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Abstract. We show that adding role conjunctions to the prominent DLs
SHIF and SHOZN causes a jump in the computational complexity
of the standard reasoning tasks from ExpTime to 2ExpTime already for
SHZ and from NExpTime to N2ExpTime for SHOZF. We further show
that this increase in complexity is due to a subtle interaction between
inverse roles, role hierarchies, and role transitivity in the presence of role
conjunctions and that for the DL SHQ a jump in the computational
complexity cannot be observed.

1 Introduction

Description Logics (DLs) are a family of logic based knowledge representation
formalisms [1]. Most DLs are fragments of First-Order Logic restricted to unary
and binary predicates, which are called concepts and roles in DLs. The con-
structors for building complex expressions are usually chosen such that the key
inference problems, such as concept satisfiability, are decidable. The Descrip-
tion Logics SHZF and SHOZIN provide a logical underpinning for the W3C
standards OWL Lite and OWL DL [2] and highly optimized implementations
for the standard reasoning tasks are available, e.g., FaCT++ [3], KAON2!, Pel-
let [4], and RacerPro?. These systems are used in a wide range of applications,
e.g., medicine [5-8, 6], bio informatics [9-11], life sciences [12,13], or information
integration [14-16].

The DLs SHZF and SHOIN provide quite a rich set of constructors for
concepts (unary predicates). Current standardization efforts go, however, into
the direction of also supporting a richer set of constructors for roles (binary
predicates), but it was recently shown that role compositions in the proposed
OWL2 standard (previously known as OWL 1.1)3 cause an exponential blowup
[17] in the computational complexity of the standard reasoning problems.

We show that an exponential blowup also occurs if we allow for conjunctions
over roles, which naturally appear, for example, when conjunctive queries over
knowledge bases are reduced to standard reasoning tasks. Using role conjunc-
tions, the query (x) «— r(z,y) A s(z,y) A A(y) can, for example, be answered by
retrieving all instances of the concept 3(rMs).A for A a concept name, , s roles,
and z, y variables. We show, by a reduction to the word problem for exponential

! http://kaon2.semanticweb.org
2 http://www.racer-systems.com
3 http://www.w3.org/TR/owl2-syntax/



space bounded alternating Turing machines, that the computational complexity
of the standard reasoning tasks jumps from ExpTime to 2ExpTime already for
SHI" (without number restrictions). We further show that the standard rea-
soning tasks become N2ExpTime-hard in SHOZF'" and even decidability itself
is still an open problem, whereas in SHOZF, i.e., without role conjunctions, the
standard reasoning problems are NExpTime-complete. We show this by using an
instance of the tiling problem. In both cases, the increase in complexity is due to
a subtle interaction between inverse roles, role transitivity, and role hierarchies
in the presence of role conjunctions. We demonstrate this by proving that for
the DL SHQ"' that does not allow for inverse roles, the standard reasoning tasks
remain in ExpTime.

A similar effect is known from propositional dynamic logics (PDL), where
the intersection operator also causes a jump from ExpTime to 2ExpTime [18].
The logic PDL is very similar to the DL ALC extended with regular expressions
over roles. It was further known that full Boolean role operators cause a jump
from ExpTime to NExpTime for the basic DL ALC plus nominals [19] and this
result can further be sharpened to only ALC extended with role conjunctions
and role negation [20]. When placing a restriction on the use of role negations
(to so called safe role expressions) as in ALCQZb, the standard reasoning tasks
remain in ExpTime [21].

In the following section, we give some basic definitions and notations used
throughout the paper. In Section 3, we discuss the relationship between role
conjunctions and conjunctive queries and give a polynomial reduction from the
problem of knowledge base satisfiability in any DL between ALCH" and SHZO"
to the problem of conjunctive query entailment in the respective DL without
role conjunctions. In Section 4, we show that in SHQ, i.e., without nominals
and inverses, the standard reasoning tasks remain in ExpTime. In Section 5, we
present the results for SHZ'', followed by our grid construction technique for
SHOZF" in Section 6. Finally, we conclude and discuss some remaining open
questions.

2 Preliminaries

Let N¢, Ng, and N; be countably infinite sets of concept names, role names,
and individual names. We assume that the set of role names contains a subset
Nir C Ng of transitive role names. A role R is an element of NrU{r~ | r € Ny},
where roles of the form r~ are called inverse roles. A role conjunction is an
expression of the form p = (R; M---M R,). A role inclusion aziom (RIA) is an
axiom of the form R C S where R and S are roles. A role hierarchy R is a finite
set of role inclusion axioms.

An interpretation T = (AZ,-T) consists of a non-empty set AZ, the domain
of Z, and a function -, which maps every concept name A to a subset AZ C AZ,
every role name r € Ni to a binary relation 7 C A% x AZ, every role name
r € N;g to a transitive binary relation 77 C A% x AZ, and every individual
name a to an element a’ € AZ. The interpretation of an inverse role r~ is



{{d,d") | (d',d) € r*}. The interpretation of a role conjunction Ry M---M R, is
RIn---NR,.. An interpretation Z satisfies a RIA R T S if RT C 87, and a
role hierarchy R if 7 satisfies all RIAs in R.

For a role hierarchy R, we introduce the following standard DL notations:

1. We define the function Inv over roles as Inv(R) := R~ if R € Np and
Inv(R) := s if R = s~ for a role name s.

2. We define Cx as the smallest transitive reflexive relation on roles such that
RC S € R implies R Cg S and Inv(R) Cr Inv(S). We write R = S if
RERSandSERR.

3. A role R is called transitive w.r.t. R (notation R™ Cx R) if R =x S for
some role S such that S € Nyg or Inv(S) € Nyg.

4. Arole S is called simple w.r.t. R if there is no role R such that R is transitive
w.r.t. R and R Cx S. A role conjunction Ry M---M R, is simple w.r.t. R if
each conjunct is simple w.r.t. R.

The set of SHOZQ"'-concepts (or concepts for short) is the smallest set built
inductively from N¢, Ng, and Ny using the following grammar, where A € N¢,
0 € Ny, n is a non-negative integer, p is a role conjunction and § is a simple role
conjunction:

C:u=Al{o}|-C|CiNCy|¥p.C|=nd.C.

We use the following standard abbreviations: T = AU-A, | = AN—-A, C1UCy =
=(=Cy M =Cy), Ip.C = -(Vp.(=C)), and <nd.C =—-(=(n+1)4.0).

Given an interpretation Z, the semantics of SHOZQ -concepts is defined as
follows:

Given an interpretation Z, the semantics is defined as follows:

{o}" ={o}, (CND)" =CTN DT, (~C)" = AT\ (7,
(Vp.C)r ={d e AT | if (d,d') € p*, then d’ € CT},
(=nd.C)F ={d e AT | tsX(d,C) > n}

where #M denotes the cardinality of the set M and sZ(d,C) is defined as {d’' €
AT | ({d,d') € sT and d’ € CT}. Concepts of the form {o} are called nominals.

A general concept inclusion (GCI) is an expression C C D, where both C
and D are concepts. A finite set of GClIs is called a TBoz. An interpretation Z
satisfies a GCI C C D if T C D?, and a TBox 7 if it satisfies every GCI in 7.

An (ABox) assertion is an expression of the form C(a), r(a,b), where C is
a concept, r is a role, a,b € N;. An ABozx is a finite set of assertions. We use
N;(A) to denote the set of individual names occurring in .A. An interpretation 7
satisfies an assertion C(a) if a € CT, r(a,b) if (a®,b?) € rZ. An interpretation
7 satisfies an ABox A if it satisfies each assertion in A, which we denote with
ITE A

A knowledge base (KB) is a triple K = (R, 7,.A) with R a role hierarchy, 7
a TBox, and A an ABox. We use N;(K), N¢(K), Nr(K), Nig(K) to denote the
sets of individual names, concept names, and (transitive) role names occurring
in C. We say that an interpretation Z = (A%, -7) satisfies K if T satisfies R, 7T,



and A. In this case, we say that Z is a model of I and write Z = KC. We say that
K is satisfiable if IC has a model. A concept D subsumes a concept C w.r.t. IC,
denoted as K = (C C D), if C* C D? for every model Z of K. A concept C is
satisfiable w.r.t. IC if there is a model Z of K such that CT # ().

It should be noted that the standard reasoning tasks such as knowledge
base satisfiability, concept subsumption, or concept satisfiability are mutually
reducible in polynomial time. For example, concept subsumption can be reduced
to concept (un)satisfiability as follows: a concept D subsumes a concept C' w.r.t.
K iff the concept C' =D is unsatisfiable w.r.t. K.

The DLs SHZQ™ and SHOQ" are obtained from SHOZQ" by disallowing
nominals and inverse roles respectively. Further disallowing number restrictions
gives the DLs SHZ"' and SHO"' respectively. Finally, the DL SHOZQ"" minus
both nominals and inverse roles, results in the DL SHQ". If we restrict number
restrictions to the form <nd.T and >nd.T, we denote this by the letter A/
instead of Q. If we allow instead of number restrictions only the declaration of
roles as functional, we write F instead of A or Q.

3 Conjunctive Queries and Role Conjunctions

There is a close relationship between role conjunctions and conjunctive queries
and often the complexity results for knowledge base satisfiability in a DL £"
and the query entailment problem for the DL £ agree. In this section we show
that the standard reasoning problems for DLs with role conjunctions and with-
out counting can be reduced to the problem of answering unions of conjunctive
queries in the respective DL without role conjunctions. The opposite direction
is, in general, not possible, i.e., conjunctive query entailment cannot be polyno-
mially reduced to knowledge base satisfiability in the DL with role conjunctions.
This is a straightforward consequence of the fact that knowledge base satisfia-
bility for ALCZ™ is ExpTime-complete [21], while conjunctive query entailment
in ALCT is 2ExpTime-complete [22].

Let Ny be a countably infinite set of variables, and (N¢, Ng, N;) a signature.
An atom at is an expression of the form A(v) or r(v,v’) where v,v’ € Ny,
A€ Ng,and r € Nr. A Boolean conjunctive query q is a conjunction of atoms.
We use Ny (g) to denote the set of variables occurring in g. A union of Boolean
conjunctive queries @ is an expression g1 V ...V ¢y, where each ¢; is a Boolean
conjunctive query.

Let ¢ be a Boolean conjunctive query and Z = (AZ,-Z) an interpretation.
For a total function 7: Ny (q) — A%, we write Z =™ A(v) if w(v) € AT and
T =" r(v,0) if (x(v),7(v')) € rI. If T =" at for all atoms at in ¢, we write
T =" q. We say that T satisfies g and write Z |= ¢ if there exists a 7 such that
T E7™ q. Let K be a knowledge base and ¢ a conjunctive query. If 7 |= ¢ for every
mode Z of K, we say that K entails ¢ and write K | ¢. K entails a union of
conjunctive queries Q = g1 V...V g, written as K = @, if, for every model Z of
KC, there exists some @ with 1 < i < ¢ such that Z = g;.



Please note that the omission of constants and answer variables in the defi-
nition of conjunctive queries and the restriction to concept and role names is for
the sake of complexity without loss of generality [23,22].

We show now how the problem of knowledge base satisfiability for any DL
between ALCH' and SHZO™ can polynomially be reduced to entailment of
unions of conjunctive queries in the respective DL without role conjunctions.

Let K = (7T,R,A) be a knowledge base in a DL between ALCH'' and
SHIO". Tt is always possible to transform K preserving satisfiability such that
all GCIs in 7 have one of the following simplified forms:

ACVYpB | AC3I.B | [|AC| |Bj| A={a}, (1)

where A¢;) and B;) are atomic concepts, a is an individual name, r is a role
name, and p is a conjunction of roles. Furthermore, concept assertions in A are
limited to the form A(a) for a concept name A. If ¢ = 0, we interpret [ | A;
as T and if j = 0, we interpret | |B; as L. Every knowledge base, which is
not in this form, can be transformed in polynomial time into the desired form
by using the standard structural transformation, which iteratively introduces
definitions for compound sub-concepts and sub-roles (see, e.g., [24]). GCIs of
the form A C 3(R; M...M R,).B can be transformed into those without role
conjunctions, by replacing Ry M...MR,, with a fresh role name r and adding the
role axioms r C R; for each ¢ with 1 <7 <n.

From K we obtain a knowledge base K’ and a query ¢ as follows: K' =
(7', R,A) and T’ is obtained from 7 by dropping each GCI of the form A C Vp.B
with p = Ry M...M R, and by adding, for each such GCI, an axiom =B C B
where B is a fresh concept. The query @ is a union of Boolean conjunctive
queries such that, for each GCI of the form A C Vp.B in 7, @) contains a
conjunct A(x) A Ry(z,y) A ... A Ry(z,y) A B(y).

Please note that the concept B is only introduced since we allow only for
concept names in a concept atom of the query and not for complex concepts.

Lemma 1. Let K be a simplified knowledge base in a DL between ALCH" and
SHIO" and let K' and Q be obtained from K as described above. Then K is

satisfiable iff K' i~ Q.

Proof. For the if direction: By assumption there exists a model Z of K’ such that
T #~ Q. We claim that Z = K. In contrary of what is to be shown, assume that
there exists a GCI A C Vp.B with p = Ry M...MR, in K and elements d, d’ € A?
such that d € AZ (d,d') € Ri* n...NR,%, and d’ € (~B)*. By definition, K’
contains the axiom ~B T B and, since 7 satisfies K', we have that d’ € BZ. Also
by definition, @ contains a disjunct ¢; = A(z) A71(z,y) A ... A Ry(z,y) A B(y)
and it is not hard to check that Z " ¢; for 7 : @ — d,y — d'. Thus T |= ¢; and,
by definition of the semantics of unions of conjunctive queries, Z = @, which is
a contradiction.

For the only if direction: By assumption there exists a model Z of . We
extend Z to a model of K’ by interpreting the new concepts in K’ as follows: for
each GCI of the form A C Vp.B with p = Ry M...MR,,, we set B = (—|B)Z. By



definition of the semantics, T satisfies each of the new axioms B T B and, thus,
T = K'. We have to show that Z = Q. Assume to the contrary that Z =" ¢; for a
disjunct ¢; = A(x) A7y (z,y)A...ARn(z,y) AB(y) of Q. Then 7(y) € BY = -B*
and, thus, 7(z) & V(Ry M...M R,).B, which is a contradiction. O

Please note that the above reduction produces only conjunctive queries with
two variables. This fact, together with our 2ExpTime-hardness result for SHZ'",
implies that conjunctive query entailment for SHZ is 2ExpTime-hard already for
a bounded number of variables in the query. The previously known 2ExpTime-
hardness result for conjunctive query entailment in ALCZ [22] holds only if the
number of variables in the queries is not bounded [23].

4 SHQ" is ExpTime-complete

In this section, we show that adding role conjunctions to the DL SHQ does
not increase the computational complexity of the standard reasoning problems.
For this purpose, we devise a polynomial encoding of a given SHQ'"' knowledge
base to an equisatisfiable ALCHQ" (i.e., SH Q"' minus role transitivity) knowl-
edge base. Since it is known that the standard reasoning tasks for ALCHQ'" are
in ExpTime [21,23], this gives us the desired ExpTime upper bound. A corre-
sponding lower bound straightforwardly follows from the ExpTime-hardness for
ALC concept satisfiability checking w.r.t. general TBoxes [25], where ALC is
the DL that restricts ALCHQ" further by disallowing role hierarchies, number
restrictions, and role conjunctions.

Let K = (R,7,.A) be an SHQ'"' knowledge base. We say that K is simplified
if 7 contains only axioms of the form

ACVYp.B | ACL3p.B | ACxndB | [ |AC| |B, (2)

where A(;) and B;) are atomic concepts, p () is a (simple) conjunction of roles,
and > stands for < or >. Furthermore, concept assertions in .4 are limited to
the form A(a) for a concept name A. If i = 0, we interpret [ |A4; as T and if
j = 0, we interpret | | B; as L. Every SHQ" knowledge base, which is not in
this form, can in polynomial time be transformed into the desired form by using
the standard structural transformation, which iteratively introduces definitions
for compound sub-concepts and sub-roles (see, e.g., [24]).

Encoding transitivity is often used, and polynomial encodings are known
for many DLs such as SHZQ or SHOIQ [24,26]. Intuitively, these encodings
work by adding axioms that propagate the concepts that occur under universal
quantifiers over paths of transitive roles. This ensures that even if we treat the
transitive roles as non-transitive, we can obtain a model of the original knowledge
base by transitively closing the relations of the originally transitive roles. For
example, for a simplified SHQ knowledge base (without role conjunctions) such
an encoding produces a knowledge base in which all transitive roles are regarded
as non-transitive and that contains, for each axiom A C Vr.B and t € N;g such



that ¢ Cx 7, additionally the axioms
ALC VLAY, A'CvtA', A'C B, (3)

for a fresh concept name A® € Ng. If we adapt this encoding in a naive way
to SHQ (cf. also [23]), we would add, for each axiom A C Vp.B with p =
ryM...MNr, and 7 = t;M...Mt, such that t; € Nyg and t; Ex r; for each i with
1 <i < n, the axioms

ACVrA™, ATCVrAT, ATC B, (4)

for A™ a fresh concept name. This encoding is no longer polynomial since for
an input knowledge base of size m, we can only use m as an upper bound for
the number of transitive sub-roles for each T;, which leaves us with an upper
bound of m™ for the number of additional axioms. Furthermore, n can also only
be bounded by m.

For our encoding, the tree or forest model property of SHQ" is quite impor-
tant and, therefore, we define more precisely, what we mean with forest models.

In the following, we assume without loss of generality, that the ABox contains
at least one individual name, i.e., Ny(A) is non-empty. Otherwise, one can always
add an assertion A(a) for a fresh A and a to A.

Definition 1. Let IN denote the set of non-negative integers and N1 the set of
all (finite) non-empty words over the alphabet N. A non-empty set F C INT is
a forest if, for each w € NT and ¢ € N, w - ¢ € F implies w € F, where “”
denotes concatenation. For w' = w - ¢, we call w' a successor of w.

Let K= (R, T,A) be an SHQ" knowledge base with N;(A) = {a1,...,am}.
A forest base for K is an interpretation J = (A7 ,-7) that interprets transitive
roles in an unrestricted (i.e., not necessarily transitive) way and, additionally,
satisfies the following conditions:

F1 A7 is a forest;
F2 there is a total and bijective mapping f from Ni(A) to A7 NN such that
J — ;.
a;v =1,
F3 if (w,w') € r7, then either w,w' € N or w' is a successor of w.

An interpretation T = (AZ,-1) is canonical for K if there exists a forest base
J = (A7 ,.7) for K such that AT = A7, o = a7 for a € N;(K), AT = A7 for
A€ No(K), and r* =17 Uy o ven,, (07T, where the superscript = denotes
the transitive closure. In this case, we say that J is a forest base for T and if
T E K we say that T is a canonical model for K.

For a forest base (see Figure 1), we require in particular that all relationships
between elements within a tree that can be inferred by transitively closing a role
are omitted (cf. F3).

Please note that the above definition implicitly relies on the unique name
assumption (UNA) (cf. F2). This is w.l.o.g. as we can guess an appropriate par-
tition among the individual names and replace the individual names in each



Fig. 1. A forest base for a forest model satisfying axiom A C V(¢2Mt2).B where t1 and
to are transitive roles

partition with one representative individual name from that partition. Further-
more, for a logic that is ExpTime-hard, we can do this without increasing the
theoretical complexity of the standard reasoning problems.

Lemma 2. Let K be an SHQ'' knowledge base, then K is satisfiable iff K has

a canonical model.

Proof (Sketch). The if direction is trivial. For the only if direction, we can use
any model Z of K, which exists by assumption, and unravel this model into a
canonical model (see, e.g., [23]). O

Our aim is now to transform K into an equisatisfiable ALCHQ" knowledge
base. We will use the canonical models to show that the obtained knowledge
base is equisatisfiable with the original knowledge base.

Let K = (R,7,A) be a simplified SHQ"' knowledge base. We construct
K' = (R',T',A’) as an extension of K with new concepts and axioms. The
signature of K’ is defined by N;(K') := N;(K), Nr(K') := Nr(K), Nir(K') := 0,
No(K') := No(K) U {44, AL | A € Ng(K), a € Ni(K), 7 € Ng(K)}. Recall,
that w.l.o.g., N;(K) is non empty, therefore there exists at least one A, for
every A € N¢g(K). We obtain K’ from K by extending K with the following
axioms:

AL Usen;(a) Aa A€ Nc(K) (5)
A, CVr. Al A€ N¢(K), ae Ni(A), re Ng(K) (6)
Al C vt AL A€ N¢(K),ae Ni(A), t e Nir(K) (7)
ALC A A€ No(K), a € Ni(A), t € Nyg(K), r € Ne(K), t Cr 7 (8)
Arn---NA»CB a€ Ni(A), (ACYp.B)eT,p=r1M---Mry, (9)

Theorem 1. Let K = (R, T,.A) be a simplified SHQ"' knowledge base and K' =
(R, T', A") an ALCHQ" knowledge base obtained from K as described above.



Then (i) K' is obtained from K in polynomial time and (i) K is satisfiable iff
K' is satisfiable.

Proof. For (i): Let k be the size of K. It is easy to see that the number of axioms
of the form (5) is bounded by k, of the form (9) by k2, of the form (6) and (7) by
k3, and of the form (8) by k*. Since the size of every axiom (5)—(9) is bounded
by k, we obtain that the size of K’ is polynomial in k£ and thus can be computed
in polynomial time in the size of K.

For the if direction of (ii): Let J = (A7,-7) be a model of K. We define an
interpretation Z = (AZ,.T) as follows:

AI:AJ;

at =a7, a € Ny;

AT =AY A€ Ng;

T =rJ U Utgnr,teN,R(tJ)Jr’ r € Np

Ll

According to case 4 of the definition for J it is easy to see that Z interprets all
transitive roles in K as transitive relations.

First, we demonstrate that Z satisfies all RIAs (r C s) € R. By case 4
of the definition for Z we have rZ = r7 U Uthr,teNtR(tJ)Jr and s = s7 U
Uit s, ten,, (7). Since J satisfies R, we have 7 C 7. Since (r € s) € R, we
have {t Cr r |t € Nyr} C {t Cr s |t € Nig}. Therefore r¥ C sZ.

Next, we demonstrate that Z satisfies all GCIs C C D € 7. Since K is
simplified, GCIs in K occur in four different forms (see (2)):

1. Let C C D be of the form []A; C | | B;: since 4,7 = A;7 and B;* = B;7
according to case 3 of the definition for Z, we have that Z satisfies the GCI.

2. Let C T D be of the form A C xnd.B: since AZ = A7 and BT = BY
according to case 3 of the definition for Z, and, since ¢ is a conjunction of
simple roles, we have 67 = §7 according to case 4 of the definition for Z.
Thus 7 satisfies the GCI.

3. Let C C D be of the form A C dp.B: according to case 3 of the definition
for Z, AT = AY and B? = BY. Since further p7 C p? according to case 4
of the definition for 7, we have that Z satisfies the GCI.

4. In order to show that 7 satisfies every GCI of the form (A T Vp.B) € T with
p=riM-Mry,n>1, let c,d € AT be such that ¢ € AT and (c,d) € p’.
We need to demonstrate that d € BZ. By definition of the semantics we have
that p? C r;Z for every j with 1 < j < n.

First we demonstrate that there exists a € N;(A) such that d € (Azj)J for
every j with 0 < j < n. Indeed, since J is a model of (5), and ¢ € AT = A7
there exists some a € N;(A) such that ¢ € A,”. Now, let us fix any j with
1 < j < n. Since {c,d) € r;Z, by case 4 of the definition for Z, we have either
(i) (c,d) € r;7, or (ii) {(c,d) € (t7)* for some t Cg r;, t € Nyg. In case (i),
since J is a model of (6) for r = r;, and ¢ € A,7, we have d € (Ay’ )‘7 what
was required to show. In case (i), there exist elements ¢ = dy,ds,...,d, =d
with p > 2, such that (d,_,d;) € t7 for every £ with 2 < ¢ < p. Since



c € A,7, and J is a model of (6) for = ¢, and of (7), by induction on
¢ with 2 < ¢ < p, it is easy to show that d; € (Ata)‘y, and, in particular,
de (Afl)j. Since J is a model of (8) for r = r;, we have d € (Ag’ )‘7 what
was required to show.

Now, since d € (Azj)J for all j with 1 < j <n, and J is a model of (9), we
have d € BY = B%, what was required to show.

It remains to demonstrate that Z satisfies all assertions from 4. Since K is
simplified, all concept assertions in A are of the form A(a) for A € N¢ and 7
satisfies every A(a) € A, since a’ = a7 and AT = A7 according to the cases
1 and 2 of the definition for Z. Furthermore, 7 satisfies every role assertion
r(a,b) € A, since a = a7, bT = b7, and r7 C r? according to the cases 1 and
2 of the definition for Z.

Note that we did not use the canonical model property for SHQ" for proving
the if direction of (ii). We are going to use this property for proving the only if
direction of (ii).

For the only if direction of (ii), let Z = (A%, -Z) be a canonical model of K and
T = (AT, -I/) a forest base for Z supplied with a bijection function f between
Ni(A) and AT N IN. Such a model exists by Lemma 2 since K is satisfiable by
assumption. Let J = (A7, -7) be obtained from Z as follows:

AT = AT
a? =a” for a € Nj(A), A = AT for A € No(K), r7 =rT for r € Ng(K)
(Ag) = ATn{de AT |d= f(a) - wand w € N*}, A € N¢(K), a € N;(A);
A1)y ={d e AT | 3c € A7 : (c,d) € rT}, A € Ng(K), a € Ni(A),
TENR(/C).

- W e

Since according to the cases 1-2 of the definition for 7, the interpretation of the
symbols in K remains unchanged, 7 is a model of all GCIs in K’ that are also
in IC. Tt remains to demonstrate that J is a model of all GCIs that are new in
K'. These GCIs are of form (5)—(9).

1. In order to prove that J satisfies every axiom A T Ugen,(4)Aa of form
(5), take any d € A7. We need to demonstrate that d € (4,)” for some a €
N;(A). By Definition 1 of the canonical models for SHQ'', d = f(a)-w € AT
for some a € N;(A) and w € IN*. Hence d € A,7 according to case 3 of the
definition for J what is required to show.

2. In order to prove that J satisfies every axiom A, C Vr.Al of the form (6),
take any ¢,d € A7 such that ¢ € A,7 and (¢,d) € r7. By definition of
(A7) (case 4), we have d € (A7)

3. In order to prove that J satisfies every axiom A’ C Vt. Al of the form
(7), take any c,d € A7 such that ¢ € (Afl)j and (c,d) € t7. We need to
demonstrate that d € (A%)7. By definition of (4%)7 (case 4), there exists
¢ € (A,)7 such that (¢, ¢) € tZ. Since (¢,d) € t7 = tZ and t € N;z(K), we
have (c/,d) € t, and, therefore, d € (Afl)j, what is required to show.



4. In order to prove that J satisfies every axiom A’ C A" of the form (8), take
any d € (Afl)j. We need to demonstrate that d € (A7)7. By definition of
(Afl)j (case 4), there exists ¢ € A,7 such that (c,d) € t. Since t Cg 7, we
have (¢,d) € t£ C rZ, and so d € (A7)7, what is required to show.

5. Finally, in order to prove that J satisfies every axiom A} M---MA» C B
of form (9), take any d € (A7) N ---N (A7)7. We need to prove that
d € BY. By definition of (A7)” (case 4), there exist ¢; € (A,)7 such that
(¢i,d) € 1T, 1 < i < n. By definition of (A,)7 (case 4), ¢; = f(a) - wy,
1 <i < n. We prove that there exists a ¢ € (44)” such that (¢,d) € r/ for
every ¢ with 1 <4 <mn.

Since 7’ is a forest base for Z and (¢;,d) = (f(a) - w;,d) € rZ = rZ U
Uit rr. teNin (tZ')F, 1 < i < n, there are two cases possible: either (i) d =
f(a) - w for some w € N and, for each i with 1 < i < n, w; is a proper
prefix of w, or (it) d = f(b) - w for some w € N*,b # a, and ¢; = f(a), for
every ¢ with 1 <4 < n. In case (ii) we have found the required ¢ = f(a). In
case (i), let w; be the longest prefix of w among all w; with 1 < ¢ < n and
define ¢ = ¢;. Note that ¢; # d, since (d,d) ¢ ;7 by the definition of the
forest model. Since rZ = r;Z U Ui rs. teNun (tZ')F, there are two possible

cases for each i with 1 < < n: either (1) (¢;,d) € r, d is a successor of ¢;,
and thus ¢ = ¢;, or (2) (¢;,d) € (tX)* and (¢, d) € ;7 since (t2)* C ;% and
¢; is a prefix of ¢ = ¢;. In both cases we have demonstrated that (c,d) € r;Z
for each 7 with 1 <7 < n.
Since ¢ € Aaj C AT, (e,d) € r;L for every ¢ with 1 < ¢ < n, and 7 is a model
of the axiom (A CVp.B) € T with p =7, M---Mr,, we have d € BZ = BY
what was required to show.

O

With the above theorem, we immediately get the following result.

Corollary 1. The problem of satisfiability for SHQ" knowledge bases is com-
plete for ExpTime (and so are all the standard reasoning problems).

Proof. Given an SHQ"' knowledge base C, by Theorem 1, it is possible to con-
struct in polynomial time an equisatisfiable ACCHQ'' knowledge base K. Since
the problem of satisfiability for ALCHQ" is in ExpTime [21,23], this implies
that the problem of satisfiability of SHQ'™' knowledge bases is in ExpTime. Fur-
thermore, the problem is ExpTime-hard since ALCHQ" contains ALC for which
all standard reasoning problems are ExpTime-hard. Since all standard reasoning
problems like knowledge base satisfiability, concept satisfiability, concept non-
subsumption and instance checking are inter-reducible in polynomial time to
each other, all these problems are also ExpTime-complete for SHQ". ad

5 SHI" and SHZQ' are 2ExpTime-complete

In this section, we show that extending SHZ with role conjunctions causes an
exponential blow-up in the computational complexity of the standard reasoning



tasks. We show this by a reduction from the word problem of an exponential
space alternating Turing machine.

An alternating Turning machine (ATM) is a tuple M = (I', X, Q, qo, 01, J2),
where I is a finite working alphabet containing a blank symbol [J, X C I'\ {1} is
the input alphabet; Q@ = Q3WQvW{q,}W{q¢,} is a finite set of states partitioned
into existential states QQ3, universal states @y, an accepting state q,, and a
rejecting state qr; qo € Q3 is the starting state, and 61,d2: (Q3 U Qv) x I' —
Q x I' x {L, R} are transition functions. A configuration of M is a word ¢ =
wiqwy where wi,wy € I'* and ¢ € Q. An initial configuration is ® = gowo
where wy € X*. The size |c| of a configuration ¢ is the number of symbols in c.
The successor configurations 61(c) and d2(c) of a configuration ¢ = wyqws with
q # qa, g over the transition functions §; and d5 are defined as for deterministic
Turing machines (see, e.g., [27]). The sets Coec(M) of accepting configurations
and C.ej(M) of rejecting configurations of M are the smallest sets such that (i)
¢ = wiqwy € Cuee(M) if either ¢ = ¢4, or ¢ € Qv and 1(c), da(c) € Cocc(M),
or ¢ € Q3 and §1(c) € Caee(M) or d2(c) € Caee(M), and (ii) ¢ = wiqws €
Crej(M) if either ¢ = g, or ¢ € Q3 and d1(c),d2(c) € Cu(M), or ¢ € Qv
and 61(c) € Crj(M) or da(c) € Crej(M). The set of reachable configurations
from an initial configuration c® in M is the smallest set M (c) such that ® €
M(%) and 81 (c),d2(c) € M(c®) for every ¢ € M(c"). A word problem for an
ATM M is to decide given an initial configuration c® whether ¢ € Cyec(M).
M is g(n) space bounded if for every initial configuration ¢ we have: (i) ¢* €
Cacc(M) U Cj(M), and (ii) |c| < g(|c°]) for every ¢ € M(c?). A classical result
AExpSpace = 2ExpTime [28] implies that there exists a 2" space bounded ATM
M for which the following decision problem is 2ExpTime-complete: given an
initial configuration ¢V decide whether ¢ € Cyec(M).

In order to reduce the word problem of M to reasoning problems in SHZ'',
we introduce an auxiliary notion of a computation of an ATM that is more
convenient to deal with when determining accepting computations. Let us denote
by {0,1}* the set of all finite words over the letters 0 and 1, by € the empty
word, and, for every b € {0,1}*, by b-0 and b- 1 a word obtained by appending
0 and 1 to b. A computation of an ATM M from ® is a pair P = (B,m),
where B C {0,1}* is a forest, and 7 : B — M(c®) a mapping from words to
configurations reachable from ¢, such that (i) ¢ € B and 7(e) = ¢°, and for
every b € B with m(b) = ¢ = wiqws we have (ii) ¢ # g, (ii1) ¢ € Qv implies
{b-0,b-1} C B, (iv) ¢ € Q3 implies b-0 € Bor b-0 € B, (v) b-0 € B implies
7(b-0) = d1(c), and (vi) b-1 € B implies w(b-1) = d2(c). A computation is finite
if B is finite. It is easy to see that for any g(n) space bounded ATM M, we have

¥ € Cuee(M) iff there exists a finite computation of M from c°.

We encode a computation of the ATM M in a binary tree (see Figure 2)
whereby the configurations of M are encoded on exponentially long chains that
grow from the nodes of the tree—the i*" element of a chain represents the i*"
element of the configuration. In our construction, we distinguish odd and even
configurations in the computation using concept names Odd and Even. Every
odd configuration has two even successor configurations reachable by roles r}
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Fig. 2. The alternating binary tree structure for simulating a computation of the ATM
(left) and a detailed picture for the highlighted path (right)
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Fig. 3. Expressing exponentially long chains using a counter and binary encoding

and 72 respectively; likewise, every even configuration has two odd successor
configurations reachable by inverses of 7} and 2. We further alternate between
the concepts Py, P, and P, within the levels of the binary tree. This allows
us to distinguish the predecessor and the successor configuration represented by
the exponentially long chains. We enforce these chains (see Figure 3) by using
the well know “integer counting” technique [29]. A counter ¢Z(z) is an integer
between 0 and 2" — 1 that is assigned to an element x of the interpretation Z
using n atomic concepts By, ..., B, such that the i*" bit of ¢Z(x) is equal to 1 iff
x € B;T. We first define the concept Z that can be used to initialize the counter
to zero, and the concept E to detect whether the counter has reached the final
value 2 — 1 and, thus, the end of the chain is reached:

Z =-B;n...Nn-B, (10)
EFE= Bin...NB, (11)

Every element that is not the end of the chain has a v-successor:
-EC 3T (12)

The lowest bit of the counter is always flipped over v, while any other bit of the
counter is flipped over v if and only if the previous bit is flipped from 1 to 0:

T = (Bl [l VU."Bl) (] (_‘Bl M V’U.Bl) (13)

Bip_1MYv.—mBg_1 = (Bk M Vv.ﬂBk) (] (—|Bk |_|V’U.Bk) 1<k<n (14)



For convenience, let us denote by j[i]o the i** bit of j in binary coding (the
lowest bit of j is j[1]2).

Lemma 3. Let K be a knowledge base containing azioms (13) and (14). Then,
for every model T = (A%, %) of K and z,y € AT with (z,y) € v%, we have
(y) = @)+ 1.

Proof. Consider the set Y := {y | (z,y) € vT}. We prove that, for each y €
Y, ct(y) = ¢*(x) + 1. Please note that we do not enforce that  has only a single
successor y, i.e., our domain is not restricted such that we have a sequence of
elements with increasing counter values. We only require that if y is a v-successor
of some z, then the counter value is incremented by one.

By induction on k with 1 < k < n, we prove that, for each y € Y, ¢ (z)[k]2 #
e (y)[k]2 if and only if either k = 1 or, otherwise, ¢ (z)[k—1]2 = 1 and ¢ (y)[k —
1]o = 0. Note that, in particular, the induction hypothesis implies that the values
of ¢Z(y)[k]2 are the same for all y € Y.

The base case k = 1 of the induction holds since Z is a model of (13),
and, therefore, for each y € Y, c(z)[1]2 # ¢*(y)[1]2. The induction step holds
because Z is a model of (14) which implies that ¢ (z)[k — 1]z = 1 and, for each
y €Y, cE(y)[k — 1]z = 1 if and only if ¢Z (y)[k]2 # Z () [k]a. O

The tree-like structure in Figure 2 is induced by the following formulas. First,
we initialize the origin O of the tree by saying that it belongs to an odd row
labeled with Py and, with the concept Z, we initialize an exponential chain:

OCOddnPynZ (15)

Every initial element of an exponential chain has two successors alternating
between odd and even values:

ZM0dd C 3r! Evenn 3r2.Even (16)
ZMEven C Irl.0dd M 32 .0dd (17)

For convenience, we introduce super-roles !, 72 and 7 of the created roles to
keep track of the relations between the nodes and their successors:

ri C ot Té Crl- Tg C 72 r?) Cr2” rtCr rPCr (18)

The new roles are used to initialize the value Z for the successors and increment
P; over r modulo 3 (we denote j +1 mod 3 as [j + 1]3):

ZCVrZ P; CVr.Py i, 0<j<2 (19)

In order to have the roles on the exponential chain correspond to the odd and
even rows, we replace axiom (12) with the following axioms:

—~EMEven C Jv.. T -EMNO0ddC Ju, . T (20)
v C v~ ve Cv (21)
Odd C Vv.0dd Even C Vv.Even (22)
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Fig.4. A zoom-in and extension of Figure 2, which illustrates the use of the aux-
iliary side chains to connect the elements of the exponentially long chains with the
corresponding elements in the successor chains

The values of P; are copied across the elements of the same row:

Pj E V’U.Pj ﬁPj E V’U.ﬁpj 0 S ] S 2 (23)

If we take a look at Figure 2 we notice that the roles r¢, ri, v, and v,
are directed in such a way that, from every element of an exponential chain,
only elements of the neighboring chains are reachable by a sequence of roles.
In other words, if we introduce a common transitive super-role ¢ of these roles,
then every element of the chain will be connected via ¢ to exactly all elements
of the parent chain and all elements of the successor chains. Unfortunately, this
is not sufficient to simulate a computation of the Turing machine, as we need
to connect exactly the corresponding elements of a chain and its two successor
chains to compute the successor configurations. In order to achieve this goal, we
will add auxiliary chains to the exponential chain that, using transitive super-
roles and role conjunctions, will allow us to restrict the reachability relation only
to the corresponding elements.

The detailed construction for the side chains of two successive configurations
is shown in Figure 4. Every element of the exponential v-chain has n additional
“side” successors reachable by roles hj, and hj_ with j € {0,1} and 1 <k < n.
Intuitively, k£ corresponds to the counting concepts and j to the counter value.
We will also count the level in the h-chains using concepts Hy, 0 < k < n—all
elements of the v-chain belong to Hy, and every h-successor of an element in
Hj,_1 belongs to Hi. The following axioms initialize the side chains according



to this description:

OCHy HyoCVr.Hy  HyCVuv.H (24)

Hy,_1 M =By C (=Even U 3hY,.Hy) N (-Odd U 3RY, .Hy) 1<k<n (25)
Hy_1 M By C (mEven U 3h}, . Hy) M (=O0dd U 3ht, .Hy) 1<k<n (26)
bl Ch W, Ch~ je{0,1}, 1<k<n (27)

Even C Vh.Even 0Odd C Vh.Odd (28)

We use these roles to express that the elements within an h-chain have the same
values for B;, and P;:

By, C Vh.By, ~Bj, C Vh.~ By 0<k
P; CVh.P; ~P; C Vh.~P; 0<j

<n (29)
<2 (30)
For the final elements of the h-chains, we introduce the special concepts @; that
correlate with the concepts P;:

H, C(P;NQ,) U(=P;Nn-Q;) 0<j5<2 (31)

These concepts will be used to connect the last elements of the h-chains with
the corresponding elements in the chains for the two successor configurations
using role conjunctions p' and p? introduced later on (see Figure 4). In order to
connect these elements, we introduce transitive super-roles ¢,/ with ¢ € {1,2},
j€{0,1},and 1 < k < n:

ity ri Cty (32)
vo Tt} ve Tt} (33)
o E he E 1) (34)
hioC il hi ot J {01 1<k <n Kk £k (35)

Intuitively, the index 7 in ¢}/ is inherited from the roles 7 and rJ (32)—all role
implications hold for both values of i. Likewise, the index j is inherited from
hi, and hi, but only when the values of the index k match (34)—otherwise
the role implications hold for both values of j (35). Roles v, and v. do not filter
any indexes and imply all roles ¢}/ (33). Axioms (32)-(35) make sure that the
first and the last elements of every h-chain are connected with ¢ (¢i!) iff the
k" bit of the counter is 0 (1). Thus, only the corresponding last elements of
the h-chains in the successor configurations are connected with ¢, for all k with
1 <k <n and some 7 and j, because they have the same values for the counter.
To make use of this property we introduce roles s that are obtained from ty
by abstracting from j and forgetting the direction:

£ C s 97 C sl ie{1,2},je{0,1},1<k<n (36)



Now define the role conjunctions p!' = s} M---Ms) and p? = s3M---Ms2 that
connect the last elements of the h-chains iff they are the corresponding elements
for the r! and r? successors in our binary tree on Figure 2. Note that p* and p?
are not simple.

We now specify how the created tree structure relates to an alternating Turing
machine. Let ¢ be an initial configuration of an ATM M = (I', X, Q, qo, 61, 62)
and n = |c°| (w.l.o.g., we assume that n > 2). In order to decide whether
& € Coee(M), we try to build all the required accepting successor configurations
of ¢V for M. We encode the configurations of M on the 2"-long v-chains. A chain
corresponding to a configuration c is connected via the roles r! and r? to two
chains that correspond to d;(c) and d3(c) respectively. We use an atomic concept
A, for every symbol a that can occur in configurations and we make sure that
all elements of the same h-chain are assigned to the same symbol:

A, CVh.A, A, T Vh.mA, (37)

It is a well-known property of the transition functions of Turing machines that
the symbols ¢} and ¢? at the position i of §;(c) and d2(c) are uniquely determined
by the symbols ¢;_1, ¢;, i1, and ¢;12 of ¢ at the positionsi—1,7,i+1, and i+2.4
We assume that this correspondence is given by the (partial) functions A; and
)\2 such that )\1(01‘_1,01‘,01‘_’_1,01'4_2) = Cll and )\g(ci_l,ci,ci+1,ci+2) = C%. We
use this property in our encoding as follows: for every quadruple of symbols
ai,az,a3,a4 € QU I, we introduce a concept name Sy, a,a35q, Which expresses
that the current element of the v-chain is assigned with the symbol ag, its v-
predecessor with a; and its next two v-successors with respectively as and ay
(a1, a3, and a4 are [J if there are no such elements):

ZMAq, M3v.(Ag, MFv.An,) C SBasasas ag,az,aq € QUI (38)

Ag, M. (Ag, M. (Agy MT0Ag,)) EVU.Saia0asas A1,02,03,a4 € QU T (39)
Ag, M. (Ag, M3v.(Ag; ME)) C Y0.S0 00050 ai,as, a3 € QUI (40)

Ay, MFv.(A, ME) C V.54, 4,00 ai,as € QUI (41)

Furthermore, all elements of the same h-chain have the same values of Sg,a5a5a4°
Sa1a2a3a4 E Vh-sa1a2a3a4 j‘5111,11121130,4 E Vh-jsalagagazl (42)

Finally, the properties of the transition functions are expressed using the follow-
ing axioms, where, as previously defined p* = s{M---Ms) and p? = s3M1---Ms2:
Sa1a2a3a4 [—l Q_] E Vpl'[ﬁQ[‘]%*l]:; |—| A)\l(al,a2,a3,a4)] O S Z S 2 (43)
Salaza3¢l4 M Qj C Vp2.[—‘Q[J‘+1]3 U A)\z(al,az,as,a4)] 0<i<2 (44)

Intuitively, these axioms say that whenever S, 4,054, Dolds at the end of an h-
chain where @; holds, then Ay, (4, 45,a5,q4,) Should hold for every p* (p?) successor

4 If any of the indexes i — 1,74 1, or i + 2 are out of range for the configuration ¢, we
assume that the corresponding symbols ¢;—1, ci+1, and c;+2 are the blank symbol [.



for which @;11), holds. As noted before, only the corresponding last elements
of the h-chains can be connected by p' and p?. The concepts Q; and Qpjt1,
restrict the attention to the last elements of the h-chains and make sure that
the information is propagated to the successor configuration and not to the
predecessor configuration.

We now make sure that the elements in the root chain of our tree correspond
to the initial configuration c:

(0] EAC(l) |_|V’U.(Acg |_|'~'V’U.(Ac% nYv.0g)--+) (45)
Op C Ag MYu.0Og (46)

In order to distinguish between the configurations with existential and uni-
versal states, we introduce two concepts Sy and S3, which are implied by the
corresponding states and propagated to the first elements of the configuration:

A, C S3 q€ Q3 A, T Sy q € Qv (47)
HU.SH E Sg E|’U.Sv E Sv (48)

Now instead of creating always two successor configurations, we create only
configurations that are required for acceptance. Thus, we replace axioms (16)
and (17) with the axioms (49)—(51) below:

ZnoddnSyC It TnI2T ZMEvenMSy T 3Irl .TNIr2 T (49)

ZnoddnSsC I . TUFIET ZMNEvenMSsCIrl . TuUI2 T (50)
0Odd C Vr.Even Even C Vr.Odd (51)

Finally we forbid configurations with rejecting states in our model:
A, CL (52)
To summarize, our construction proves the following theorem:

Theorem 2. Let ° be an initial configuration for the ATM M and K a knowl-
edge base consisting of the azioms (10)—(15) and (18)~(52). Then c® € Cacc(M)
if and only if O is (finitely) satisfiable in K.

Proof. By ¢; we denote the i*" symbol in the configuration ¢ when 1 < i < |¢|
and the blank symbol [] otherwise.

(=) Assume that ¥ € Coec(M). Since M is 2™ space bounded, there exists
a finite computation P = (B,7) of M from ¢ such that |r(b)| < 2" for every
b € B. We will use this computation in order to guide the construction of a finite
model Z = (AZ,.T) for K that satisfies O.

We define AT := {x}; | b€ B,0<i<2" 0<k<n}. The interpretation
of the concepts B;, Z, E, O, Odd, Even, P}, Q;, Hi, Aq, Saiazasass Om, 53, and
Sy is defined by:

- BjI:{fEbyi,k|b€B, i[jla=1,0<k<n},1<j<n;



— 7T ={xpor |bEB,0<k<n}, BT = {zpan_14 | bE B, 0 <k <n};

- O% = {zc00};

—0dd* = {1 | be B, |blis odd, 0 < k < n},
Even® = {3 | b€ B, |b| is even, 0 < k < n};

— P ={apix [bEB, [Iblls=4,0<i<2",0<k<n},0<j<

— QF ={wpin |bEB, [Pls=5,0<i<2"},0<j <%

~ Hy ={zy,1 |bEB,0<i<2"},0<k<n

— AaI:{xbﬁiyk|b€B,O§i<2",OSkgn,ﬂ'(b)lea},aEQUF;

— Sa1a2a3a4z = {,Tb)qu | beB, 0<i1<2",0<k<n, W(b)l = ai, W(b)i—i-l =
as, F(b)i+2 = as, W(b)i+3 = a4}, ai,as,0a3,04 € QU I

— ngz{xe)m|n§i<2”,0§k§n};

— SEI = {Ib,i,O | be B7 0<i1< 2”, 3(] S Qg : 7T(b) = wlqwg},
Syt = {Zpio b€ B,0<i<2" Jge€Qv: m(b) =wiqusa}.

The roles %, ri, %, r, vy, Ve, U, hio, hie, h, tzj, and s}; are interpreted as follows:

o’ e

= (r})” = {{x,0,0,26.0,00) | b-0 € B, [b] is even},
(r2)" = {{£4,0,0,¥5-1,00) | b-1 € B, |p] is even},
(Té)z = {(2.0,0,0, Zp,0,0) | b-0 € B, |b] is odd},
(7“3)1 = {<xb0007$b00> |b-1€ B, |b is odd},
(1) = ()"0 () ),
()" = () v () ),
= ) U
- (ve) = {(&pi-1.0,Tvi0) | b€ B, b is 0odd, 1 <i < 27},
(o)" = {(2b.i.0,Tpi-1.0) | b € B, |b| is even, 1 < i < 27},
vf = (ve)" U ((vo) )"
— ()" = {@hip—r mpik) | b € B, blisodd, 0 < i < 2%, i[k]y = j}, 1 <
k< ,j e {0,1},
(hfw) = {(®pik,Toik-1) | b € B, |bliseven, 0 < i < 2" ikl = j}, 1 <
k S n, j € {0,1},
{{xp,i,0— 1,wbzk>|beB 0<i<2m 1<k<n}

; z
- (t;f) = ()" U ()T U Uv T U (hio) U (k) U
i'e€{0,1} PPNy N N ) .
U1§k/gn, k’;ék[(hk’o) U(hy,) DT 1<k <n,ie{1,2},j€{0,1},

= Ujero [0 U () ) ] 1 <k <n, i {1,2).

N

- (s%)

Clearly 7 satisfies the concept O and interprets tzj as transitive relations. It is
straightforward to check using the properties of the computation of an ATM
that 7 satisfies all axioms (10)7(15) and (18)—(52) in K. In particular, 7 sat-
isfies axiom (43) for p! = s} M- M sk since {{z,y) € (p )I |z € Q;f,y €
Qlj+1)s } C{%binsToo,in | b€ B,0<i<2"} and xpin € (Sa1a2a3a4)z im-

plies 24.0.5,n € (A, (ar,a.a5,0)) by the definition of Z, since (b - 0) = &' (m (b))



by the case (v) from the definition of a computation of an ATM, and since
A1(Ci—1,¢i, Cit1, Cit1) = cf whenever ¢! = §1(c).

(<) Assume that Z is a model of . We build a computation P = (B, )
of M from ¢ witnessed by Z. The elements b € B and the values 7 (b) are
built inductively on |b| together with elements x ;) € AT with 0 < i < 2"
and 0 < k < n. We demonstrate by induction that (i) when |b| is even, we
have zp ;1 € 0dd?, (Tp,i.0,Tbi-1,0) € Vor when i > 1, and (Tpik, Toik—1) €

(hfw)z when k > 1 and i[k]o = 7, (ii) when |b| is odd, we have z} ;) € Even?,

(Tp,i-1.0,Tb,i,0) € Ve when i > 1, and (Tp; k-1, T, k) € (hie)Z when k& > 1 and
ilk]2 = 7, (i94) xpin € Q;F iff 2y € P;T for all k with 0 < k < n if [|b|]3 = ,
0 <j<2 and (i) w(b)it1 = a implies xp ;% € AL for every i and k with
0<i<2and 0 <k <n.

For the base case b = ¢, we define x¢ o := z for some z € OF and 7(e) := .
Since Z is a model of (15), we have x 0,0 € 0dd?, Ze,0,0 € Pyt and Teoo € Z7L.
Since Z is a model of (10), (11), (13), (14), (20), and (21), it is easy to show
using Lemma 3, that there exist elements z. ;0 € AT with 1 <4 < 2" such that
Te,io € 0dd?, (Tei0,Tei1,0) € Vo7, and ¢ (i) = i. Furthermore, since Z is
a model of (24)—(29), there exist elements z.; x € A% with 1 < k < n such that
Teih € H,T, Teih € 0dd?, A (eir) =i, and (Te;p, Teik-1) € (hio)Z when
ilk]2 = j. Thus, we have demonstrated property (i) for b = e. Property (ii) for
b = € holds vacuously since |¢| is even. Property (iii) holds since z. 00 € Py*
and 7 is a model of (23), (30), and (31). Property (iv) for b = € holds since Z is
a model of (45), (46), and (37).

Now assume that we have constructed some b € B, all elements z; j 1, € A%
with 1 <4 < 2", 0 < k < n, and the value of w(b). Let 7(b); = ¢ € @ be the state
of the configuration 7 (b) occurring at the position j. By the induction hypothesis
(iv), we have 20 € A,%. If ¢ € Q3, then since Z is a model of (47) and (48),
we have 20,0 € S5Z. Since Zb,0,0 € Z% and Zb,0,0 € Odd? (0,0 € EvenI), and
7 is a model of (49)-(51), there exists either x.0.0,0 € Even® (x4.0.0,0 € Odd?)
such that (20,0, Zb-0,00) € (ré)I ((%5.0,0,0, Tb,0,0) € (rfl))I), Or Zp.1,0,0 € Even?
(:Z?b.17010 S Oddz) such that <:cb7010,:17b.170,0> S (T?)I (<$b~1,0,0,17b,0,0> S (7’2)1).
In either case we add the respective elements b-0 or b-1 to B. If ¢ € Qv
then similarly, since Z is a model of (47), (48), and (49)—(51), we have z00 €
SVI, and there exist x4.0,0,0, Zp-1,0,0 € Even? (xb.oﬁoyo, Tp.1,0,0 € Oddz) such that

A A T
(26,0,0, 5.0,0,0) € (r2)” and (24,00, Tp-1,0,0) € ()" ((£4.0,0,0, Tv,00) € (r3)” and

(b-1,0,0, Tb,0,0) € (rg)z) In this case, we add both elements b-0 and b- 1 to
B. Note that it is not possible that ¢ = ¢, since Z is a model of (52). Since 7
is a model of (18) and (19), we have (xp.0,0,7b-0,0,0) € 7%, Tp.0,00 € Z%, and
25.0,0,0 € sz for j = [|b| + 1]5 when b- 0 € B. Likewise, when b-1 € B, we have
<$b,0707$b-170,0> € TI, Tp.1,0,0 € ZI, and Tp.1,0,0 € PjZ fOl”j = [|b| + 1]3.

If we add an element b -0 to B then we define w(b - 0) := 01(w(b)). Since
Tp000 € Z% and T is a model of (10), (11), (13), (14), (20)—(31), one can
construct elements .04 % € AT with0<i<2"and 0< k< n similarly as in



the base case, such that the induction properties (¢)—(i3i) are satisfied. Similarly,
if we add b-1 to B then we define 7(b- 1) := Ja(w(b)) and construct elements
Th1,ik € AT with 0 < ¢ < 2" and 0 < k < n. It remains thus to prove property
(iv) for the new elements in B.

Assume that -0 € B. If |b| is even then, since we have demonstrated that
(,0,0, Tb-0,0,0) € (1 )I, property () for b and property (i¢) for b- 0, it is easy to
show that since Z is a model of (32)—(36), and since Z interprets tzj as transitive

. I I
relations, we have (%pin, Xp-0,in) € (p1)" and (Xp.0,in, Tbin) € (p*) for every
i with 0 < i < 2", where p' = si M ... M sl. Likewise, if |b| is odd, then
(%5-0,0,05 Tb,0,0) € (ré)z and using property (i¢) for b and property (i) for b -0
one can also show that (zp;n,Zb.0,in) € (pl)I and (p.0,i,ns Tbin) € (pl)I for
every ¢ with 0 <4 < 2". Since Z is a model of axioms (21), (27), and (38)—(42),
using property (iv) for b it is easy to show that, for every ¢ with 0 < i < 27
such that 7(b); = a1, w(b)ir1 = a2, 7(b)ir2 = a3, and 7(b);+3 = a4, we have
Zoik € (Say.anas.as)” for every k with 0 < k < n. Now, using property (iii)
for b and b -0 and the fact that Z is a model of (43)—(44) and (37), and A\;

corresponds to the transition function §; of M, we obtain property (iv) for b- 0.
Analogously, one can show that if b-1 € B then (Tp;n,Zp1,in) € (/)2)Z and
(Tb1,ims Thyin) € (p2)I for p> = s3 1M ---Ms2, and, consequently, that property
(iv) holds for b - 1. O

When analyzing the number of introduced axioms and their size, we see that
their number is polynomial in n and their size is linear in n, where n is the size
of the initial configuration. Hence, we get the following result.

Corollary 2. The problem of (finite) concept satisfiability in the DL SHI" is
2ExpTime-hard (and so are all the standard reasoning problems).

The corresponding upper bound from [23] gives us the following result.

Corollary 3. The problem of concept satisfiability in SHI" and SHIQ" is
2ExpTime-complete (and so are all the standard reasoning problems).

Corollary 4. The problem of entailment for unions of conjunctive queries in
SHZ is 2ExpTime-complete already for queries with at most two variables.

Proof. By Lemma 1 the problem of knowledge base satiafiability in SHZ'' can
be reduced in polynomial time to the problem of non-entailment for a union of
conjunctive queries containing at most two variables. The matching 2ExpTime
upper bound follows from the results in [23]. O

6 SHOIF" is N2ExpTime-hard

For proving the lower bound of reasoning in SHOZF"', we use a reduction from
the double exponential domino tiling problem. We demonstrate how, by using
SHOIF" formulas, one can encode a 22" x 22" grid-like structure illustrated
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Fig.5. A doubly exponential grid structure (left) and a detailed picture corresponding
to the selected vertical slice in the grid (right)

in Figure 5. As in our tree-like structure in Figure 2 we will use four roles r},
rl, r2 and r? with alternating directions to create the grid. Roles r} and r}
induce horizontal edges and roles r2 and 72 induce vertical edges. The nodes of
the grid are also partitioned on even and odd in a similar way as before: the
odd nodes have only outgoing r-edges and the even nodes have only incoming
r-edges. In fact our grid structure in Figure 5 is obtained from the tree structure
in Figure 2 by merging the nodes that are reachable with the same number of
horizontal and vertical edges up to a certain level, that is the nodes having the
same “coordinates”. The key idea of our construction is that in SHOZF'' it is
possible to express doubly exponential counters for encoding the coordinates—a
similar technique has been recently used in [17] for proving N2ExpTime-hardness
of SROZQ. We use a pair of counters to encode the coordinates of the grid: the
counters are initialized in the origin O of the grid; the first counter is incremented
across horizontal edges and the second counter is incremented across the vertical
edges. We use nominals and inverse functional roles as in the hardness prove for
SHOZQ [21] to enforce the uniqueness of the nodes with the same coordinates.

To store the values of the counters we will use exponentially long v-chains
that grow from the nodes of the grid. The i*" element of the chain encodes the
i*™ bit of the horizontal counter using concept X and the i bit of the vertical
counter using concept Y (see the right part of Figure 2). We will use auxiliary



side h-chains like in our construction for SHZ'' to connect the corresponding
elements of the v-chains, which allows a proper incrementation of the counters.
In order to express the grid-like structure in Figure 5, we reuse all axioms
(10)—(36) that define r-, v-, and h-chains, and add axioms to deal with the new
counters and to merge the nodes with equal coordinates. First, we initialize both
counters for the origin of our grid using auxiliary concepts Z! and Z2:

ocznz* Z'C-Xnw.Zz' Z?°C-YnveZ? (53)

Next, we introduce two concepts X/ and Y/ which express that the correspond-
ing bit of the counter needs to be flipped in the successor value. Thus, the ending
bit of the counter should always be flipped, while any other bit of the counter
should be flipped if and only if the lower bit of the counter (accessible via v) is
flipped from 1 to 0:

ECxfny/ (54)
.(xnxHcx/ Jo.~(X N X7 C-x7 (55)
.y nyHcy/ .~y Ny c-y/ (56)

Additionally, we express that the values of X, Y, Xf, and Y7 agree across all
elements of the same h-chain:
X CVhX =X CVh.-X Y CVhY Y CVh.RY (57)
x'cvhnx! -x'cvh-x7 v/icvhy! -Y/Cvh-Y!S o (58)
Finally, we express when the bits are flipped and when they are not flipped
for the successor configurations using the property that the end elements of h-
chains are related to exactly the corresponding elements of the successor chains
via the roles p! and p?. The axioms are analogous to axioms (43) and (44) that
propagate the information to the successor configurations:
Q;nx’c
Q;N-X'C
Q;ny/C
Q;n-y’C

X NVl [=Qp11), U—X]) U (=X M V! [7Qpiy 1, U X])
X NVl [=Q11), U X)) U (=X MVp'.[Qj 1), U —X])
Y 1vp* [=Q113, U Y] U (2Y M2 [=Qp 41, U Y])

Y VP2 [~Q 411, UY]) U (RY M2 [=Q 1), U-Y])

The following formulas express that the counters are copied for other directions:

(
(
(
(

o~ o~ o~ o~

[-
[-
[-
[-

Q;C (XN sz'[jQ[jJrl]a UX))n(=Xn sz'[ﬁQ[iJrl]a U-X]) (63)
Q; T (Y NVp' [=Qpy41), UY]) M (2Y M1V [2Qli41), LY (64)

The following is an analog of Lemma 3 for doubly exponential counters:

Lemma 4. Let K be a knowledge base containing axioms (10)—(36), (51), and
(54)~(64), and T = (A%,-T) a model of K. Let z; ) € AT with 0 <i < 2" and
0<k<n,andyc AT be such that



— (1) iy € PjI for some j € {0,1,2}, z; 1 € H,T, (zix) =1,
— (x.2) there exist integers py and ¢ with 0 < p1,q1 < 22" such that zip € X7
iffpi[2" —ila =1 and z;p € Y2 iff 1[2" —i]2 =1,
— and either:
o (2.30) mi € 0dd*, (Ti0,Ti—10) € Vol when i > 1, (w; g, Tik_1) €
(ht)" when ikl = ¢ and k > 1, £ € 0,1, and either:
(x.30.1) (z0,0,y) € (r;)I, or (£.30.2) (x0,0,y) € (rg)z, or
o (z.3¢) zik € Even?, (Ti10,2i0) € v when i > 1, (xip-1,2Tix) €
(hf;e)z when ilklo =€ and k > 1, £ € 0,1, and either:
(x.3e.1) (y,x0,0) € (ri)z, or (x.3e.2) (y,xo,0) € (Tg)z

Then there exist elements y; 1, € AT with 0 < i< 2" and 0 < k < n, such
that yo,0 =y, and respectively:

— (y.1) yi € P[j+1]317 zix € By, Eyig) =1,

— (y.2) there exist integers pe and ga with 0 < pa,qa < 22" such that yir € X7
iff p22" —ila =1 and yip € YT iff @[2" — il =1,

— (y-3¢) yik € Even’, (yi_1.0,yi0) € ve’ when i > 1, (yix—1,vix) € (hf,)
when ilkla = ¢, k> 1, £ € {0,1}, and (z.30) holds, or

. z

— (y.30) yix € Odd*, (yio,yi—1.0) € vor when i > 1, (yig,yir—1) € (hL,)
when i[kle = £, k> 1, £ € {0,1}, and (z.3e) holds,

— (y4.1) po = p1 +1 mod 22" and g2 = q1 when (x.30.1) or (x.3e.1) holds,
and

— (y4.2) po =p1 and g2 = ¢1 + 1 mod 22" when (2.30.2) or (x.3¢€.2) holds.

T

Proof. We prove the lemma only for the case when conditions (z.30) and (z.30.1)
hold. All other cases are proved analogously.

First, we define yo,0 := y. Since 7 is a model of (18), (19), (10), and (51) from
the conditions (z.30.1), (z.1), and (2.30) we have (x00,¥0.0) € 7%, Yoo € Z7,
Yo,0 € Pyy1),”, and yoo € Even”. Since 7 is a model of (10), (11), (13), (14),
(20), and (21), it follows from Lemma 3 that there exist elements y; o € A
with 1 < ¢ < 2" such that y; o € Even?, (Yi-1,0,Yi.0) € veL, and ¢t (y;0) = i.
Furthermore, since Z is a model of (24)—(30), there exist elements y; € AT
with 1 <k < n such that y; € H,Z, Yik € Even?, A yir) =1, yix € P[j+1]3z,
and (Y k—1,Yik) € (hf;e)z when i[k]2 = ¢. Therefore we have proved the claims
(y.1) and (y3.e). It remains thus to prove the claims (y.2) and (y.4.1).

Obviously, it is possible to find integers pa, ga < 22" that satisfy claim (y.2).
We now prove that claim (y.4.1) holds for these integers. Since Z is a model of
(31), it is easy to show using (z.1) and (y.1) that z;,, € Q;* and i, € Q[j_H]SI
for every ¢ with 0 < i < 2™. Now using axioms (32)—(36), and properties (z.30)
and (y.3e), it is easy to show that (z; n,¥in) € (pl)I for p! = stm--.msk
and every 4 with 0 < i < 2". Since Z is a model of (54) and zan_1, € EZ, we
have xon_1 p € x/7 Furthermore, since Z is a model of (55), for every i with

1 < i < 2" we have z;_1,, € (Xf)I if and only if z;, € (XI_IXf)I. Since



Tin € QjI, Yin € Q[j+1]31’ and (X;n, Yin) € (pl)Z for every i with 0 <1i < 2",
using axioms (59) and (60) it is easy to show that p, = p; +1 mod 22", and
using axiom (64) it is easy to show that g2 = ¢1, what was required to prove in
(y.4.1). O

In order to avoid creating r-successors after the maximal values of the coun-
ters are reached, we replace axioms (16) and (17) with (65) and (66), which
express that the corresponding successor has to be created unless the highest bit
flips from 1 to 0:

Znoddc (XnxHuzHn((ynyHuzi (65)
ZMEvenC (X NXHuzrl"THnynyHuar2 T (66)

In order to merge the elements with the same coordinates, we first merge the
elements that have the maximal values for both counters:

znxnx/nynvy/ c {o} (67)

The preceding elements with the same coordinates are then merged by asserting
functionality of the roles 7! and 72 that are respective superroles of 71, 1™ 72,

and r2~ according to (18):
Func(r') Func(r?) (68)

Lemma 5. Let K be a knowledge base containing azioms (10)—(15), (18)—(36),
(51), and (53)—(68). Then for every model T = (A%,-T) of K and every x € OF,
there exist x4 € AT with 0 < p,q < 22" such that (i) © = xo,, (i1) whenp > 1,
then (Tp—1,q,Tpq) € (rl)I, and (ii1) when g > 1, then (xp q—1,%pq) € (7‘2)1.

Proof. By induction on p+¢ with 0 < p, ¢ < 22", we construct non-empty sets of
elements X, , C A% and prove that (1) for every z € X, , there exist elements
xi) with 0 < ¢ < 2" and 0 < k < n such that x90 = x and conditions (x.1),
(2.2), (x.30) (when p + ¢ is even), and (z.3e) (when p + ¢ is odd) of Lemma 4
hold; (2) if p > 1 then for every = € X,_1 4 there exists y € X, 4 such that

(x,y) € (rl)I, and, if ¢ > 1 then for every x € X, ;1 there exists y € X, ,

such that (z,y) € (r2)I. After that, we demonstrate that every set X, ; contains
exactly 1 element, which we define by ), ;. Then properties (i7) and (ii¢) of the
lemma will be consequences of property (2).

For the base case p = ¢ = 0, we set X := {z} for some = € OF that
is given by the condition of the lemma. Since 7 is a model of (15), we have
z € 0dd?, z € Py¥, and 2 € Z7. Since T is a model of (10), (11), (13), (14),
(20), and (21), it follows from Lemma 3 that there exist elements z; o € AT with
0 <4 < 2" such that zg,0 =z, z;0 € 0dd?, (2i0,Ti—1,0) € V,7 when i > 1, and
cI(zi0) = i. Furthermore, since Z is a model of (24)—(29), there exist elements
z;r € AT with 1 < k < n such that z; € H,Z, Tk € 0dd?, c(zix) =i, and

(@i ks Tif—1) € (hio)Z when i[k]2 = j. Therefore, condition (1) for the base case
holds. Condition (2) for the base case hols vacuously, since p = ¢ = 0.



For the induction step p+ ¢ > 0, we construct the set X, , provided we have
constructed the sets X,_1 4 if p > 1 and X, 41 if ¢ > 1. We first initialize X, 4
to the empty set, and then add new elements as described below.

If p > 1, by the induction hypothesis (1), for every element © € X,_1 4 there
exist elements x;; with 0 <7 < 2™ and 0 < k < n such that z¢0 = x and the
conditions (x.1), (z.2), (z.30) (when p—1+g¢ is even), and (x.3¢) (when p—14¢
is odd) of Lemma 4 hold. Since p— 1 < p < 22" there exists i with 0 < i < 2"
such that (p — 1)[2" — i]o = 0, and therefore, by property (z.2), x;0 ¢ XZT. If
i > 0 then since Z is a model of (21) and (55) using the conditions (x.30) (when
p— 14 qis even), and (x.3e) (when p — 1+ ¢ is odd) it is easy to show that
Zo,0 ¢ (Xf)I. Therefore z = x99 ¢ X2 N (Xf)I. Since Z is a model of (65) and

(66), there exists y € AT such that (z,y) € (ri)z (when p — 1+ ¢ is even) and

(y,x) € (r}))I (when p — 1+ ¢ is odd). We add the constructed element y to the
set X, 4. By applying Lemma 4 to z;; and y, we can show that condition (1)

for the constructed element y € X, , is satisfied. Note also that (z,y) € (rl)I
since 7 is a model of (18). Analogously, if ¢ > 1, for every element € X, 41,

we construct an element y € X, , such that (z,y) € (r2)I and condition (1) is
satisfied for y. After adding the respective elements y for all elements in X,_1 4
(when p > 1) and X, g—1 (when ¢ > 1), we have satisfied condition (2) for X, 4.
Note that since either p > 1 and X,_1 4 is non-empty, or ¢ > 1 and X, ;1 is
non-empty, the constructed set X, , is non-empty as well.

It remains therefore to prove that every set X, , with 0 <p, ¢ < 22" contains
exactly one element. First consider the set X,/ o for p/ = ¢ = 22" — 1. By
condition (1), for every element & € X,y o, there exist elements x; ) with 0 <
i < 2™ and 0 < k < n such that 29 = « and conditions (z.1), (z.2), (2.30)
(when p—1+gis even), and (x.3e) (when p—1+¢is odd) of Lemma 4 hold. Since
P =q =22" —1, we have p/[2" —i]s = ¢/[2" —i]y = 1 for every i with 0 < i < 2™,
and therefore, by property (z.2), we have ;0 € X% and y; 0 € X7 for every i
with 0 < ¢ < 2™. Since 7 is a model of (54)—(56), we have x¢, € (Xf)Z and
20,0 € (Yf)z. Since Z is a model of (10) we also have g o € ZZ. Therefore, since
T satisfies (67), we obtain that z = x99 = of. We have demonstrated that for
every x € X, o we have x = o?, and, consequently, X, ¢ contains at most one
element. Furthermore, since Z is a model of (68) and by condition (2) it follows
that every set X, , with p+ ¢ < p’ 4+ ¢ also contains at most one element. Since
every set X, , with 0 < p,q < 22" is non-empty, each of them contains exactly
one element which we define by z, 4. O

Our complexity result for SHOZF" is now obtained by a reduction from
the bounded domino tiling problem. A domino system is a triple D = (T, H, V),
where T = {1,...,k} is a finite set of tiles and H,V C T x T are horizontal and
vertical matching relations. A tiling of m x m for a domino system D with initial
condition @ = (t9,...,9), t? € T,1 < i < n, is a mapping ¢: {1,...,m} x
{1,...,m} — T such that (t(: — 1,75),t(3,5)) € H,1 <i < m,1 < j < m,
(0,5 —1),t(0,5) € ;1 <i<m,1<j<m,and t(i,1) =1 <i<n. It
is well known [30] that there exists a domino system Dy that is N2ExpTime-



complete for the following decision problem: given an initial condition c° of size
n, check if Dy admits the tiling of 22" x 22" for ¢°.

In order to encode the domino problem on our grid, we use new atomic
concepts 11, ..., Ty for the tiles of the domino system Dy. The following axioms
express that every element in our structure is assigned with a unique tile and
that it is not possible to have horizontal and vertical successors that do not agree
with the matching relations

TCTiU---UTy (69)
T,NT; L 1<i<j<d (70)
;NI T, C L (i,7) ¢ H (71)
T,N32T; C L (i,j) ¢V (72)
Finally, we express the initial condition of the grid:
O C Ty NVt (Tyg NVt (T MVr! (Ty 1.7 Ty ..))) (73)

Note that the size and the number of formulas that we have constructed is
polynomial in the size of . Since Dy is fixed, we obtain a polynomial reduction
from the doubly exponential domino tiling problem to the problem of SHOZF"
knowledge base satisfiability.

Theorem 3. Let ¥ be an initial condition of size n for the domino system Dy
and K a knowledge base consisting of axioms (10)—(15), (18)—(36), (51), and
(53)(73). Then Dy admits the tiling of 22" x 22" for ® if and only if O is
(finitely) satisfiable in K.

Proof. (=) Let t : 22" x 22" be a tiling for the domino system Do = (T, H, V)
with the initial condition c’. We use t to build a finite model Z = (AZ,-Z) of K
that satisfies O.

We define AT := {z, 4% | 0 < p,g < 22,0 < i <20 <k < n}.
The interpretation of the individual o is defined by of = Tgan _q 92n_y. The
interpretation of the concepts B;, Z, E, O, Odd, Even, P;, Q;, Hr, X, Y, X/,
Y/, Z', 72, E', E?, and T, are defined by:

= Bif = {2pqin | 0<p,g <2 iz =1,0<k<n},1<j<m
— OF ={z0,0,0,0},
Z* ={ap g0k | 0<pg<2¥,0 <k <n},
ET ={apgon 1k |0<p,qg<2¥,0<k<n};
— 0dd” = {24k | 0<p,g < 22", ptqiseven, 0 <k <nl,
Even” = {z, 4.1 |0<p,qg<2, p+qisodd, 0 <k <nl;
= P = {@pgin | 0 < pg <2, [p+4qls = 5,0 <i<2%,0<k<n},
0<j<2
= Qi = {Tpgin [0<p,g<2¥, p+qls =4, 0<i<2"},0<j <%
— Hy' = {2pqin | 0<p,g<2¥,0<i<2"},0< k<n;
— XT = {2y 4k | 0<p,g <22, p[2" —i]a=1,0<i< 2", 0< k< n};



— YT ={2pqik |0<p,g<2?, g2 —i]a=1,0<i<2", 0< k < n};

— (Xf)I = {$p,q,i,k | 0<pq< 22n,0 <i< 2"V > ip[?"—i/]g =1,0<
k<n};

— (Yf)z = {xp,qu | 0<pqg< 22n, 0<i<2™ Vi >4 q[2"—il]2 =1,0<
k<n};

12z 2\Z ; n
—(Z2Y) =(Z°) ={20,0,i0 | 0<i< 2"}
- TfI ={p.q00 | tlp+1,q+1) =1}

The roles 78, ri, %, r, vo, ve, v, by, hi._, h, t;, and s} are interpreted as follows:

T n n .
(Té) :{<xp 17q7007x107q700>|1§p<22 ,O§q<22 yDt+qis Odd}7
T n n .
(Té)l—:{<$pq00,$p 1q00>|1§p<22 ,O§q<22 ,p—l—qlsodd},
(r2)” = {{xp.g-1.00, Tp.g00) | 0 <p< 2?1 <q<2¥ p+qiseven},
A n n .
(r?) :{(quoo,qu 1.00) | 0<p<2?2",1<q<2? p+qiseven},
T Tz
()7 = ()70 () )
() = (2 U () )
= () U
(ve)fz{mw 1.0, Tp.gi0) |0 <p,g<2¥ p+qisodd, 1 <i< 2"},
(vo) {<33pq10,:1:p%1 1,0) |0 <np, g <22 p+qis even, 1<i<2my,
v? = (ve)" U ((vo) )
T n .
- (hlljce) {<‘T:D7q71,7€ 17$p7q7i,7€> | 0§p7q<22 ; p+qis odd,

0§Z<2n7 Z[k]QZJ}v ISkSTL,jE{O,l}
. v n .
(h1o) = {{@p.qikr Tp,gik-1) | 0 < pg < 2%, p+q is even,
ht = Uopqik—1:Tpgik) | 0 < pg < 22, 0<i<2" 1<k < n};
iinT T T T T
— ) = ()" u () Vwe? Vv U (k) U (hi,)

J'e{01} W Y U YD) 1<k <nie {12}, €01
Ulgk’gn,k’;ék[( o) Ulhy,) DT, 1<k <n,ie{l,2},j€{0,1},
i T iq T i\ — A .
= (%) =Ujepo (&) V(@) 7) L, 1<k <n,ie{1,2}.

Clearly Z satisfies the concept O and interprets th as transitive relations. It
is straightforward to check using the definition for the tiling problem that Z
satisfies all axioms (10)7(15), (18)7(36), (51), and (53)—(73). In particular, 7
satisfies axiom (59) for p' = sim---Msl and since {(x,y) € (pl)Z lzeQt ye
QU115 } € {Zp—1,00ms Tpgiin | 1 <p < 22,0< pg <2¥,0<i <2} by
the definition of @;* and (s k)I, and Tp—1,q,i,n € (Xf)I implies z,_1,4,in € X7
iff 2, 4.0 ¢ XT by definition of (Xf)I and X7, and by the properties of bit
coded numbers. T satisfies (69)(73) by the definition of 7,7, (r*)”, and (r2)”,

and since ¢ is a tiling for Dy for the initial condition c°.

(<) Let T = (A%, -2) be a model of K and z € O. By Lemma 5, there exist
T4 € AT with 0 < p,q < 22" that satisfy conditions (i)(44i) of Lemma 5. Let
us define a function ¢ : 22" x 22" — {1,... d} by setting t(i,j) = £ if and only



if 2;_1; 1 € T,/ for every i and j with 1 < i,5 < 22". This function is defined
correctly because 7 satisfies axioms (69) and (70). We demonstrate that ¢ is a
tiling for Do = (T, H, V') with the initial condition c°.

Since Z is a model of (73), 20 = z € OF and (zp_1,0,2p0) € (rl)I for
1 < p < 2" by Lemma 5, we have z, € (Ttgﬂ)z for every p with 0 < p < n,
and, therefore, ¢(i,1) = t? for each i with 1 < i < n by definition of ¢(i, j). Thus
t satisfies the initial condition .

In order to prove that ¢ satisfies the matching conditions H and V of Dy,
assume that t(i — 1,5) = 1 and (i, j) = £ for some i,j with 1 < i < 22" and
1< 7 < 2271' By definition Oft(j, k), we have Ti—2,j-1 € Tgll— and Ti—1,j—1 € Tbl—.
Since by condition (i¢) of Lemma 5, we have (x;_2 j_1,%i—1,j—1) € (rl)I and 7
is a model of (71), it is not possible that (¢1,¢2) ¢ H. Therefore (¢1,0s) € H,
which proves that ¢ satisfies the horizontal matching condition. Analogously,
using condition (#¢7) of Lemma 5 and axiom (72) we can show that ¢ satisfies the
vertical matching condition. ad

Corollary 5. The problem of (finite) concept satisfiability in the DL SHOZF"
is N2Exp Time-hard (and so are all the standard reasoning problems).

Proof. Since the 22" x 22" tiling problem for Dy with the initial condition is
N2ExpTime-complete, and by Theorem 3 this problem is reducible in polyno-
mial time to the problem of concept satisfiability in SHOZF'', the problem of
concept satisfiability in SHOZF'' is N2ExpTime-hard. Since all standard rea-
soning problems like knowledge base satisfiability, concept satisfiability, concept
non-subsumption and instance checking are inter-reducible in polynomial time
to each other, all these problems are also N2ExpTime-hard for SHOZF'". a

Corollary 6. The problem of entailment for unions of conjunctive queries in
SHOIF s co-N2ExpTime-hard already for queries with at most two variables.

Proof. The proof of Lemma 1 can be easily extended to SHOZF knowledge bases
where functional restrictions are not applied to role conjunctions. Since in our
reduction from the domino tiling problem we did not use functional restrictions
on role conjunctions, using the extended version of Lemma 1 and Theorem 3 it
is easy to show that tiling problem for Dy is reducible to the problem of non-
entailment for unions of conjunctive queries in SHOZF. Therefore, the letter
problem is N2ExpTime-hard. a

7 Conclusions

Our investigation of the computational complexity of DLs with role conjunctions
is motivated by the facts that (i) role constructors recently gained attention since
the upcoming OWL2 standard supports a much richer set of role constructors
and (ii) conjunctive query answering in a DL L is often (exponentially) reducible
to the knowledge base satisfiability problem for £ with role conjunctions (e.g.,
for SHZQ and SHOQ this is the case). We have shown that role conjunctions



cause an exponential blowup for the DLs SHZ" and SHOZF"". The main cul-
prit for this are inverse roles, which we show by proving ExpTime-completeness
of SHQ"'. The obtained complexity results for knowledge base satisfiability in
SHQ" and SHZQ" agree with the ones for conjunctive query entailment in
SHQ and SHZQ (the ExpTime upper bound for conjunctive queries in SHQ
has, to the best of our knowledge, only been shown for queries with simple roles
[31]). Tt remains an open question whether SHOZF'' is N2ExpTime-complete.
This is an interesting questions, since the decidability of conjunctive query en-
tailment in SHOZN and, thus, OWL DL is a long-standing open problem.
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