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What is Coding Theory?

Communications Engineering

Sender Encoder Decoder Receiver
Channel
(5,2,3) (3,0,6,5,6) (3,0,6,1,6) (5,2,3)
information codeword received word information
v c r v
length & length n length n length &
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What is Codlng Theory? ? NACHRICHTENTECHNIK

Example: Code over [F;

c = (3,0,6,5,6)
+ e=(0,003,0)
r = (3,0,6,1,6)

e={i:e; #0} = {4}
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What is Coding Theory?

Parity Check Matrix H

Hr=0&<recC

Hr = H(c +e) =Hc+ He =0+ He = He
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Coding Theory and Machine Learning

e Coding Theory
minimize  ||€'||

subject to He' = He

o H Parity Check Matrix
e e Error

@ Machine Learning

minimize  ||x/|]

subject to Ax' = Ax

e A Sensing Matrix
e x Unknown Signal
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Outline

@ Hamming Metric
@ Reed-Solomon Codes
@ Interleaved Reed-Solomon Codes

© Rank Metric
@ Gabidulin Codes (Finite Field Case)
@ Gabidulin Codes (Characteristic Zero Case)
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Hamming Metric: Definition

Given:
@ Finite alphabet
o u= (ur,...,up) €F", v=_(v1,...,0,) € F"
Hamming weight:
o wt(u) = |{i: u; # 0}
Hamming distance:
o d(u,v)=|{i:u; #v} =wt(u—-v)
Example:
o u=(1,1,1,1), wt(u)
e v=(1,0,1,0), wt(v)
e d(u,v) =2

4
2
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Hamming Metric: Definition

Given:
@ Finite alphabet
o u= (ur,...,up) €F", v=_(v1,...,0,) € F"

Hamming weight:
o wt(u) = |{i: u; # 0}
Hamming distance:
o d(u,v)=|{i:u; #v} =wt(u—-v)
Hamming distance is metric:
@ d(u,v) >0and d(u,v) =0 u=v
e d(u,v) =d(v,u)
e d(u,v) <d(u,w)+d(w,v)
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Hamming Metric: Reed-Solomon Codes

Preparation:
o Finite field F
° ay,...,an €F, Vi#j:a; # o (s #0)
® f1,...,0, € F\ {0}

Example: n =5

o F;,={0,1,2,3,4,5,6}

e a; =3
ay=02=32=9=2 mod 7
a3=a3}=3"=27=6 mod 7
a4:o/11:34:8154 mod 7
as=a] =3>=243=5 mod 7
o fi=Pr=P3=P1=Ps=1
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Hamming Metric: Reed-Solomon Codes

Evaluation Code:
o f € Flz] with deg(f) < k

o RS[n, k] ={(B1f(ar),...,Bnf(om)) € F"}
e [n,k,d]-code with d =n — k+ 1 (MDS code)

@ Error detection capability:
d—1

@ Error correction capability:
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Hamming Metric: Reed-Solomon COdeS NACHRICHTENTECHNIK

Encoding:
o Information v = (vy,...,v) € F¥

@ Associated Polynomial

k-1

x) = Z Vi1t = v + vox + v3x® 4 - - + vt
i=0
e Codeword ¢ = (B1f(a1),-.., Bnf(an))

Example:
e Information v = (5,2,3) € F3
e Associated Polynomial f(z) =5 + 2z + 322

)
o Codeword ¢ = (f(3), f(2), £(6), f(4), f(5)) = (3,0,6,5,6)
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Hamming Metric: Reed-Solomon Codes

Decoding:
3 steps:
@ Interpolation
o Find interpolation polynomial r(x) with r(a;) = r;
@ Solve Key Equation

@ Retrieve information polynomial
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Hamming Metric: Reed-Solomon Codes

Decoding:
Components of the key equation:

@ Error locator polynomial
M) =] - )
i€e
@ Polynomial with code locators as roots

n

G(z) = H(w — )

i=1

e Interpolation polynomial r(z) with r(a;) = r;

@ Information polynomial f(z)
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Hamming Metric: Reed-Solomon Codes

Decoding:

Gao Key Equation

A(x)r(z) = Q(z) mod G(zx)
Additional requirement: deg(\) + (k — 1) > deg(v))

@ Where:
o Q) = Alw)/(x)

e ) some solution for A
e 1) some solution for €2

o Given:
o Interpolation polynomial r(z) with r(a;) =7,
o G(x) =IIimy(z — i)

o What we want:

o A(@) = [Lie (& — i)
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Hamming Metric: Reed-Solomon Codes

NACHRICHTENTECHNIK

Gao Key Equation
A(x)r(z) = Q(x) mod G(x)
Additional requirement: deg(\) + (k — 1) > deg(v))

Proof:
@ We use the following Theorem:
o f,heF[z], Ge€Fz]
o (f=h mod G) < (G(a) =0= f(a) =h(a))
o We show that A(z)r(x) and A(z)f(z) evaluate the same for
all roots of G:
o Case l: ¢; #0
Ala;) =0= A(x)r(x) =0 and A(z)f(z) =0
o Case 2: ¢, =0
r(ag) = fla) = ¢; = Az)e; = Az)e;
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Hamming Metric: Reed-Solomon Codes

Gao Key Equation
A(x)r(z) = Q(xz) mod G(x)
Additional requirement: deg(\) + (k — 1) > deg(v))

Example:
e c = (3,0,6,506), r=(3,06,1,6)
@ Solve key equation with any decoding algorithm (blackbox)
@ Decoding algorithm gives us:
o AMz)=5x+1
o Y(x)=a3+622+6x+5
@ Because the RHS of Gao’s key equation has the structure
1 = Af, we have:
o f(z) =42 =54 2+ 322

= ¥ =
o v=(523)
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Hamming Metric: Interleaved RS Codes

@ Cp,...,Cs (not necessarily distinct) Reed-Solomon Codes of
length n and dimensions k1, ..., ks

Ci
oIRS[s;n,kl,...,ks]:{c: 5 :cie(?i,izl,...,s}
Cs
@ Encoding: Encoding of s simple Reed-Solomon codes

@ Decoding: Decode every codeword separately or use key
equation for IRS-codes

@ Note: RS codes are special case of IRS codes with s =1
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Hamming Metric: IRS Codes

Decoding:

Key Equation

A(z)re(z) = A(z) fr(z) mod G(z)
Additional requirements: deg(\) + (kt — 1) > deg(v)

@ Where:

e )\ a solution for A
e ; a solution for A f;

o Given:
o 7:(z) (interpolation polynomials with 7 (c;) = r4,)
o G(z)=[[,(z —a;)

@ What we want:

o A(x) =[Lico(z — )
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Rank Metric: Motivation

Random Linear Network Coding

source

Sven Miielich Rank Metric in Coding Theory 23



Ulm University Communications Engineering

Rank Metric: Pre pa ration TGHHTETECHNK

Field extension: F, — F,n

A =ext(a), a=ext }(A)
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Rank Metric: Definition s

a= (ao,a1 ,an_l), b= (bo,bl .. -7bn—l) S Fgm

Rank weight:
wtyi(a) = rank(ext(a)) = rank(A)

Rank distance:
dyi(a,b) := wt,(a—b) = rank(ext(a) —ext(b)) = rank(A —B)

Rank distance is metric
e rank(A —B) >0 and rank(A-B)=0< A =B
e rank(A —B) = rank(B — A)
e rank(A — C) < rank(A — B) 4+ rank(B — C)
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Rank Metric: Gabidulin Codes (Finite Fields)

Linearized Polynomials:

n
% 0 1 2 n
a(x) = E a;z? = apx? + a1x? + agz? + -+ apa?
=0

@ a; [ qu

o degy(a(z)) = max{i: a; # 0}
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Rank Metric: Gabidulin Codes (Finite Fields)

n
a(x) = Z aix? = apz? + a1z’ + aga?® + - + apz?
i=0
Operations on linearized polynomials:
@ Addition: componentwise
e Multiplication: a(z) ® b(x) = a(b(z))
o Evaluation for Element v:

n

a(v) = Z a?

=0
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Rank Metric: Gab|du||n Codes (F|n|te FleldS) T ucRaHTERTECHNK

n
a(x) = Z aiz? = apz? + a1z? + asx® + -+ + apa?
=0
Properties of linearized polynomials:
@ Non-commutative ring
o degq(a) = logq(deg(a))
o a(Az + py) = Aa(x) + paly) for A\, p € Fy, z,y € Fym
°

Roots of linearized polynomials are subspace of F;m over Iy
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Rank Metric: Gabidulin Codes (Finite Fields) Tgnomon

Gabidulin Codes:
o Delsarte (1978), Gabidulin (1985), Roth (1991)

Definition:

o Let g1,...,9n € Fym, linearly independent over Fj,

Gabln, k] = { (f(91);-- -, f(gn)) € Fym : degq(f) < k }

Recall Reed Solomon Codes:

® ai,...,op € Fy, all nonzero and «; # a;
o RS ={(f(a1),..., f(an)) € Fy : deg(f) < k}
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Rank Metric: Gabidulin Codes (Finite Fields)

Minimal Subspace Polynomial:

° 9:{9177971}
o

Mg =[] (@=-a)

ae(9)

@ Equivalence modulo Minimal Subspace Polynomial

(Vu € Fgm : Mg(u) =0= f(u) =g(u)) = f=g mod Mg
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Rank Metric: Gabidulin Codes (Finite Fields) TuomoEron

Error Span Polynomial

E = s EmXn Am><t . Bt><n

o O =
o O O
O O =

rank(E) = rank(A) = rank(B) = ¢

e=crt ' (AB) = ext ' (A)B = aB

a=(ay,...,a)
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Rank Metric: Gabidulin Codes (Finite Fields)

Interpolation

° 9 = {917"'7971}
@ Received word r = (r1,...,7y)
] LZ($) = Mg\gi
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Rank Metric: Gabidulin Codes (Finite Fields) omarETOY

Gao-like Key Equation
A(F(z) — f(z)) =0 mod M;g

Proof: LHS and RHS evaluate the same for all roots of Mg
A(ﬂz Ligi) — f(z ﬁin’)) = A(Zﬁz’f(gi) - Z&‘f(%))
i=1 ' ‘ i=1

= > SLA(F(g:) — f ZH A(ri — ¢;)
i=1

= ZHIA(&) = ZHZA<Z Bjﬂlj)
i=1 i=1 j=1

= Z HiA(Bl,ial —+ ... Bt,iat)

i=1
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Rank Metric: Gabidulin Codes (Finite Fields)

Transformed Gao-like Key Equation
A(F(z)) = A(f(z)) mod Mg
Additional requirement: degy(\) + (k — 1) > degq (1)

Proof: LHS and RHS evaluate the same for all roots of Mg
A(f-(ZHigi>> = A<f<ZHigi)> mod Mg
i=1 i=1
A(ZH#(gﬁ) = A(ZHJ(gﬂ) mod Mg
i=1 i=1

> Aih(R(g:) =D LiA(f(9i) mod Mg
i=1 i=1
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Rank Metric: Gabidulin Codes (Finite Fields) Tgnomon

Transformed Gao-like Key Equation

A(7(z)) = A(f(z)) mod Mg
Additional requirement: deg,(\) + (k — 1) > degq ()

Proof (cont’d):
@ We show that A(z)(7(x)) and A(z)(f(z)) evaluate the same
for all g;'s:

o Casel: ¢, =0
A(f(g:)) = Mei) = A(ri) = A(7(g:))
o Case 2: ¢; 0 .
A(R(gi)) = A(r) = A(cs +e5) = A(ci + Zl Bi,jaj>

=)+ A( X Bradla)) = Me) = A(F(@0)
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Rank Metric: Gabidulin Codes (Finite Fields)

Retrieving the information polynomial

ML= "t Af=Xt N f=Ff
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Rank Metric: Gabidulin Codes (Char. Zero)

Motivation: Space-Time Coding
@ Improve reliability of MIMO systems

1 —\( >< L Y1
Sender Receiver
€2 —\( L Y2

y1 = hi1z1 + higzo + 19

y2 = ho121 + hooxa + N2

Sven Miielich Rank Metric in Coding Theory 39



Ulm University Communications Engineering

Rank Metric: Gab|du||n Codes (Char_ ZerO) NACHRICHTENTECHNIK

Characteristic Zero Case:
@ Algebraic Field extension K < L of finite degree m
e Automorphism: 0 € Gal(K — L) of order n < Gal(K — L)

o #-Polynomials:

P(z) =Y ab'(z) = af’(z) + a10"(x) + - - + an0"(x)
=0

a; €L
degyg(P(z)) = max{i: a; # 0}
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Rank Metric: Gabidulin Codes (Char. Zero) Tgnormmon

= Z ait (x) = aph’(z) + a10* (z) + - - - + a0 (2)

Operations on 6-polynomials:

A= Zazﬁi(x), B = ijﬁj(x)
=0 =0

max{n,m}

A + B = Z ((Ii + bl)el(l’)

1=0

Zaﬂ’ b0 (z) = A(B(X))
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Rank Metric: Gabidulin Codes (Char. Zero)

x) = Z a;if' () = apf’(x) + a10(z) + - - - + a,0"(z)

Properties of 6-Polynomials:

@ non-commutative integral domain with unit °(z) = 1

o Also left and right euclidean ring
o Let AABe L[X;0],a,be L, \,pe K
o A(da + b) = M(a) + A(b)

o (AB)(a) = A(B(a)) ,
o 0/(Aa -+ pb) = A0 (a) + ub (b)
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Rank Metric: Gabidulin Codes (Char. Zero)

0 6:L —L

o z+— xf

e O(x) = x4

0 02(z) = (#)7 = 299 = g9’
o 03(x) = ((29)7)7 = 27"

o P(x) = Yy aiti(v)

= agﬁogm) + al?l(:n) + (21292(1‘) + - 4 ap™(x)
= apr? + a12? +agx? + -+ apad

Sven Miielich Rank Metric in Coding Theory 43



Ulm University Communications Engineering

Rank Metric: Gabidulin Codes (Char. Zero)

Finding a Key-Equation for the Characteristic Zero case:

Minimal Subspace Polynomial
Modulo Equivalence
Interpolation Polynomial
Error Span Polynomial A

Key Equation
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Rank Metric: Gabidulin Codes (Char. Zero)

Minimal Subspace Polynomial':

o V= {(v1), dim(V) =1 where vy # 0

My(@) =0 (@) - g0 )

@ Create such a polynomial

o for V.={v1,...,v;41} of dimension i + 1
e assuming that we have already one for vectorspace
V' ={v1,...,v;} of dimension i:

O(My(vit1))

My(z) = (91(:5)  Myi(vip)

90(1’)) - My (z).

!Daniel Augot (INRIA), Pierre Loidreau, Gwezheneg Robert (Univ. Rennes)
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Rank Metric: Gabidulin Codes (Char. Zero) T amorrecm

Modulo Equivalence:

o Let f,g, My € Lx; 0] with My being some minimal subspace
polynomial over U.

o If Yue U f(u) = g(u) and My (u) =0, it holds, that f = ¢
mod My,.
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Rank Metric: Gabidulin Codes (Char. Zero)

Interpolation Polynomial?:

Given:
© §={g1,...,9n} code locators of some Gabidulin code
o r=(ry,...,r,) € L™ the received word.

There exists a unique monic #-polynomial 7 of degree n — 1 such
that 7#(g;) = ri:

v . My (z)
" ; "My (9:) ()

2Daniel Augot (INRIA), Pierre Loidreau, Gwezheneg Robert (Univ. Rennes)
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Rank Metric: Gabidulin Codes (Char. Zero)

Error Span Polynomial A:

@ Full rank decomposition of matrices holds for arbitrary fields

@ We can use the error span polynomial of the finite field case
directly

A(l‘) = M(a> = M(a17...7at) - H (:L' — a)

ac(a)
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Rank Metric: Gabidulin Codes (Char. Zero) omarETOY

Key Equation:

Gao-like Key Equation (Char. Zero)
A(F(z) — f(z)) =0 mod Mg

Transformed Gao-like Key Equation

A((z)) = A(f(z)) mod M;
Additional requirement: degg(\) + (k — 1) > degg(v;)

Proof: analogue to finite field case
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