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1.3 GEOMETRIC SOLUTION

Figure
region,

1.

-

) -~ -
Unigue - » e
opumal -~ P

- Umique 7

. - “
optimal / -
-

-~ -
. (a} . {b)

1.5.  Unique finite optimal solution: {@) Bounded region. (b) Unbounded

Unique Finite Optimal Solution. If the optimal finite solution is unique,
then il occurs at an extreme point. Figures 1.5a and b show a unique
optimal solution. In Figure 1.5g the feasible region is bounded; that is,
there is a ball around the origin that contains the feasible region. In

Figure 1.56 the feasible region is not bounded. In each case, however, the
unique oplimal solution is finite,

- Alternative Finite Optimal Solutions. This case is illustraled in Figure 1.6.

Note that in Figure 1.6a the feasible region is bounded. The (wo corner
points x* and x¥ are optimal, as well as any poinl on the line segment
Joining them. In Figure 1.6b the feasible region is unbounded but the
optimal objective is finjte. Any point on the “ray” wilth verlex x* in
Figure 1.6b is optimal. Hence the optimal solution set is unbounded.

In both cases (1) and (2), it is instructive to make Lhe foliowing
observation. Pick an optimal solution x* in Figure 1.5 or 1.6, corner point

Tk Optimal
~ Alternative ray
N e optima @ e
~
\.\ x"
4
Y
o \\\
RS Ty —
~ T /,,—‘ —
\\ - /
~
= -~ 5500 ///
~ \‘\ \_\ -
\\
“~
C
ta ¢ {b)
Figure 1.6. Allernate finite optima: (@) Bounded region. {b) Unbounded region.
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INTRODUCTION .

N\ Objective contours can
be moved wndeliniely
\ in the direction —¢
AY
\\ R
.
\ AY
///// Y @
Ay
.

N N
\\ hY N\ S

Figure 1.7. Unbounded optimal solution.

or nol. Draw the normal vectors (o the constraints passing through x* Fi

pointing in the outward direction with respect to the [easible region. Also

construct the vector —c at x*. Note that the “cone” spanned by the E

normals to the constraints passing through x* contains the vector —c. ir

This i$ in fact the necessary and sufficient condition for x* 1o be optimal, fe

and will be formally established later. Intuitively, when this condition

occurs, one can see that there is no direction along which one can move

and improve the objective function while remaining feasible. Such a 1

direction would have o make an acute angle with —c¢ Lo improve the T

objective value and simultaneously make an angle > 90° with respect Lo a;

each of the normals to the constraints passing through x* in order to

maintain feasibility for some step length along this direction. This is

impossible at any optimal solution, although il is possible at any nonopli- 5
C

mal solution.
3. Unbounded Optimal Solution Value. This case is illustrated in Figure 1.7

where both the feasible region and the optimal solution value are un-
bounded. For a minimization problem the plane cx = z can be moved in
the direction —c¢ indefinitely while always intersecting with the feasible
region. In this case the optimal objective value is unbounded with value
— oo and no optimal solution exists.
4. Empty Feasible Region. In this case the syslem of equations and/or in
equalities defining the feasible region is inconsistent. To illustrate, con- C
sider the following problem.

Minimize 2x, + 3x,
Subject 10 —x; +2x, 52
2x,— x,53
x;z 4

Xy, X,20
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