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What is Coding Theory? A NACHRICHTENTECHNIK

Sender Encoder
Channel

Decoder Receiver

(5,2,3) (3,0,6,5,6) (3,0,6,1,6) (5,2,3)

information codeword received word information

v c r v

length k length n length n length k
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What is Coding Theory? A NACHRICHTENTECHNIK

Example: Code over F7

c = (3,0,6,5,6)
+ e = (0,0,0,3,0)

r = (3,0,6,1,6)

ε = {i : ei 6= 0} = {4}

Sven Müelich Rank Metric in Coding Theory 3



Ulm University Communications Engineering

What is Coding Theory? A NACHRICHTENTECHNIK

Parity Check Matrix H

Hr = 0⇔ r ∈ C

Hr = H(c + e) = Hc + He = 0 + He = He
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Coding Theory and Machine Learning A NACHRICHTENTECHNIK

Coding Theory

minimize ||e′||
subject to He′ = He

H Parity Check Matrix
e Error

Machine Learning

minimize ||x′||
subject to Ax′ = Ax

A Sensing Matrix
x Unknown Signal
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Outline A NACHRICHTENTECHNIK

1 Hamming Metric
Reed-Solomon Codes
Interleaved Reed-Solomon Codes

2 Rank Metric
Gabidulin Codes (Finite Field Case)
Gabidulin Codes (Characteristic Zero Case)
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Hamming Metric: Definition A NACHRICHTENTECHNIK

Given:

Finite alphabet F
u = (u1, . . . , un) ∈ Fn, v = (v1, . . . , vn) ∈ Fn

Hamming weight:

wt(u) = |{i : ui 6= 0}|
Hamming distance:

d(u,v) = |{i : ui 6= vi}| = wt(u− v)

Example:

u = (1, 1, 1, 1), wt(u) = 4

v = (1, 0, 1, 0), wt(v) = 2

d(u,v) = 2
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Hamming Metric: Definition A NACHRICHTENTECHNIK

Given:

Finite alphabet F
u = (u1, . . . , un) ∈ Fn, v = (v1, . . . , vn) ∈ Fn

Hamming weight:

wt(u) = |{i : ui 6= 0}|
Hamming distance:

d(u,v) = |{i : ui 6= vi}| = wt(u− v)

Hamming distance is metric:

d(u,v) ≥ 0 and d(u,v) = 0⇔ u = v

d(u,v) = d(v,u)

d(u,v) ≤ d(u,w) + d(w,v)
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Preparation:

Finite field F
α1, . . . , αn ∈ F, ∀i 6= j : αi 6= αj (αi 6= 0)

β1, . . . , βn ∈ F \ {0}

Example: n = 5

F7 = {0, 1, 2, 3, 4, 5, 6}
α1 = 3

α2 = α2
1 = 32 = 9 ≡ 2 mod 7

α3 = α3
1 = 33 = 27 ≡ 6 mod 7

α4 = α4
1 = 34 = 81 ≡ 4 mod 7

α5 = α5
1 = 35 = 243 ≡ 5 mod 7

β1 = β2 = β3 = β4 = β5 = 1
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Evaluation Code:

f ∈ F[x] with deg(f) < k

RS[n, k] = {(β1f(α1), . . . , βnf(αn)) ∈ Fn}
[n, k, d]-code with d = n− k + 1 (MDS code)

Error detection capability:

d− 1

Error correction capability:⌊
d− 1

2

⌋
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Encoding:

Information v = (v1, . . . , vk) ∈ Fk

Associated Polynomial

f(x) =

k−1∑
i=0

vi+1x
i = v1 + v2x+ v3x

2 + · · ·+ vkx
k−1

Codeword c = (β1f(α1), . . . , βnf(αn))

Example:

Information v = (5, 2, 3) ∈ F3
7

Associated Polynomial f(x) = 5 + 2x+ 3x2

Codeword c = (f(3), f(2), f(6), f(4), f(5)) = (3, 0, 6, 5, 6)
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Decoding:
3 steps:

Interpolation

Find interpolation polynomial r(x) with r(αi) = ri

Solve Key Equation

Retrieve information polynomial
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Decoding:
Components of the key equation:

Error locator polynomial

Λ(x) =
∏
i∈ε

(x− αi)

Polynomial with code locators as roots

G(x) =
n∏
i=1

(x− αi)

Interpolation polynomial r(x) with r(αi) = ri

Information polynomial f(x)
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Decoding:

Gao Key Equation

Λ(x)r(x) ≡ Ω(x) mod G(x)
Additional requirement: deg(λ) + (k − 1) ≥ deg(ψ)

Where:

Ω(x) = Λ(x)f(x)
λ some solution for Λ
ψ some solution for Ω

Given:

Interpolation polynomial r(x) with r(αi) = ri
G(x) =

∏n
i=1(x− αi)

What we want:

Λ(x) =
∏
i∈ε(x− αi)
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Gao Key Equation

Λ(x)r(x) ≡ Ω(x) mod G(x)
Additional requirement: deg(λ) + (k − 1) ≥ deg(ψ)

Proof:

We use the following Theorem:

f, h ∈ F[x], G ∈ F[x]
(f ≡ h mod G) ⇐⇒ (G(α) = 0⇒ f(α) = h(α))

We show that Λ(x)r(x) and Λ(x)f(x) evaluate the same for
all roots of G:

Case 1: ei 6= 0
Λ(αi) = 0⇒ Λ(x)r(x) = 0 and Λ(x)f(x) = 0
Case 2: ei = 0
r(αi) = f(αi) = ci ⇒ Λ(x)ci = Λ(x)ci
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Hamming Metric: Reed-Solomon Codes A NACHRICHTENTECHNIK

Gao Key Equation

Λ(x)r(x) ≡ Ω(x) mod G(x)
Additional requirement: deg(λ) + (k − 1) ≥ deg(ψ)

Example:

c = (3,0,6,5,6), r = (3,0,6,1,6)

Solve key equation with any decoding algorithm (blackbox)

Decoding algorithm gives us:

λ(x) = 5x+ 1
ψ(x) = x3 + 6x2 + 6x+ 5

Because the RHS of Gao’s key equation has the structure
ψ = λf , we have:

f(x) = ψ(x)
λ(x) = 5 + 2x+ 3x2

v = (5, 2, 3)
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Hamming Metric: Interleaved RS Codes A NACHRICHTENTECHNIK

C1, . . . ,Cs (not necessarily distinct) Reed-Solomon Codes of
length n and dimensions k1, . . . , ks

IRS[s;n, k1, . . . , ks] =

{
c =

c1
...
cs

 : ci ∈ Ci, i = 1, . . . , s

}
Encoding: Encoding of s simple Reed-Solomon codes

Decoding: Decode every codeword separately or use key
equation for IRS-codes

Note: RS codes are special case of IRS codes with s = 1
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Hamming Metric: IRS Codes A NACHRICHTENTECHNIK

Decoding:

Key Equation

Λ(x)rt(x) ≡ Λ(x)ft(x) mod G(x)
Additional requirements: deg(λ) + (kt − 1) ≥ deg(ψi)

Where:

λ a solution for Λ
ψt a solution for Λft

Given:

rt(x) (interpolation polynomials with rt(αi) = rti)
G(x) =

∏n
i=1(x− αi)

What we want:

Λ(x) =
∏
i∈ε(x− αi)
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Rank Metric: Motivation A NACHRICHTENTECHNIK

Random Linear Network Coding

source

sink

error
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Rank Metric: Preparation A NACHRICHTENTECHNIK

Field extension: Fq ↪→ Fqm

A = ext(a), a = ext−1(A)
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Rank Metric: Definition A NACHRICHTENTECHNIK

a = (a0, a1 . . . , an−1), b = (b0, b1 . . . , bn−1) ∈ Fnqm

Rank weight:
wtrk(a) := rank(ext(a)) = rank(A)

Rank distance:
drk(a,b) := wtrk(a−b) = rank(ext(a)−ext(b)) = rank(A−B)

Rank distance is metric

rank(A−B) ≥ 0 and rank(A−B) = 0⇔ A = B

rank(A−B) = rank(B−A)

rank(A−C) ≤ rank(A−B) + rank(B−C)
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Linearized Polynomials:

a(x) =

n∑
i=0

aix
qi = a0x

q0 + a1x
q1 + a2x

q2 + · · ·+ anx
qn

ai ∈ Fqm

degq(a(x)) = max{i : ai 6= 0}
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

a(x) =

n∑
i=0

aix
qi = a0x

q0 + a1x
q1 + a2x

q2 + · · ·+ anx
qn

Operations on linearized polynomials:

Addition: componentwise

Multiplication: a(x)⊗ b(x) = a(b(x))

Evaluation for Element v:

a(v) =

n∑
i=0

aiv
qi

Sven Müelich Rank Metric in Coding Theory 28



Ulm University Communications Engineering

Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

a(x) =

n∑
i=0

aix
qi = a0x

q0 + a1x
q1 + a2x

q2 + · · ·+ anx
qn

Properties of linearized polynomials:

Non-commutative ring

degq(a) = logq(deg(a))

a(λx+ µy) = λa(x) + µa(y) for λ, µ ∈ Fq, x, y ∈ Fqm
Roots of linearized polynomials are subspace of Fqm over Fq

Sven Müelich Rank Metric in Coding Theory 29



Ulm University Communications Engineering

Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Gabidulin Codes:

Delsarte (1978), Gabidulin (1985), Roth (1991)

Definition:

Let g1, . . . , gn ∈ Fqm , linearly independent over Fq

Gab[n, k] = { (f(g1), . . . , f(gn)) ∈ Fnqm : degq(f) < k }

Recall Reed Solomon Codes:

α1, . . . , αn ∈ Fq, all nonzero and αi 6= αj

RS = {(f(α1), . . . , f(αn)) ∈ Fnq : deg(f) < k}
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Minimal Subspace Polynomial:

G = {g1, . . . , gn}

MG =
∏
α∈〈G〉

(x− α)

Equivalence modulo Minimal Subspace Polynomial

(∀u ∈ Fqm : MG(u) = 0⇒ f(u) = g(u))⇒ f ≡ g mod MG
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Error Span Polynomial

E =

1 0 1
0 0 0
0 0 0

 −→ Em×n = Am×t ·Bt×n

rank(E) = rank(A) = rank(B) = t

e = ext−1(AB) = ext−1(A)B = aB

a = (a1, . . . , at)

Λ(x) = M〈a〉 = M〈a1,··· ,at〉 =
∏
α∈〈a〉

(x− α)
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Interpolation

G = {g1, . . . , gn}
Received word r = (r1, . . . , rn)

Li(x) = MG\gi

r̂ =
n∑
i=1

ri
Li(x)

Li(gi)

r̂(gi) = ri as

Li(gj)

Li(gi)
=

{
1 if i = j

0 else
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Gao-like Key Equation

Λ(r̂(x)− f(x)) ≡ 0 mod MG

Proof: LHS and RHS evaluate the same for all roots of MG

Λ

(
r̂(

n∑
i=1

Rigi)− f(

n∑
i=1

Rigi)

)
= Λ

( n∑
i=1

Rir̂(gi)−
n∑
i=1

Rif(gi)

)

=

n∑
i=1

RiΛ(r̂(gi)− f(gi)) =

n∑
i=1

RiΛ(ri − ci)

=

n∑
i=1

RiΛ(ei) =

n∑
i=1

RiΛ

( t∑
j=1

Bj,iaj

)

=

n∑
i=1

RiΛ(B1,ia1 + . . . Bt,iat)
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Transformed Gao-like Key Equation

Λ(r̂(x)) ≡ Λ(f(x)) mod MG

Additional requirement: degq(λ) + (k − 1) ≥ degq(ψi)

Proof: LHS and RHS evaluate the same for all roots of MG

Λ

(
r̂

( n∑
i=1

Rigi

))
≡ Λ

(
f

( n∑
i=1

Rigi)

)
mod MG

Λ

( n∑
i=1

Rir̂(gi)

)
≡ Λ

( n∑
i=1

Rif(gi)

)
mod MG

n∑
i=1

RiΛ(r̂(gi)) ≡
n∑
i=1

RiΛ(f(gi)) mod MG
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Transformed Gao-like Key Equation

Λ(r̂(x)) ≡ Λ(f(x)) mod MG

Additional requirement: degq(λ) + (k − 1) ≥ degq(ψi)

Proof (cont’d):
We show that Λ(x)(r̂(x)) and Λ(x)(f(x)) evaluate the same
for all gi’s:

Case 1: ei = 0

Λ(f(gi)) = Λ(ci) = Λ(ri) = Λ(r̂(gi))

Case 2: ei 6= 0

Λ(r̂(gi)) = Λ(ri) = Λ(ci + ei) = Λ

(
ci +

t∑
j=1

Bi,jaj

)

= Λ(ci) + Λ

( t∑
j=1

Bj,iΛ(aj)

)
= Λ(ci) = Λ(f(gi))
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Rank Metric: Gabidulin Codes (Finite Fields) A NACHRICHTENTECHNIK

Retrieving the information polynomial

λ−1 · ψ = λ−1 · Λf = λ−1 · λ · f = f
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Motivation: Space-Time Coding

Improve reliability of MIMO systems

Sender
x1

x2

y1

y2

Receiver

y1 = h11x1 + h12x2 + n1

y2 = h21x1 + h22x2 + n2
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Characteristic Zero Case:

Algebraic Field extension K ↪→ L of finite degree m

Automorphism: θ ∈ Gal(K ↪→ L) of order n ≤ Gal(K ↪→ L)

θ-Polynomials:

P (x) =

n∑
i=0

aiθ
i(x) = a0θ

0(x) + a1θ
1(x) + · · ·+ anθ

n(x)

ai ∈ L
degθ(P (x)) = max{i : ai 6= 0}
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

P (x) =

n∑
i=0

aiθ
i(x) = a0θ

0(x) + a1θ
1(x) + · · ·+ anθ

n(x)

Operations on θ-polynomials:

A =

n∑
i=0

aiθ
i(x), B =

m∑
j=0

bjθ
j(x)

A+B =

max{n,m}∑
i=0

(ai + bi)θ
i(x)

A ·B =
∑
i,j

aiθ
i(bj)θ

i+j(x) = A(B(X))
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

P (x) =

n∑
i=0

aiθ
i(x) = a0θ

0(x) + a1θ
1(x) + · · ·+ anθ

n(x)

Properties of θ-Polynomials:

non-commutative integral domain with unit θ0(x) = 1

Also left and right euclidean ring

Let A,B ∈ L[X; θ], a, b ∈ L, λ, µ ∈ K
A(λa+ b) = λA(a) +A(b)
(AB)(a) = A(B(a))
θi(λa+ µb) = λθi(a) + µθi(b)
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Linearized Polynomials as a special case of θ-polynomials:

θ : L −→ L
x 7−→ xq

θ(x) = xq

θ2(x) = (xq)q = xq·q = xq
2

θ3(x) = ((xq)q)q = xq
3

. . .

P (x) =
∑n

i=0 aiθ
i(x)

= a0θ
0(x) + a1θ

1(x) + a2θ
2(x) + · · ·+ anθ

n(x)
= a0x

q0 + a1x
q1 + a2x

q2 + · · ·+ anx
qn
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Finding a Key-Equation for the Characteristic Zero case:

Minimal Subspace Polynomial

Modulo Equivalence

Interpolation Polynomial

Error Span Polynomial Λ

Key Equation
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Minimal Subspace Polynomial1:

V = 〈v1〉, dim(V ) = 1 where v1 6= 0

MV (x) = θ1(x)− θ(v1)

v1
θ0(x)

Create such a polynomial

for V = {v1, . . . , vi+1} of dimension i+ 1
assuming that we have already one for vectorspace
V ′ = {v1, . . . , vi} of dimension i:

MV (x) =

(
θ1(x)− θ(MV ′(vi+1))

MV ′(vi+1)
θ0(x)

)
·MV ′(x).

1Daniel Augot (INRIA), Pierre Loidreau, Gwezheneg Robert (Univ. Rennes)
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Modulo Equivalence:

Let f ,g, MU ∈ L[x; θ] with MU being some minimal subspace
polynomial over U.

If ∀u ∈ U f(u) = g(u) and MU(u) = 0, it holds, that f ≡ g
mod MU.
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Interpolation Polynomial2:
Given:

G = {g1, . . . , gn} code locators of some Gabidulin code

r = (r1, . . . , rn) ∈ Ln the received word.

There exists a unique monic θ-polynomial r̂ of degree n− 1 such
that r̂(gi) = ri:

r̂ =

n∑
i=1

ri
MV (x)

MV ′(gi)
(1)

2Daniel Augot (INRIA), Pierre Loidreau, Gwezheneg Robert (Univ. Rennes)
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Error Span Polynomial Λ:

Full rank decomposition of matrices holds for arbitrary fields

We can use the error span polynomial of the finite field case
directly

Λ(x) = M〈a〉 = M〈a1,··· ,at〉 =
∏
α∈〈a〉

(x− α)
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Rank Metric: Gabidulin Codes (Char. Zero) A NACHRICHTENTECHNIK

Key Equation:

Gao-like Key Equation (Char. Zero)

Λ(r̂(x)− f(x)) ≡ 0 mod MG

Transformed Gao-like Key Equation

Λ(r̂(x)) ≡ Λ(f(x)) mod MG

Additional requirement: degθ(λ) + (k − 1) ≥ degθ(ψi)

Proof: analogue to finite field case
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