theory, 2019.

Umberto Martinez-Pefias and Frank R Kschischang.
Universal and dynamic locally repairable codes with maximal recoverability via sum-rank codes.
IEEE Transactions on Information Theory, 2019.

Cornelia Ott, Hedongliang Liu, and Antonia Wachter-Zeh.

Covering properties of sum-rank metric codes.

In 2022 58th Annual Allerton Conference on Communication, Control, and Computing (Allerton), pages 1-7. IEEE,
2022.

Cornelia Ott, Hedongliang Liu, and Antonia Wachter-Zeh.

Geometrical properties of balls in sum-rank metric.

In WSA & SCC 2023; 26th International ITG Workshop on Smart Antennas and 13th Conference on Systems,
Communications, and Coding, pages 1-6. VDE, 2023.

Cornelia Ott, Sven Puchinger, and Martin Bossert.

Bounds and genericity of sum-rank-metric codes.

In 2021 XVII International Symposium” Problems of Redundancy in Information and Control
Systems”(REDUNDANCY), pages 119-124. IEEE, 2021.

Sven Puchinger, Julian Renner, and Johan Rosenkilde.
Generic Decoding in the Sum-Rank Metric.
arXiv preprint arXiv:2001.04812, 2020.

Sven Puchinger, Julian Renner, and Johan Rosenkilde.
Generic Decoding in the Sum-Rank Metric.
IEEE Transactions on Information Theory, 2022.




	Preliminaries of Error Correcting Codes
	Overview and Motivation
	The Sum-Rank Metric
	Spheres and Balls in Sum-Rank Metric
	Bounds on Codes in Sum-Rank Metric
	Covering Problem in Sum-Rank Metric
	Outlook: Codes over Rings

