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Solutions to exercise sheet 1

Solution to Task 1.1 (Introduction to probability theory)

a) As all three coin tosses are independent, the probability for a specific result is the product of
the probabilities of three single coin tosses.

w; | Plw)|X|Y|XY
HHH | 3 |3 |1]| 3
HHT | 2 | 2|1/ 2
HTH | % |2 |1]| 2
HTT | 5+ |1|1] 1
THH | % |20/ 0
THT | 5 |1/0] 0
TTH | 5 | 1[0 0
TTT | & [0]0] 0
b)
Fr(@) = 2%5(3:) + ;—ifs(x 1+ 2%5@ —o)+ %5(:5 _3)
<)
X=0|X=1X=2|X=3|Y=f(y)
V=0 | 5 | 5 | 5 | 0
Y=1 | 0 | % | = | = 3
L=fx@) | % i i i

Institute of Communications Engineering, SS 2019 1



Exercises for Applied Information Theory

Prof. Dr.-Ing. Martin Bossert
ﬁgﬂ%’gﬁé&ggggg&%l( M.Sc. Jiongyue Xing/ M.Sc. Cornelia Ott

Solutions to exercise sheet 1

Solution to Task 1.2 (Conditional Probability, Statistical Independence)
A: Student passes the Channel Coding exam
B: Student passes the Applied Information Theory exam

P(A)=0.8
P(B) =0.85
P(BJA) = 0.95

a) P(AN B) "®” P(B|A)- P(A) = 0.95- 0.8 = 0.76
b) P(AUB) = P(A)+ P(B) — P(AN B) = 0.8+ 0.85 — 0.76 = 0.89

¢) P(A|B) "Z™ ELnD) — 016 ~ 8041

d) P(ANB)=0.76 # 0.8 -0.85 = P(A) - P(B) = not independent.

Solution to Task 1.3 (Total Probability)

A: Second ball is green

By : First ball is green, Bs: First ball is red, Bs: First ball is blue

Law of total probability:

P(A) = P(A|By) - P(B1) + P(A|B) - P(Bs) + P(A|Bs) - P(B3) = 17 - 15 +
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Solution to Task 1.4 (Expected value I)

E[X]=0-05+1-025+3-025=1

z | fx(x) =pi | —log, fx(z) | (z — E[X])*
0 0.5 1 1
1 0.25 2 0
3 0.25 2 4

E[fX(X)] =" fxl2) - fx(x) = 05-0.5+0.25 - 0.25 +0.25 - 0.25 = 0.375

T

E[— log(fX(X))} =~ fx(@)logy fx(x) =0.5- 1402524025 2 =15

T

Variance: E[(X = B[X])*| = (v = B[X])fx(2) = 1-0.540-025+4-0.25 = 1.5

xT
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Solution to Task 1.5 (Expected value II)

Recall: Ela-g1(X)+b-920X)] = aF[g1(X)]+ bE[ga(X)]

a)

Oxy

b) Z=X+Y:

E[(X — px)?]

E[X? = 2ux X + ]

E[X? - 2uxE[X] + p%

fixz — pix

El(X — pux)(Y — py)]

EIXY — uxY — py X + pxpiy]
EXY] = pxE[Y] = py E[X] + pxpy
Hxy — XMy

If X and Y are uncorrelated, then p1xy = pxpy according to a).

uUncorr.

Kz

7

e

E[Z] = E[X + Y]
E[X]+ E[Y]
Hx + py

E[(Z — uz)?
E(Z* = 2uzZ + i3]
VAR 2MZE[Z] + 1
2% -
E[(X + Y) | =1
fix> + 2pxy + py2 — (px + py)?
pixz — px + pye — [y + 2pxy — 2qix fy
fixz — [ + py2 — iy

Dj

2 2
ox + 0y
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Solution to Task 1.6 (Binomial distribution, Geometric distribution)

a) We use the binomial distribution
P(X =m) = (")p™(1 — p)"~™ (Probability for m successes in n runs)
X: Number of incorrectly transmitted bits

50
P(X =2) = ( ) > -0.01% - (1 — 0.01)"® ~ 0.0756
b) We again use binomial distribution.

P(X>1)=1-P(X =0)

P(X =0) = <500

P(X>1)=1-P(X =0)=1-0.6050 ~ 0.395

) -0.01° - (1 —0.01)* ~ 0.6050

9)
P(X >100) = (1-0.01)"%
= 0.99'%
0.3660
Alternative solution: We also can use the geometric distribution

P(X =m) = p(1 — p)™ (first success in run (m + 1) after m failures)
X: number of correctly transmitted bits before the first erroneous bit

P(X >100) = 1— P(X <99)

99
= 1-) P(X=
k=0
99
= 1-) (1-p*-p
k=0
* 1—(1—p)t®
© . 1=0=-p)
1-(1-p)
= 1-(1-(1-p)")
= 0.99'%
~ 0.3660
(x) Here, the geometrical sum is used:
1 — pntl

Zz ~— Vz# 1
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