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Preliminaries of the Sum-Rank Metric Codes in Sum-Rank-Metric

® F,~ Extension Field of F,
®m Codelength n = n - £ splitted into £ blocks, each of size n
® Linear Code C C Fy.. subspace of dimension k

c=[c | e | ... | e J€F

e]FZm

C=[C | Co | ... | C |eFmxn

eFy*T
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Preliminaries of the Sum-Rank Metric Codes in Sum-Rank-Metric

® F,~ Extension Field of F,
®m Codelength n = n - £ splitted into £ blocks, each of size n
® Linear Code C C Fy.. subspace of dimension k

c=[c | e | ... | e J€F

e]FZm

C=[C | Co | ... | C |eFmxn

eFy X
¢-sum-rank weight/distance:
wtsr(c) = Zle tky, (C;) < £- ]
~~

:=min{m,n}

dsre(e, ) =wtsr(c— )
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Preliminaries of the Sum-Rank Metric Relation between the different metrics

Relation between sum-rank weight and Hamming weight

For x € [Fym it holds that Wtspb’g(x) < WtSR’n(ZL').
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Preliminaries of the Sum-Rank Metric Relation between the different metrics

Relation between sum-rank weight and Hamming weight

For x € [Fym it holds that Wtspb’g(x) < WtSR’n(ZL').

Proof: & = [z1]...|x¢] € Fym with wtspn(z) =n -t
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Preliminaries of the Sum-Rank Metric Relation between the different metrics

Relation between sum-rank weight and Hamming weight

For x € [Fym it holds that Wtspb’g(x) < WtSR’n(ZL').

Proof: & = [z1]...|x¢] € Fym With wtspp(z) =n—t=n—t1+...+n—1
where Zle t; = t and each x; has t; zero entries.
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Preliminaries of the Sum-Rank Metric Relation between the different metrics

Relation between sum-rank weight and Hamming weight

For x € [Fym it holds that WtSRyg(x) < WtSRm(ZL').

Proof: & = [z1]...|x¢] € Fym With wtspp(z) =n—t=n—t1+...+n—1
where Zle t; = t and each x; has t; zero entries.

For the sum-rank weight one gets wtsp¢(x) = S, rk, (@) <

Y min{m, g —ti} < 3 (0 i) =n—t = wisg.a(x).
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For z € Fym it holds that WtSRyl(ZC) < Wts&g(ﬂ?).
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Preliminaries of the Sum-Rank Metric Relation between the different metrics

Relation between sum-rank weight and rank weight

For z € Fym it holds that WtSRyl(ZC) < Wts&g(ﬂ?).

Proof: Assume w.l.o.g.n < mandletwtgp/(x) =t =t + ... + t, (i.e, each
x; has t; F-linearly independent columns for i € {1,... ¢})
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Preliminaries of the Sum-Rank Metric Relation between the different metrics

Relation between sum-rank weight and rank weight

For z € Fym it holds that WtSR’l(ZC) < Wts&g(ﬂ?).

Proof: Assume w.l.o.g.n < mandletwtgp/(x) =t =t + ... + t, (i.e, each
x; has t; F-linearly independent columns for i € {1,... ¢})

= x has at most ¢ F,-linearly independent columns in the union of all blocks,
which corresponds to the rank weight of x.
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Spheres and Balls in Sum-Rank-Metric

LetT € Z>owith0 <7 </-pandx € Fgm. A sphere in sum-rank metric
with radius 7 and center x is defined as

Se(x,7) = {y € Fm | dsre(, y) = 7}.
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Spheres and Balls in Sum-Rank-Metric

LetT € Zsowith0 <7 </-pandx € Iﬁ‘gm. A sphere in sum-rank metric
with radius 7 and center x is defined as

Se(x,7) = {y € Fm | dsre(, y) = 7}

Analogously, we define a ball of sum-rank radius 7 with center x by

Be(z,7) = U]y Se(z, ).
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Spheres and Balls in Sum-Rank-Metric

LetT € Zsowith0 <7 </-pandx € Iﬁ‘gm. A sphere in sum-rank metric
with radius 7 and center x is defined as

Se(x,7) = {y € Fm | dsre(, y) = 7}

Analogously, we define a ball of sum-rank radius 7 with center x by

Be(z,7) = U]y Se(z, ).

We also define the following cardinalities:

Vols, (1) = [{y € Fym | wtsre(y) = 7},

VOlBe (7‘) = 22:0 VOng (Z)
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Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric

The number of m x n matrices over [F,, for a given rank t < min{m, n} is

n _ .
NMy(n,m,t) == [t] i@ = ¢
q

-—1_1 denotes the g-Gaussian

(see e.g., [MMOO04]), where [ﬂ =TI, qn;ii

binomial coefficient, which is defined by the number of ¢t-dimensional
subspaces of Fy.
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Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric

The set of ordered partitions with bounded number of bounded terms is

Thop = {t =t ] | S =t At < u,w} .

Its cardinality corresponds to the number of possibilities how to partition the
sum-rank weight ¢ of a vector into ¢ blocks of at most rank x. By common
combinatorial methods, we obtain (see also [Rat08, Lemma 1.1])

L)

|Te0ul = Z (—1)i(f) (He_t:(fﬂrl)i) < (tj{zl)‘

=0
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Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric

Example:t =5, 4 =4,0=3

75,34 ‘= {t = [tl,tg,tg] | Z?:l t, =5At < 4,Vi} .
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1+2+2=5
2+14+2=5
2+24+1=5

Example:t =5, 4 =4,0=3

75,34 ‘= {t = [tl,tg,tg] | Z?:l t, =5At < 4,Vi} .

1+1+3=5
1+3+1=5
3+1+1=5

0+4+1=5
4+0+1=5
4+14+0=5
1+4+0=5
1+0+4=5
0+1+4=5
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Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric

2+3+0=5
2+0+3=5
0+2+3=5
3+2+0=5
3+0+2=5
0+3+2=5




Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric

Example:t =5, 4 =4,0=3

75,34 ‘= {t = [tl,tg,tg] | Z?:l t, =5At < 4,Vi} .

1+2+2=5 1+1+3=5 0+4+1=5 2+3+0=5
2+14+2=5 1+3+1=5 4+0+1=5 2+0+3=5
2+24+1=5 3+1+1=5 4+14+0=5 0+2+3=5
1+4+0=5 3+2+0=5
1+0+4=5 3+0+2=5
0+1+4=5 0+3+2=5

il 1

= 3 CDOE ) =S O = () -3G) = 50 -3

=0 =0

I
—
&0

m
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Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric
Volume of Spheres and Balls in Sum-Rank-Metric

/
VOlSé (t) = Z H NMq (777 m, tl)
=1

P
SV
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Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric

Volume of Spheres and Balls in Sum-Rank-Metric

Volg,(t) = > HNM (n,m, t;)

t= [tla a5 } -
SV

Volg, () Z > HNM (m,m, ti)

J=0t=[t1,...,ts] i=1
ETj 0,

Universitat Ulm, Institut fir Nachrichtentechnik, TUM, Lehr- und Forschungseinheit fiir Nachrichtentechnik



Spheres and Balls in Sum-Rank-Metric Volume of a single Ball in the Sum-Rank Metric

Volume of Spheres and Balls in Sum-Rank-Metric

l

Vols, (t) = Z H NM,(n, m, t;)

(e te] i1
SV

¢ ¢
VolBe(t):z Z HNMq(n,m,ti)

=0 t=fiarte] i=1
ETj 0,

Vols, (t) can be computed with complexity O (¢2¢® + ¢d(m + ) log(q)) using
the efficient algorithm for computing Vols, in [PRR22, Theorem 6 and
Algorithm 1].
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Spheres and Balls in Sum-Rank-Metric Bounds on the Volume of a single Sum-Rank Ball
Upper Bound

Vols, (p) < <€ —Zf; 1) 7Lq?™ =% [PRR20, Theorem 5].

Since Volg, (p) = ZZ’:O Vols, (p') < pVols, (p) for p > 1, this gives an upper
bound on Volg, (p).

Lower Bound [OPB21, Lemma 2]

Volg, (t) > Vols, (t) > ¢m+7= =5 .4,
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Spheres and Balls in Sum-Rank Metric Intersection of two Sum-Rank balls

We can define the volume of the intersection of two balls

|Be(x1,71) N By(x2, 72)| independently of their centers but only dependent
on their radii 7, 75 and the distance § := dgp ¢(x1, 2) between their
respective centers as follows:

Volz, (71, 72,0) = [{y € Fym|wtsre(y) < 71 Adsre(y, d) < 72},

where d € [ arbitrary but fix with wtgre(d) = 0. Obviously if 6 > 71 + 79,
then Volz, (11,72,0) = 0.
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Spheres and Balls in Sum-Rank Metric volume of the Intersection of two Balls in rank metric

In [GY09] the number of vectors lying in the intersection of two spheres in
the rank metric of radii v and s and distance ¢ between their centers was
derived, that is

J(u, s,t,n,m)
B Yoo NMg(n, m, i) Ky (i, n, m) Ky (i, n, m)KCy (i, n, m)
- g™ NM,(n, m,t)

9

where K;(i,n,m) is a g-Krawtchouk polynomial (see [Del76]) and defined as

J

(i,m,m) :Z Jllm—i—]l) [Z:;] [nl—z] )
q q
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Spheres and Balls in Sum-Rank Metric volume of the Intersection of two Balls in rank metric

Moreover the cardinality of all vectors lying in the intersection of two balls
with rank metric radii u and s and distance ¢ between their centers was given
in [GY09],

Z(u,s,t,n,m) = i ij(i,j,t, n,m).

i=0 j=0
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Spheres and Balls in Sum-Rank Metric Volume of the Intersection of two sum-rank Balls

New Result

Let u, s, t be positive integers such that u + s > t. The number of vectors
v € Fym lying in the intersection of two balls with sum-rank radii v and s and
sum-rank distance ¢ between their centers is

Volz, (u, s,t) =

¢
Z Z Z HI(UhSz‘,ti,n, m).

u=[u1,...,up] $=[s1,...,8¢] t=[t1,...,t¢] =1
STu, b, ETs,8,n €Tt
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Spheres and Balls in Sum-Rank Metric Volume of the Intersection of two Balls: Special case 1

New Result
Let x,y € Fym such thatdsg(x,y) = é. Then

Volz, (,6,1,6) =[By(x,,6) N Be(y, 1|

SR
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Spheres and Balls in Sum-Rank Metric Volume of the Intersection of two Balls: Special case 2

New Result
Letz,y € Fym such that dsg(z,y) = d then

VOIIZ(V? o — 7 ) = |BZ( 57) N Bf(ya 0 — A'/)|

- ¥ 3y 8]

Z
[51a 754] Y= [A/b 772} i=1
E€T5,0,1 €Ty,0,6

for0 <~y <.

! np
<,
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Application: Covering Problem

Problem

Find the minimum number of sum-rank balls By(z, p) of radius p (with x € Fym)
that cover the space Fy.. entirely. We denote this cardinality by Ksr ¢(Fgm , p).
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Lower Bounds for the Sphere Covering Problem

Sphere Covering Bound

For the minimum cardinality of a code C C Fy with sum-rank covering
radius 0 < p < - £ the following inequality holds:

mn

q

T Kopo(E ).
Volg, (7) = sr,(Egm, p)

Simplified Sphere Covering Bound [OLWZ22, Theorem 4]

For 0 < p < - ¢ the following inequality holds:

qmn—p(m+n—%) )

———— < Ksre(Fgm,p
lHp—1 A\Egms

p- (U2
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Lower Bounds for the Sphere Covering Problem

Theorem [OLWZ22, Theorem 6]

Let0 < p < p-£and0 <k < [loggm(Ksr,e(Fym,p))] then

1
>
a VOlBg(p) - VOIZg(PaPaIM - %k)

. (qm” — ¢"™Volz, (p, p, ul — %k‘) + Volz, (p, p, pt — %k’ +1)

Ksre(Fgm, p)

k K’ k-1
: Zk':max{l,n—2gp+1}(q " =gl )m)>
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Conclusion

= WtSRJ(CC) < WtSR’g(:ZZ) < WtSRm(:B) forx € ]F‘gm
m exact Volume of a Ball in sum-rank metric
— Bounds on the Volume of a sum-rank Ball
NEW m exact Volume of the Intersection of two balls in sum-rank metric
® two special cases
m Application: Bounds on the Covering Problem

Universitdt Ulm, Institut far Nachrichtentechnik, TUM, Lehr- und Forschungseinheit fiir Nachrichtentechnik



References

[Del76] Philippe Delsarte.
Properties and applications of the recurrence f(i+1,k+1,n+1)=q"k+1f(i,k+1,n)-q “kf(i k,n).
SIAM Journal on Applied Mathematics, 31(2):262-270, 1976.

[GY09] Maximilien Gadouleau and Zhiyuan Yan.
Bounds on covering codes with the rank metric.
IEEE Communications Letters, 13(9):691-693, 2009.

[MMOO04] Theresa Migler, Kent E Morrison, and Mitchell Ogle.
Weight and rank of matrices over finite fields.
arXiv preprint math/0403314, 2004.

[OLWZ22] Cornelia Ott, Hedongliang Liu, and Antonia Wachter-Zeh.
Covering properties of sum-rank metric codes.
pages 1-7,2022.

[OPB21] Cornelia Ott, Sven Puchinger, and Martin Bossert.
Bounds and genericity of sum-rank-metric codes.
pages 119-124, 2021.

[PRR20]  Sven Puchinger, Julian Renner, and Johan Rosenkilde.
Generic Decoding in the Sum-Rank Metric.
arXiv preprint arXiv:2001.04812, 2020.

[PRR22]  Sven Puchinger, Julian Renner, and Johan Rosenkilde.
Generic Decoding in the Sum-Rank Metric.
IEEE Transactions on Information Theory, 2022.

[Rat08]  Joel Ratsaby.
Estimate of the number of restricted integer-partitions.
Applicable Analysis and Discrete Mathematics, pages 222-233, 2008.

iversitat Ulm, Institut fir Nachrichtentechni r- und Forschungseinheit fur Nachri



	Preliminaries of the Sum-Rank Metric
	Spheres and Balls in Sum-Rank Metric
	Volume of Spheres and Balls
	Bounds on the Volume of a Ball
	Intersection of two Balls
	Volume of the Intersection of two Balls
	Volume of the Intersection of two Balls: two special cases

	Application: Covering Problem
	Conclusion
	References

