theory ULSC
imports Main

begin

class mult = times
begin
notation
times (infixl - 70) and
times (infixl ; 70)
end
class neg = uminus
begin

no-notation
uminus (— - [81] 80)

notation
uminus (— - [80] 80)

end
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context order

begin

definition

isotone :: (a = 'a) = bool

where isotone f — Vzy .z <y — f(z) < f(y))

definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition
definition

is-fizpoint it ("a = 'a) = 'a = bool where is-fizpoint fzeflz)==2

1s-prefizpoint 2 ('la = 'a) = 'a = bool where is-prefizpoint fz o f(z) <z

1s-postfizpoint it ('la = 'a) = 'a = bool where is-postfizpoint fz o f(z) >a

is-least-fizpoint 2 ('la = 'a) = 'a = bool where is-least-fizpoint fz o f(z)==2 (Vy Jly) =y —z<y)
is-greatest-fizpoint 2 ('la = ’'a) = 'a = bool where is-greatest-fizpoint  fz — f(z) =z ANy .fly) =y -z >1y)
is-least-prefizpoint (e = 'a) = '‘a = bool where is-least-prefizpoint  fz < f(z) <z /\ My . f(y) < y —z < y)
is-greatest-postfizpoint :: (‘a = 'a) = 'a = bool where is-greatest-postfizpoint fz «— f(z) > 2z A Ny . f(y) >y — x> y)
has-fixpoint it ('a = 'a) = bool where has-fizpoint f < 3z . is-fizpoint f x)

has-prefizpoint 2 ('a = 'a) = bool where has-prefizpoint f < 3z . is-prefizpoint f z)

has-postfixpoint 2 ('a = 'a) = bool where has-postfizpoint [ < 3z . is-postfixpoint f x)

has-least-fizpoint :: (‘a = 'a) = bool where has-least-fizpoint f < 3z . is-least-fixpoint f z)
has-greatest-fizpoint it ('a = 'a) = bool where has-greatest-fizpoint  f < (I z . is-greatest-fizpoint f x)
has-least-prefizpoint 2 ('a = 'a) = bool where has-least-prefitpoint  f < (3 . is-least-prefizpoint f x)

has-greatest- postﬁxpomt ('a = 'a) é bool where has-greatest-postfixpoint f «— (I . is-greatest-postfixpoint f )

the-least-fizpoint it ('la = 'a) = 'a (u - [201] 200) where o f = (THE z . is-least-fizpoint f )

the-greatest-fizpoint  :: ('a = ‘a) = 'a (v - [201] 200) where v f = (THE x . is-greatest-fizpoint f )

the-least-prefixpoint i (la= ) = 'a (pp - [201] 200) where pu f = (THE z . is-least-prefizpoint f z)
/

the-greatest-postfizxpoint :: ('a = ‘a) = 'a (pv - [201] 200) where pv f = (THE z . is-greatest-postfizpoint f )

lemma least-firpoint-unique: has-least-fixpoint f — (3z . is-least-fizpoint f x)
by (smt antisym has-least-fixpoint-def is-least-fizpoint-def)

lemma greatest-firpoint-unique: has-greatest-fixpoint f — (3z . is-greatest-firpoint f x)
by (smt antisym has-greatest-fizpoint-def is-greatest-fizpoint-def )

lemma least-prefizpoint-unique: has-least-prefizpoint f — (3lz . is-least-prefixpoint f x)
by (smt antisym has-least-prefizpoint-def is-least-prefizpoint-def)

lemma greatest-postfizpoint-unique: has-greatest-postfixpoint f — (Ilz . is-greatest-postfizpoint f x)
by (smt antisym has-greatest-postfizpoint-def is-greatest-postfizpoint-def)

lemma least-fizpoint: has-least-fizpoint f — is-least-fixpoint f (u f)

proof

assume has-least-fixpoint f

hence is-least-fizpoint f (THE x . is-least-fixpoint f z)
by (smt least-fizpoint-unique thel ")

thus is-least-fizpoint f (u f)
by (simp add: is-least-fixpoint-def the-least-fizpoint-def)

qged



lemma greatest-fizpoint: has-greatest-fizpoint f — is-greatest-fizpoint f (v f)
proof
assume has-greatest-fizrpoint f
hence is-greatest-fizpoint f (THE z . is-greatest-fixpoint f )
by (smt greatest-fizpoint-unique thel’)
thus is-greatest-fixpoint f (v f)
by (simp add: is-greatest-fixpoint-def the-greatest-fizpoint-def)
qed

lemma least-prefizpoint: has-least-prefizpoint f — is-least-prefizpoint f (pu f)
proof
assume has-least-prefixpoint f
hence is-least-prefizpoint f (THE z . is-least-prefizpoint f x)
by (smt least-prefizpoint-unique thel”)
thus is-least-prefizpoint f (pu f)
by (simp add: is-least-prefizpoint-def the-least-prefixpoint-def)
qed

lemma greatest-postfizpoint: has-greatest-postfizpoint f — is-greatest-postfizpoint f (pv f)
proof
assume has-greatest-postfixpoint f
hence is-greatest-postfizpoint f (THE z . is-greatest-postfizpoint f x)
by (smt greatest-postfizpoint-unique thel ")
thus is-greatest-postfizpoint f (pv f)
by (simp add: is-greatest-postfizpoint-def the-greatest-postfizpoint-def)
qed

lemma least-fizpoint-same: is-least-fixpoint fxr — z = pu f
by (metis least-fizpoint least-fizpoint-unique has-least-fizpoint-def)

lemma greatest-fizpoint-same: is-greatest-fixpoint fr — z = v f
by (metis greatest-fizpoint greatest-fizpoint-unique has-greatest-fixpoint-def )

lemma least-prefizrpoint-same: is-least-prefizpoint fr — © = pu f
by (metis least-prefizpoint least-prefizpoint-unique has-least-prefizpoint-def)

lemma greatest-postfirpoint-same: is-greatest-postfizpoint f t — x = pv f
by (metis greatest-postfizpoint greatest-postfizpoint-unique has-greatest-postfizpoint-def)

lemma least-fizpoint-char: is-least-fixrpoint f x < has-least-fixpoint f N © = pu f
by (metis least-fizpoint-same has-least-fixpoint-def )

lemma least-prefizrpoint-char: is-least-prefizpoint f x < has-least-prefixrpoint f N x = pu f
by (metis least-prefizpoint-same has-least-prefizpoint-def)

lemma greatest-fizpoint-char: is-greatest-firpoint f x < has-greatest-fixpoint f N x = v f
by (metis greatest-fizpoint-same has-greatest-fixpoint-def )



lemma greatest-postfizrpoint-char: is-greatest-postfixpoint f x < has-greatest-postfizpoint f N x = pv f
by (metis greatest-postfixpoint-same has-greatest-postfizpoint-def )

lemma least-prefizpoint-fizpoint: has-least-prefizpoint f A isotone f — is-least-fizpoint f (pu f)
by (smt eq-iff is-least-fizpoint-def is-least-prefizpoint-def isotone-def least-prefizpoint)

lemma pmu-mu: has-least-prefizpoint f A isotone f — pu f = p f
by (smt has-least-fizpoint-def is-least-fizpoint-def least-fixpoint-unique least-prefixpoint-fizpoint least-fixpoint)

definition lifted-less-eq :: (‘a = ‘a) = (‘a = 'a) = bool ((- << -) [51, 51] 50)
where [ << g < (Vz . [(z) < g(x))

lemma lifted-reflezive: f = g — f << g
by (metis lifted-less-eq-def order-refl)

lemma lifted-transitive: f << g N g << h — f << h
by (smt lifted-less-eq-def order-trans)

lemma lifted-antisymmetric: f << gNg<<f—-f=g
by (metis antisym ext lifted-less-eq-def)

lemma pmu-isotone: has-least-prefixzpoint f A has-least-prefizpoint g N f << g — pu f < pu g
by (smt is-least-prefizpoint-def least-prefixpoint lifted-less-eq-def order-trans)

lemma mu-isotone: has-least-prefizpoint f A has-least-prefizpoint g N isotone f N isotone g N f << g—pnf<pug
by (metis pmu-isotone pmu-mu)

lemma greatest-postfixpoint-fizpoint: has-greatest-postfizpoint f A isotone f — is-greatest-firpoint f (pv f)
by (smt eg-iff is-greatest-fizpoint-def is-greatest-postfixpoint-def isotone-def greatest-postfixpoint)

lemma pnu-nu: has-greatest-postfizpoint f A isotone f — pv f = v f
by (smt has-greatest-fixpoint-def is-greatest-fizpoint-def greatest-fizpoint-unique greatest-postfixpoint-fixpoint greatest-fixpoint)

lemma pnu-isotone: has-greatest-postfizpoint f A has-greatest-postfizpoint g N f << g —pv f < pr g
by (smt is-greatest-postfirpoint-def lifted-less-eq-def order-trans greatest-postfixpoint)

lemma nu-isotone: has-greatest-postfixrpoint f N has-greatest-postfixzpoint g A isotone f A isotone g N f << g—-v f<vyg
by (metis pnu-isotone pnu-nu)

lemma mu-square: isotone f A has-least-firpoint f A has-least-fixpoint (f o f) — p f = p (f o f)
by (metis antisym is-least-fizpoint-def isotone-def least-fixpoint-char least-fizpoint-unique o-apply)

lemma nu-square: isotone f A has-greatest-fixzpoint f A has-greatest-fizpoint (f o f) > v f=v (f o f)
by (metis antisym is-greatest-fizpoint-def isotone-def greatest-fizpoint-char greatest-fizpoint-unique o-apply)

lemma mu-roll: isotone g A has-least-fixpoint (f o g) A has-least-fixpoint (g o f) — u (go f) = glu (f o g))



apply (rule impl, rule antisym)
apply (smt is-least-fizpoint-def least-fixpoint o-apply)
by (smt is-least-fixpoint-def isotone-def least-fixpoint o-apply)

lemma nu-roll: isotone g A has-greatest-fizpoint (f o g) A has-greatest-fizpoint (g o f) — v (g o f) = g(v (f o g))
apply (rule impl, rule antisym)
apply (smt is-greatest-fizpoint-def greatest-fizpoint isotone-def o-apply)
by (smt is-greatest-fixpoint-def greatest-fizpoint o-apply)

lemma mu-below-nu: has-least-fixpoint f N has-greatest-firpoint f — p f < v f
by (metis is-greatest-fizpoint-def is-least-fixpoint-def least-fizpoint greatest-fizpoint)

lemma pmu-below-pnu-fix: has-fixpoint f A has-least-prefixpoint f N has-greatest-postfixpoint f — pu f < pv f
by (smt has-fixpoint-def is-fixpoint-def is-greatest-postfizrpoint-def is-least-prefizpoint-def le-less order-trans least-prefixpoint greatest-postfixpoint)

lemma pmu-below-pnu-iso: isotone f A has-least-prefizpoint f A has-greatest-postfizrpoint f — pu f < pv f
by (metis has-fizpoint-def is-fizpoint-def is-least-fixpoint-def least-prefixpoint-fizpoint pmu-below-pnu-fix)

definition galois :: ('a = 'a) = ('a = 'a) = bool
where galois lu — (Vzy . l(z) <y <z < u(y))

lemma galois-char: galois lu — (Vz . z < u(l(z))) A (Vz . l(u(z)) < z) A isotone | A isotone u
apply (rule iffI)
apply (smt galois-def isotone-def order-refl order-trans)
by (metis galois-def isotone-def order-trans)

lemma galois-closure: galois v — I(z) = l(u(l(z))) A u(z) = u(l(u(x)))
by (smt antisym galois-char isotone-def)

lemma mu-fusion-1: galois | u A isotone h A has-least-prefizpoint g A has-least-fizpoint h A 1(g(u(p h))) < h(l(u(p h))) — l(pp g) < p h
proof
assume 1: galois | u A isotone h A has-least-prefizpoint g A has-least-fizpoint h A I(g(u(p h))) < h(l(u(p h)))
hence {(u(p b)) < p h
by (metis galois-char)
hence g(u(p h)) < u(p h) using 1
by (smt galois-def least-fizpoint-same least-fixpoint-unique is-least-fixpoint-def isotone-def order-trans)
thus I(pp g) < p h using 1
by (metis galois-def least-prefixpoint is-least-prefizpoint-def)
qed

lemma mu-fusion-2: galois | u A isotone h A has-least-prefizpoint g N has-least-fizpoint h A lo g << hol — l(ppg) < uh
by (metis lifted-less-eq-def mu-fusion-1 o-apply)

lemma mu-fusion-equal-1: galois I u A isotone g A isotone h A has-least-prefizpoint g A has-least-fizpoint h A I(g(u(p b)) < h(I(u(p h))) A l(g(pu g)) = h(l(pu g)) — p h = l(pp g) A

wh =1 g)
by (metis antisym least-fizpoint least-prefizpoint-fizpoint is-least-fizpoint-def mu-fusion-1 pmu-mu)



lemma mu-fusion-equal-2: galois | u A isotone h A has-least-prefizpoint g A has-least-prefizpoint h A 1(g(u(p h))) < h(l(u(p h))) A l(g(pu g)) = h(l(pn g)) — pu h = l(pu g) A p h =

l(pp g)
by (smt antisym galois-char least-fizpoint-char least-prefixpoint least-prefizpoint-fixpoint is-least-prefixpoint-def isotone-def mu-fusion-1)

lemma mu-fusion-equal-3: galois | u A isotone g A isotone h A has-least-prefizpoint g A has-least-fizpoint h Alo g=hol — uh=1pug) ANuph=1ug)
by (smt mu-fusion-equal-1 o-apply order-refl)

lemma mu-fusion-equal-4: galois | u A isotone h A has-least-prefizpoint g A has-least-prefizpoint h A'lo g=hol — puh =1(pu g) AN ph=1pu g)
by (smt mu-fusion-equal-2 o-apply order-refl)

lemma nu-fusion-1: galois | u A isotone h A has-greatest-postfixpoint g A has-greatest-fizpoint b A h(u(l(v h))) < u(g(l(v h))) — v h < u(pv g)
proof
assume 1: galois | u A isotone h A has-greatest-postfizpoint g N has-greatest-fizpoint h A h(u(l(v h))) < u(g(i(v h)))
hence v h < u(i(v h))
by (metis galois-char)
hence I(v h) < g(I(v h)) using 1
by (smt galois-def greatest-fizpoint-same greatest-fizpoint-unique is-greatest-fizpoint-def isotone-def order-trans)
thus v b < u(pv ¢) using I
by (metis galois-def greatest-postfizpoint is-greatest-postfizpoint-def)
qed

lemma nu-fusion-2: galois | u A isotone h A has-greatest-postfixpoint g N\ has-greatest-fizpoint h A h o u << uwo g — v h < u(pr g)
by (metis lifted-less-eq-def nu-fusion-1 o-apply)

lemma nu-fusion-equal-1: galois | uw A isotone g A isotone h A has-greatest-postfizpoint g A has-greatest-fizpoint b A h(u(l(v h))) < u(g(l(v h))) A h(u(pv g)) = u(g(pv g)) — v h =

ulpv g) A v b= u(v g)
by (metis antisym greatest-fizpoint greatest-postfizpoint-fizpoint is-greatest-firpoint-def nu-fusion-1 pnu-nu)

lemma nu-fusion-equal-2: galois I u A isotone h A has-greatest-postfizpoint g A has-greatest-postfizpoint b A h(u(l(v h))) < u(g(i(v h))) A h(u(pv g)) = u(g(pv g)) — pv b = u(pv g) A

v h=u(pv g)
by (smt antisym galois-char greatest-fizpoint-char greatest-postfizpoint greatest-postfizpoint-fizpoint is-greatest-postfizpoint-def isotone-def nu-fusion-1)

lemma nu-fusion-equal-3: galois [ u A isotone g A isotone h A has-greatest-postfizpoint g A has-greatest-fixzpoint h A hou =uwog—v h=ulprg) ANvh=ulvg)
by (metis nu-fusion-equal-1 o-apply order-refl)

lemma nu-fusion-equal-4: galois [ u A isotone h A has-greatest-postfizpoint g A has-greatest-postfizpoint h AN hou =uo g — pv h = u(pr g) Av h = u(pv g)
by (smt nu-fusion-equal-2 o-apply order-refl)

lemma mu-exchange-1: galois [ u A isotone g A isotone h A has-least-prefixpoint (I o h) A has-least-prefixzpoint (h o g) A has-least-fizpoint (g o h) Nlohog<<gohol— u(loh)<

(g o h)
by (smt galois-char is-least-prefizpoint-def isotone-def least-fixpoint-char least-prefizpoint least-prefizpoint-fixpoint mu-fusion-2 mu-roll o-apply o-assoc)

lemma mu-exchange-2: galois 1 u A isotone g A isotone h A has-least-prefizpoint (I o h) A has-least-prefizpoint (h o 1) A has-least-prefizpoint (h o g) A has-least-fizpoint (g o h) A
has-least-fizpoint (h o g) Nlohog<<gohol— puhol)<u(hoyg)

by (smt galois-char isotone-def least-fixpoint-char least-prefixpoint-fizrpoint mu-exchange-1 mu-roll o-apply)

lemma mu-exchange-equal: galois I u A galois k t A isotone h A has-least-prefixpoint (I o h) A has-least-prefizpoint (h o 1) A has-least-prefizpoint (k o h) A has-least-prefizpoint (h o k) A



lohok=kohol— pu(lloh)=pulkoh)Auhol) =pulhok)
by (smt antisym galois-char isotone-def least-fizpoint-char least-prefizpoint-fizpoint lifted-reflexive mu-exchange-1 mu-exchange-2 o-apply)

lemma nu-exchange-1: galois l u A isotone g A isotone h A has-greatest-postfizpoint (u o h) A has-greatest-postfizpoint (h o g) A has-greatest-fizpoint (g o h) Ngohou<<wuohog
— u(g o h) < v(uoh)
by (smt galois-char is-greatest-postfizpoint-def isotone-def greatest-firpoint-char greatest-postfixpoint greatest-postfixpoint-fizpoint nu-fusion-2 nu-roll o-apply o-assoc)

lemma nu-exchange-2: galois | u A isotone g A isotone h A has-greatest-postfixpoint (u o h) A has-greatest-postfizpoint (h o u) A has-greatest-postfizpoint (h o g) N has-greatest-fizpoint
(g o h) A has-greatest-fizpoint (h o g) ANgohou<<uohog—v(hog) <v(houw)
by (smt galois-char isotone-def greatest-fizpoint-char greatest-postfizpoint-fizpoint nu-exchange-1 nu-roll o-apply)

lemma nu-exchange-equal: galois lu A galois k t A isotone h A has-greatest-postfizpoint (u o h) A has-greatest-postfizpoint (h o u) A has-greatest-postfizpoint (t o h) A has-greatest-postfizpoint
(hot)yNuohot=tohou—v(uoh)=v(toh)Av(hou)=v(hot)
by (smt antisym galois-char isotone-def greatest-fizpoint-char greatest-postfizpoint-fixpoint lifted-reflexive nu-exchange-1 nu-exchange-2 o-apply)

lemma mu-commute-fixpoint-1: isotone f A has-least-fizpoint (f o g) A f o g = g o f — is-fizpoint f (u(f o g))
by (metis is-fizpoint-def mu-roll)

lemma mu-commute-fixpoint-2: isotone g A has-least-fizpoint (f o g) A f o g = g o f — is-fizpoint g (u(f o g))
by (metis is-fizpoint-def mu-roll)

lemma mu-commute-least-fizpoint: isotone f A isotone g A has-least-fixzpoint f A has-least-fizpoint g A has-least-fizpoint (f o g) Nfog=gof — (ufog)=pf—-ng<pf)
by (metis is-least-fizpoint-def least-fixpoint-same least-fixpoint-unique mu-roll)

lemma nu-commute-fizpoint-1: isotone f A has-greatest-fixpoint (f o g) A f o g = g o f — is-fizpoint f (v(f o g))
by (metis is-fizpoint-def nu-roll)

lemma nu-commute-fizpoint-2: isotone g A has-greatest-fizpoint (f o g) A f o g = g o f — is-fixzpoint g (v(f o g))
by (metis is-fizpoint-def nu-roll)

lemma nu-commute-greatest-fixpoint: isotone f A isotone g A has-greatest-fizpoint f A has-greatest-fizpoint g A has-greatest-fizpoint (f o g) Nfog=gof — (w(fog) =vf—-ovf<

v g)
by (smt is-greatest-fizxpoint-def greatest-fixpoint-same greatest-fixpoint-unique nu-roll)

lemma mu-diagonal-1: isotone Az . fz z) A (Vz . isotone (A\y . fz y)) A isotone Az . u(Ay . fxzy)) A (VY . has-least-fizpoint (\y . f z y)) A has-least-prefizpoint (Az . u(Ay . fz y))
—p(Az . frz) = pAz . p(Ay - fzy))
by (smt is-least-fizpoint-def is-least-prefixpoint-def least-fixpoint-same least-fixpoint-unique least-prefixpoint least-prefizpoint-fizpoint)

lemma mu-diagonal-2: (Vz . isotone (A\y . fz y) A isotone (A\y . fy z) A has-least-prefixzpoint (Ay . fz y)) A has-least-prefizpoint (Ax . p(Ay . fzy)) — p(Az . fzz) = p(Az . p(Ay . fz
v))

by (smt is-least-fizxpoint-def is-least-prefixpoint-def isotone-def least-fizpoint-same least-prefizpoint least-prefizpoint-fizpoint)

lemma nu-diagonal-1: isotone (Az . fxz z) A (Vz . isotone (Ay . fz y)) A isotone (Ax . v(Ay . fzy)) A (Yz . has-greatest-fixzpoint (Ay . fx y)) N has-greatest-postfizpoint (A\x . v(Ay . fx
y) —v(Az . fzx) =v(hz . v(Ay . fzy))
by (smt is-greatest-fizpoint-def is-greatest-postfizpoint-def greatest-fixpoint-same greatest-fizpoint-unique greatest-postfizpoint greatest-postfizpoint-fixpoint)



lemma nu-diagonal-2: (VY . isotone (A\y . fx y) A isotone (A\y . fy x) N has-greatest-postfixpoint (Ay . fx y)) N has-greatest-postfizpoint (Az . v(Ay . fzy)) > v(Az . fzz) = vz .
v(Ay . fzy))
using [[ smi-timeout = 120 |] by (smt is-greatest-fizpoint-def is-greatest-postfizpoint-def isotone-def greatest-fizpoint-same greatest-postfizpoint greatest-postfizpoint-fizpoint)

end

class semiring = mult + one + ord + plus + zero +

assumes add-associative :(x +y) +z=x + (y + 2)
assumes add-commutative :x +y =1y + x

assumes add-idempotent x4+ =2z

assumes add-left-zero 04+ z=12

assumes mult-associative : (z;y);z=1z; (y; 2)
assumes mult-left-one tl;x==x

assumes mult-right-one rxyl==x

assumes mult-left-dist-add : z ; (y + 2) =z ;y + ;2
assumes mult-right-dist-add: (x + y) ; 2=z ;2 4+ y; 2
assumes mult-left-zero 0;z=0

assumes less-eq-def cx <y

assumes less-def T <y

begin

subclass order
by unfold-locales (metis less-def, metis add-idempotent less-eq-def , metis add-associative less-eq-def, metis add-commutative less-eq-def)

lemma add-left-isotone: t <y -z + 2 <y + 2
by (smt add-associative add-commutative add-idempotent less-eq-def)

lemma add-right-isotone: x <y — z +x <z +y
by (metis add-commutative add-left-isotone)

lemma add-isotone: w < yANzx<z—w+z<y+ 2
by (smt add-associative add-commutative less-eq-def)

lemma add-left-upper-bound: x < z + y
by (metis add-associative add-idempotent less-eq-def)

lemma add-right-upper-bound: y < x + y
by (metis add-commutative add-left-upper-bound)

lemma add-least-upper-bound: x < 2z Ny <z x+y <z
by (smt add-associative add-commutative add-left-upper-bound less-eq-def)

lemma add-left-divisibility: © <y «— (3z .2+ z = y)



by (metis add-left-upper-bound less-eq-def)

lemma add-right-divisibility: © <y « (3z .2z +z =vy)
by (metis add-commutative add-left-divisibility)

lemma add-right-zero: © + 0 = x
by (metis add-commutative add-left-zero)

lemma zero-least: 0 < z
by (metis add-left-upper-bound add-left-zero)

lemma mult-left-isotone: x <y — x ;2 < y; 2z
by (metis less-eg-def mult-right-dist-add)

lemma mult-right-isotone: * <y — z ;2 < 2z ; ¥y
by (metis less-eg-def mult-left-dist-add)

lemma mult-isotone: w < y Az < z—w;z<y;z
by (smt mult-left-isotone mult-right-isotone order-trans)

lemma mult-left-subdist-add-left: z ; y < x5 (y + 2)
by (metis add-left-upper-bound mult-left-dist-add)

lemma mult-left-subdist-add-right: = ; z < z ; (y + 2)
by (metis add-right-upper-bound mult-left-dist-add)

lemma mult-right-subdist-add-left: © ; z < (z + y) ; 2z
by (metis add-left-upper-bound mult-right-dist-add)

lemma mult-right-subdist-add-right: y ; z < (¢ + y) ; 2

by (metis add-right-upper-bound mult-right-dist-add)

lemma case-split-left: 1 <w+zAw;z<yANz;z<y—z<y
by (smt add-least-upper-bound mult-left-isotone mult-left-one mult-right-dist-add order-trans)

lemma case-split-left-equal: w + z=1ANw;c=w;yANz;x=2;y > =1y
by (metis mult-left-one mult-right-dist-add)

lemma case-split-right: 1 < w4+ 2Nz, w<yANz;z2<y—z<y
by (smt add-least-upper-bound mult-right-isotone mult-right-one mult-left-dist-add order-trans)

lemma case-split-right-equal: w + z = 1Nz, w=y;,wAzT;2=9y;2 —>x =1y
by (metis mult-left-dist-add mult-right-one)

lemma zero-right-mult-decreasing: © ; 0 < x
by (metis add-right-zero mult-left-subdist-add-right mult-right-one)



lemma add-same-context:x <y +zANy<zx+z—-zc+z=9y+ 2
by (smt add-associative add-commutative less-eq-def)

end

class semiring-T = semiring +
fixes T :: 'a (T)
assumes add-left-top: T +x =T

begin

lemma add-right-top: © + T = T
by (metis add-commutative add-left-top)

lemma top-greatest: x < T
by (metis add-left-top add-right-upper-bound)

lemma top-left-mult-increasing: x < T ; x
by (metis mult-left-isotone mult-left-one top-greatest)

lemma top-right-mult-increasing: © < x ; T
by (metis mult-right-isotone mult-right-one top-greatest)

lemma top-mult-top: T ; T = T
by (metis add-right-divisibility add-right-top top-right-mult-increasing)

definition vector :: 'a = bool
where vector z < =z ; T

lemma wvector-zero: vector 0
by (metis mult-left-zero vector-def)

lemma vector-top: vector T
by (metis top-mult-top vector-def)

lemma vector-add-closed: vector x A vector y — wvector (z + y)
by (metis mult-right-dist-add vector-def)

lemma vector-left-mult-closed: vector y — vector (z ; y)
by (metis mult-associative vector-def)

end

class itering-0 = semiring +
fixes circ :: 'a = ‘a (-° [100] 100)



assumes circ-mult: (z ; y)° =

1
assumes circ-add: (z + y)° = (z° ; y)° ; z
begin

lemma circ-isotone: z < y — z° < y°
by (metis add-left-divisibility circ-add circ-mult mult-left-one mult-right-subdist-add-left)

lemma circ-slide: z ; (y ; 2)° = (z;y)° ; z
by (smt circ-mult mult-associative mult-left-dist-add mult-left-one mult-right-dist-add mult-right-one)

lemma circ-right-unfold: 1 + z° ; x = z°
by (metis circ-mult mult-left-one mult-right-one)

lemma circ-left-unfold: 1 + z ; z° = z°

by (metis circ-mult circ-slide mult-associative mult-right-one)

lemma circ-zero: 0° = 1
by (metis add-right-zero circ-left-unfold mult-left-zero)

lemma circ-increasing: z < xz°
by (metis add-right-upper-bound circ-right-unfold mult-left-one mult-right-subdist-add-left order-trans)

lemma circ-transitive-equal: z° ; z° = z°
by (metis add-idempotent circ-add circ-mult mult-associative mult-left-one mult-right-one)

lemma circ-circ-circ: x°°° = z°°
by (metis add-idempotent circ-add circ-increasing circ-transitive-equal less-eq-def)

lemma circ-one: 1° = 1°°
by (metis circ-circ-circ circ-zero)

lemma circ-add-1: (z + y)° = z°; (y ; z°)°
by (metis circ-add circ-slide)

lemma circ-reflexive: 1 < z°
by (metis add-left-divisibility circ-right-unfold)

lemma circ-add-2: (z + y)° < (z° ; y°)°
by (metis add-least-upper-bound circ-increasing circ-isotone circ-reflexive mult-isotone mult-left-one mult-right-one)

lemma mult-zero-circ: (z ; 0)° =14+ z ;0
by (metis circ-mult mult-associative mult-left-zero)

lemma mult-zero-add-cire: (z + y ; 0)° = z° ; (y ; 0)°
by (metis circ-add-1 mult-associative mult-left-zero)



lemma mult-zero-add-circ-2: (z + y ; 0)° =z° +2° ;9 ;0
by (metis mult-associative mult-left-dist-add mult-right-one mult-zero-add-circ mult-zero-circ)

lemma circ-plus-same: z° ; ¢ = z ; z°
by (metis circ-slide mult-left-one mult-right-one)

lemma circ-plus-one: z° = 1 + z°
by (metis less-eq-def circ-reflexive)

lemma circ-rtc-2: 1 + z + z° ; z° = z°
by (metis add-associative circ-increasing circ-plus-one circ-transitive-equal less-eq-def)

lemma circ-unfold-sum: (z + y)° =2° +z°;y; (z + y)°
by (smt circ-add-1 circ-mult mult-associative mult-left-dist-add mult-right-one)

lemma circ-loop-fizpoint: y ; (y° ; 2) + z =y° ; 2z
by (metis add-commutative circ-left-unfold mult-associative mult-left-one mult-right-dist-add)

lemma left-plus-below-circ: = ; z° < z°
by (metis add-right-upper-bound circ-left-unfold)

lemma right-plus-below-circ: z° ; z < z°
by (metis circ-plus-same left-plus-below-circ)

lemma circ-add-upper-bound: v < z° Ny < z° -z +y < 2°
by (metis add-least-upper-bound)

lemma circ-mult-upper-bound: © < 2° ANy < 2° >z ;y < 2°
by (metis mult-isotone circ-transitive-equal)

lemma circ-sub-dist: z° < (z + y)°
by (metis add-left-upper-bound circ-isotone)

lemma circ-sub-dist-1: © < (z + y)°
by (metis add-least-upper-bound circ-increasing)

lemma circ-sub-dist-2: © ; y < (z + y)°
by (metis add-commutative circ-mult-upper-bound circ-sub-dist-1)

lemma circ-sub-dist-3: z° ; y° < (z + y)°
by (metis add-commutative circ-mult-upper-bound circ-sub-dist)

lemma circ-sup-one-left-unfold: 1 < z — z ; z° = z°
by (metis antisym less-eq-def mult-left-one mult-right-subdist-add-left left-plus-below-circ)

lemma circ-sup-one-right-unfold: 1 < z — z° ; z = z°
by (metis antisym less-eq-def mult-left-subdist-add-left mult-right-one right-plus-below-circ)



lemma circ-decompose-4: (z° ; y°)° = z°; (y° ; z°)°
by (smt circ-add circ-increasing circ-plus-one circ-slide circ-transitive-equal less-eq-def mult-associative mult-left-subdist-add-left mult-right-one)

lemma circ-decompose-5: (z° ; y°)° = (y° ; z°)°
by (metis add-associative add-commutative circ-add circ-decompose-4 circ-slide circ-zero mult-right-one)

lemma circ-decompose-6: z° ; (y ; °)° = y° ; (z ; y°)°
by (metis add-commutative circ-add-1)

lemma circ-decompose-7: (z + y)° = z° ; y° ; (z + y)°
by (metis add-commutative circ-add cire-slide circ-transitive-equal mult-associative)
lemma circ-decompose-8: (z + y)° = (z + y)° ; z° ; ¢°
by (metis antisym eg-refl mult-associative mult-isotone mult-right-one circ-mult-upper-bound circ-reflexive circ-sub-dist-3)

lemma circ-decompose-9: (z° ; y°)° = z° ; y° ; (z° 5 y°)°
by (metis circ-decompose-4 mult-associative)

lemma circ-decompose-10: (z° ; y°)° = (z° ; y°)° ; 2° 5 y°
by (metis circ-decompose-9 circ-plus-same mult-associative)

lemma circ-add-mult-zero: z° ; y = (z + y ; 0)° 5 y

by (smt mult-associative mult-left-zero mult-right-one circ-add circ-slide circ-zero)
lemma circ-back-loop-fizpoint: (z ; y°) 5y + 2 =2 ; y°
by (metis add-commutative mult-associative mult-left-dist-add mult-right-one circ-plus-same circ-left-unfold)

lemma circ-loop-is-fizpoint: is-fixpoint Az . y ; = + 2) (y° ; 2)
by (metis circ-loop-fixpoint is-fixpoint-def)

lemma circ-back-loop-is-fizpoint: is-fizpoint Az . x ; y + z) (2 ; y°)
by (metis circ-back-loop-fizpoint is-fizpoint-def )

lemma circ-circ-add: (1 + z)° = z°°
by (metis add-commutative circ-add-1 circ-decompose-4 circ-zero mult-right-one)

lemma circ-circ-mult-sub: z° ; 1° < 1°°
by (metis circ-increasing circ-isotone circ-mult-upper-bound circ-reflezive)

lemma right-plus-cire: (z° ; z)° = z°

by (metis add-idempotent circ-add circ-mult circe-right-unfold circ-slide)

lemma left-plus-cire: (z ; z°)° = z°
by (metis circ-plus-same right-plus-circ)

lemma circ-add-sub-add-one: z ; z° ; (z + y) <z ;z°; (1 + y)



by (smt add-least-upper-bound add-left-upper-bound add-right-upper-bound circ-plus-same mult-associative mult-isotone mult-left-dist-add mult-right-one right-plus-below-circ)

lemma circ-elimination: x ; y =0 — z ; y° < z
by (metis add-left-zero circ-back-loop-fizpoint circ-plus-same le-less mult-associative mult-left-zero)

lemma circ-square: (z ; z)° < z°
by (metis circ-increasing circ-isotone left-plus-circ mult-right-isotone)

lemma circ-mult-sub-add: (z ; y)° < (z + y)°
by (metis add-left-upper-bound add-right-upper-bound circ-isotone circ-square mult-isotone order-trans)

end

class itering-1 = itering-0 +
assumes circ-simulate: z ;2 <y ; 2z — z;2° < y°; 2z

begin

lemma circ-circ-mult: 1° ; z° = z°°

by (metis antisym circ-circ-add circ-reflexive circ-simulate circ-sub-dist-3 circ-sup-one-left-unfold circ-transitive-equal mult-left-one order-refl)

lemma sub-mult-one-circ: z ; 1° < 1° ; x
by (metis circ-simulate mult-left-one mult-right-one order-refl)

end

class itering-2 = itering-1 +
assumes circ-simulate-right: z ;¢ < y;z+w — z;2° < y°; (z + w; z°)
assumes circ-simulate-left: z ; 2 < z;y+w —2° ;2 < (2 + 2°; w) ; y°

begin

lemma circ-simulate-right-1: z ;. < y; 2z — z;2° < y°; 2
by (metis add-right-zero circ-simulate-right mult-left-zero)

lemma circ-simulate-left-1: © ; 2 < z;y » 2° ;2 < z;y° +2°;0
by (smt add-right-zero circ-simulate-left mult-associative mult-left-zero mult-right-dist-add)

lemma circ-simulate-1: y ; 2 <z ;y — y° ; z° < z°; ¢y°
by (smt add-associative add-right-zero circ-loop-fizpoint circ-simulate circ-simulate-left-1 mult-associative mult-left-zero mult-zero-add-circ-2)
lemma circ-separate-1: y ; z <z ;y — (¢ + y)° =z°; y°
proof —
havey;z <z ;y—y’;2;9° <z;9y°+y°;0
by (smt circ-simulate-left-1 circ-transitive-equal mult-associative mult-left-isotone mult-left-zero mult-right-dist-add)
thus ¢thesis
by (smt add-commutative circ-add-1 cire-simulate-right circ-sub-dist-3 less-eq-def mult-associative mult-left-zero zero-right-mult-decreasing)



qged

o o

lemma circ-circ-mult-1: z° ; 1° = z°

by (metis add-commutative circ-circ-add circ-separate-1 mult-left-one mult-right-one order-refl)

lemma atomicity-refinement: s =s;gANx=q; 2 ANq;b=0A7r;0<b;rAr;I<Il;rANz;I<l;zANb;I<I;bNq;I<l;qANT°;q9q<q;m°ANqg<1—->s;(z+b+71+
D°5q<s;(x;b°;q+7r4+10)°
proof
assume I: s =s; Az =q;zNqg;b=0Ar;0<b;rAr;I<l;rANz;I<l;2ANb;1<I;bANq;1l<1l;qANT°;q9q<¢q;r°Nqg<]1
hences; (z+b+r+10)°;¢g=5;0°;(x+b+71)°;¢q
using [[ smt-timeout = 120 ]] by (smt add-commutative add-least-upper-bound circ-separate-1 mult-associative mult-left-subdist-add-right mult-right-dist-add order-trans)
also have ... = s;1°;0°;7r°; ¢g; (x;b°;7°; q)° using 1
by (smt add-associative add-commutative circ-add-1 circ-separate-1 circ-slide mult-associative)
also have ... < s;1°;0°;7r°;q;(x;0b°; q;r°)° using 1
by (metis circ-isotone mult-associative mult-right-isotone)
also have ... < s;q;1°;b°;7r°;(z;b°; q;r°)° using 1
by (metis mult-left-isotone mult-right-isotone mult-right-one)
also have ... < s;1°;¢;b0°;r°;(x;0b°; q;r°)° using 1
by (metis circ-simulate mult-associative mult-left-isotone mult-right-isotone)
also have ... < s;1°;r°; (x;b°; q; r°)° using 1
by (metis add-left-zero circ-back-loop-fizpoint circ-plus-same mult-associative mult-left-zero mult-left-isotone mult-right-isotone mult-right-one)
also have ... < s; (z;b°; ¢+ r + 1)° using 1
by (metis add-commutative circ-add-1 circ-sub-dist-3 mult-associative mult-right-isotone)
finally show s ; (z + b+ r+0)°;¢<s;(xz;b°;qg+r+1)°.
qged

end

class itering-3 = itering-2 +
assumes circ-simulate-right-plus: z ;¢ < y;y°;z+w — 2z;2° <y°; (2 + w; z°)
assumes circ-simulate-left-plus: z ;2 < z;y° +w - z° ;2 < (2 + 2° ; w) ; ¢°

begin

lemma circ-simulate-right-plus-1: z ;2 < y ;y° ;2 — 2z ;2° < y°; 2
by (metis add-right-zero circ-simulate-right-plus mult-left-zero)

lemma circ-simulate-left-plus-1: z ; 2 < z ; y° - z° ;2 < z;4° +z2°; 0
by (smt add-right-zero circ-simulate-left-plus mult-associative mult-left-zero mult-right-dist-add)
lemma circ-simulate-2: y ; z° < z°; y° < y° ; 2° < z°; y°
by (rule iffI,
smt add-associative add-right-zero circ-loop-fixpoint circ-simulate-left-plus-1 mult-associative mult-left-zero mult-zero-add-cire-2,
metis circ-increasing mult-left-isotone order-trans)

lemma circ-simulate-absorb: y ;v <z — y° ;2 <z + 9y°;0
by (metis circ-simulate-left-plus-1 circ-zero mult-right-one)



lemma circ-simulate-3: y ; z° < z° — y° ; z° < z° ; y°
by (metis add-least-upper-bound circ-reflexive circ-simulate-2 less-eq-def mult-right-isotone mult-right-one)

lemma circ-square-2: (z ; z)° ; (z + 1) < z°
by (metis add-least-upper-bound circ-increasing circ-mult-upper-bound circ-reflexive circ-simulate-right-plus-1 mult-left-one mult-right-isotone mult-right-one)
lemma circ-separate-mult-1: y ; z < z ; y — (z ; y)° < z°; y°
by (metis circ-mult-sub-add circ-separate-1)
lemma circ-eztra-circ: (y ; z°)° = (y ; y° ; 2°)°
proof —
have y ; 4°;z° < y;2°; (y; 2°)°
by (metis add-commutative circ-add-1 circ-sub-dist-3 mult-associative mult-right-isotone)
hence (y ; y°; 2°)° < (y; 2°)°
by (metis circ-simulate-right-plus-1 mult-left-one mult-right-one)
thus %thesis
by (metis antisym circ-back-loop-fixpoint circ-isotone mult-right-subdist-add-right)
qed

lemma circ-separate-unfold: (y ; z°)° =y° + y°;y;z;2°; (y; z°)°
by (smt add-commutative circ-add circ-left-unfold circ-loop-fizpoint mult-associative mult-left-dist-add mult-right-one)
lemma separation: y ;¢ < z;y° — (z + y)° =2° ; y°
proof —
havey;z<z;9y° > y°;2;9° <z;9y° +y°;0
by (smt circ-simulate-left-plus-1 circ-transitive-equal mult-associative mult-left-isotone mult-left-zero mult-right-dist-add)
thus “thesis
by (smt add-commutative circ-add-1 circ-simulate-right circ-sub-dist-3 less-eq-def mult-associative mult-left-zero zero-right-mult-decreasing)
qed
lemma circ-simulate-4: y ;¢ <z ;2°; (1 4+y) — y°;2° <z°;y°
proof —
havey ;0 <z;2°;(1+y) = 1 +y;z<a;52°;(1+y)
by (smt add-associative add-commutative add-left-upper-bound circ-back-loop-fixpoint less-eq-def mult-left-dist-add mult-left-one mult-right-dist-add mult-right-one)
thus %thesis
by (smt add-least-upper-bound circ-increasing circ-reflexive circ-simulate-2 circ-simulate-right-plus-1 mult-right-isotone mult-right-subdist-add-right order-trans)
qed
lemma circ-simulate-5: y ; x <z ;2°; (z +y) — y°; 2° < z°; ¢°
by (metis circ-add-sub-add-one circ-simulate-4 order-trans)

lemma circ-simulate-6: y ; x <z ; (z +y) — y°;z° <z°;y°

by (metis add-commutative circ-back-loop-fizpoint circ-simulate-5 mult-right-subdist-add-left order-trans)
lemma circ-separate-4: y ; x <z ;2°; (1 +vy) — (z +y)° =2z°;y°
proof



assume I: y ;2 <z ;2°; (1 + y)
hence y;z;2°<z;2°+z2;2°;y;2°
by (smt circ-transitive-equal less-eq-def mult-associative mult-left-dist-add mult-right-dist-add mult-right-one)
also have ... <z ;z° + z; z°; z° ; y° using 1
by (metis add-right-isotone circ-simulate-2 circ-simulate-4 mult-associative mult-right-isotone)
finally have y ; z ; 2° < z ; z° ; ¢°
by (metis circ-reflexive circ-transitive-equal less-eq-def mult-associative mult-right-isotone mult-right-one)
hence y° ; (y°; 2)° < z°; (y° +y°;0; (¥°; 2)°)
by (smt add-right-upper-bound circ-back-loop-fixpoint circ-simulate-left-plus-1 circ-simulate-right-plus circ-transitive-equal mult-associative order-trans)
thus (z + y)° = 2° ; ¢°
by (smt add-commutative antisym circ-add-1 circ-slide circ-sub-dist-3 circ-transitive-equal less-eq-def mult-associative mult-left-zero mult-right-subdist-add-right zero-right-mult-decreasing)
qed
lemma circ-separate-5: y ; z <z ;2°;(x +y) — (z + y)° =2z°; ¢°
by (metis circ-add-sub-add-one circ-separate-4 order-trans)

lemma circ-separate-6: y ; z < z; (z +y) — (z + y)° =2°; ¢°
by (metis add-commutative circ-back-loop-fixpoint circ-separate-5 mult-right-subdist-add-left order-trans)

end
class itering-T = semiring-T + itering-3
begin

lemma circ-top: T° = T
by (metis add-right-top antisym circ-left-unfold mult-left-subdist-add-left mult-right-one top-greatest)

lemma circ-right-top: z° ; T = T
by (metis add-right-top circ-loop-fixpoint)

lemma circ-left-top: T ; z° = T
by (metis add-right-top circ-add circ-right-top circ-top)

lemma mult-top-circ: (x ; T)° =1+ z; T
by (metis circ-left-top circ-mult mult-associative)

end
class itering-L = itering-3 +
fixes L :: 'a

assumes L-def: L =1° ;0

begin



lemma one-circ-split: 1° = L + 1
by (metis L-def add-commutative antisym circ-add-upper-bound circ-reflexive circ-simulate-absorb mult-right-one order-refl zero-right-mult-decreasing)

lemma one-circ-mult-split: 1° ;0 = L + z
by (metis L-def add-commutative circ-loop-fizpoint mult-associative mult-left-zero mult-zero-circ one-circ-split)

lemma one-circ-circ-split: 1°° = L + 1
by (metis circ-one one-circ-split)

lemma one-circ-mult-split-2: 1° ; x =z ; 1° + L
by (smt L-def add-associative add-commutative circ-left-unfold less-eq-def mult-left-subdist-add-left mult-right-one one-circ-mult-split sub-mult-one-circ)

lemma sub-mult-one-circ-split: © ; 1° <z + L
by (metis add-commutative one-circ-mult-split sub-mult-one-circ)

lemma sub-mult-one-circ-split-2: © ; 1° < ¢ + 1°
by (metis L-def add-right-isotone order-trans sub-mult-one-circ-split zero-right-mult-decreasing)

lemma L-split: x ; L<z;0+ L
by (smt L-def mult-associative mult-left-isotone mult-right-dist-add sub-mult-one-cire-split-2)

lemma L-left-zero: L ; x = L
by (metis L-def mult-associative mult-left-zero)

lemma one-circ-L: 1° ; L = L
by (metis add-idempotent one-circ-mult-split)

lemma circ-circ-split: z°° = L + z°
by (metis circ-circ-mult one-circ-mult-split)

lemma circ-left-induct-mult-L: L< 1z —w z;y<z —xz;y° <=z
by (metis circ-one circ-simulate less-eq-def one-circ-mult-split)

lemma circ-left-induct-mult-iff-L: L <z — z;y <z < x;y° <=z
by (smt add-least-upper-bound circ-back-loop-fixpoint circ-left-induct-mult-L less-eq-def)

lemma circ-left-induct-L: L< z —wz;y+2<z—2;y° <z
by (metis add-least-upper-bound circ-left-induct-mult-L less-eq-def mult-right-dist-add)

lemma mult-L-cire: (z ; L)° =1+ z; L
by (metis L-left-zero circ-mult mult-associative)

lemma mult-L-cire-mult: (z 3 L)° 5y =y +z; L
by (metis L-left-zero mult-L-circ mult-associative mult-left-one mult-right-dist-add)

lemma circ-L: L° = L + 1
by (metis L-left-zero add-commutative circ-left-unfold)



lemma L-below-one-circ: L < 1°
by (metis add-left-upper-bound one-circ-split)

lemma circ-add-6: L + (z + y)° = (z° ; y°)°
by (metis add-associative add-commutative circ-add-1 circ-circ-add circ-circ-split circ-decompose-4)

end

class kleene-algebra = semiring +

fixes star :: 'a = 'a (-* [100] 100)

assumes star-left-unfold : 1 + y ; y™ < y~

assumes star-left-induct : z + y ;2 <z —y*;z2<zx
assumes star-right-induct: z + z ; y <z — z;y" <z
begin

lemma star-left-unfold-equal: 1 + z ; z* = z*
by (smt add-least-upper-bound antisym-conv mult-right-isotone mult-right-one order-refl order-trans star-left-induct star-left-unfold)

lemma star-unfold-slide: (z ; y)* =1+ 2z ;(y;2)" 5y
by (smt antisym mult-associative mult-left-dist-add mult-left-one mult-right-dist-add mult-right-isotone mult-right-one order-refl star-left-induct star-left-unfold-equal)

lemma star-decompose: (z + y)* = (z* ; y)* ; z*
apply (rule antisym)
apply (smt add-least-upper-bound add-left-upper-bound add-right-upper-bound mult-associative mult-left-dist-add mult-left-one mult-right-dist-add mult-right-one star-left-induct star-left-unfold-equal)
by (smt add-least-upper-bound less-eq-def mult-left-subdist-add-left mult-right-one star-left-induct star-left-unfold star-right-induct)

lemma star-simulation-right: z ;z <y ;z —» z; 2" <y"; 2
by (smt add-least-upper-bound less-eg-def mult-associative mult-left-dist-add mult-left-one mult-right-subdist-add-left star-left-induct star-left-unfold star-right-induct)

end

sublocale kleene-algebra < star!: itering-1 where circ = star
by (unfold-locales, metis star-unfold-slide, metis star-decompose, metis star-simulation-right)

context kleene-algebra

begin
Most lemmas in this class are taken from Georg Struth’s theories.
lemma star-sub-one: z < 1 — z* =1

by (metis add-least-upper-bound eq-iff mult-left-one star.circ-reflezive star-right-induct)

lemma star-one: 1* = 1



by (metis eg-iff star-sub-one)

lemma star-left-induct-mult: z ; y <y —z* ;y <y
by (metis add-commutative less-eq-def order-refl star-left-induct)

lemma star-left-induct-mult-iff: z ; y <y z*;y <y
by (smt mult-associative mult-left-isotone mult-left-one mult-right-isotone order-trans star-left-induct-mult star.circ-reflexive star.left-plus-below-circ)

lemma star-involutive: x* = z**
by (smt antisym less-eq-def mult-left-subdist-add-left mult-right-one star-left-induct star.circ-plus-one star.left-plus-below-circ star.circ-transitive-equal)

lemma star-sup-one: (1 + z)* = z*
by (smt add-commutative less-eq-def mult-left-dist-add mult-left-one mult-right-dist-add mult-right-one star-involutive star.circ-plus-one star.circ-sub-dist star.left-plus-below-circ)

lemma star-left-induct-equal: z + z ; y =y — z* ;2 < gy
by (metis order-refl star-left-induct)

lemma star-left-induct-mult-equal: z ; y =y — 2" ;y <y
by (metis order-refl star-left-induct-mult)

lemma star-star-upper-bound: z* < z2* — z** < 2*

by (metis star-involutive)
lemma star-simulation-left: z ; 2 < z;y — 2% ;2 < z ;9"

by (smt add-commutative add-least-upper-bound mult-right-dist-add less-eq-def mult-associative mult-right-one star.left-plus-below-circ star.circ-increasing star-left-induct star-involutive
star.circ-isotone star.circ-reflexive mult-left-subdist-add-left)

lemma quasicomm-1: y ;z <z ; (z +y) oy ;z<z;(z+ y)*
by (smt mult-isotone order-refl order-trans star.circ-increasing star-involutive star-simulation-left)

lemma star-rtc-3: 1+ z +y;y=y —-z* <y
by (metis add-least-upper-bound less-eq-def mult-left-subdist-add-left mult-right-one star-left-induct-mult-iff star.circ-sub-dist)

lemma star-decompose-1: (z + y)* = (z* ; y*)*
by (smt add-least-upper-bound antisym mult-isotone mult-left-one mult-right-one star.circ-increasing star-involutive star.circ-isotone star.circ-reflezive star.circ-sub-dist-3)

lemma star-sum: (z + y)* = (z" + y*)*

by (metis star-decompose-1 star-involutive)
lemma star-decompose-3: (z* ; y*)* =z ; (y ; )"
by (metis star-decompose-1 star.circ-add-1)

lemma star-right-induct-mult: y ;2 <y —> y;z* <y
by (metis add-commutative less-eq-def order-refl star-right-induct)

lemma star-right-induct-mult-iff: y ; 2 <y o> y;z* <y
by (metis mult-right-isotone order-trans star.circ-increasing star-right-induct-mult)



lemma star-simulation-right-equal: z ; x =y ; 2z > z ;2" =y" ; 2

by (metis eq-iff star-simulation-left star-simulation-right)
lemma star-simulation-star: ¢ ; y < y;z — z* ;y" < y* ;2"
by (metis star-simulation-left star-simulation-right)

lemma star-right-induct-equal: z + y ;e =y — z ;2" <y
by (metis order-refl star-right-induct)

lemma star-right-induct-mult-equal: y ; c =y — y; z* < y
by (metis order-refl star-right-induct-mult)

lemma star-loop-least-fixpoint: y ; z + z =z — y* ; 2 <z
by (metis add-commutative star-left-induct-equal)

lemma star-back-loop-least-fixpoint: © ; y + z =z — z ; y* < z
by (metis add-commutative star-right-induct-equal)

lemma star-loop-is-least-fizpoint: is-least-fixzpoint (Az . y ; z + 2) (y* ; 2)
by (smt is-least-fixpoint-def star.circ-loop-fizpoint star-loop-least-fixpoint)

lemma star-loop-mu: up Az . y; 2+ 2)=y" ;2
by (metis least-fizpoint-same star-loop-is-least-fixpoint)

lemma star-back-loop-is-least-fizpoint: is-least-fizpoint (A\x . = ; y + 2) (2 5 y*)
by (smt is-least-fizpoint-def star.circ-back-loop-fizxpoint star-back-loop-least-fixpoint)

lemma star-back-loop-mu: p Az .z ;y + 2) =z ; y*
by (metis least-fizpoint-same star-back-loop-is-least-fixpoint)

lemma star-square: z* = (1 + z) ; (z ; z)*
proof —
let o%f =Xy .y; 2+ 1
have 1: isotone ?f
by (smt add-left-isotone isotone-def mult-left-isotone)
have 2: ?f o 2f = (A\y . y; (z ; 2) + (1 + z))
by (simp add: add-associative add-commutative mult-associative mult-left-one mult-right-dist-add o-def)
thus ?thesis using 1
by (metis mu-square mult-left-one star-back-loop-mu has-least-fixpoint-def star-back-loop-is-least-fizxpoint)
qed

lemma star-square-2: z* = (z ; )" ; (z + 1)
by (smt add-commutative mult-left-dist-add mult-right-dist-add mult-right-one star.circ-decompose-5 star-involutive star-one star.cire-slide star-square)

lemma star-circ-simulate-right-plus: z ; x <y ;9" ;2 4+w — z;2° < y*; (z + w; z%)
proof



assume I: z ;2 < y;y" ;2 +w
have y* ; (z 4+ w;2") ;e <y 1 z;0+y" ;w;
by (smt add-left-upper-bound add-right-isotone mult-associative mult-left-dist-add mult-right-dist-add star.circ-back-loop-fizpoint)
alsohave ... < y" ;y;z+y";w+ y"; w;z* using 1
by (smt add-left-isotone less-eq-def mult-associative mult-left-dist-add star.circ-plus-same star.circ-transitive-equal)
also have ... < y* ; (z + w ; z¥)
by (smt add-associative add-idempotent add-left-isotone mult-associative mult-left-dist-add mult-right-one mult-right-subdist-add-right star.circ-plus-one star.circ-plus-same star.circ-transitive-equal
star.circ-unfold-sum,)
finally show z ; 2" < y*; (2 + w ; z¥)
by (smt add-least-upper-bound add-right-divisibility star.circ-loop-fixpoint star-right-induct)
qed
lemma star-circ-simulate-left-plus: © ; 2 < z; y* +w -z ;2 < (2 + 2" ; w) ; y*
proof
assume I:z ;2 < z;y" +w
havez ; ((z +z";w);y")<z;z;9 " +z";w; y"
by (smt add-right-isotone mult-associative mult-left-dist-add mult-right-dist-add mult-right-subdist-add-left star.circ-loop-fizpoint)
also have ... < (z + w 4+ z* ; w) ; y* using 1
by (smt add-left-divisibility add-left-isotone mult-associative mult-right-dist-add star.circ-transitive-equal)
also have ... = (z + z" ; w) ; ¥*
by (metis add-associative add-right-upper-bound less-eq-def star.circ-loop-fixpoint)
finally show z* ; 2 < (z + " ; w) ; y*
by (metis add-least-upper-bound mult-left-subdist-add-left mult-right-one star.circ-right-unfold star-left-induct)
qed

end

sublocale kleene-algebra < star!: itering-3 where circ = star
apply unfold-locales
apply (smt add-associative add-commutative add-left-upper-bound mult-associative mult-left-dist-add order-trans star.circ-loop-fizpoint star-circ-simulate-right-plus)
apply (smt add-commutative add-right-isotone mult-right-isotone order-trans star.circ-increasing star-circ-simulate-left-plus)
apply (rule star-circ-simulate-right-plus)
by (rule star-circ-simulate-left-plus)

class kleene-itering = kleene-algebra + itering-3
begin

lemma star-below-circ: z* < z°
by (metis circ-right-unfold mult-left-one order-refl star-right-induct)

lemma star-zero-below-circ-mult: z* ; 0 < z° ; y
by (metis mult-isotone star-below-circ zero-least)

lemma star-mult-circ: ©* ; 2° = z°
by (metis add-right-divisibility antisym circ-left-unfold star-left-induct-mult star.circ-loop-fizpoint)



lemma circ-mult-star: z° ; z* = z°
by (metis circ-slide mult-left-one mult-right-one star-mult-cire star-simulation-right-equal)

lemma circ-star: z°* = z°

by (metis circ-reflexive circ-transitive-equal less-eq-def mult-left-one star-one star-simulation-right-equal star-square)
lemma star-circ: *° = z°°
by (metis antisym circ-circ-add circ-sub-dist less-eq-def star.circ-rtc-2 star-below-circ)

lemma circ-add-3: (z° ; y°)* < (z + y)°
by (metis circ-add-1 circ-isotone circ-left-unfold circ-star mult-left-subdist-add-left mult-right-isotone mult-right-one star.circ-isotone)

lemma circ-isolate: z° = z° ; 0 + z*
by (metis add-commutative antisym circ-add-upper-bound circ-mult-star circ-simulate-absorb star.left-plus-below-circ star-below-circ zero-right-mult-decreasing)

lemma circ-isolate-mult: z° ; y = z° ; 0+ z* ; y
by (metis circ-isolate mult-associative mult-left-zero mult-right-dist-add)

lemma circ-isolate-mult-sub: z° ; y < z° + ¥ ; y
by (metis add-left-isotone circ-isolate-mult zero-right-mult-decreasing)

lemma circ-sub-decompose: (z° ; y)° < (z* ; y)° ; z°

by (smt add-commutative add-least-upper-bound add-right-upper-bound circ-back-loop-fizpoint circ-isolate-mult mult-zero-add-cire-2 zero-right-mult-decreasing)

lemma circ-add-4: (z + y)° = (z* ; y)° ; z°

by (smt antisym circ-add circ-isotone circ-sub-decompose circ-transitive-equal mult-associative mult-left-isotone star-below-circ)

lemma circ-add-5: (z° ; y)° ; 2° = (z% ; y)° ; 2°
)

by (metis circ-add circ-add-4

lemma plus-circ: (z* ; z)° = z°
by (smt add-idempotent circ-add-4 circ-decompose-7 circ-star star.circ-decompose-5 star.right-plus-circ)

end
class kleene-algebra-T = semiring-T + kleene-algebra
sublocale kleene-algebra-T < star!: itering-T where circ = star ..
class omega-algebra-T = kleene-algebra-T +
fixes omega :: ‘a = 'a (- [100] 100)
assumes omega-unfold: y* =y ; y*

assumes omega-induct: t < z +y;z —z <y + y*; 2

begin



Most lemmas in this class are taken from Georg Struth’s theories.
lemma star-zero-below-omega: * ; 0 < z*

by (metis add-left-zero omega-unfold star-left-induct-equal)

lemma star-zero-below-omega-zero: z* ; 0 < z% ; 0
by (metis add-left-zero mult-associative omega-unfold star-left-induct-equal)

lemma omega-induct-mult: y < z;y — y < z%
by (metis add-commutative add-left-zero less-eq-def omega-induct star-zero-below-omega)

lemma omega-sub-dist: z¢ < (z+y)*
by (metis mult-right-subdist-add-left omega-induct-mult omega-unfold)

lemma omega-isotone: x < y — z%¥ < y“
by (metis less-eq-def omega-sub-dist)

lemma omega-induct-equal: y = z + z ;y — y < z* + 2% ; 2
by (metis omega-induct order-refl)

lemma omega-zero: 0¥ = 0
by (metis mult-left-zero omega-unfold)

lemma omega-one-greatest: © < 1%
by (metis mult-left-one omega-induct-mult order-refl)

lemma omega-one: 1° = T
by (metis add-left-top less-eq-def omega-one-greatest)

lemma star-mult-omega: z* ; z% = z¢
by (metis antisym-conv mult-isotone omega-unfold star.circ-increasing star-left-induct-mult-equal star-left-induct-mult-iff)

lemma star-omega-top: z*“ = T
by (metis add-left-top less-eq-def omega-one omega-sub-dist star.circ-plus-one)

lemma omega-sub-vector: =% ; y < z%
by (metis mult-associative omega-induct-mult omega-unfold order-refl)

lemma omega-vector: z ; T = z%
by (metis add-commutative less-eq-def omega-sub-vector top-right-mult-increasing)

lemma omega-simulation: z ; x <y ; z — z ; 2% < y*
by (smt less-eq-def mult-associative mult-right-subdist-add-left omega-induct-mult omega-unfold)

lemma omega-omega: z““ < z“
by (metis omega-sub-vector omega-unfold)



lemma left-plus-omega: (z ; *)* = z*
by (metis antisym mult-associative mult-right-isotone mult-right-one omega-induct-mult omega-unfold star-mult-omega star-one star.circ-reflexive star.circ-right-unfold star.circ-plus-same
star-sum star-sup-one)
lemma omega-slide: z ; (y ; )* = (z ; y)*
by (metis antisym mult-associative mult-right-isotone omega-simulation omega-unfold order-refl)

lemma omega-simulation-2: y ; x <z ;y — (z; y)* < z¥
by (metis less-eq-def mult-right-isotone omega-induct-mult omega-slide omega-sub-dist)

lemma wagner: (z + y)* =z;(xz+y) +2z—->(+y) =2+ 2" ;2
by (metis add-commutative add-least-upper-bound eq-iff omega-induct omega-sub-dist star-left-induct)

lemma right-plus-omega: (z* ; z)* = z¢
by (metis left-plus-omega star.circ-plus-same)

lemma omega-sub-dist-1: (z ; y*)* < (z + y)*
by (metis add-least-upper-bound left-plus-omega mult-isotone mult-left-one mult-right-dist-add omega-isotone order-refl star-decompose-1 star.circ-increasing star.circ-plus-one)

lemma omega-sub-dist-2: (z* ; y)* < (z + y)*
by (metis add-commutative mult-isotone omega-slide omega-sub-dist-1 star-mult-omega star.circ-sub-dist)

lemma omega-star: (z*)* = 1 + z*
by (metis mult-associative omega-unfold omega-vector star.circ-plus-same star-left-unfold-equal star-omega-top)

Wk

lemma omega-mult-omega-star: =% ; z¥* = z“
by (metis mult-associative omega-unfold omega-vector star.circ-plus-same star-omega-top)

lemma omega-sum-unfold-1: (z + y)* = z* + 2" ; y; (z + y)*
by (metis mult-associative mult-right-dist-add omega-unfold wagner)

lemma omega-sum-unfold-2: (z + y)* < (z* ; y)* + (z*; y)* ; z“
by (metis omega-induct-equal omega-sum-unfold-1)

lemma omega-sum-unfold-3: (z* ; y)* ; z* < (z + y)*
by (metis omega-sum-unfold-1 star-left-induct-equal)

lemma omega-decompose: (¢ + y)* = (z* ; y)* + (2% ; y)* ; =¥
by (metis add-least-upper-bound antisym omega-sub-dist-2 omega-sum-unfold-2 omega-sum-unfold-3)

lemma omega-loop-fixpoint: y ; (y* + y* ;2) + z2=y* + y* ; 2
by (metis add-associative mult-left-dist-add omega-unfold star.circ-loop-fixpoint)

lemma omega-loop-greatest-fizxpoint: y ;. + z =z — x < y“ + y* ; 2
by (metis add-commutative omega-induct-equal)

lemma omega-square: ©*° = (z ; z)“



by (smt antisym mult-associative omega-induct-mult omega-slide omega-sub-vector omega-unfold omega-vector top-mult-top)

lemma mult-top-omega: (z ; T)” <z ; T
by (metis mult-right-isotone omega-slide top-greatest)

lemma mult-zero-omega: (z ; 0) =z ; 0
by (metis mult-left-zero omega-slide)

lemma mult-zero-add-omega: (z + y ; 0)° = 2* + 2% ; y; 0
by (smt add-associative add-commutative add-idempotent mult-associative mult-left-one mult-left-zero mult-right-dist-add mult-zero-omega star.mult-zero-circ omega-decompose)

lemma omega-mult-star: =z ; z* = =%
by (metis mult-associative omega-vector star.circ-left-top)

lemma omega-loop-is-greatest-fizpoint: is-greatest-fizpoint (A\z . y ; = + z) (y* + y* ; 2)
by (smt is-greatest-fizxpoint-def omega-loop-fizpoint omega-loop-greatest-fixpoint)

lemma omega-loop-nu: v Az .y ; z + 2) = y* + y* ; 2
by (metis greatest-fizpoint-same omega-loop-is-greatest-fizpoint)

lemma omega-loop-zero-is-greatest-fizpoint: is-greatest-fizpoint (A\z . y ; z) (y*)
by (metis is-greatest-fizpoint-def omega-induct-mult omega-unfold order-refl)

lemma omega-loop-zero-nu: v (Az . y ; z) = y*
by (metis greatest-fizpoint-same omega-loop-zero-is-greatest-fixpoint)

lemma omega-separate-unfold: (z* ; y)* = y* + y* ; z; (2% ; y)*
by (metis add-commutative mult-associative omega-slide omega-sum-unfold-1 star.circ-loop-fixpoint)

lemma omega-circ-simulate-right-plus: z ;¢ < y; (y* ; 0+ y");z24+w—2z; @ ;0+2") < (¥;0+y");(z+w; (z*; 0+ z%))
proof
assume z ;2 <y ; (v ;04+y");z+w
hence I: z ; 2 <y ; 0+ y; v ; 2z + w
by (metis mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add omega-unfold)
hence (y; 0+ y* ;2 +y ;w;z¥;0+y" s w;2%);2<y";0+y"; (¥ ;0+y;y" 52+w)+y ;w;z¥;0+y" ;w;a”
by (smt add-associative add-left-upper-bound add-right-upper-bound less-eq-def mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add star.circ-back-loop-fizpoint)
alsohave ... = y* ; 0+ 4" ;y;y " ;2+y s w;2¥;0+ 9" ; w; 2"
by (smt add-associative add-right-upper-bound less-eq-def mult-associative mult-left-dist-add star.circ-back-loop-fizpoint star-mult-omega)
finally have z + (¢ ; 0+ ¢y* ;2 4+ ¥  ;w; 2”0+ y s ws2") ;2 <¢y*;0+y" 52+y ;w2 ;0+y" ;w;a”
by (smt add-least-upper-bound add-left-isotone add-left-upper-bound mult-left-isotone order-trans star.circ-loop-fixpoint star.circ-plus-same star.circ-transitive-equal star.left-plus-below-circ)
hence 2: z ; 2" <y ; 0+ y " ;2+y" ;w;z¥;0+ 9" ;w;z"
by (metis star-right-induct)
have z ; z“ ; 0< (y* ; 0+ y; ¥" ; 2+ w) ; 2 ; 0 using 1
by (smt add-left-divisibility mult-associative mult-right-subdist-add-left omega-unfold)
hence z ; z* ; 0 < y* + y*; (v ; 0+ w; z¥ ; 0)
by (smt add-associative add-commutative left-plus-omega mult-associative mult-left-zero mult-right-dist-add omega-induct star.left-plus-circ)



thus z ; (z¥ ; 0+ 2") < (¥ ; 04+ y") ; (2 + w; (2 ; 0+ z¥)) using 2

by (smt add-associative add-commutative less-eq-def mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add omega-unfold omega-zero star-mult-omega zero-right-mult-decreasing)
qed

lemma omega-circ-simulate-left-plus: z ; 2 < z; (¥ ; 0+ y" ) +w — (¥ ;04+2");2<(z+ (=¥ ; 0+ z%); w); (y*; 0+ y*)
proof
assume Iz ;2 <z ;(y*; 0+ y") +w
have z; (z;y*; 0+ 25y " + 20+ 2" ;w;y”;0+2" ;w9 ) <a52;9";0+z52;y +2°;0+2" ;w9 ;0+2" 5wy
by (smt add-associative add-right-upper-bound less-eq-def mult-associative mult-left-dist-add omega-unfold star.circ-loop-fixpoint)
alsohave ... < (z; 4“0+ z; 9" +w);y*;0+ (259" ;0+z;9" +w) ;9" +2°;0+z";w; 9y ;042" ; w; y* using 1
by (metis add-left-isotone mult-associative mult-left-dist-add mult-left-isotone)
alsohave ... =z ; y* ; 04+ z;y " +z°;04+ 2" ;w; y*; 04+ 2" ;w; y*
by (smt add-associative add-commutative add-idempotent mult-associative mult-left-zero mult-right-dist-add star.circ-loop-fizpoint star.circ-transitive-equal star-mult-omega)
finally have (z“ ; 0+ 2");2<z;34“;0+z2z;9" +2*;0+z";w;y";0+ 2" ; w;y"
by (smt add-least-upper-bound add-left-upper-bound mult-associative mult-left-zero mult-right-dist-add star.circ-back-loop-fixpoint star-left-induct)
thus (z¥ ;04+2z%) ;2<(z4+ (z¥;0+z");w); (v ; 0+ y")
by (smt add-associative mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add)
qed

end

sublocale omega-algebra-T < combO!: itering-T where circ = (Az . ¥ ; 0+ z¥)
apply unfold-locales
apply (smt add-associative add-commutative mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add omega-slide star.circ-mult)
apply (smt add-associative add-commutative star.circ-add mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add star.mult-zero-add-cire-2 mult-zero-add-omega omega-decompose)
apply (smt add-isotone star.circ-simulate mult-associative mult-left-dist-add mult-left-isotone mult-left-zero mult-right-dist-add omega-simulation)
apply (smt add-commutative add-left-isotone mult-left-isotone mult-left-subdist-add-left mult-right-one omega-circ-simulate-right-plus order-trans star.circ-plus-one)
apply (smt add-commutative add-right-isotone mult-left-subdist-add-left mult-right-isotone omega-circ-simulate-left-plus order-trans star.circ-increasing)
apply (metis omega-circ-simulate-right-plus)
by (metis omega-circ-simulate-left-plus)

class omega-itering = omega-algebra-T + itering-T
begin
subclass kleene-itering ..

lemma circ-below-omega-star: z° < z%° + z*
by (metis circ-left-unfold mult-right-one omega-induct order-refl)

lemma omega-mult-circ: =% ; z° = x¥
by (smt add-commutative circ-reflexive less-eq-def mult-left-dist-add mult-right-one omega-sub-vector)

lemma circ-mult-omega: z° ; z%° = z“
by (metis antisym circ-left-unfold circ-slide le-less mult-left-one mult-right-one mult-right-subdist-add-left omega-simulation)

lemma circ-omega: z° = T



by (metis circ-star star-omega-top)

lemma omega-circ: z¥° = 1 + z*
by (metis circ-left-unfold circ-star mult-associative omega-vector star.circ-left-top)

end

class Omega =
fixes Omega :: 'a = 'a (-* [100] 100)

class dra = kleene-algebra-T + Omega +

assumes Omega-unfold syt =14y, y"

assumes Omega-isolate : y@ =y ; 0 + y*

assumes Omega-induct x<z4+y;z o<yt
begin

lemma Omega-mult: (z ; )? =1+ z; (y;2)%;y

by (smt Omega-induct Omega-unfold antisym mult-associative mult-left-dist-add mult-left-one mult-right-dist-add mult-right-isotone mult-right-one order-refl)
lemma Omega-add-1: (z + ) =z ; (y ; )%

by (smt Omega-induct Omega-unfold add-associative add-commutative add-right-isotone antisym mult-associative mult-left-one mult-right-dist-add mult-right-isotone mult-right-one
order-refl)

lemma Omega-add: (z + y)? = (z% ; y)? ; 2

by (smt Omega-add-1 Omega-mult mult-associative mult-left-dist-add mult-left-one mult-right-dist-add mult-right-one)

lemma Omega-simulate: z ;& < y ;2 — z; ¢ <y 2
by (smt Omega-induct Omega-unfold add-right-isotone mult-associative mult-left-dist-add mult-left-isotone mult-right-one)

end
sublocale dra < Omega!: itering-1 where circ = Omega
apply unfold-locales
apply (metis Omega-mult)
apply (metis Omega-add)
by (metis Omega-simulate)
context dra

begin

lemma star-below-Omega: z* < z°
by (metis Omega-isolate add-commutative add-left-divisibility)

lemma Omega-sum-unfold-1: (z + )@ =y + y* ; z; (z + y)®
by (smt Omega.circ-add Omega.circ-loop-fizpoint Omega-isolate add-associative add-commutative mult-associative mult-left-zero mult-right-dist-add)



lemma Omega-add-3: (z + y)@ = (z* ; )7 ; z°

by (smt Omega.circ-add Omega.circ-isotone Omega-induct Omega-sum-unfold-1 add-commutative antisym mult-left-isotone order-refl star-below-Omega)

lemma Omega-one: 1% = T
by (metis Omega.circ-transitive-equal Omega-induct add-left-top add-right-upper-bound less-eq-def mult-left-one)

lemma top-left-zero: T ; x = T

by (metis Omega-induct Omega-one add-left-top add-right-upper-bound less-eq-def mult-left-one)
lemma star-mult-Omega: = = z* ; z°

by (metis Omega.circ-plus-one Omega.circ-transitive-equal Omega-isolate add-commutative less-eq-def order-refl star.circ-add-mult-zero star.circ-increasing star.circ-plus-same star-involutive
star-left-induct star-square)
lemma Omega-separate-2: y ; z < z ; (z + y) — (z + y)? = 29 ; 3
by (smt Omega.circ-sub-dist-3 Omega-induct Omega-sum-unfold-1 add-right-isotone antisym mult-associative mult-left-isotone star-mult-Omega star-simulation-left)

lemma Omega-circ-simulate-right-plus: z ; 2 <y ; y¢ ;2 + w — 2z ; % < 3y ; (z + w; xﬂ)
by (smt Omega.circ-back-loop-fizpoint Omega.circ-plus-same Omega.left-plus-circ Omega-induct add-associative add-commutative add-right-isotone less-eq-def mult-associative mult-right-dist-add)
lemma Omega-circ-simulate-left-plus: z ; z < z; y? + w — 2% ; 2 < (z + % w) ; y%
proof
assumel:x;zgz;y”+w
hence z ; ((z + 2% ; w) ; y?) < 25975 9% +w; y? + 2% 5 w; y?
by (smt Omega.left-plus-below-circ add-left-isotone add-right-isotone mult-associative mult-left-dist-add mult-left-isotone mult-right-dist-add order-trans)
hence o ; (= + 2% ; w) 5 y?) < (2 + 2% ; w) 5 y”
by (metis Omega.circ-transitive-equal mult-associative Omega.circ-reflezive add-associative less-eq-def mult-left-one mult-right-dist-add)
thus 2% ; 2z < (z + 2% ; w) ; y©
by (smt Omega.circ-back-loop-fizpoint Omega-isolate add-least-upper-bound mult-associative mult-left-zero mult-right-dist-add mult-right-subdist-add-left mult-right-subdist-add-right
star-left-induct)
qed

end

sublocale dra < Omega!: itering-T where circ = Omega
apply unfold-locales
apply (smt Omega.circ-loop-fizpoint Omega-circ-simulate-right-plus add-associative add-commutative add-left-upper-bound mult-associative mult-left-dist-add order-trans)
apply (smt Omega.circ-increasing Omega-circ-simulate-left-plus add-commutative add-right-isotone mult-right-isotone order-trans)
apply (metis Omega-circ-simulate-right-plus)
by (metis Omega-circ-simulate-left-plus)

class dra-omega = omega-algebra-T + Omega +
assumes top-left-zero: T ; x = T

assumes Omega-def: % = z + z*

begin



lemma omega-left-zero: =% ; y = x%
by (metis mult-associative omega-vector top-left-zero)

lemma Omega-mult: (z ; )? =1+ 2z ; (y;2)%;y
by (smt add-associative add-commutative Omega-def mult-left-dist-add mult-right-dist-add omega-left-zero omega-slide star-unfold-slide)
lemma Omega-add: (z + y)®
proof —
have (z%; y)? ;2% = (2" ; 9)" 529 + (2" 5 9)” + (2" 5 9)" ;2" 5 2
by (smt add-commutative Omega-def mult-associative mult-right-dist-add mult-zero-add-omega omega-left-zero star.circ-add-1)
thus %thesis
by (smt add-associative add-commutative Omega-def mult-associative mult-left-dist-add omega-decompose omega-left-zero star.circ-add-1 star.circ-loop-fizpoint star.circ-slide)
qed

Q Q

lemma Omega-simulate: z ;2 <y ; 2z — 2z ; ¢ < y?; 2
by (smt add-isotone Omega-def mult-left-dist-add mult-right-dist-add omega-left-zero omega-simulation star-simulation-right)

subclass dra
apply unfold-locales
apply (metis Omega-def comb0.circ-left-unfold omega-left-zero)
apply (smt Omega-def add-associative less-eq-def mult-right-dist-add omega-left-zero zero-right-mult-decreasing)
by (metis Omega-def mult-right-dist-add omega-induct omega-left-zero)

end

class dom =
fixes d :: 'a = a

class domain-semiring = semiring + dom +
assumes d-restrict: x + d(z) ; ¢ = d(z) ; z
assumes d-mult-d : d(z ; y) = d(z ; d(y))
assumes d-plus-one: d(z) + 1 =1
assumes d-zero : d(0) =0
assumes d-dist-add: d(z + y) = d(z) + d(y)

begin
Most lemmas in this class are taken from Georg Struth’s theories.
lemma d-restrict-equals: © = d(z) ; x

by (metis add-commutative d-plus-one d-restrict mult-left-one mult-right-dist-add)

lemma d-involutive: d(d(z)) = d(z)
by (metis d-mult-d mult-left-one)

lemma d-fizpoint: (y . z = d(y)) < = = d(z)



by (metis d-involutive)

lemma d-type: VP . (V2 . z = d(z) — P(z)) < (Vz . P(d(z)))
by (metis d-involutive)

lemma d-mult-sub: d(z ; y) < d(z)
by (metis d-dist-add d-mult-d d-plus-one less-eq-def mult-left-subdist-add-left mult-right-one)

lemma d-sub-one: z < 1 — z < d(z)
by (metis d-restrict-equals mult-right-isotone mult-right-one)

lemma d-strict: d(z) = 0 z =0
by (metis d-restrict-equals d-zero mult-left-zero)

lemma d-one: d(1) = 1
by (metis d-restrict-equals mult-right-one)

lemma d-below-one: d(z) < 1
by (metis d-plus-one less-eq-def)

lemma d-isotone: ¢ < y — d(z) < d(y)
by (metis d-dist-add less-eq-def )

lemma d-plus-left-upper-bound: d(z) < d(z + y)
by (metis add-left-upper-bound d-isotone)

lemma d-ezport: d(d(z) ; y) = d(z) ; d(y)
by (smt add-commutative antisym d-mult-d d-mult-sub d-plus-left-upper-bound d-plus-one d-restrict d-sub-one mult-isotone mult-left-one mult-left-subdist-add-right mult-right-dist-add
mult-right-one)

lemma d-idempotent: d(z) ; d(z) = d(z)
by (metis d-ezport d-restrict-equals)

lemma d-commutative: d(z) ; d(y) = d(y) ; d(z)
by (smt antisym d-export d-mult-d d-mult-sub d-one d-restrict-equals mult-isotone mult-left-one)

lemma d-least-left-preserver: z < d(y) ; x < d(z) < d(y)
by (metis d-below-one d-involutive d-mult-sub d-restrict-equals eq-iff mult-left-isotone mult-left-one)

lemma d-weak-locality: z ; y = 0« z ; d(y) = 0
by (metis d-mult-d d-strict)

lemma d-add-closed: d(d(z) + d(y)) = d(z) + d(y)
by (metis d-dist-add d-involutive)

lemma d-mult-closed: d(d(z) ; d(y)) = d(z) ; d(y)
by (metis d-export d-mult-d)



lemma d-mult-left-lower-bound: d(z) ; d(y) < d(z)
by (metis d-export d-involutive d-mult-sub)

lemma d-mult-greatest-lower-bound: d(z) < d(y) ; d(z) < d(z) < d(y) A d(z) < d(z)
by (metis d-commutative d-idempotent d-mult-left-lower-bound mult-isotone order-trans)

lemma d-mult-left-absorb-add: d(z) ; (d(z) + d(y)) = d(z)
by (metis add-commutative d-idempotent d-plus-one mult-left-dist-add mult-right-one)

lemma d-add-left-absorb-mult: d(z) + d(z) ; d(y) = d(z)
by (metis add-commutative d-mult-left-lower-bound less-eq-def)

lemma d-add-left-dist-mult: d(z) + d(y) ; d(z) = (d(z) + d(y)) ; (d(z) + d(z))
by (smt add-associative d-commutative d-idempotent d-mult-left-absorb-add mult-left-dist-add mult-right-dist-add)

lemma d-order: d(z) < d(y) < d(z) = d(z) ; d(y)
by (metis d-mult-greatest-lower-bound d-mult-left-absorb-add less-eq-def order-refl)

lemma d-mult-below: d(z) ; y <y
by (metis add-left-divisibility d-plus-one mult-left-one mult-right-dist-add)

lemma d-preserves-equation: d(y) ; z < z ; d(y) < d(y) ; z = d(y) ; = ; d(y)
by (smt antisym d-below-one d-idempotent mult-associative mult-left-isotone mult-left-one mult-right-isotone mult-right-one)

end

class semiring-dL-below = domain-semiring +
fixes L :: 'a
assumes L-left-zero-below: L ; x < L
assumes mult-L-split: z ; L=z ; 0+ d(z) ; L

begin

lemma d-zero-mult-L: d(z ; 0) ; L < z
by (metis add-least-upper-bound mult-L-split mult-associative mult-left-zero zero-right-mult-decreasing)

lemma mult-L: z ; L <z ; 0+ L
by (metis add-right-isotone d-mult-below mult-L-split)

lemma d-mult-L: d(z) ; L< =z ;L
by (metis add-right-divisibility mult-L-split)



lemma d-L-split: z ; d(y) ; L=z ; 0+ d(z ;y); L
by (metis d-commutative d-mult-d d-zero mult-L-split mult-associative mult-left-zero)

lemma d-mult-mult-L: d(z ; y) ; L<z; d(y); L
by (metis add-right-divisibility d-L-split)

lemma L-L: L ; L=1L
by (metis d-restrict-equals less-eq-def mult-L-split zero-right-mult-decreasing)

end

class ed-below = omega-algebra-T + semiring-dL-below + Omega +
assumes Omega-def: % = d(z*) ; L + z*

begin

lemma Omega-isotone: z < y — % < y©
by (metis Omega-def add-isotone d-isotone mult-left-isotone omega-isotone star.circ-isotone)

lemma star-below-Omega: ©* < z°
by (metis Omega-def add-right-upper-bound)

lemma one-below-Omega: 1 < z%
by (metis add-least-upper-bound star.circ-plus-one star-below-Omega)

lemma L-left-zero-star: L ; 2 = L
by (metis L-left-zero-below add-right-upper-bound antisym star.circ-back-loop-fixpoint)

lemma L-left-zero-Omega: L ; =% = L
by (metis L-left-zero-below L-left-zero-star Omega-def less-eq-def mult-left-dist-add)

lemma mult-L-star: (z ; L)* =1+ z; L
by (metis L-left-zero-star mult-associative star.circ-left-unfold)

lemma mult-L-omega-below: (z ; L)* < z ; L
by (metis L-left-zero-below mult-right-isotone omega-slide)

lemma mult-L-add-star: (z ; L+ y)" =y +y* ;25 L
by (metis L-left-zero-star add-commutative mult-associative star.circ-unfold-sum)

lemma mult-L-add-omega-below: (z ; L+ y)* < y* + 9" ;2 ; L
proof —
have (z; L+ y)* = (y" ;2 ) + (y" 523 L)" ;¢
by (metis add-commutative mult-associative omega-decompose)
also have ... < y*;z; L+ (y*;z; L) ;y”
by (metis add-left-isotone mult-L-omega-below)
alsohave ... = y* ;2 ; L+ vy ;2 ; L;y" + y*



by (smt L-left-zero-star add-associative add-commutative mult-associative star.circ-loop-fizpoint)
also have ... < y* + y*; 2z ; L

by (metis L-left-zero-star add-commutative eq-refl mult-associative star.cire-back-loop-fizpoint)
finally show ?thesis

qed

lemma mult-L-add-cire: (z ; L+ y)® =dy*); L+ vy +y* ;z; L
proof —
have (z; L+ y)” =d((x; L+ y)*); L+ (z; L+ y)*
by (metis Omega-def)
also have ... < d(y* +y" ;z; L) ; L+ (z; L+ y)"
by (metis add-left-isotone d-isotone mult-L-add-omega-below mult-left-isotone)
also have ... = d(y*); L+ d(y* ;2 ;L) ; L+ (z; L+ y)*
by (metis d-dist-add mult-right-dist-add)
also have ... < d(y*); L+ y " ;z;L; L+ (z; L+ y)*
by (metis add-left-isotone add-right-isotone d-mult-L)
also have ... = d(y*); L+ y" " +y*;z; L
by (smt L-L add-associative add-commutative less-eq-def mult-L-add-star mult-associative order-refl)
finally have 1: (z ; L+ )% < d(y*); L+ vy +y* ;z; L

have 2: d(y*) ; L < (z ; L + y)®
by (metis Omega-def add-left-upper-bound add-right-upper-bound d-isotone mult-left-isotone omega-isotone order-trans)
have y* + y* ;25 L < (z; L+ y)?
by (metis Omega-def add-right-upper-bound mult-L-add-star)
hence d(y*) ; L+ y* 4+ y* ;z; L < (z; L + y)" using 2
by (metis Omega-def add-least-upper-bound add-right-upper-bound mult-L-add-star)
thus ?thesis using 1
by (metis antisym)
qed

lemma circ-add-d: (% ; y)% ;2% = d((z* ; »)*); L+ (2" 5 )" 5 2° + (2% ; 9)* ; d(z¥) ; L)
proof —
have (27 3 )" ; 2% = ((d(2*) 5 L + 27) 5 )@ 5 o®
by (metis Omega-def)
also have ... = (d(z*) ; L; y + 2 ; y)* ; 2%
by (metis mult-right-dist-add)
also have ... < (d(z*) ; L + z* ; ?J)Q ; 2
by (metis L-left-zero-below Omega-isotone add-left-isotone mult-associative mult-left-isotone mult-right-isotone)

also have ... = (d((z" ; 9)*); L+ (z" 5 9)" + (2" 5 9)* ; d(a*) ; L) 5 2
by (metis mult-L-add-circ)

also have ... = d((z* ; y)*) ; L; 2% + (&% ; 9)* ;27 + (&% ; 9)* 5 d(z¥) 5 L ; 27
by (metis mult-right-dist-add)

also have ... = d((¢" ; y)*) ; L+ (2" ; 9)" 5 2% + (¢" 5 9)" 5 d(a¥) 5 L
by (smt L-left-zero-Omega mult-associative)

also have ... = d((z" ; »)¥) ; L+ ((z" 5 9)" ;2" + (27 5 9)" 5 d(2*) 5 L)

by (smt Omega-def add-associative add-commutative add-idempotent mult-associative mult-left-dist-add)



finally have 1: (2% ; 9)® 5 2% < d((z" 5 9)*) s L+ (=" 5 9)" 5 2" + (&7 1 9)" 5 d(z*) ; L)

have d((s" 5 y)*) ; L < (2% ; 1)°

by (metis Omega-def Omega-isotone add-commutative add-right-upper-bound mult-left-isotone order-trans)
also have ... < (z% ; )@ ; 2%

by (metis mult-right-isotone mult-right-one one-below-Omega)
finally have 2: d((z* ; ¥)*); L < (2 ; )@ ; 2

have 3: (z* ; y)* ; 2" < (2% ; ) ; 29
by (smt Omega-isotone mult-left-isotone mult-right-isotone order-trans star-below-Omega)
have (z* ; y)* ; d(z¥) ; L < (z* 5 y)* 5 2
by (metis Omega-def add-commutative mult-associative mult-left-subdist-add-right)
also have ... < (2% ; )% ; 2%
by (metis Omega-isotone mult-left-isotone order-trans star-below-Omega)
finally have d((z" ; 9)*) ; L+ ((z" 5 9)" 5 2" + (27 ; 9)" 5 d(z*) ; L) < (¢ ; 9)? ; 2% using 2 3
by (smt add-associative less-eq-def)
thus ?thesis using 1
by (metis antisym)
qged

end

class ed = ed-below +
assumes L-left-zero: L ; x = L

begin

lemma mult-L-omega: (z ; L)* =z ; L
by (metis L-left-zero omega-slide)

lemma mult-L-add-omega: (z ; L+ y)* =y* +y" ;2 ; L
by (smt L-left-zero add-commutative add-left-upper-bound less-eq-def mult-L-omega mult-L-star mult-associative mult-left-one mult-right-dist-add omega-decompose)

lemma d-Omega-circ-simulate-right-plus: z ; z < y; y% ; 2 + w — 2z ; 2% <y ; (z4+w;z
proof
assumez;:cgy;yﬂ;erw
hence z ;2 <y;d(y”);L;2+y;9 ;2 +w
by (metis Omega-def mult-associative mult-left-dist-add mult-right-dist-add)
alsohave ... < y;d(y*); L+ y;y" ;z+w
by (metis L-left-zero-below add-commutative add-right-isotone mult-associative mult-right-isotone)

)

also have ... = y; 0+ d(y;y*); L+y;y" sz+w
by (metis d-L-split)
also have ... = d(y*); L+ y;y" ;2 + w

by (smt add-associative add-commutative add-left-zero mult-associative mult-left-dist-add omega-unfold)
finally have 1: z ; 2 < d(y“); L+ y; 9" ;2 + w



have (d(y”); L+ y" ;z4+y s w;d@?); L+y sw;a");2=dy);Lys+y 250 +y sw;d@”); Liz+y" w250
by (metis mult-right-dist-add)
alsohave ... < d(y*); L+ y ;252 +y ;w;d@z¥); Lz +y ;w;z" ;2
by (metis L-left-zero-below add-left-isotone mult-associative mult-right-isotone)
also have ... < d(y*); L+ y ;z5z2+y" ;w;dz”); L+y" s w;2" ;2
by (metis L-left-zero-below add-commutative add-left-isotone mult-associative mult-right-isotone)
also have ... < d(y“); L+ y " ;z;z2+y " ;w;dz*); L+y";w;z"
by (metis add-left-upper-bound add-right-isotone star.circ-back-loop-fixpoint)
also have ... < d(y*); L+ y"; dw*); L+y;y 52+ w)+y*;w;d=¥); L+ y" ;w; " using 1
by (smt add-left-isotone add-right-isotone less-eq-def mult-associative mult-left-dist-add)
also have ... = d(y*); L+ y sy 9" 524+ y s w; d@®); L+ vy w;z”
by (smt add-associative add-commutative add-idempotent mult-associative mult-left-dist-add d-L-split star.circ-back-loop-fizpoint star-mult-omega)
also have ... < d(y“); L+ y " ; 2+ vy " ;w;dz"); L+y";w;z"
by (metis add-left-isotone add-right-isotone mult-left-isotone star.circ-plus-same star.circ-transitive-equal star.left-plus-below-circ)
finally have 2: z ; 2" < d(y“); L+ y " ;z4+y s w; dz”); L+y";w; "
by (smt add-least-upper-bound add-left-upper-bound star.circ-loop-fixpoint star-right-induct)
have z ;z ;2 <y;y* ; z;2¥ + dw”); L; z¥ + w; 2 using 1
by (metis add-commutative mult-left-isotone mult-right-dist-add)
also have ... < y; 4" ;2z;2“ +d(y*); L+ w; z®
by (metis L-left-zero-below add-commutative add-right-isotone mult-associative mult-right-isotone)
finally have z ; ¥ < y* 4+ y* ; d(y*) ; L+ y* ; w; z“
by (smt add-associative add-commutative left-plus-omega mult-associative mult-left-dist-add omega-induct omega-unfold star.left-plus-circ)
hence z ; 2% < ¢* + y* ; d(y*) ; L+ y" ; w; 2¥
by (smt add-associative add-commutative left-plus-omega mult-associative mult-left-dist-add omega-induct omega-unfold star.left-plus-circ)
hence z ; z¥ < y“ + y* ; w; z“
by (metis add-commutative d-mult-L less-eq-def mult-associative mult-right-isotone omega-sub-vector order-trans star-mult-omega)
hence d(z ; ) ; L < d(y*); L+ y*; w; d(z¥); L
by (smt add-associative add-commutative d-L-split d-dist-add less-eq-def mult-right-dist-add)
hence z ; d(z*) ; L<z;0+ dw*); L+ y";w;dz¥);L
by (metis add-associative add-right-isotone d-L-split)
hence z ; d(z¥) ; L<d(y*); L+ y" 52+ y" s w;d@”); L+ y";w;a”
by (smt add-commutative add-left-isotone add-left-upper-bound order-trans star.circ-loop-fixpoint zero-right-mult-decreasing)
thus z ; 2% < y%; (z + w ; 2*%) using 2
by (smt L-left-zero Omega-def add-associative less-eq-def mult-associative mult-left-dist-add mult-right-dist-add)
qed
lemma d-Omega-circ-simulate-left-plus: = ; z < z yQ +w oz z2< (z + z w) ;Y
proof
assumel:x;zgz;yg—&—w
have z ; (z;d(y*); L+ 2; 4" +d(a*); L+ 2" ;w;dy); L+a"sw;y")=2;2;dy");L+os2;9 +d@);L+osa"5w;dy”); L+a;2" 5w,y
by (smt add-associative add-commutative mult-associative mult-left-dist-add d-L-split omega-unfold)
alsohave ... < (z;d(y*); L+ z;y" +w);dy”); L+ (z;dw*);L+z;y" +w);y +dz¥); L+z";w;dy”); L+ z°; w; y* using 1
by (smt Omega-def add-associative add-right-upper-bound less-eq-def mult-associative mult-left-dist-add mult-right-dist-add star.circ-loop-fizpoint)
alsohave ... =z ; d(y*); L+ z;y" ;dy*); L+w;dy*); L+z;y" +w;y" +dz¥); L+z";w;dy’); L+z";w;y"
by (smt L-left-zero add-associative add-commutative add-idempotent mult-associative mult-right-dist-add star.circ-transitive-equal)
alsohave ... =z ;dy*); L+ w;dy”); L+ z;y " +w;y" +da*); L+z";w;dy”); L+z";w;y"

Q



by (smt add-associative add-commutative add-idempotent less-eq-def mult-associative d-L-split star-mult-omega zero-right-mult-decreasing)
finally have z ; (z ; d(y“) ; L+ z;y" " +d@*); L+ 2" s w; dy*); L+ 2" 5 w;9") <z;dy*); L+ z;9" +d@”); L+z"5w;dwy”); L+z" 5 w; 9"
by (smt add-associative add-commutative add-idempotent mult-associative star.circ-loop-fizxpoint)
thus 2% ; 2z < (z + 2% ; w) ; y©
by (smt L-left-zero Omega-def add-associative add-least-upper-bound add-left-upper-bound mult-associative mult-left-dist-add mult-right-dist-add star.circ-back-loop-fizpoint star-left-induct)
qed

end

sublocale ed < ed-omega!: omega-itering where circ = Omega

apply unfold-locales

apply (smt L-left-zero add-associative add-commutative add-left-zero Omega-def mult-associative mult-left-dist-add mult-right-dist-add d-L-split omega-slide star-unfold-slide)

apply (smt add-associative add-commutative add-left-zero circ-add-d Omega-def mult-left-dist-add mult-right-dist-add d-L-split d-dist-add omega-decompose star.circ-add-1 star.circ-slide)

apply (smt L-left-zero add-associative add-commutative add-isotone add-left-zero Omega-def mult-associative mult-left-dist-add mult-left-isotone mult-right-dist-add d-L-split d-isotone
omega-simulation star-simulation-right)

apply (smt d-Omega-circ-simulate-right-plus Omega-def add-left-isotone add-right-upper-bound mult-left-isotone mult-right-isotone order-trans star.circ-back-loop-fizpoint)

apply (smt Omega-def add-commutative add-least-upper-bound add-right-isotone mult-right-isotone d-Omega-circ-simulate-left-plus order-trans star.circ-increasing)

apply (metis d-Omega-circ-simulate-right-plus)

by (metis d-Omega-circ-simulate-left-plus)

sublocale ed < ed-star!: omega-itering where circ = star ..

class meet =
fixes meet :: ‘a = ‘a = 'a (infix] ~ 65)

class semiring-lattice = semiring-T + meet +

assumes meet-associative : (x ~y) ~z =z ~ (y ~ z)
assumes meet-commutative T ~y =1y —~x

assumes meet-idempotent T~ =2z

assumes meet-left-zero 0 ~2=0

assumes meet-left-top T~z ==z

assumes meet-left-dist-add 1z ~ (y + z) = (z ~ y) + (z —~ 2)
assumes add-left-dist-meet : x + (y ~ 2) = (z + y) ~ (x + 2)
assumes meet-absorb rx~(z4+y) ==
assumes add-absorb cz+(z~y) ==

begin

lemma less-eg-meet: © <y —z ~y ==z
by (metis add-absorb add-right-upper-bound less-eq-def meet-absorb meet-commutative)

lemma meet-left-isotone: t <y -z ~ 2 <y —~ 2
by (smt less-eq-def meet-commutative meet-left-dist-add)

lemma meet-right-isotone: t <y — z ~x <z ~y



by (metis meet-commutative meet-left-isotone)

lemma meet-isotone: w < yANrx <z —-w ~z <y ~z2
by (smt less-eq-meet meet-associative meet-commutative)

lemma meet-left-upper-bound: © ~ y < z
by (metis add-absorb add-right-divisibility)

lemma meet-right-upper-bound: © —~ y < y
by (metis meet-commutative meet-left-upper-bound)

lemma meet-least-upper-bound: z <z ANz < y—z2<z~y
by (metis less-eq-meet meet-associative meet-left-upper-bound)

lemma meet-left-divisibility: y < z «— (Jz .2 —~ z = y)
by (metis less-eq-meet meet-commutative meet-left-upper-bound)

lemma meet-right-divisibility: y < z < (3z . 2 ~ 2 = y)
by (metis meet-commutative meet-left-divisibility)

lemma meet-right-zero: © —~ 0 = 0
by (metis meet-commutative meet-left-zero)

lemma mult-left-subdist-meet-left: = ; (y ~ z) <z ;y
by (metis meet-left-upper-bound mult-right-isotone)

lemma mult-left-subdist-meet-right: = ; (y —~ z) < x ; 2z
by (metis meet-commutative mult-left-subdist-meet-left)

lemma mult-right-subdist-meet-left: (z ~ y) ; 2 < x; 2
by (metis meet-left-upper-bound mult-left-isotone)

lemma mult-right-subdist-meet-right: (z ~ y) ; 2 < y; 2
by (metis meet-right-upper-bound mult-left-isotone)

lemma mult-same-context:x <y ~ 2 ANy<zc ~2 > ~z2=9y —~2
by (metis eg-iff meet-least-upper-bound)

lemma mult-right-top: x ~ T =z
by (metis meet-commutative meet-left-top)

lemma vector-mult-closed: vector x A vector y — vector (x —~ y)
by (metis antisym meet-least-upper-bound mult-right-subdist-meet-left mult-right-subdist-meet-right top-right-mult-increasing vector-def)

lemma relative-equality: x + z =y + 2 Nx ~z2=y ~ 2z > =4y
by (metis add-absorb add-commutative add-left-dist-meet)



end

class domain-semiring-lattice = domain-semiring + semiring-lattice
begin

lemma d-top: d(T) = 1
by (metis add-left-top d-dist-add d-one d-plus-one)

lemma mult-domain-top: =z ; d(y) ; T < d(z ;y); T
by (smt d-mult-d d-restrict-equals mult-associative mult-right-isotone top-greatest)

lemma meet-domain: z ~ d(y) ; z = d(y) ; (z —~ 2)

apply (rule antisym)

apply (smt add-commutative add-right-divisibility d-ezport d-isotone d-mult-left-lower-bound d-plus-one d-restrict-equals meet-right-isotone meet-right-upper-bound mult-left-isotone mult-left-one
mult-right-isotone order-trans)

by (metis d-plus-one meet-least-upper-bound mult-left-one mult-left-subdist-meet-right mult-right-subdist-add-left)

lemma meet-intro-domain: ¢ ~y = d(y) ; x —~y
by (metis d-restrict-equals meet-commutative meet-domain)

lemma meet-domain-top: ¢ —~ d(y) ; T = d(y) ; z
by (metis meet-domain mult-right-top)

lemma d-galois: d(z) < d(y) < z < d(y); T
by (metis d-isotone d-least-left-preserver meet-domain-top meet-least-upper-bound)

lemma vector-meet: x ; T —~y < d(z) ; y
by (metis d-galois d-mult-sub meet-commutative meet-domain-top meet-right-isotone)

end

class domain-semiring-lattice-L = domain-semiring-lattice +
fixes L :: 'a

assumes lI: z ; L=z ; 0+ d(z); L
assumes [2: d(L) ; z < z ; d(L)
assumes [3: d(L) ; T < L+ d(L;0); T
assumes 4: L ; T < L

assumes l5: 2z ;0 ~ L < (z ~L); 0

begin

lemma 8: (z ~L);0<z;0~1L



by (metis meet-commutative meet-least-upper-bound mult-right-subdist-meet-right zero-right-mult-decreasing)

lemma 9: 2z ;0 ~ L <d(z;0) ;L
by (metis d-restrict-equals meet-commutative meet-domain meet-right-upper-bound)

lemma [10: L ; L= L
by (metis d-restrict-equals 11 less-eq-def zero-right-mult-decreasing)

lemma [11: d(z) ; L< =z ; L
by (metis add-right-upper-bound (1)

lemma [12: d(z ; 0) ; L< =z ;0
by (metis add-right-divisibility 11 mult-associative mult-left-zero)

lemma [13: d(z ; 0) ; L< z
by (metis 112 order-trans zero-right-mult-decreasing)

lemma [14: 2 ; L<z;0+ L
by (metis add-right-isotone I1 meet-domain-top meet-left-upper-bound)

lemma 15: 2 ; d(y) ; L=2; 0+ d(z;y); L
by (metis d-commutative d-mult-d d-zero 11 mult-associative mult-left-zero)

lemma l16: x ; T ~ L <z ;L
by (metis 111 order-trans vector-meet)

lemma [17: d(z) ; L<d(z; L); L
by (smt d-restrict-equals 111 meet-domain-top meet-least-upper-bound meet-left-divisibility order-trans)

lemma [18: d(z) ; L=d(z ; L) ; L
by (metis antisym d-mult-sub 117 mult-left-isotone)

lemma [19: d(z ; T ;0); L<d(z;L); L
by (metis d-mult-sub 118 mult-associative mult-left-isotone)

lemma 20: 2 <y—z<y+LAz<y+dy;0 ;T
apply rule
apply (metis add-absorb less-eq-meet meet-left-dist-add)
by (smt add-commutative add-left-dist-meet 113 less-eq-def meet-domain-top)

lemma 21: d(z ; 0) ; L<z;0~1L
by (metis 112 meet-domain-top meet-least-upper-bound meet-left-upper-bound)

lemma 222 ;0 ~L=4d(z;0); L
by (metis antisym 19 121)

lemma 23: 2z ; T ~ L=d(z); L



apply (rule antisym)
apply (metis vector-meet)
by (metis add-least-upper-bound d-mult-below 11 meet-least-upper-bound mult-right-isotone top-greatest)

lemma [29: L ; d(L) = L
by (metis d-preserves-equation d-restrict-equals 12)

lemma [30: d(L) ;2 < (z ~ L)+ d(L;0); =z
by (metis I3 less-eq-def meet-domain-top meet-left-dist-add)

lemma [31: d(L) ;2 = (z ~ L)+ d(L;0) ; z
by (smt add-least-upper-bound antisym d-mult-sub d-restrict-equals 130 meet-domain mult-left-isotone mult-left-subdist-meet-left)

lemma /40: L ; x < L
by (metis add-right-top 14 mult-left-subdist-add-left order-trans)

lemma 41: L ; T = L
by (metis antisym 4 top-right-mult-increasing)

lemma 50: x ;0 ~ L= (z ~L); 0
by (metis eg-iff 15 18)

lemma 51: d(z ; 0) ; L= (z ~ L); 0
by (metis 122 150)

lemma [90: L ; T ; L =1L
by (metis add-commutative d-restrict-equals d-top 11 151 131 meet-absorb meet-commutative mult-associative mult-left-dist-add mult-left-zero mult-right-one)

lemma 91: 2 =2 ; T —d(L;0);z<d(z;0); T
proof —
have d(L; 0) ;2 < d(d(L;0);z); T
by (metis d-galois order-refl)

also have ... = d(d(L; 0) ; d(z)) ; T
by (metis d-mult-d)
also have ... = d(d(z) ; L;0); T

by (metis d-commutative d-mult-d mult-associative)
also have ... < d(z ; L;0); T
by (metis d-isotone 111 mult-left-isotone)
also have ... < d(z ; T ;0); T
by (metis d-isotone mult-left-isotone mult-right-isotone top-greatest)
finally show %thesis
by metis
qed

lemma (922 2 =z ; T — d(L;0);z<d((x ~L);0); T
proof
assume I: x =z ; T



have d(L; 0); 2 =d(L); d(L;0);z
by (metis d-commutative d-mult-sub d-order)
also have ... < d(L) ; d(z ; 0) ; T using 1
by (metis eg-iff 191 mult-associative mult-isotone)
also have ... = d(d(z ; 0); L) ; T
by (metis d-commutative d-export)
also have ... < d((x ~L);0); T
by (metis 151 order-refl)
finally show d(L; 0);z < d((z ~L);0); T
by metis
qed

end

class domain-itering-lattice-L = itering-T + domain-semiring-lattice-L
begin

lemma mult-L-cire: (x ; L)° =1+ z; L
by (metis circ-back-loop-fizpoint circ-mult 140 less-eq-def mult-associative)

lemma mult-L-cire-mult-below: (z ; L)° ; y <y + z; L
by (smt add-right-isotone 140 mult-L-circ mult-associative mult-left-one mult-right-dist-add mult-right-isotone)

lemma circ-L: L° = L + 1
by (metis add-commutative 110 mult-L-circ)

lemma circ-d0-L: z° ; d(z ; 0) ; L=12°; 0

by (metis add-right-zero circ-loop-fizpoint circ-plus-same d-zero 115 mult-associative mult-left-zero)

lemma d0-circ-left-unfold: d(z° ; 0) = d(z ; z° ; 0)
by (metis add-commutative add-left-zero circ-loop-fizpoint mult-associative)

lemma d-circ-import: d(y) ; ¢ < z ; d(y) — d(y) ; z° = d(y) ; (d(y) ; x)°
by (rule, rule antisym,
metis circ-stmulate circ-slide mult-associative d-idempotent d-preserves-equation,
metis circ-isotone mult-left-isotone mult-left-one mult-right-isotone d-below-one)
end
class domain-omega-algebra-lattice-L = omega-algebra-T + domain-semiring-lattice-L

begin

lemma mult-L-star: (x ; L)* =1+ z; L



by (metis 140 less-eq-def mult-associative star.circ-back-loop-fizpoint star.circ-mult)

lemma mult-L-omega: (z ; L)* <z ; L
by (smt 41 less-eq-def mult-associative mult-left-dist-add omega-unfold top-greatest)

lemma mult-L-add-star: (z ; L+ y)"  =y" +y* ;2 ; L
proof (rule antisym)
have (z; L+y); (" +y ;2;L0)=z;L; (W +y 320 +y; (W +y ;2;1L)
by (metis mult-associative mult-right-dist-add)
alsohave ... <z; L+y; (y"+y" ;2;L)
by (metis add-left-isotone 140 mult-associative mult-right-isotone)
alsohave ... <z ;L+y;y " +y";2;L
by (smt add-associative add-commutative add-right-upper-bound mult-associative mult-left-dist-add star.circ-loop-fizpoint)
alsohave ... <z ; L+ y" " +y";x; L
by (metis add-left-isotone add-right-isotone star.left-plus-below-circ)
also have ... = y* + y" ;2 ; L
by (metis add-associative add-commutative mult-associative star.circ-loop-fixpoint star.circ-reflexive star.circ-sup-one-right-unfold star-involutive)
finally have 1 + (z ; L+ 94); (y" +y ;2 L) <y " +y ;2;L
by (metis add-commutative add-least-upper-bound add-right-divisibility star.circ-left-unfold)
thus (z; L+ y)" <y " +y";2;L
by (metis mult-right-one star-left-induct)
next
show y* + y" ;25 L < (z; L+ y)
by (metis add-commutative add-least-upper-bound mult-associative star.circ-increasing star.circ-mult-upper-bound star.circ-sub-dist)
qged

lemma mult-L-add-omega: (z ; L+ y)* < y* +y" ;2 ;L
proof —
have I: (y*;z; L) <y* +y";2; L
by (metis add-least-upper-bound add-right-isotone mult-L-omega)
have (y" ;2 ; L)" s y* <y +y ;25 L
by (metis add-right-isotone 140 mult-associative mult-right-isotone star-left-induct)
thus ?thesis using 1
by (smt add-associative add-commutative less-eq-def mult-associative omega-decompose)
qed

end

sublocale domain-omega-algebra-lattice-L < dL-star!: omega-itering where circ = star ..
sublocale domain-omega-algebra-lattice-L < dL-star!: domain-itering-lattice-L where circ = star ..
context domain-omega-algebra-lattice-L

begin

lemma d0-star-below-d0-omega: d(z* ; 0) < d(z* ; 0)



by (metis d-isotone star-zero-below-omega-zero)

lemma d0-below-d0-omega: d(z ; 0) < d(z* ; 0)
by (metis d0-star-below-d0-omega d-isotone mult-left-isotone order-trans star.circ-increasing)

lemma star-d0-L: z* ; d(z ; 0) ; L=2"; 0
by (metis dL-star.circ-d0-L)

lemma star-L-split: y < 2 ANz ;2;L<z;0+z;L—z";y; L<z*;0+2;L
by (smt add-least-upper-bound add-left-isotone star.left-plus-below-circ mult-associative mult-left-dist-add mult-left-isotone order-trans star.circ-increasing star-left-induct)

lemma star-L-split-same: ¢ ; y ; L<z;0+y;L—z";y; L=z";0+y; L
by (smt add-associative add-left-zero antisym less-eq-def mult-associative mult-left-dist-add mult-left-one mult-right-subdist-add-left order-refl star-L-split star.circ-right-unfold)

lemma star-d-L-split-equal: d(z ; y) < d(y) — 2" ; d(y) ; L=2"; 0+ d(y) ; L
by (metis add-right-isotone 115 less-eq-def mult-right-subdist-add-left star-L-split-same)

lemma d0-omega-mult: d(z* ; y ; 0) = d(z* ; 0)
by (smt antisym mult-associative mult-left-isotone mult-right-isotone omega-sub-vector zero-least)

lemma d-star-left-unfold: d(z* ; 0) = d(z ; z* ; 0)
by (metis dL-star.dO-circ-left-unfold)

lemma d-star-import: d(y) ; x < z ; d(y) — d(y) ; 2" = d(y) ; (d(y) ; z)*
by (metis dL-star.d-circ-import)
lemma d-omega-export: d(y) ; = < z ; d(y) — d(y) ; ¥ = (d(y) ; z)*
apply (rule impl, rule antisym)
apply (metis d-preserves-equation omega-simulation order-refl)
by (smt less-eq-def mult-left-dist-add omega-simulation-2 omega-slide)
lemma d-omega-import: d(y) ; v < x5 d(y) — d(y) ; 2 = d(y) ; (d(y) ; 2)*
by (metis d-idempotent d-omega-export mult-associative omega-slide)

lemma star-d-omega-top: z* ; d(z*) ; T =z* ; 0+ d(z*) ; T
apply (rule antisym)
apply (metis add-right-upper-bound dL-star.circ-mult-omega mult-domain-top order-trans)
by (metis add-commutative add-least-upper-bound add-left-divisibility dL-star.star-zero-below-circ-mult mult-associative star.circ-loop-fizpoint)

lemma omega-meet-L: 2 ~ L = d(z*) ; L
by (metis 123 omega-vector)

end



class domain-semiring-lattice-apr = domain-semiring-lattice-L +
fixes apr :: ‘a = 'a = bool (infix C 50)
assumes apz-def: t Cy >z <y+ LAdL);y<z+dz;0) ;T

begin

definition apz-isotone :: (‘a = 'a) = bool
where apz-isotone f — Vzy .z Cy — f(z) C f(y))
lemma apz-reflerive: ¢ C x
by (metis add-least-upper-bound add-left-upper-bound apz-def d-plus-one mult-left-one mult-right-dist-add)

lemma apx-L-least: L C x
by (metis add-right-upper-bound apz-def 13 mult-right-isotone order-trans top-greatest)

lemma apz-transitive: t Ty AN yC 2z -z C 2
proof
assume I: x Ty Ay C 2z
hence 2: z < z + L
by (smt add-associative add-commutative apx-def less-eq-def)
have d(d(L) ;y;0); T <d((z + d(z;0); T); 0); T using 1
by (metis apz-def d-isotone mult-left-isotone)
also have ... < d(z ; 0); T
by (metis add-least-upper-bound d-galois mult-left-isotone mult-right-dist-add order-refl zero-right-mult-decreasing)
finally have 3: d(d(L) ; y;0); T <d(z;0); T
by metis
have d(L) ; z = d(L) ; (d(L) ; 2)
by (metis d-idempotent mult-associative)
also have ... < d(L) ; y + d(d(L) ; y ; 0) ; T using 1
by (metis apz-def calculation d-export less-eq-meet meet-domain mult-associative mult-left-dist-add)
also have ... <z + d(z ; 0) ; T using 1 3
by (smt add-least-upper-bound add-right-upper-bound apz-def order-trans)
finally show z C z using 2
by (metis apz-def)
qed

lemma apz-meet-L: yC o -2 ~L <y ~1L
proof
assume 1: y C z
havez ~ L=4d(L);z ~ L
by (metis d-restrict-equals meet-commutative meet-domain)
also have ... < (y + d(y ; 0) ; T) —~ L using 1
by (metis apz-def meet-left-isotone)
also have ... < y



by (metis add-least-upper-bound 113 meet-commutative meet-domain meet-left-dist-add meet-right-upper-bound mult-right-top)
finally show 2 ~ L <y ~ L
by (metis meet-associative meet-idempotent meet-left-isotone)
qged

lemma apz-antisymmetric: t Cy ANy C oz -2 =y
by (metis add-same-context antisym apz-def apz-meet-L relative-equality)

lemma add-apz-left-isotone: x Ty -z + 2 C y + 2
proof
assume I: z C y
hence 2.z + 2 <y + 2+ L
by (smt add-associative add-commutative add-left-isotone apz-def)
have d(L) ; (y + 2) = d(L) : y + d(L) ; 2
by (metis mult-left-dist-add)
also have ... < d(L) ; y + 2
by (metis add-commutative add-least-upper-bound add-right-upper-bound d-below-one mult-left-dist-add mult-left-isotone mult-left-one)
also have ... <z + d(z ; 0) ; T + z using 1
by (metis add-left-isotone apz-def)
alsohave ... <z + 2+ d((z +2);0); T
by (smt add-associative add-commutative add-right-isotone d-isotone mult-left-isotone mult-right-subdist-add-left)
finally show z + z C y + z using 2
by (metis apz-def)
qed

lemma add-apz-right-isotone: t Cy — z + 2 C 2z + y
by (metis add-commutative add-apz-left-isotone)

lemma add-apz-isotone: wCE y Az Cz—w+zCy+ 2
by (metis add-apz-left-isotone add-apz-right-isotone apa-transitive)

lemma mult-apa-left-isotone: t Cy — x5 2 C y ;5 2
proof
assume 1: 2 C y
hencez ;2 <y;z+L;z
by (metis apz-def mult-left-isotone mult-right-dist-add)
hence 22z ; 2 <y;z+ L
by (metis add-commutative add-left-isotone 140 order-trans)
have d(L); y;2<z;z+ d(z;0); T; z using 1
by (metis apz-def mult-left-isotone mult-right-dist-add)
alsohave ... <z ;z+4+d(z;2;0) ;T
by (metis add-right-isotone d-isotone mult-associative mult-isotone mult-right-isotone top-greatest zero-least)
finally show z ; z C y ; z using 2
by (metis apz-def mult-associative)
qed

lemma mult-apa-right-isotone: xt Ty — z ;2 C 2z ; 4y



proof
assume 1: 2 C y
hence z ;2 < z;y+2; L
by (metis apz-def mult-left-dist-add mult-right-isotone)
also have ... < z;y+2;0+ L
by (metis add-associative add-right-isotone 114)
finally have 2: z ; z < z;y + L
by (metis add-right-zero mult-left-dist-add)
have d(L) ; z;y < z; d(L) ; y
by (metis 12 mult-left-isotone)
also have ... < z; (z + d(z ; 0) ; T) using 1
by (metis apz-def mult-associative mult-right-isotone)
alsohave ... =z;z 4+ z;d(z;0); T
by (metis mult-associative mult-left-dist-add)
alsohave ... < z;z 4+ d(z;z;0); T
by (metis add-right-isotone mult-associative mult-domain-top)
finally show 2z ; z C 2z ; y using 2
by (metis apz-def mult-associative)
qed

lemma mult-apz-isotone: w C y Az C 2z - w; ;2 Cy ;2
by (metis apz-transitive mult-apz-left-isotone mult-apz-right-isotone)

lemma meet-L-apx-isotone: t Cy — ¢z ~ LC y ~ L
by (smt add-absorb add-commutative apz-def apz-meet-L d-restrict-equals 120 meet-commutative meet-domain meet-left-upper-bound)

definition is-apz-prefizpoint 2 ('a = 'a) = 'a = bool where is-apz-prefizpoint fz = f(z) Tz

definition is-apz-least-fizpoint  :: (‘a = 'a) = 'a = bool where is-apr-least-fizpoint fz — f(z) =z A Vy . f(y) =y —zCy)
definition is-apz-least-prefizpoint :: ('a = 'a) = 'a = bool where is-apz-least-prefizpoint fx «— f(z) Ez A Vy . f(y) Ty — z C y)
definition has-apz-prefizpoint it ('a = 'a) = bool where has-apz-prefizpoint f < 3=z . is-apz-prefizpoint f x)

definition has-apz-least-fizpoint  :: (‘a = 'a) = bool where has-apz-least-fizpoint [ < (Jz . is-apz-least-fizpoint f )

definition has-apz-least-prefizpoint :: (‘a = 'a) = bool where has-apz-least-prefizpoint f < (x . is-apr-least-prefizpoint f )
definition the-apz-least-fizpoint  :: ('a = 'a) = 'a (£ - [201] 200) where ¢ f = (THE z . is-apz-least-fizpoint f )
definition the-apz-least-prefizpoint :: (‘a = 'a) = 'a (p& - [201] 200) where pf f = (THE x . is-apz-least-prefizpoint f x)

lemma apz-least-fizpoint-unique: has-apz-least-fizpoint f — (Ilz . is-apx-least-fixpoint f )
by (smt apz-antisymmetric has-apz-least-fizpoint-def is-apz-least-fizpoint-def)

lemma apz-least-prefizpoint-unique: has-apz-least-prefixzpoint f — (Ilz . is-apz-least-prefizpoint f x)
by (smt apz-antisymmetric has-apz-least-prefixpoint-def is-apz-least-prefizpoint-def )

lemma apz-least-fizpoint: has-apz-least-fixpoint f — is-apa-least-fixpoint f (€ f)
proof
assume has-apz-least-fizpoint f
hence is-apz-least-fizpoint f (THE z . is-apz-least-fizpoint f x)
by (smt apz-least-fizpoint-unique thel ")
thus is-apz-least-fizpoint f (€ f)



by (simp add: is-apz-least-fizpoint-def the-apa-least-fizxpoint-def)
qed

lemma apz-least-prefizpoint: has-apz-least-prefizpoint f — is-apa-least-prefizpoint f (p€ f)
proof
assume has-apz-least-prefizpoint f
hence is-apz-least-prefizpoint f (THE x . is-apz-least-prefizpoint f x)
by (smt apz-least-prefizpoint-unique thel )
thus is-apz-least-prefizpoint f (p€ f)
by (simp add: is-apz-least-prefizpoint-def the-apz-least-prefizpoint-def )
qed

lemma apz-least-fizpoint-same: is-apz-least-firpoint fr — z = & f
by (metis apz-least-fizpoint apz-least-fixpoint-unique has-apz-least-fizpoint-def)

lemma apz-least-prefizpoint-same: is-apz-least-prefixpoint fx — x = pé f
by (metis apz-least-prefizpoint apz-least-prefizpoint-unique has-apz-least-prefixpoint-def )

lemma apz-least-fixpoint-char: is-apz-least-fizpoint f x < has-apz-least-fizpoint f Nz = £ f
by (metis apz-least-fizpoint-same has-apz-least-fizpoint-def)

lemma apz-least-prefizpoint-char: is-apz-least-prefixpoint f x « has-apz-least-prefixzpoint f N © = p& f
by (metis apz-least-prefizpoint-same has-apz-least-prefixpoint-def )

lemma apz-least-prefizpoint-fizpoint: has-apz-least-prefizpoint f A apz-isotone f — is-apz-least-fizpoint f (p€ f)
by (smt apz-antisymmetric apz-isotone-def apz-reflexive is-apz-least-fizpoint-def is-apz-least-prefizpoint-def apz-least-prefizpoint)

lemma pzi-zi: has-apz-least-prefizpoint f A apz-isotone f — pE f =€ f
by (smt has-apz-least-fixpoint-def is-apz-least-fixpoint-def apx-least-fizpoint-unique apz-least-prefizpoint-fizpoint apz-least-fixpoint)

definition lifted-apz-less-eq :: ('a = 'a) = (‘a = 'a) = bool ((- CC -) [51, 51] 50)
where f CC g (V2 . [(x) C g(x))

lemma lifted-reflexive: f = g — f CC ¢
by (metis lifted-apz-less-eq-def apx-reflexive)

lemma lifted-transitive: f CC g A g CC h — f CC h
by (smt lifted-apz-less-eq-def apz-transitive)

lemma lifted-antisymmetric: f CC g AgCCE f — f =g
by (metis apz-antisymmetric ext lifted-apa-less-eq-def )

lemma pri-isotone: has-apx-least-prefizpoint f A has-apz-least-prefizpoint g N f CC g — p& f C p€ g
by (metis is-apz-least-prefizpoint-def apa-transitive apz-least-prefixpoint lifted-apz-less-eq-def)

lemma zi-isotone: has-apz-least-prefixpoint f N\ has-apz-least-prefixrpoint g N apz-isotone f N apz-isotone g N f ECC g — EfC &g
by (metis pxi-isotone pxi-zi)



lemma zi-square: apz-isotone f A has-apz-least-fizpoint f A has-apz-least-fizpoint (f o f) = & f =& (f o f)
by (metis apz-antisymmetric is-apz-least-fizpoint-def apz-isotone-def apz-least-fixpoint-char apx-least-firpoint-unique o-apply)

lemma mu-below-zi: has-least-fizpoint f N has-apz-least-fizpoint f — p f <€ f
by (metis apz-least-fizpoint is-apz-least-fixpoint-def is-least-fixpoint-def least-fizpoint)

lemma zi-below-nu: has-greatest-fizpoint f A has-apz-least-fizpoint f — £ f < v f
by (metis apz-least-fizpoint greatest-fixpoint is-apz-least-fizpoint-def is-greatest-fizpoint-def )

lemma zi-apz-below-mu: has-least-fizpoint f A has-apz-least-fixzpoint f — € f T p f
by (metis apz-least-fizpoint is-apz-least-fixpoint-def is-least-fixpoint-def least-fixpoint)

lemma zi-apz-below-nu: has-greatest-fixzpoint f N has-apz-least-fixzpoint f — £ f C v f
by (metis apz-least-fizpoint greatest-fixpoint is-apz-least-fizpoint-def is-greatest-fixpoint-def )

definition is-apz-meet :: '‘a = 'a = 'a = bool where is-apr-meet zyz - 2 Cz AzCyAVw . wCzAwly— wl 2)
definition has-apz-meet :: ‘a = 'a = bool where has-apz-meet x y — (Iz . is-apz-meet z y 2)
definition the-apz-meet :: ‘a = 'a = 'a (infix]l N 66) where z My = (THE z . is-apz-meet Ty z)

lemma apz-meet-unique: has-apr-meet x y — (2 . is-apz-meet z y z)
by (smt apz-antisymmetric has-apz-meet-def is-apz-meet-def )

lemma apz-meet: has-apz-meet x y — is-apz-meet x y (z M y)
proof
assume has-apx-meet T y
hence is-apz-meet x y (THE z . is-apz-meet € y z)
by (smt apz-meet-unique thel ")
thus is-apz-meet z y (z M y)
by (simp add: is-apz-meet-def the-apz-meet-def)
qged

lemma apz-greatest-lower-bound: has-apz-meet xy — (W z Aw Cy - wlC zMy)
by (smt apz-meet apz-transitive is-apz-meet-def)

lemma apz-meet-same: is-apr-meet ty z — z = My
by (metis apz-meet apz-meet-unique has-apz-meet-def )

lemma apx-meet-char: is-apr-meet x y z < has-apr-meet cy N z =z My
by (metis apz-meet-same has-apz-meet-def )

definition zi-apz-meet :: (‘a = ‘a) = bool
where zi-apz-meet f < has-apz-least-fizpoint f A has-apz-meet (u f) W fYNEf=pnfNvf

definition zi-mu-nu :: (‘a = ‘a) = bool
where zi-mu-nu f < has-apz-least-fitpoint f NEf =puf+ (v f ~ L)



definition nu-below-mu-nu :: (‘a = 'a) = bool
where nu-below-mu-nu f — d(L)y;vfi<uf+wf~L)+dlvf;0;T

definition nu-below-mu-nu-2 :: (‘a = 'a) = bool
where nu-below-mu-nu-2 f - d(L);vi<upuf+@wf~L)+dlpf+wf~L);0;T

definition mu-nu-apz-nu :: ('a = 'a) = bool
where mu-nu-apz-nu f - puf+ wf ~L)Cvf

definition mu-nu-apz-meet :: ('a = 'a) = bool
where mu-nu-apz-meet f < has-apz-meet (u f) W ) ApfNvfi=puf+ @ f~1L)

definition apz-meet-below-nu :: ('a = 'a) = bool
where apz-meet-below-nu f — has-apz-meet (uw f) W f)Apfnvf<vf

lemma mu-below-l: p f < pf+ (v f ~ L)
by (metis add-left-upper-bound)

lemma [-below-nu: has-least-fizpoint f A has-greatest-fizpoint f — p f + W f ~ L) <v f
by (metis add-least-upper-bound meet-left-upper-bound mu-below-nu)

lemma n-l-nu: has-least-fizpoint f A has-greatest-fizpoint f — (uf + v f ~ L) ~L=v f ~L
by (smt add-commutative add-left-dist-meet less-eq-def meet-absorb meet-associative meet-commutative mu-below-nu)

lemma l-apz-mu: p f + W f ~ L) C uf
by (metis add-right-isotone apz-def meet-absorb meet-domain-top meet-least-upper-bound meet-left-upper-bound meet-right-upper-bound)

lemma nu-below-mu-nu-nu-below-mu-nu-2: nu-below-mu-nu f — nu-below-mu-nu-2 f
proof
assume 1: nu-below-mu-nu f
have d(L) ; v f = d(L) ; (d(L) ; v [)
by (metis d-idempotent mult-associative)
also have ... < d(L); (uf+(wf ~L)+dvf;0); T) using 1
by (metis mult-right-isotone nu-below-mu-nu-def)
alsohave ... =d(L); (uf+(wf ~L)+dL);dlvf;0;T
by (metis mult-associative mult-left-dist-add)
alsohave ... <puf+Wwf~L)+dL);dvf;0;T
by (metis add-left-isotone meet-domain-top meet-left-upper-bound)

alsohave ... =uf+ Wwf~L) +ddwvf;0;L);T
by (smt d-commutative d-export)
alsohave ...=uf+ W f~L)+dl(vf~L);0;T

by (metis I51)
also have ... < uf+ (v f ~ L)+ d((uf + (v [ ~1L));0); T
by (metis add-right-isotone add-right-upper-bound d-dist-add mult-right-dist-add)
finally show nu-below-mu-nu-2 f
by (metis nu-below-mu-nu-2-def)
qed



lemma nu-below-mu-nu-2-nu-below-mu-nu: has-least-firpoint f N\ has-greatest-fizpoint f A nu-below-mu-nu-2 f — nu-below-mu-nu f
proof
assume 1: has-least-fizpoint f A has-greatest-fixpoint f N nu-below-mu-nu-2 f
hence d(L);vf<pf+Wwf~L)+d(pf+wf~L);0);T
by (metis nu-below-mu-nu-2-def)
alsohave ... < uf+ (wf~L)+d f;0); T using 1
by (smt add-absorb add-associative add-commutative d-dist-add I-below-nu less-eq-def meet-absorb mult-right-dist-add)
finally show nu-below-mu-nu f
by (metis nu-below-mu-nu-def)
qed

lemma nu-below-mu-nu-equivalent: has-least-fizpoint f A has-greatest-fizpoint f — (nu-below-mu-nu f < nu-below-mu-nu-2 f)
by (metis nu-below-mu-nu-2-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)

lemma nu-below-mu-nu-2-mu-nu-apz-nu: has-least-firpoint f N has-greatest-fizpoint f N nu-below-mu-nu-2 f — mu-nu-apz-nu f
proof
assume 1: has-least-fizpoint f A has-greatest-fixpoint f A nu-below-mu-nu-2 f
hence u f+ (vf~L)<vf+1L
by (metis add-commutative add-right-upper-bound l-below-nu order-trans)
thus mu-nu-apx-nu f using 1
by (metis apz-def mu-nu-apz-nu-def nu-below-mu-nu-2-def)
qed

lemma mu-nu-apz-nu-mu-nu-apz-meet: has-least-firpoint f N\ has-greatest-firpoint f N mu-nu-apx-nu f — mu-nu-apz-meet f
proof
let 2l=pf+wvf~1L)
assume has-least-firpoint f N has-greatest-fizpoint f A mu-nu-apz-nu f
hence is-apz-meet (u f) (v f) 21
by (smt add-apz-left-isotone add-commutative apz-meet-L is-apz-meet-def l-apz-mu less-eq-def meet-least-upper-bound mu-nu-apz-nu-def)
thus mu-nu-apx-meet f
by (smt apz-meet-char mu-nu-apz-meet-def)
qed

lemma mu-nu-apz-meet-apz-meet-below-nu: has-least-fixpoint f N has-greatest-fizpoint f A mu-nu-apz-meet f — apz-meet-below-nu f
by (metis apz-meet-below-nu-def I-below-nu mu-nu-apz-meet-def)

lemma apz-meet-below-nu-nu-below-mu-nu-2: apzr-meet-below-nu f — nu-below-mu-nu-2 f
proof —
let 20=pf+wf~1L)
haveVm mCufAmCvfifAm<vf-odL);vf<?2+d2;0);T
proof
fix m
showm CufAmCvfiAm<vfi—dl);vf<2+d?;0;T
proof
assume ! mCufAmCvfAm<Svf
hence m < 2]



by (smt add-commutative add-left-dist-meet add-left-upper-bound apz-def less-eq-meet meet-least-upper-bound)
hence m + d(m ; 0); T < 214+ d(?0;0); T
by (metis add-isotone d-dist-add less-eq-def mult-right-dist-add)
thus d(L) ;v f < 20 + d(?0; 0) ; T using 1
by (smt apz-def order-trans)
qed
qged
thus %thesis
by (smt apz-meet-below-nu-def apz-meet-same apz-meet-unique is-apz-meet-def nu-below-mu-nu-2-def )
qed

lemma has-apz-least-fizpoint-zi-apz-meet: has-least-fizpoint f A has-greatest-fixzpoint f N has-apz-least-fizpoint f — zi-apz-meet f
proof
assume 1: has-least-fixrpoint f N has-greatest-fizpoint f A has-apz-least-fixrpoint f
henceVw . wCufAwCvf—owEEf
by (smt add-left-isotone apz-def mu-below-zi mult-right-isotone order-trans zi-below-nu)
thus zi-apz-meet f using 1
by (smt apz-meet-char is-apz-meet-def zi-apz-below-mu zi-apz-below-nu zi-apz-meet-def )
qed

lemma zi-apz-meet-apr-meet-below-nu: has-greatest-fixpoint f N wi-apz-meet f — apz-meet-below-nu f
by (metis apz-meet-below-nu-def zi-apz-meet-def zi-below-nu)

lemma apz-meet-below-nu-xi-mu-nu: has-least-fizpoint f A has-greatest-fixpoint f A isotone f N apz-isotone f N apx-meet-below-nu f — zi-mu-nu f
proof
let ?l=pf+ wf~1L)
let m=pfnvf
assume 1: has-least-fizpoint f A has-greatest-fixpoint f N isotone f A apz-isotone f A apzr-meet-below-nu f
hence 2: ?m = 7]
by (metis apz-meet-below-nu-nu-below-mu-nu-2 mu-nu-apz-meet-def mu-nu-apz-nu-mu-nu-apz-meet nu-below-mu-nu-2-mu-nu-ape-nu)
have 3: 21 < f(2) + L
proof —
have 2l < pu f + L
by (metis add-right-isotone meet-right-upper-bound)
also have ... = f(u f) + L using 1
by (metis is-least-fixpoint-def least-fixpoint)
also have ... < f(?]) + L using 1
by (metis add-left-isotone add-left-upper-bound isotone-def)
finally show 21 < f(%) + L
by metis
qed
have d(L) ; f(?) < 204+ d(%;0); T
proof —
have d(L) ; f(?l) < d(L); f(v f) using 1 2
by (metis apz-meet-below-nu-def isotone-def mult-right-isotone)
also have ... = d(L) ; v f using 1
by (metis greatest-fizpoint is-greatest-firpoint-def)



also have ... < 2l + d(%0; 0) ; T using 1
by (metis apz-meet-below-nu-nu-below-mu-nu-2 nu-below-mu-nu-2-def )
finally show d(L) ; f(2) < 2l + d(?1;0); T
by metis
qed
hence 4: 21 C f(?l) using 3
by (metis apz-def)
have 5: f(?)) C u f
proof —
have 2l C pu f
by (metis l-apz-mu)
thus f(?]) C u f using 1
by (metis apz-isotone-def is-least-fixpoint-def least-fizpoint)
qed
have 6: f(?l) C v f
proof —
have 2l C v f using 1 2
by (metis apz-greatest-lower-bound apz-meet-below-nu-def apz-reflexive)
thus f(2]) C v f using 1
by (metis apz-isotone-def greatest-fizpoint is-greatest-fizpoint-def)
qed
hence f(?]) C 2/ using 1 2 5
by (metis apz-greatest-lower-bound apz-meet-below-nu-def)
hence 7: f(?l) = ?l using 4
by (metis apz-antisymmetric)
haveVy . f(y) =y — ?ICy
proof
fix y
show f(y) =y — ?lC y
proof
assume 8 f(y) =y
hence 9: 9l < y + L using 1
by (metis add-isotone is-least-fizpoint-def least-fixpoint meet-right-upper-bound)
have y < v f using 1 8
by (metis greatest-fizpoint is-greatest-fizpoint-def)
hence d(L) ; y < 20 + d(?1; 0) ; T using 4 6
by (smt apz-def apz-transitive mult-right-isotone order-trans)
thus ¢l C y using 9
by (metis apz-def)
qed
qed
thus zi-mu-nu f using 1 2 7
by (smt apz-least-fizpoint-same has-apz-least-fizpoint-def is-apz-least-fizxpoint-def zi-mu-nu-def)
qed

lemma zi-mu-nu-has-apz-least-fizpoint: zi-mu-nu f — has-apz-least-fixpoint f
by (metis zi-mu-nu-def)



lemma nu-below-mu-nu-zi-mu-nu: has-least-fixpoint f N\ has-greatest-firpoint f N isotone f A apz-isotone f A nu-below-mu-nu f — zi-mu-nu f
by (metis apz-meet-below-nu-xi-mu-nu mu-nu-apz-meet-apr-meet-below-nu mu-nu-apr-nu-mu-nu-apr-meet nu-below-mu-nu-nu-below-mu-nu-2 nu-below-mu-nu-2-mu-nu-apr-nu)

lemma zi-mu-nu-nu-below-mu-nu: has-least-fizpoint f A has-greatest-fixrpoint f N zi-mu-nu f — nu-below-mu-nu f
by (metis apz-meet-below-nu-nu-below-mu-nu-2 has-apz-least-firpoint-zi-apz-meet nu-below-mu-nu-2-nu-below-mu-nu i-apr-meet-apz-meet-below-nu ri-mu-nu-has-apz-least-fixpoint)

definition zi-mu-nu-L :: ('a = 'a) = bool
where zi-mu-nu-L f < has-apz-least-fitpoint f N{ f =p f+d(w f;0); L

definition nu-below-mu-nu-L :: (‘a = ’a) = bool
where nu-below-mu-nu-L f < d(L);vf<puf+dvf;0;T

definition mu-nu-apz-nu-L :: (‘a = 'a) = bool
where mu-nu-apz-nu-L f < p f+dv f;0); LCvf

definition mu-nu-apz-meet-L :: (‘a = 'a) = bool
where mu-nu-apz-meet-L f < has-apz-meet (u f) (v ) Apfnvf=uf+dvf;0;L

lemma n-below-I: © + d(y ;0) ; L<z + (y —~ L)
by (metis add-right-isotone d-mult-below 113 meet-least-upper-bound)

lemma n-equal-l: nu-below-mu-nu-L f - pf+dlvf;0);L=pnf+ wf~1L)
proof
assume nu-below-mu-nu-L f
hencev f ~L< (uf+dvf;0;T)~L
by (smt meet-associative meet-intro-domain meet-right-divisibility nu-below-mu-nu-L-def )
alsohave ... < uf+dvf;0) ;L
by (smt add-left-dist-meet add-right-divisibility meet-commutative meet-domain-top meet-left-isotone)
finally have u f + (W f ~ L)< uf+dv f;0); L
by (metis add-least-upper-bound add-left-upper-bound)
thus p f+dw f;0); L=pf+ wf~1L)
by (metis antisym n-below-1)
qed

lemma nu-below-mu-nu-L-nu-below-mu-nu: nu-below-mu-nu-L f — nu-below-mu-nu f
by (metis add-associative add-right-top mult-left-dist-add n-equal-l nu-below-mu-nu-L-def nu-below-mu-nu-def)

lemma nu-below-mu-nu-L-zi-mu-nu-L: has-least-fixpoint f A has-greatest-fixpoint f N isotone f A apz-isotone f A nu-below-mu-nu-L f — xi-mu-nu-L f
by (metis n-equal-l nu-below-mu-nu-L-nu-below-mu-nu nu-below-mu-nu-zi-mu-nu zi-mu-nu-L-def zi-mu-nu-def )

lemma nu-below-mu-nu-L-mu-nu-apz-nu-L: has-least-fizpoint f A has-greatest-fixpoint f A nu-below-mu-nu-L f — mu-nu-apz-nu-L f
by (metis mu-nu-apz-nu-L-def mu-nu-apz-nu-def n-equal-l nu-below-mu-nu-2-mu-nu-apz-nu nu-below-mu-nu- L-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)

lemma nu-below-mu-nu-L-mu-nu-apz-meet-L: has-least-fixpoint f A has-greatest-fixpoint f N nu-below-mu-nu-L f — mu-nu-apz-meet-L f
by (metis mu-nu-apz-meet- L-def mu-nu-apz-meet-def mu-nu-apz-nu-mu-nu-apz-meet n-equal-l nu-below-mu-nu-2-mu-nu-apz-nu nu-below-mu-nu- L-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2



lemma mu-nu-apz-nu-L-nu-below-mu-nu-L: has-least-fizpoint f A has-greatest-fixpoint f N mu-nu-apz-nu-L f — nu-below-mu-nu-L f
proof
let on=pf+dlvf;0;L
let 20=pf+wf~1L)
assume 1: has-least-fixrpoint f N has-greatest-fizpoint f A mu-nu-apz-nu-L f
hence d(L) ;v f < n+ d(%n;0); T
by (metis apz-def mu-nu-apz-nu-L-def)
also have ... < ?n + d(?0; 0); T
by (metis add-right-isotone d-isotone mult-left-isotone n-below-1)
also have ... < ?n + d(v f ; 0) ; T using 1
by (metis add-right-isotone d-isotone I-below-nu mult-left-isotone)
finally show nu-below-mu-nu-L f
by (metis add-associative add-right-top mult-left-dist-add nu-below-mu-nu-L-def)
qed

lemma zi-mu-nu-L-mu-nu-apz-nu-L: has-greatest-fixpoint f A zi-mu-nu-L f — mu-nu-apz-nu-L f
by (metis mu-nu-apz-nu-L-def zi-apz-below-nu zi-mu-nu-L-def)

lemma mu-nu-apz-meet- L-mu-nu-apzr-nu-L: mu-nu-apx-meet-L f — mu-nu-apx-nu-L f
by (metis apz-meet-same has-apz-meet-def is-apz-meet-def mu-nu-apr-meet-L-def mu-nu-apz-nu-L-def)

lemma zi-mu-nu-L-nu-below-mu-nu-L: has-least-fixpoint f A has-greatest-fixrpoint f N\ zi-mu-nu-L f — nu-below-mu-nu-L f
by (metis mu-nu-apz-nu-L-nu-below-mu-nu-L zi-mu-nu-L-mu-nu-apz-nu-L)

end
class itering-apx = domain-itering-lattice-L + domain-semiring-lattice-apz
begin

lemma circ-apz-isotone: z C y — z° C ¢°
proof
assume z C y
hence I: <y + LAd(L);y <z 4+ d(z;0) ;T
by (metis apz-def)
have d(L) ; 4° < (d(L) ; v)°
by (smt circ-reflezive circ-transitive-equal d-below-one d-circ-import 12 mult-left-isotone order-trans)
also have ... < z°; (d(z ; 0) ; T ; 2°)° using 1
by (metis circ-add-1 circ-isotone)
also have ... = z° + z°;d(z ; 0); T
by (metis circ-left-top mult-associative mult-left-dist-add mult-right-one mult-top-circ)
also have ... < 2° + d(z° ;2 ;0); T
by (metis add-right-isotone mult-associative mult-domain-top)
finally have 2: d(L) ; y° < z° 4+ d(z°;0); T
by (metis circ-plus-same dO-circ-left-unfold)
have z° < y° ; L° using 1
by (metis circ-add-1 circ-back-loop-fizpoint circ-isotone 140 less-eq-def mult-associative)



also have ... = y° + y°; L
by (metis add-commutative circ-L mult-left-dist-add mult-right-one)
also have ... < y° +4°; 0+ L
by (metis add-associative add-right-isotone 114)
finally have z° < y° + L
by (metis add-commutative less-eq-def zero-right-mult-decreasing)
thus z° C y° using 2
by (metis apz-def)
qed

end

class omega-algebra-apr = domain-omega-algebra-lattice-L + domain-semiring-lattice-apx
sublocale omega-algebra-apr < star!: itering-apz where circ = star ..

context omega-algebra-apx

begin
lemma omega-apz-isotone: x C y — z* C y*
proof
assume z L y
hence I: <y + LAdL);y<z+dz;0 ;T
by (metis apz-def)
have d(L) ; y* = (d(L) ; )"
by (metis d-omega-export 12)
also have ... < (z + d(z ; 0) ; T)* using 1
by (metis omega-isotone)
also have ... = (2" ; d(z ; 0) ; T)* + (2" ; d(z ; 0) ; T)" ; z¥
by (metis mult-associative omega-decompose)
also have ... < z* ;d(z;0); T + (" ; d(z ; 0); T)* ; z“
by (metis add-left-isotone mult-top-omega)
alsohave ... =z" ;d(z;0); T+ (1 4+ 2" ;d(z;0); T; (z";d(z;0); T));z¥
by (metis mult-associative star.circ-left-top star.mult-top-circ)
also have ... < z* + 2" ;d(z;0); T
by (smt add-isotone add-least-upper-bound mult-associative mult-left-one mult-right-dist-add mult-right-isotone order-refl top-greatest)
also have ... < z* + d(z* ;z;0); T
by (metis add-right-isotone mult-associative mult-domain-top)
also have ... < z* + d(z*;0); T
by (metis dL-star.d0-circ-left-unfold eq-refl star.circ-plus-same)
finally have 2: d(L) ; y* < z* + d(z“ ;0); T
by (smt add-right-isotone d0-star-below-d0-omega mult-lefi-isotone order-trans)
have z* < (y + L)“ using I
by (metis omega-isotone)
also have ... = (y* ; L)” + (y* ; L)* ; v
by (metis omega-decompose)



also have ... = y* ; L; (v*; L) + (y" ; L)* ; y*
by (metis omega-unfold)
also have ... < y* ; L+ (y*; L)" ; y*
by (metis add-left-isotone 140 mult-associative mult-right-isotone)
alsohave ... =y* ; L+ (1 4+ y*; L; (y"; L)) ;y”
by (metis star.circ-left-unfold)
also have ... < y* ; L + y*
by (metis add-commutative add-least-upper-bound add-right-upper-bound dL-star.mult-L-circ-mult-below mult-associative star.circ-mult star.circ-slide)
also have ... < y* ; 0+ L + y*
by (metis add-left-isotone 114)
finally have z* < y“ + L
by (metis add-associative add-commutative less-eq-def star-zero-below-omega)
thus z“ C y* using 2
by (metis apz-def)
qed

lemma combined-apz-isotone: t Ty — (z“ ~ L) +z* ;2 C (y* ~ L)+ y"; 2
by (metis add-apz-isotone mult-apz-left-isotone omega-apz-isotone star.circ-apz-isotone meet-L-apx-isotone)

lemma d-split-nu-mu: d(L) ; (v +y" ;2) <y 2+ (W +y" ;2) ~L)+d((y" +y";2);0; T
proof —
have d(L) ; y* < (y* ~ L) + d(y”;0); T
by (metis add-right-isotone 131 191 omega-vector)
hence d(L) ; (y* +y";2) <y 52+ (y* ~ L) +d(y*;0; T
by (smt add-associative add-commutative add-isotone d-mult-below mult-left-dist-add)
thus %thesis
by (smt add-commutative add-isotone add-right-isotone add-right-upper-bound d-isotone meet-commutative meet-right-isotone mult-left-isotone order-trans)
qed

lemma loop-exists: d(L) ;v (Az .y;2+2)<pAz.y;z+2)+ vz .y;2+2) ~L)+dv(M.y;z2+2);0) ;T
by (metis d-split-nu-mu omega-loop-nu star-loop-mu)

lemma loop-isotone: isotone (Ax . y ;  + z)
by (smt add-commutative add-right-isotone isotone-def mult-right-isotone)

lemma loop-apz-isotone: apz-isotone (Az .y ; T + 2)
by (smt add-apz-left-isotone apz-isotone-def mult-apz-right-isotone)

lemma loop-has-least-firpoint: has-least-fixpoint (A\z . y ; = + 2)
by (metis has-least-fizpoint-def star-loop-is-least-fizpoint)

lemma loop-has-greatest-fizpoint: has-greatest-fixzpoint (A\z . y ; © + 2)
by (metis has-greatest-fizpoint-def omega-loop-is-greatest-fixpoint)

lemma loop-apz-least-fixpoint: is-apz-least-fixzpoint Az . y;z + 2) (u Az . y;2+2)+ (v ( Az .y ;2 + 2) ~ L))
by (metis apz-least-fizpoint-char loop-apz-isotone loop-exists loop-has-greatest-fixpoint loop-has-least-fizpoint loop-isotone nu-below-mu-nu-def nu-below-mu-nu-zi-mu-nu zi-mu-nu-def)



lemma loop-has-apz-least-fizpoint: has-apz-least-fitpoint (A\z . y ; © + z)
by (metis has-apz-least-fixpoint-def loop-apz-least-fizpoint)

lemma loop-semantics: € Az . y;z+2)=p Az .y;2+2)+w Az .y;z+ 2) ~ L)

by (metis apz-least-fizpoint-char loop-apz-least-fizpoint)

lemma loop-semantics-zi-mu-nu: € Az .y ;2 + 2) = (y* ~ L)+ y*; 2
proof —
have § Az . y;o+2)=y" ;2 + (v +y";2) ~ L)
by (metis loop-semantics omega-loop-nu star-loop-mu)
thus %thesis
by (smt add-absorb add-associative add-commutative add-left-dist-meet)
qed

lemma loop-semantics-zi-mu-nu-domain: £ (Ax . y ;2 + 2) =d(y”); L+ y* ;2

by (metis loop-semantics-zi-mu-nu omega-meet-L)

lemma loop-semantics-apz-isotone: w Cy — & (Ax . w ;2 + 2) £ & (\z .
by (metis loop-semantics-zi-mu-nu combined-apz-isotone)

end

class while =
fixes while :: ‘a = 'a = 'a (infixr * 60)

class binary-itering = semiring + while +
assumes while-productstar: (z ; y) x 2z =z + z ; ((y ; z) * (y ; 2))
assumes while-sumstar: (x + y) * z = (z x y) * (x * 2)
assumes while-left-dist-add: = * (y + z) = (z * y) + (z * 2)
assumes while-sub-associative: (z * y) ; z < z * (y ; z)
assumes while-simulate-left-plus: ¢ ; 2 < z ;5 (y * 1) + w — z * (2 ; v) <
assumes while-simulate-right-plus: z ;¢ <y ; (y*x2) + w — 2z ; (z x v

~

begin

lemma while-zero: 0 x x = x
by (metis add-right-zero mult-left-zero while-productstar)

lemma while-mult-increasing: © ; y < = * y
by (metis add-least-upper-bound mult-left-one order-refl while-productstar)

lemma while-one-increasing: * < z * 1
by (metis mult-right-one while-mult-increasing)

lemma while-increasing: y < x % y

y;z+2)



by (metis add-left-divisibility mult-left-one while-productstar)

lemma while-right-isotone: y < z - x x y < T % 2
by (metis less-eq-def while-left-dist-add)

lemma while-left-isotone: x <y — x x 2 < y % 2
by (metis less-eq-def while-increasing while-sumstar)

lemma while-isotone: w <z Ay <z — wx*xy < T %2
by (smt order-trans while-left-isotone while-right-isotone)

lemma while-left-unfold: © « y =y + x ; (x * y)
by (metis mult-left-one mult-right-one while-productstar)

lemma while-simulate-left-plus-1: z ; 2 < z ; (yx 1) — z % (z; w) < z; (y * w) + (z % 0)
by (metis add-right-zero mult-left-zero while-simulate-left-plus)

lemma while-simulate-absorb: y ; x <z — y*xz <z + (y * 0)
by (metis while-simulate-left-plus-1 while-zero mult-right-one)

lemma while-transitive: © x (z * y) =z x y
by (metis add-right-upper-bound add-right-zero antisym while-increasing while-left-dist-add while-left-unfold while-simulate-absord)

lemma while-slide: (z ; y) * (z ;2) =z ; (y ; z) * 2)
by (metis mult-associative mult-left-dist-add while-left-unfold while-productstar)

lemma while-zero-2: (x ; 0) xy =z ; 0+ y
by (metis add-commutative mult-associative mult-left-zero while-left-unfold)

lemma while-mult-star-exchange: = ; (z * y) = z * (z ; y)
by (metis mult-left-one while-slide)

lemma while-right-unfold: z x y = y + (z * (z ; y))
by (metis while-left-unfold while-mult-star-ezchange)

lemma while-one-mult-below: (z x 1) ; y < z % y
by (metis mult-left-one while-sub-associative)

lemma while-plus-one: x x y =y + (z * y)
by (metis less-eq-def while-increasing)

lemma while-rtc-2: y + z 5y + (z *x (x xy)) =z x y
by (metis add-associative less-eq-def while-mult-increasing while-plus-one while-transitive)

lemma while-left-plus-below: = ; (z * y) < z * y
by (metis add-right-divisibility while-left-unfold)



lemma while-right-plus-below: z * (z ; y) <z xy
by (metis while-left-plus-below while-mult-star-exchange)

lemma while-right-plus-below-2: (z * z) ; y < z * y
by (smt order-trans while-right-plus-below while-sub-associative)

lemma while-mult-transitive: © < zx y ANy < zxw —z < 2z *w
by (smt order-trans while-right-isotone while-transitive)

lemma while-mult-upper-bound: © < z+x INy < z*xw -z ;y < z*xw
by (metis less-eq-def mult-right-subdist-add-left order-trans while-mult-transitive while-one-mult-below)

lemma while-sub-dist: z * z < (z 4+ y) * z
by (metis add-left-upper-bound while-left-isotone)

lemma while-sub-dist-1: z ; z < (z + y) * 2z
by (metis order-trans while-mult-increasing while-sub-dist)

lemma while-sub-dist-2: z ; y ; 2 < (z + y) * 2
by (smt mult-associative mult-right-subdist-add-right order-trans while-mult-increasing while-mult-transitive while-sub-dist-1)

lemma while-sub-dist-3: z x (y * z) < (z + y) * 2z
by (metis add-right-upper-bound while-left-isotone while-mult-transitive while-sub-dist)

lemma while-absorb-2: z <y — y *x (z x 2z) = y * 2
by (metis add-commutative less-eq-def while-left-dist-add while-plus-one while-sub-dist-3)

lemma while-simulate-right-plus-1: z ; & < y; (y x 2) — z; (z * w) < y * (z ; w)
by (metis add-right-zero mult-left-zero while-simulate-right-plus)

lemma while-sumstar-1-below: z * ((y ; (z x 1)) x 2) < ((z * 1) ; y) * (z * 2)
proof —
have 1: o5 (((z « 1) 5 9) * (z + 2)) < (5 + 1) ; y) * (5 % 2)
by (smt add-isotone add-right-upper-bound mult-associative mult-left-dist-add mult-right-subdist-add-right while-left-unfold)
have 7 + (3 5 (¢ + 1)) * 2) < ( + 2) + (3 (y 5 (2 + 1) : y) * (z + 1) ; 2))))
by (metis eq-refl while-left-dist-add while-productstar)
alsohave ... < (z*x2) + (zx ((xx 1) ;y; (((z*x1);y)* ((zx1); 2))))
by (metis add-right-isotone mult-associative mult-left-one mult-right-subdist-add-left while-left-unfold while-right-isotone)
also have ... < (z *x z) + (z * (((z * 1) 5 y) * ((z x 1) ; 2)))
by (metis add-right-isotone add-right-upper-bound while-left-unfold while-right-isotone)
also have ... <z * (((z x 1) ; y) * (z * 2))
by (smt add-associative add-left-upper-bound less-eq-def mult-left-one while-left-dist-add while-left-unfold while-sub-associative)
also have ... < (((z * 1) ; y) * (z * 2)) + (z * 0) using 1
by (metis while-simulate-absorb)
also have ... = ((z * 1) ; y) * (z * 2)
by (smt add-associative add-commutative add-left-zero while-left-dist-add while-left-unfold)
finally show %thesis



qed

lemma while-sumstar-2-below: ((z * 1) ; y) * (z x 2) < (z x y) * (z * 2)
by (metis mult-left-one while-left-isotone while-sub-associative)

lemma while-add-1-below: z * ((y ; (z x 1)) x 2) < (z + y) * 2z
proof —
have (z x 1) ;y) * (zx1);2) < (z + y) *x 2
by (metis while-isotone while-one-mult-below while-sumstar)
hence (y; (z x 1)) x2<z+ y; ((z + y) * 2)
by (metis add-right-isotone mult-right-isotone while-productstar)
also have ... < (z + y) * 2
by (metis add-right-isotone add-right-upper-bound mult-left-isotone while-left-unfold)
finally show ?thesis
by (metis add-commutative add-right-upper-bound while-isotone while-transitive)
qed

lemma while-while-while: ((z % 1) * 1) x y = (z x 1) x y
by (smt add-commutative less-eq-def mult-right-one while-left-plus-below while-mult-star-exchange while-plus-one while-sumstar while-transitive)

lemma while-one: (1 % 1) xy=1=xy
by (metis while-while-while while-zero)

lemma while-add-below: © + y < z * (y * 1)
by (smt add-commutative add-isotone case-split-right order-trans while-increasing while-left-plus-below while-mult-increasing while-plus-one)

lemma while-add-2: (z + y) * z < (z x (y * 1)) * z
by (metis while-add-below while-left-isotone)

lemma while-sup-one-left-unfold: 1 <z — z ;(z *xy) =z %y
by (metis less-eq-def mult-left-one mult-right-dist-add while-mult-star-exchange while-right-unfold while-transitive)

lemma while-sup-one-right-unfold: 1 <z — z * (z ;y) =z * y
by (metis while-mult-star-exchange while-sup-one-left-unfold)

lemma while-decompose-7: (z + y) * z =z * (y * ((z + y) * 2))
by (metis eg-iff order-trans while-increasing while-sub-dist-3 while-transitive)

lemma while-decompose-8: (z + y) * z = (z + y) = (z * (y * 2))
by (metis add-commutative while-sumstar while-transitive)

lemma while-decompose-9: (z * (y * 1)) * 2 = z * (y * ((z * (y x 1)) x 2))
by (smt add-commutative less-eq-def order-trans while-add-below while-increasing while-sub-dist-3)

lemma while-decompose-10: (z * (y * 1)) * 2 = (z * (y = 1)) * (z * (y * 2))
proof —



have I: (z x (y x 1)) x 2 < (z x (y * 1)) * (z * (y * 2))
by (metis add-associative less-eq-def while-left-dist-add while-plus-one)
have z + (y x 1) < z * (y % 1)
by (metis add-least-upper-bound while-add-below while-increasing)
hence (z * (y x 1)) * (z * (y x 2)) < (z x (y x 1)) * z
by (smt antisym while-decompose-9 while-increasing while-mult-transitive while-right-isotone)
thus ?thesis using 1
by (metis antisym)
qed

lemma while-back-loop-fizpoint: z ; (y x (y ; z)) + 2z ;2 =2 ; (y * )
by (metis add-commutative mult-left-dist-add while-right-unfold)

lemma while-back-loop-prefizpoint: z ; (y x 1) ; y + 2 < z 5 (y * 1)
by (metis add-least-upper-bound mult-associative mult-right-isotone mult-right-one order-refl while-increasing while-mult-upper-bound while-one-increasing)

lemma while-loop-is-fixpoint: is-fixzpoint (Az . vy ; = + 2) (y * z)
by (smt add-commutative is-fixpoint-def while-left-unfold)

lemma while-back-loop-is-prefixpoint: is-prefixzpoint Az . z ; y + 2) (2 ; (y = 1))
by (metis is-prefixpoint-def while-back-loop-prefixpoint)

lemma while-while-add: (1 + z) x y = (z x 1) x y
by (metis add-commutative while-decompose-10 while-sumstar while-zero)

lemma while-while-mult-sub: x * (1 x y) < (z x 1) x y
by (metis add-commutative while-sub-dist-3 while-while-add)

lemma while-right-plus: (x * ) x y = x * y
by (metis add-idempotent while-plus-one while-sumstar while-transitive)

lemma while-left-plus: (z ; (z x 1)) x y =z x y
by (metis mult-right-one while-mult-star-exchange while-right-plus)

lemma while-below-while-one: z x x < x * 1
by (metis while-one-increasing while-right-plus)

lemma while-below-while-one-mult: = ; (z * z) < z; (z x 1)
by (metis mult-right-isotone while-below-while-one)

lemma while-add-sub-add-one: z x (z + y) < z * (1 + y)
by (metis add-left-isotone while-below-while-one while-left-dist-add)

lemma while-add-sub-add-one-mult: z ; (z x (z + y)) < z; (z *x (1 + y))
by (metis mult-right-isotone while-add-sub-add-one)

lemma while-elimination: z ; y =0 — z; (yx2) =z ; 2



by (metis add-right-zero mult-associative mult-left-dist-add mult-left-zero while-left-unfold)

lemma while-square: (z ; z) x y < z %y
by (metis while-left-isotone while-mult-increasing while-right-plus)

lemma while-mult-sub-add: (z ; y) * 2 < (z + y) * 2z
by (metis while-increasing while-isotone while-mult-increasing while-sumstar)

lemma while-absorb-1: © < y — z % (y x 2) = y * 2
by (metis antisym less-eq-def while-increasing while-sub-dist-3)

lemma while-absord-3: ¢ <y — x % (y x 2) =y x (z * 2)
by (metis while-absorb-1 while-absorb-2)

lemma while-square-2: (z ; z) * ((z + 1) ;y) <z %y
by (smt add-least-upper-bound while-increasing while-mult-transitive while-mult-upper-bound while-one-increasing while-square)

lemma while-separate-unfold-below: (y ; (z % 1)) x 2z < (y*x2) + (y x (y; z; (z * (v ; (z * 1)) * 2))))
proof —
have (y; (z % 1)) x 2 = (y * (y; 2 ; (z x 1)) * (y * 2)
by (metis mult-associative mult-left-dist-add mult-right-one while-left-unfold while-sumstar)
hence (y; (zx 1)) x 2= (yx2) + (yx (y; 25 (1)) ; (y; (z 1) * 2)
by (metis while-left-unfold)
alsohave ... < (y*xz) + (yx(y;z;(xx1); (y; (z* 1)) x 2))
by (metis add-right-isotone while-sub-associative)
also have ... < (y x z) + (y x (y 5z ; (z x (v ; (z * 1)) * 2))))
by (smt add-right-isotone mult-associative mult-right-isotone while-one-mult-below while-right-isotone)
finally show ?thesis

qed

lemma while-mult-zero-add: (x + y ; 0) x z = z * ((y ; 0) * 2)
proof —
have (z + y;0) x z = (z % (y ; 0)) * (z * 2)
by (metis while-sumstar)
also have ... = (z x z) + (z * (y; 0)) ; ((z = (y ; 0)) * (z * 2))
by (metis while-left-unfold)
also have ... < (z * z) + (z * (y ; 0))
by (metis add-right-isotone mult-associative mult-left-zero while-sub-associative)
also have ... = z * ((y ; 0) * 2)
by (metis add-commutative while-left-dist-add while-zero-2)
finally show %thesis
by (metis le-neg-trans less-def while-sub-dist-3)
qed

lemma while-add-mult-zero: (z + y ; 0) x y =z x y
by (metis less-eq-def while-mult-zero-add while-zero-2 zero-right-mult-decreasing)



lemma while-mult-zero-add-2: (z + y ; 0) x z = (z x z) + (z x (y ; 0))
by (metis add-commutative while-left-dist-add while-mult-zero-add while-zero-2)

lemma while-add-zero-star: (z + y ; 0) x z = x * (y ; 0 + 2)
by (metis while-mult-zero-add while-zero-2)

lemma while-unfold-sum: (z + y) * z = (z x 2) + (z * (y; (z + y) * 2)))
apply (rule antisym)
apply (smt add-associative less-eq-def while-absorb-1 while-increasing while-mult-star-exchange while-right-unfold while-sub-associative while-sumstar)
by (metis add-least-upper-bound while-decompose-7 while-mult-increasing while-right-isotone while-sub-dist)

lemma while-simulate-left: x ; 2 < z;y+w —z* (z;0) < z; (y*xv) + (z* (w; (y*v)))
by (smt add-commutative add-right-isotone mult-right-isotone order-trans while-one-increasing while-simulate-left-plus)

lemma while-simulate-right: z ;2 < y;z+w —z; (@ *xv) <yx*x(z;0+ w; (z *v))
proof —
have y; 2+ w<y;(y*x2z) +w
by (metis add-left-isotone mult-right-isotone while-increasing)
thus %thesis
by (smt order-trans while-simulate-right-plus)
qed

lemma while-simulate: z ;2 < y; 2z — z; (x*xv) <yx*(z;0)
by (metis add-right-zero mult-left-zero while-simulate-right)

lemma while-while-mult: 1 % (z % y) = (z x 1) * y
proof —
have (z x I) x y < (z x 1) ; ((z * 1) * y)
by (metis order-refl while-increasing while-sup-one-left-unfold)
also have ... < 1x ((z x 1) ; y)
by (metis mult-left-one order-refl while-mult-upper-bound while-simulate)
also have ... < 1% (z x y)
by (metis while-one-mult-below while-right-isotone)
finally show %thesis
by (metis antisym while-sub-dist-3 while-while-add)
qed

lemma while-simulate-left-1: © 5 2 < z;y — z x (2 ;v) < z; (y xv) + (z * 0)
by (metis add-right-zero mult-left-zero while-simulate-left)

lemma while-associative-1: 1 < z — z * (y ; z) = (z *x y) ; 2
proof
assume 1: 1 < z
have z * (y; z) <z * ((z * y) ; 2)
by (metis less-eq-def mult-right-dist-add while-plus-one while-right-isotone)
also have ... < (z x y) ; (0% 2) + (z * 0)



by (metis mult-associative mult-right-subdist-add-right while-left-unfold while-simulate-absorb while-zero)
also have ... < (z x y) ; z + (z * 0) ; z using 1
by (metis add-least-upper-bound add-left-upper-bound add-right-upper-bound case-split-right while-plus-one while-zero)
also have ... = (z x y) ; 2
by (metis add-right-zero mult-right-dist-add while-left-dist-add)
finally show z * (y ; 2) = (z x y) ; 2
by (metis antisym while-sub-associative)
qed

lemma while-associative-while-1: z * (y ; (z * 1)) = (z * y) ; (2 x 1)
by (metis while-associative-1 while-increasing)

lemma while-one-while: (z * 1) ; (y * 1) =z * (y = 1)
by (metis mult-left-one while-associative-while-1)

lemma while-decompose-5-below: (z * (y * 1)) * z < (y * (z x 1)) x z
by (smt add-commutative mult-left-dist-add mult-right-one while-increasing while-left-unfold while-mult-star-exchange while-one-while while-plus-one while-sumstar)

lemma while-decompose-5: (z * (y * 1)) * z = (y * (z * 1)) * 2z
by (metis antisym while-decompose-5-below)

lemma while-decompose-4: (z * (y * 1)) * z =z * ((y * (z x 1)) x 2)
by (metis while-decompose-5 while-decompose-9 while-transitive)

lemma while-simulate-2: y ; (z x 1) <z * (yx 1) < yx* (zx1) <z *(y*1)
proof (rule iffI)
assume y ; (z x 1) <z * (y * 1)
hence y ; (z x 1) < (z % 1) ; (y * 1)
by (metis while-one-while)
hence y « ((z x 1) ;1) < (z = 1) ; (y * 1) + (y = 0)
by (metis while-simulate-left-plus-1)
hence y * (z x 1) < (z * (y x 1)) + (y * 0)
by (metis mult-right-one while-one-while)
also have ... = z * (y * 1)
by (metis add-commutative less-eq-def order-trans while-increasing while-right-isotone zero-least)
finally show y * (z *x I) < z % (y * 1)

next

assume y x (z x 1) < z * (y * 1)

thus y ; (z % 1) <z * (y x 1)

by (metis order-trans while-mult-increasing)
qed

lemma while-simulate-1: y ;2 <z ;y — y*x (z x 1) < x % (y x 1)
by (smt mult-right-one order-trans while-one-increasing while-right-isotone while-simulate while-simulate-2)

lemma while-simulate-3: y ; (z x 1) <z x 1 —yx*x (z x 1) <z x* (y * 1)



by (metis add-idempotent case-split-right while-increasing while-mult-upper-bound while-simulate-2)

lemma while-extra-while: (y ; (x x 1)) x 2 = (y; (y * (z * 1))) * 2
proof —
have y ; (y x (z+ 1)) <y (zx1); (y; (zx 1) % 1)
by (smt add-commutative add-left-upper-bound mult-right-one order-trans while-back-loop-prefizpoint while-left-isotone while-mult-star-exchange)
hence I: (y; (y*x (z x 1) x 2 < (y; (z x 1)) x 2
by (metis while-simulate-right-plus-1 mult-left-one)
have (y; (z x 1)) x 2 < (y; (y * (z % 1))) x 2
by (metis while-increasing while-left-isotone while-mult-star-exzchange)
thus ?thesis using 1
by (metis antisym)
qged

lemma while-separate-4: y ; x <z ; (zx (1 +y)) = (z+y)*x2z=1zx% (y * 2)
proof
assume I: y ;2 < z; (z x (1 + y))
hence (1 + y);z<z;(z*(1+y))
by (smt add-associative add-least-upper-bound mult-left-one mult-left-subdist-add-left mult-right-dist-add mult-right-one while-left-unfold)
hence 2: (1 4+ y); (z*x1) <z x (1+ y)
by (metis mult-right-one while-simulate-right-plus-1)
have y ;2 ; (z x 1) <z ; (z *x (1 + y); (z * 1))) using 1
by (smt less-eq-def mult-associative mult-right-dist-add while-associative-1 while-increasing)
also have ... < z ; (z * (I + y)) using 2
by (smt less-eq-def mult-left-dist-add order-refl while-absorb-2 while-left-dist-add)
also have ... <z ; (z x 1) ; (y * 1)
by (metis add-least-upper-bound mult-associative mult-right-isotone while-increasing while-one-increasing while-one-while while-right-isotone)
finally have y x (z ; (z x 1)) <z ; (z * 1) ; (y x 1) + (y * 0)
by (metis mult-associative mult-right-one while-simulate-left-plus-1)
hence (y x 1) ; (yxz) < z; (xxy 1)+ (y x 0)
by (smt less-eq-def mult-associative mult-right-one order-refl order-trans while-absorb-2 while-left-dist-add while-mult-star-exchange while-one-mult-below while-one-while while-plus-one)
hence (y 1) ; ((y * @) * (y + 2)) <@+ ((y + 1) 3 (y * 2) + (y + 0) ; ((y * @) * (y * 2))
by (metis while-simulate-right-plus)
also have ... < z * ((y * 2) + (y * 0))
by (metis add-isotone mult-left-zero order-refl while-absorb-2 while-one-mult-below while-right-isotone while-sub-associative)
also have ... =z x y * 2
by (metis add-right-zero while-left-dist-add)
finally show (z + y) * z = x * (y * 2)
by (smt add-commutative less-eq-def mult-left-one mult-right-dist-add while-plus-one while-sub-associative while-sumstar)
qed

lemma while-separate-5: y ;x <z ;(z*x (z +y)) = (x +y)xz=21z % (y * 2)
by (smt order-trans while-add-sub-add-one-mult while-separate-4)

lemma while-separate-6: y ; x <z ;(z +y) = (x +y) x 2 =2 % (y * 2)
by (smt order-trans while-increasing while-mult-star-exzchange while-separate-5)



lemma while-separate-1: y ;2 <z ;y — (z + y) * 2 =z * (y * 2)
by (metis add-least-upper-bound less-eq-def mult-left-subdist-add-right while-separate-6)

lemma while-separate-mult-1: y ;2 <z 5y — (z;y) * 2 <z * (y * 2)
by (metis while-mult-sub-add while-separate-1)

lemma separation: y ;2 <z ;(y*x 1) = (z+y)*xz=2x* (y % 2)
proof
assume y ; z < z ; (y * 1)
hence y x z <z ; (y x 1) + (y * 0)
by (metis mult-right-one while-simulate-left-plus-1)
also have ... <z ;(z*y * 1) 4+ (y *x 0)
by (metis add-left-isotone while-increasing while-mult-star-ezchange)
finally have (y x 1) ; (y xz) <z ; (z xy x 1) + (y * 0)
by (metis order-refl order-trans while-absorb-2 while-one-mult-below)
hence (y * 1) ; (yxz) * (y*x2)) <z *x ((yx1); (y*x2)+ (y*x0); ((y*z)*(y*2)))
by (metis while-simulate-right-plus)
also have ... <z x ((y * z) + (y * 0))
by (metis add-isotone mult-left-zero order-refl while-absorb-2 while-one-mult-below while-right-isotone while-sub-associative)
also have ... =z % y * 2
by (metis add-right-zero while-left-dist-add)
finally show (z + y) * z = z * (y * 2)
by (smt add-commutative less-eq-def mult-left-one mult-right-dist-add while-plus-one while-sub-associative while-sumstar)
qed

lemma while-separate-left: y; z <z ; (yx 1) — yx*x(zx2) <z x (y * 2)
by (metis add-commutative separation while-sub-dist-3)

lemma while-simulate-4: y ;2 <z ; (z x (1 +y)) > y* (z*x2) <zx*x(y*2)
by (metis add-commutative while-separate-4 while-sub-dist-3)

lemma while-simulate-5: y ;2 <z ; (z x (x + y)) » y*x (z *x2) <z * (y * 2)
by (smt order-trans while-add-sub-add-one-mult while-simulate-4)

lemma while-simulate-6: y ; z < z; (z +y) »> y* (z*2) <z x*(y* 2)
by (smt order-trans while-increasing while-mult-star-exchange while-simulate-5)

lemma while-simulate-7: y ;2 <z ;y — y * (x % 2) <z % (y * 2)
by (metis add-commutative mult-left-subdist-add-left order-trans while-simulate-6)

lemma while-while-mult-1: z x (1 * y) = 1 % (z * y)
by (metis add-commutative mult-left-one mult-right-one order-refl while-separate-1)

lemma while-while-mult-2: x x (1 x y) = (x x 1) x y
by (metis while-while-mult while-while-mult-1)

lemma while-import: p < p;pAp<IAp;z<z;p—=p;(@xy)=p;((p;z)*y)



proof
assume p <p;pAp<1Ap;z<z;p
hence p ; (z x y) < (p;z) * (p;y)
by (smt add-commutative less-eq-def mult-associative mult-left-dist-add mult-right-one while-simulate)
also have ... < (p ; z) * y using 1
by (metis less-eq-def mult-left-one mult-right-dist-add while-right-isotone)
finally have 2: p; (z x y) < p; ((p; z) * y) using 1
by (smt add-commutative less-eq-def mult-associative mult-left-dist-add mult-right-one)
have p ; ((p; z) * y) < p; (z * y) using 1
by (metis mult-left-isotone mult-left-one mult-right-isotone while-left-isotone)
thus p; (z+ y) = p; ((p ; 2) * y) using 2
by (metis antisym)
qged

lemma while-preserve: p < p;p Ap<I1Aps;z<z;p—=p;@xy) =p;@=*(p;y)
apply (rule, rule antisym)
apply (smt mult-associative mult-left-isotone mult-right-isotone order-trans while-simulate)
by (metis mult-left-isotone mult-left-one mult-right-isotone while-right-isotone)

lemma while-plus-below-while: (z * 1) ; z < z * 1
by (metis order-refl while-mult-upper-bound while-one-increasing)

lemma while-01: (w ; (z * 1)) * (y; 2) < (z *x w) *x ((z * y) ; 2)
proof —
have (w; (zx 1) * (y;2)=y;z+w; (zx1);w)*x((z*x1);y;2)
by (metis mult-associative while-productstar)
also have ... <y ;z + w; ((z * w) * ((z * y) ; 2))
by (metis add-right-isotone mult-lefi-isotone mult-right-isotone while-isotone while-one-mult-below)
also have ... < (z xy) ; z + (z x w) ; ((z * w) * ((x *x y) ; 2))
by (metis add-isotone mult-right-subdist-add-left while-left-unfold)
finally show ?thesis
by (metis while-left-unfold)
qed

lemma while-while-sub-associative: = * (y * z) < ((z * y) * z) + (z * 2)
proof —
have I: z ; (z x 1) < (z * 1) ; ((z * y) = 1)
by (metis add-least-upper-bound order-trans while-back-loop-prefizpoint while-left-plus-below)
have z x (y x 2) <z x ((z % 1) ; (y * 2))
by (metis mult-left-isotone mult-left-one while-increasing while-right-isotone)
also have ... < (z x 1) ; ((z * y) * (y * 2)) + (z * 0) using 1
by (metis while-simulate-left-plus-1)
also have ... < (z *x 1) ; ((z * y) * 2) + (z * 2)
by (metis add-isotone order-refl while-absorb-2 while-increasing while-right-isotone zero-least)
alsohave ... = (zx1);z+ (zx1); (x*xy); ((z*xy)*2)+ (z*2)
by (metis mult-associative mult-left-dist-add while-left-unfold)
also have ... = (z x y) ; ((z x y) * 2) + (z * 2)



by (smt add-associative add-commutative less-eq-def mult-left-one mult-right-dist-add order-refl while-absorb-1 while-plus-one while-sub-associative)
also have ... < ((z * y) * z) + (z * 2)

by (metis add-left-isotone while-left-plus-below)
finally show ?thesis

qed

end
class binary-itering-T = semiring-T + binary-itering
begin

lemma while-right-top: © «x T = T
by (metis add-left-top while-left-unfold)

lemma while-left-top: T ; (z x 1) = T
by (metis add-right-top antisym top-greatest while-back-loop-prefixpoint)

end

class binary-itering-1 = binary-itering +
assumes while-denest-0: w ; (z % (y; 2)) < (w; (z *y)) * (w; (z *x y) ; 2)

begin

lemma while-denest-1: w ; (z * (y ; 2)) < (w; (z * y)) * 2z
by (metis order-trans while-denest-0 while-right-plus-below)

lemma while-mult-sub-while-while: z x (y ; z) < (z x y) * 2z
by (metis mult-left-one while-denest-1)

lemma while-zero-zero: (z x 0) x 0 = z * 0
by (smt less-eq-def mult-left-zero while-left-dist-add while-mult-star-exchange while-mult-sub-while-while while-mult-zero-add-2 while-plus-one while-sumstar)

lemma while-mult-zero-zero: (z ; (y * 0)) x 0 =z ; (y * 0)
apply (rule antisym)
apply (metis add-least-upper-bound add-right-zero mult-left-zero mult-right-isotone while-left-dist-add while-slide while-sub-associative)
by (metis mult-left-zero while-denest-1)

lemma while-denest-2: w ; ((x % (y ; w)) * 2) = w; (((z * y) ; w) * 2)
apply (rule antisym)
apply (metis mult-associative while-denest-0 while-simulate-right-plus-1 while-slide)



by (metis mult-right-isotone while-left-isotone while-sub-associative)

lemma while-denest-3: (z * w) * (z * 0) = (z * w) % 0
by (metis while-absorb-2 while-right-isotone while-zero-zero zero-least)

lemma while-02: z * ((z * w) * ((z x y) ; 2)) = (z * w) * ((x *x y) ; 2)
proof —
have o5 (s % w) * (5% 9) 5 2) =23 (25 y) 2+ 25 (05 w); (@ rw) (5 59);2)
by (metis mult-associative mult-left-dist-add while-left-unfold)
also have ... < (z x w) * ((z * y) ; 2)
by (metis add-isotone mult-right-subdist-add-right while-left-unfold)
finally have z « (3 + w) * ((z * 1) ; 2)) < (2 5 w) * (2 % y) ; 2)) + (2 % 0)
by (metis while-simulate-absorb)
hence z * ((z x w) * ((z x y) ; 2)) < (z * w) * ((z *x y) ; 2)
by (smt add-least-upper-bound order-refl order-trans while-mult-sub-while-while while-right-isotone zero-least)
thus %thesis
by (metis antisym while-increasing)
qed

lemma while-sumstar-3-below: (z * y) * (x % z) < (xz *x y) x ((z * 1) ; 2)
proof —
have (z x y) * (z * 2) = (z * 2) + ((z x y) * ((z * y) ; (z % 2)))
by (metis while-right-unfold)
also have ... < (z x 2) + ((z * y) * (z * (y ; (z * 2))))
by (metis add-right-isotone while-right-isotone while-sub-associative)
also have ... < (z *x 2) + ((z x y) x (z * (z x y) x ((z * 1) ; 2))))
by (smt add-right-isotone mult-left-isotone mult-left-one order-trans while-increasing while-mult-upper-bound while-one-increasing while-right-isotone while-sumstar while-transitive)

also have ... = (z *x z) + ((z x y) * ((z x 1) ; 2))
by (metis while-02 while-transitive)
also have ... = (z x y) * ((z x 1) ; 2)

by (smt add-associative mult-left-one mult-right-dist-add while-02 while-left-dist-add while-plus-one)
finally show ?thesis

qed

lemma while-sumstar-4-below: (z * y) * ((z * 1) ; 2) <z x ((y ; (z * 1)) * 2)
proof —
have (z x y) x ((z * 1) ; 2) = (e x 1) 5 2 + (z *x y) ; ((z * y) * ((z * 1) 5 2))
by (metis while-left-unfold)
also have ... < (z * z) + (z * (y ; ((z x y) * ((z * 1) ; 2))))
by (metis add-isotone while-one-mult-below while-sub-associative)

alsohave ... = (z x z) + (z *x (y; ((z x 1) ; ) * ((z x 1) ; 2))))
by (metis mult-left-one while-denest-2)
also have ... =z *x ((y ; (z x 1)) * 2)

by (metis while-left-dist-add while-productstar)
finally show ?thesis



qged

lemma while-sumstar-1: (z + y) * z = (z * y) * ((x *x 1) ; 2)
by (smt eg-iff order-trans while-add-1-below while-sumstar while-sumstar-3-below while-sumstar-4-below)

lemma while-sumstar-2: (z + y) * z =z * ((y ; (z * 1)) * 2)
by (metis eg-iff while-add-1-below while-sumstar-1 while-sumstar-4-below)

lemma while-sumstar-3: (z + y) * z = ((z * 1) ; y) * (z * 2)
by (metis eg-iff while-sumstar while-sumstar-1-below while-sumstar-2 while-sumstar-2-below)

lemma while-decompose-6: x x ((y ; (z * 1)) x z) =y * ((z ; (y * 1)) * z)
by (metis add-commutative while-sumstar-2)

lemma while-denest-4: (x * w) x (z % (y ; 2)) = (z * w) * ((z * y) ; 2)
proof —
have (¢ + w) + (z + (y 3 2) = o + (w5 (2 + 1) * (3 2))
by (metis while-sumstar while-sumstar-2)
also have ... < (z x w) * ((z * y) ; 2)
by (smt antisym while-01 while-02 while-increasing while-right-isotone)
finally show #%thesis
by (metis antisym while-right-isotone while-sub-associative)
qed

lemma while-denest-5: w ; ((z * (y ; w)) * (z x (y;2)) =w; ((z xy); w) * ((z *y); 2))
by (metis while-denest-2 while-denest-4)

lemma while-denest-6: (w; (z xy)) xz2=z+w; (z +y;w) = (y;2)
by (metis while-denest-5 while-productstar while-sumstar)

lemma while-sum-below-one: y ; ((z + y) * z) < (y; (z * 1)) * z
by (metis add-right-divisibility mult-left-one while-denest-6)

lemma while-separate-unfold: (y ; (z x 1)) xz=(y*x2) + (yx (y ;2 ; (z x ((y; (z * 1)) * 2))))
proof —
have y « (y ;75 (z + ((y; (z* 1)) * 2))) Sy = (y; (¢ + y) * 2))
by (metis mult-associative mult-right-isotone while-sumstar-2 while-left-plus-below while-right-isotone)
also have ... < (y; (z *x 1)) % 2
by (metis add-commutative add-left-upper-bound while-absorb-1 while-mult-star-exchange while-sum-below-one)
finally have (y x z) + (y * (y ;25 (z = ((y; (x * 1)) x 2)))) < (y; (z 1)) * 2
by (metis add-least-upper-bound mult-left-subdist-add-left mult-right-one while-left-isotone while-left-unfold)
thus %thesis
by (metis antisym while-separate-unfold-below)
qed

lemma while-finite-associative: z x 0 = 0 — (z xy) ; 2 =z * (y ; 2)
by (metis while-denest-4 while-zero)



lemma atomicity-refinement: s = s ;g ATz =q;xANq;b=0AT;0<b;rAr;I<Il;r7ANz;I<l;2ANb;I<I;bANqg;l<l;qANrxqg<q;(rxD)ANqg<1—>5s5;{(z+0b
Dk (gs ) S s (@5 (bra) b1t ) x2)
proof
assume : s =s; ATz =q;2ANq;b=0A7T;b<b;rAr;I<l;rANz;I<Il;zANb;I<1I;bANq;l<l;qANr*xq<gq;(rx1)ANg<1
hence 2. (z + b+ r);I<Il;(z+b+r)
by (smt add-commutative add-least-upper-bound mult-left-subdist-add-right mult-right-dist-add order-trans)
have ¢; ((z; (bxr*x1);q)x2) <(z;(b*xr=x1);q)*zusing 1
by (smt eq-refl order-trans while-increasing while-mult-upper-bound)
also have ... < (z; (b * ((r x 1) ; q))) * 2
by (metis mult-associative mult-right-isotone while-left-isotone while-sub-associative)
also have ... < (z ; (b *r % q)) * 2
by (metis mult-right-isotone while-left-isotone while-one-mult-below while-right-isotone)
also have ... < (z ; (b x (¢; (r x 1)))) * 2z using 1
by (metis mult-right-isotone while-left-isotone while-right-isotone)
finally have 3: ¢ ; ((z; (b*xr*x1); q) x2) < (z;(bxgq); (rx1)x*z
by (metis mult-associative while-associative-while-1)
haves; ((z+b+r+ 1) *x(qg;2)=s;{Ux(x+b+71)x(q;2)) using 2
by (metis add-commutative while-separate-1)

alsohave ... =s;qg; (I *bxrx(qg;z;(b*xr=x1))*(q;z)) using 1
by (smt add-associative add-commutative while-sumstar-2 while-separate-1)
alsohave ... =s;q; (lxbxrx(q;((z;(bxr=x1);q) *2))

by (smt mult-associative while-slide)
alsohave ... <s;q; (I xbxrx(z;(bxgq);(r=1))*z) using 3
by (metis mult-right-isotone while-right-isotone)
also have ... < s; (I xqg; (bxrx(z; (bx*q);(r=1))*z)) using 1
by (smt mult-associative mult-right-isotone while-simulate)
also have ... = s; (I q; (r = (z; (bxq); (r=*1))*z)) using 1
by (metis while-elimination)
also have ... < s; (Ilxr*(x;(bx*gq); (r*1)) *2) using 1
by (smt add-left-divisibility mult-left-one mult-right-dist-add mult-right-isotone while-right-isotone)
also have ... = s ; (I x (r + z ; (b % q)) * 2)
by (metis while-sumstar-2)
also have ... < s; ((z ; (b*xq) + r + 1) * 2)
by (metis add-commutative mult-right-isotone while-sub-dist-3)
finally show s ; (z + b+ r+ 1) x(g;2) <s;((z;(bxq)+r+1) *2)

qed
end
class binary-itering-1-T = binary-itering-T + binary-itering-1

begin



end

class strict-itering = itering-3 + while +
assumes while-def: © * y = z° ; y

begin

subclass binary-itering-1
apply unfold-locales
apply (metis add-commutative circ-loop-fixpoint circ-slide mult-associative while-def)
apply (metis circ-add mult-associative while-def)
apply (metis mult-left-dist-add while-def)
apply (metis mult-associative order-refl while-def)
apply (metis circ-simulate-left-plus mult-associative mult-left-isotone mult-right-dist-add mult-right-one while-def)
apply (metis circ-simulate-right-plus mult-associative mult-left-isotone mult-right-dist-add while-def)
by (metis add-right-divisibility circ-loop-fizpoint mult-associative while-def)

lemma while-associative: (z * y) ; z =z * (y ; 2)
by (metis mult-associative while-def )
lemma circ-import: p < p;pAp<I1Ap;z<z;p—p;z°=p;(p;x)°
proof
assume I: p < p;pAp<IAp;z<z;p
hence p;z <p;z;p
by (smt mult-associative mult-left-isotone mult-right-isotone order-trans)
hence p ; z° < (p ; x)° using 1
by (smt circ-mult-upper-bound circ-reflezive circ-simulate order-refl order-trans)
hence 2: p; 2° < p; (p; z)° using 1
by (smt mult-associative mult-left-isotone mult-right-isotone order-trans)
have p; (p ; 2)° < p; z° using 1
by (metis circ-isotone mult-left-isotone mult-left-one mult-right-isotone)
thus p; z° = p; (p; z)° using 2
by (metis antisym)
qed

lemma while-one-mult: (z x 1) ;2 =z x x
by (metis mult-right-one while-def)

lemma while-back-loop-is-fizpoint: is-firpoint (A\x . = ; y + z) (2 ; (y * 1))
by (metis circ-back-loop-is-fizpoint mult-right-one while-def )

lemmaz;z2<zANy<zAzx1<z—ozxy<z
by (metis add-commutative less-eq-def mult-left-one order-trans while-right-isotone while-simulate-absorb zero-right-mult-decreasing)

lemma (z + y)*x 2= ((z*x1);y)* ((zx1); 2)



by (metis mult-right-one while-def while-sumstar)

lemma (z % 1) ;y =z xy
by (metis mult-left-one while-associative)

end

class strict-itering-T = itering-T + strict-itering
begin

subclass binary-itering-1-T ..

lemma while-top-2: T x z = T ; 2
by (metis circ-top while-def)

lemma while-mult-top-2: (z ; T) xz=2z+x; T ; 2
by (metis circ-left-top mult-associative while-def while-left-unfold)

end

class nonstrict-itering = omega-algebra-T + while +
assumes while-def: z x y = z* + 2% ; y

begin

subclass binary-itering-T
proof (unfold-locales)
fixzyz
show (z5y) x2=2+2;((y;2)*(y;2))
by (metis add-commutative mult-associative mult-left-dist-add omega-loop-fizpoint omega-slide star.circ-slide while-def)
next
fixzyz
show (z + y) x 2z = (z x y) * (z * 2)
proof —
have I: (z + y) x 2z = (" ; ) + (z" ; v)"; (¥ + 2" ; 2)
by (smt add-associative mult-associative mult-left-dist-add omega-decompose star.circ-add while-def)
hence 2: (z + y) * 2 < (z x y) * (z * 2)
by (smt add-isotone add-right-upper-bound less-eq-def mult-left-isotone omega-sub-dist star.circ-sub-dist while-def)
let 2rhs =z" ;4 ; (¥ + 2" ;9)* + @ + 2" ;9)"; (@ + 275 2) + (2 + 27 ; 2)
have z* ; (z* + z* ; y)* < z¥



by (metis omega-sub-vector)
hence z“ ; (z* + 2" ; y)* + 2" ; y; (2% + 2" ; y)* < ?rhs
by (smt add-commutative add-isotone add-left-upper-bound mult-left-dist-add order-trans)
hence 3: (z¥ + z* ; y)* < %rhs
by (metis mult-right-dist-add omega-unfold)
have z* ; (z* + 2" ; y)* ; (2 + 2" ; 2) < z¥
by (metis mult-associative omega-sub-vector)
hence z* ; (z¥ + 2" ; y)" ; (z“ + 2" ;2) + 2% ;95 (2 + 2" ;5 9); (2 + 2% 5 2) < Prhs
by (smt add-commutative add-isotone add-right-upper-bound mult-associative mult-left-dist-add order-trans)
hence (z“ + z* ; y)* ; (z* 4+ 2™ ; 2) < ?rhs
by (smt add-associative add-right-upper-bound less-eq-def mult-associative mult-right-dist-add star.circ-loop-fizpoint)
hence (z* + z" ; y)* + (¥ + 2" ; y)" ; (z¥ + 2" ; 2) < ?rhs using 3
by (metis add-least-upper-bound)
hence (2 + 2" ; ) + (z¥ + 2" ;)" ; (2% + 2" 5 2) < (275 y)” + (@7 5 9)" 5 (2 + 27 5 2)
by (metis add-commutative omega-induct)
thus ?thesis using 1 2
by (smt antisym while-def)
qed
next
fixzyz
show z * (y + z) = (z * y) + (z * 2)
by (smt add-associative add-commutative add-left-upper-bound less-eq-def mult-left-dist-add while-def)
next
fixzyz
show (z xy) ;2 <z x*(y; 2)
by (metis mult-associative mult-right-dist-add omega-loop-fizpoint omega-loop-greatest-fixpoint while-def)
next
fixvwzyz
Show o5 2 < 25 (y+ 1)+ w—a+ (250) <25 (y*v) + (2 (w; (y % v)))
proof
assume z ;2 < z; (y*x 1)+ w
hence I: z ;2 < z;y* +z; 9" +w
by (metis mult-left-dist-add mult-right-one while-def)
let orhs =z ;5 (y* + y" ;0v) + 2 + 2" ;w; (y° + y" ;5 v)
have 2: z ; v < ?rhs
by (metis add-least-upper-bound add-left-upper-bound mult-left-dist-add omega-loop-fizpoint)
have z ; z ; (y* + y* ; v) < %rhs
proof —
have z ; z; (¥ + y" ;v) < (239 + 259" +w); (¥ + 9y ; v) using 1
by (metis mult-left-isotone)

also have ... = z; (4 ; (v + y" 5 v) + ¥7 5 (W + ¥ 5 v) +w; (¥ +y 5 v)
by (smt mult-associative mult-left-dist-add mult-right-dist-add)
also have ... = z 5 (v ; (¥ + ¢";0) + 9 + ¥ s 0) + w; (¥ + 4" ; v)

by (smt add-associative mult-associative mult-left-dist-add star.circ-transitive-equal star-mult-omega)
alsohave ... < z; (y* + y";v)+ 2" ;w; (¥ + y*; v)

by (smt add-commutative add-isotone add-left-top mult-left-dist-add mult-left-one mult-right-dist-add mult-right-subdist-add-left omega-vector order-refl star.circ-plus-one)
finally show %thesis



by (smt add-associative add-commutative less-eq-def)
qed
hence z ; ?rhs < ?rhs
by (smt add-associative add-commutative add-left-upper-bound less-eq-def mult-associative mult-left-dist-add mult-right-dist-add omega-unfold star.circ-increasing star.circ-transitive-equal)
hence z ; v + z ; %rhs < ?rhs using 2
by (metis add-least-upper-bound)
hence z* ; z ; v < ?rhs
by (metis mult-associative star-left-induct)
hence z“ + z* ; 2 ; v < ?rhs
by (metis add-least-upper-bound add-left-upper-bound)
thus z x (z;v) < z; (y xv) + (z * (w; (y * v)))
by (smt add-associative mult-associative mult-left-dist-add while-def)
qed
next
fixvwzyz
show z; 2 <y;(yx2)+w—z;(@*xv)<yx*x(z;v+ w; (zxv))
proof
assume 2z ;z < y; (y * 2) + w
hence z ;. < y; (¢ + vy ;2) +w
by (metis while-def)
hence I: z ; 2 <y +y; 9y ; 2z + w
by (metis mult-associative mult-left-dist-add omega-unfold)
let rhs = y* + y" ;250 +y" ; w; (2% + 2% ; v)
have 2: z ; ¥ < ?rhs
proof —
have z ; z“ < y;y";z; 2% + y* ;2% + w ; z¥ using 1
by (smt add-commutative less-eq-def mult-associative mult-right-dist-add omega-unfold)
also have ... < y;y" ;2 ;z¥ + ¢y + w; z*
by (metis add-left-isotone add-right-isotone omega-sub-vector)
also have ... =y ; y" ; (2 ; %) + (y* + w ; z¥)
by (metis add-associative mult-associative)
finally have z ; 2% < (y; y")* + (y 5 ¥")"; (4 + w; 2%)
by (metis add-commutative omega-induct)
also have ... = y* + ¢y* ; w ; z¥
by (metis left-plus-omega less-eq-def mult-associative mult-left-dist-add mult-left-subdist-add-left star.left-plus-circ star-mult-omega)
also have ... < ?rhs
by (metis add-isotone add-left-upper-bound mult-left-subdist-add-left)
finally show %thesis
by metis
qed
let 2rhs2 =9y* + y* ;2 4+ ¢y ; w; (2 + z¥)
have ?rhs2 ; x < ?rhs2
proof —
have 3: y* ; x < ?rhs2
by (metis add-associative less-eq-def omega-sub-vector)
have y* ;2 ;2 <y"; (¥ + y;y" ;2 + w) using 1
by (metis mult-associative mult-right-isotone)



also have ... = y* + 4" ; y; ¢y ;2 + 9" ; w
by (metis mult-associative mult-left-dist-add star-mult-omega)
alsohave ... =y +y;y" ;2 + vy ;w
by (metis mult-associative star.circ-transitive-equal star-simulation-right-equal)
also have ... < y* + ¢y ; 2+ y" ; w
by (metis add-left-isotone add-right-isotone mult-left-isotone star.left-plus-below-circ)
also have ... < y* + " ; 2+ y* ; w; z”
by (metis add-right-isotone add-right-upper-bound star.circ-back-loop-fizpoint)
finally have 4: y* ; 2z ; 2 < 2rhs2
by (smt add-associative add-commutative less-eq-def mult-left-dist-add)
have (z* + z*) ; z < z* + z*
by (metis add-isotone mult-right-dist-add omega-sub-vector star.circ-plus-same star.left-plus-below-circ)
hence y* ; w; (2% + z) ; z < ?rhs2
by (smt add-right-upper-bound mult-associative mult-right-isotone order-trans)
thus ?thesis using 3 4
by (smt add-associative less-eq-def mult-right-dist-add)
qed
hence z + ?rhs2 ; © < ?rhs2
by (smt add-commutative add-least-upper-bound add-right-divisibility while-def omega-loop-fizpoint)
hence 5: z ; " < ?rhs2
by (metis star-right-induct)
have z ; z* ; v < %rhs
proof —
have z ; 2% ; v < ?rhs2 ; v using 5
by (metis mult-left-isotone)
alsohave ... = y“ ;v +y" 5z 04+y s w; (2% ;0 4+ 2% ;5 v)
by (metis mult-associative mult-right-dist-add)
alsohave ... < y“ + y" ;z;0v+y" s w; (z¥ ;0 + 2" ;5 0)
by (metis add-left-isotone omega-sub-vector)
also have ... < ?rhs
by (metis add-left-isotone add-right-isotone mult-right-isotone omega-sub-vector)
finally show %thesis
by metis
qed
hence z ; (z¥ + z* ; v) < %rhs using 2
by (smt add-associative less-eq-def mult-associative mult-left-dist-add)
thus z ; (z*xv) < yx* (2;v+ w; (z *v))
by (metis add-associative mult-associative mult-left-dist-add while-def)
qed
qed

lemma while-top: T x x = T
by (metis add-left-top star.circ-top star-omega-top while-def)

lemma while-one-top: 1 * x = T
by (metis add-left-top omega-one while-def)



lemma while-finite-associative: ¥ = 0 — (z x y) ; z =z * (y ; 2)
by (metis add-left-zero mult-associative while-def)

lemma star-below-while: z* ; y < x * y
by (metis add-right-upper-bound while-def)

lemma while-sub-mult-one: z ; (1 xy) < 1z
by (metis top-greatest while-one-top)

lemma while-while-one: y * (z x 1) = y* 4+ y* ; 2% + y* ; z”

by (metis add-associative mult-left-dist-add mult-right-one while-def)
lemma omega-mult-star-2: =% ; y* = z%
by (metis add-right-upper-bound antisym omega-sub-vector star.circ-back-loop-fixpoint)

* * w

lemma star-omega-absorb: y* ; (y* ;)" ; y* = (v* ;)" ; v
proof —
have y* 5 (y";2)" 5y =y sy 525 (¥ 5 2)" 5 yY +y" 5 y”
by (metis add-commutative mult-associative mult-right-dist-add star.circ-back-loop-fizpoint star.circ-plus-same)
thus %thesis
by (metis mult-associative star.circ-loop-fizpoint star.circ-transitive-equal star-mult-omega)
qed
lemma star-star-absorb: y* ; (y* ; 2)" 5y = (y* ;)" ; y*
by (metis add-commutative mult-associative star.circ-decompose-4 star.circ-slide star-decompose-1 star-decompose-3)

lemma while-simulate-4-plus: y ;2 <z ;(z*x (1 +y)) my;z;2" <z;(z=*(1+y))
proof
have I: z; (zx (1 +y) =z 4z;2" +z;2" ;y
by (metis add-associative mult-associative mult-left-dist-add mult-right-one omega-unfold while-def)
assume y ; z <z ; (z x (1 4+ y))
hence y;z;2" < (2 +z ;2" + 2z ;2" ;y); 2" using 1
by (metis mult-left-isotone)

alsohave ... = z% ;2" +z ;2" ;2" +z ;2" ;9 ;2"
by (metis mult-right-dist-add)
alsohave ... =z ;2" ; (y;z;2")+2* +z;2" +z;2" ;9

by (smt add-associative add-commutative mult-associative omega-mult-star-2 star.circ-back-loop-fizpoint star.circ-plus-same star.circ-transitive-equal)
finally have y ; z ;2" <z ;2" ; (y;2;2") + (e + 252" + 2 ;2" 5 9)
by (metis add-associative)
hence y ; z ;2" < (z;2") + (z;27) ; (@ +z;2" + 252" ;y)
by (metis add-commutative omega-induct)
also have ... =z* + 2" ; (2 +z ;2" + 2z ;2" ; y)
by (metis left-plus-omega star.left-plus-circ)
finally show y ; z ; z* < z ; (z * (1 + y)) using 1
by (metis while-def while-mult-star-exchange while-transitive)
qged



lemma while-simulate-4-omega: y ;z < z; (z * (1 + y)) — y; ¥ < z¥
proof
have I: z; (zx (1 +y) =z 4z;2" +z;2" ;y
by (metis add-associative mult-associative mult-left-dist-add mult-right-one omega-unfold while-def)
assume y ; z < z ; (z * (1 + y))
hence y ; 2* < (2 +z ;2" +z ;2" ; y); ¥ using 1
by (smt less-eq-def mult-associative mult-right-dist-add omega-unfold)

also have ... = z% ; z* 4+ z ;2" ;2 + z ;2" ; y ; z¥
by (metis mult-right-dist-add)
also have ... =z ; 2" ; (y ; z%) + z“

by (metis add-commutative less-eq-def mult-associative omega-sub-vector omega-unfold star-mult-omega)
finally have y ; z¥ <z ; z*; (y ; z¥) + z“
by metis
hence y ; z¢ < (z ; ") + (z ; )" ; 2
by (metis add-commutative omega-induct)
thus y ; 2z < z¢
by (metis add-idempotent left-plus-omega star-mult-omega)
qed

lemma while-unfold-below: x = z + y;z — ¢z < y * 2
by (metis omega-induct-equal while-def)

lemma while-unfold-below-1: t =y ;o — ¢ < y * 1
by (metis add-right-upper-bound omega-induct while-def)

lemma while-square-1: z x 1 = (z ; ) * (z + 1)
by (metis mult-right-one omega-square star-square-2 while-def)

lemma while-absorb-below-one: y ; ¢z <z —yxxz < 1*xx
by (metis top-greatest while-one-top)

lemma omega-import: p < p;pAp;z<z;p—p;z°=p;(p;a)
proof
assume ' p < p;pAp;x<x;p
hence p; z¥ < p; (p; ) ;
by (metis mult-associative mult-left-isotone omega-unfold)
also have ... < p;z; p; z* using 1
by (metis mult-associative mult-left-isotone mult-right-isotone)
finally have p ; z* < (p ; z)®
by (metis mult-associative omega-induct-mult)
hence p ; ¥ < p; (p; z)” using 1
by (smt mult-associative mult-left-isotone mult-right-isotone order-trans)
thus p; z¥ =p; (p; z)” using 1
by (metis add-left-divisibility antisym mult-right-isotone omega-induct-mult omega-slide omega-sub-dist)
qed

lemma star-import: p < p;pAp<IAp;z<z;p—op;z-=p;(p;z)



proof
assume p <p;pAp<1Ap;z<z;p
hence p; (p;z)";2<p;(z;p) ;=
by (smt add-right-divisibility mult-associative mult-left-isotone mult-left-subdist-add-right star.circ-simulate star.circ-slide)
hence p ; (p;2)" ;2 < (p;z)"
by (metis add-right-divisibility order-trans star.circ-mult)
hence 2: p; (p;z)" ;7 <p;(p;z)" using I
by (smt mult-associative mult-left-isotone mult-right-isotone order-trans)
have p < p; (p; )"
by (metis add-right-divisibility star.circ-back-loop-fizpoint)
hence p ; z* < p; (p; x)" using 2
by (metis add-least-upper-bound star-right-induct)
thus p ;2" =p; (p; z)* using 1
by (metis antisym mult-left-isotone mult-left-one mult-right-isotone star.circ-isotone)
qed

lemma while-loop-is-greatest-postfizpoint: is-greatest-postfizpoint (Ax . y ; z + z) (y * 2)
proof —
have (y x z2) < (Az . y;z + 2) (y * 2)
by (metis is-fizpoint-def order-refl while-loop-is-fizpoint)
thus %thesis
by (smt add-commutative is-greatest-postfizpoint-def omega-induct while-def)
qed

lemma while-loop-is-greatest-fixpoint: is-greatest-fizpoint Az . y ; © + z) (y * 2)
by (metis omega-loop-is-greatest-fizpoint while-def )

lemmaz;z<zANy<zAzx1<z—-oxzxy<z
by (metis add-commutative add-least-upper-bound add-left-zero less-eq-def while-right-isotone while-simulate-absord)

end

class nonstrict-itering-zero = nonstrict-itering +
assumes mult-right-zero: x ; 0 = 0

begin

lemma while-finite-associative-2: z x 0 = 0 — (z x y) ; 2 =z * (y ; 2)
by (metis add-left-zero add-right-zero mult-associative mult-right-zero while-def)

end

class nonstrict-itering-tarski = nonstrict-itering +



assumes tarski: t < x ;T ;z; T
begin

lemma tarski-mult-top-idempotent: x ; T =x ; T ;z; T
by (metis add-commutative less-eq-def mult-associative star.circ-back-loop-fixpoint star.circ-left-top tarski top-mult-top)

lemma tarski-top-omega-below: z ; T < (z ; T)*

by (metis mult-associative omega-induct-mult order-refl tarski-mult-top-idempotent)
lemma tarski-top-omega: z ; T = (z ; T)®

by (metis antisym mult-top-omega tarski-top-omega-below)
lemma tarski-below-top-omega: x < (z ; T)*
by (metis tarski-top-omega top-right-mult-increasing)

lemma tarski-mult-omega-omega: (z ; y*)* =z ; y*
by (metis mult-associative omega-vector tarski-top-omega)

lemma tarski-omega-idempotent: z*“ = z*
by (metis omega-vector tarski-top-omega)

lemma while-denest-2a: w ; ((z * (y ; w)) * 2) = w; (((z *x y) ; w) * 2)
proof —

have (z* + 2" 5 y; w)* = (2" ;95 w) 5 2% ;5 (((" 595 w) 5 2) + (" 595 w)" 5 3%) ;5 (@595 w?) + (@5 y; w)”
by (metis add-commutative omega-decompose omega-loop-fixpoint)

also have ... < (z" ; y; w)" ;2 + (2" ; y ; w)®
by (metis add-left-isotone mult-associative mult-right-isotone omega-sub-vector)

finally have I: w; (z¥ + 2" ; y; w)* < (w;z*;9)" ;w; z¥ + (w; " ; y)*
by (smt add-commutative less-eq-def mult-associative mult-left-dist-add while-def while-slide)

have (z* + 2" 5 y;w)" 5z = (2" ;95 w) 5 2% (@™ 5y w) 5 2¥) 5 (2" 595 w) 524+ (@595 w)" ;2
by (smt add-commutative mult-associative star.circ-add star.circ-loop-fizpoint)

also have ... < (z" ;y; w)* ;z2° + (2" ; y; w)*; 2
by (smt add-commutative add-right-isotone mult-associative mult-right-isotone omega-sub-vector)

finally have w ; (z¥ + 2" ;y;w)" ;2 < (w;z";9) swi;a¥ +(w;2";y)" s w; 2
by (metis mult-associative mult-left-dist-add mult-right-isotone star.circ-slide)

hence w ; (z¥ + 2" s y; w)* +w; (2 + 2" 5y;w) 52 < (wsa"59)" ;5 (w; 2¥) + (w; 2" 5 y)* + (w; 2" 5 y)" ; w; 2 using 1
by (smt add-associative add-commutative less-eq-def mult-associative tarski-mult-omega-omega)

alsohave ... < (w;z* +w;z";9)" ; (w2 +w; 2" ;9 + (w2 +w; 2" ;9 +(w;z¥ +w; 2% 5 9) 5w, 2
by (metis add-isotone add-left-upper-bound add-right-upper-bound mult-isotone mult-left-isotone omega-isotone star.circ-isotone)

alsohave ... = (w;2z* +w;z" ;) + (w;z¥ +w;z";9) s w; 2
by (metis add-idempotent star-mult-omega)

finally have w ; ((z* + 2" sy ; w)” + (¥ + 2" 5y ;w)" 5 2) S w; ((#° + 2" 59) s w)* +w; (=% + 2" 59) s w)" 5 2
by (smt mult-associative mult-left-dist-add omega-slide star.circ-slide)

hence 2w ; (z + (y 3 w)) * 2) < w i ((z * y) ; w) * 2)
by (smt mult-associative mult-left-dist-add while-def while-slide)

have w ; (2 % y) ; w) * 2) < w i ((z * (y 3 w)) * 2)



by (metis mult-right-isotone while-left-isotone while-sub-associative)
thus ?thesis using 2
by (metis antisym)
qged
lemma while-denest-3: (z * w) x z*° = (z * w)*
proof —
have 1: (z * w) * z¥ = (z * w)* + (z * w)* ; z*¢
by (metis tarski-omega-idempotent while-def)
also have ... < (z * w)* 4+ (z * w)* ; (z¥ + z* ; w)*
by (metis add-left-upper-bound add-right-isotone mult-right-isotone omega-isotone)
also have ... = (z * w)*
by (metis add-idempotent star-mult-omega while-def)
finally show ?thesis using 1
by (metis add-left-upper-bound antisym-conv)
qed

lemma while-denest-4a: (x * w) * (z * (y ; 2)) = (z * w) * ((z * y) ; 2)
proof —
have (z x w) x (z * (y; 2)) = (z * w)* + ((z * w) x (z* ; y ; 2))
by (smt mult-associative while-denest-3 while-def while-left-dist-add)
also have ... < (z * w)* + ((z * w) * ((z * y) ; 2))
by (metis add-right-isotone mult-left-isotone star-below-while while-right-isotone)
finally have 1I: (z * w) * (z * (y ; 2)) < (z * w) * ((z * y) ; 2)
by (smt add-left-upper-bound less-eq-def while-def)
have (z x w) x ((z x y) ; 2) < (z * w) * (z *x (y ; 2))
by (metis while-right-isotone while-sub-associative)
thus ?thesis using 1
by (metis antisym)
qed

subclass binary-itering-1-T
apply unfold-locales
by (smt mult-associative while-denest-2a while-denest-4a while-increasing while-slide)

lemma while-mult-top: (z ; T) x 2z =2+ x; T
proof —
have I: z+z; T <(z; T) * z
by (metis add-least-upper-bound while-denest-1 while-increasing while-one-top)
have (z ; T)xz=z+2; T ; ((z; T) * z)
by (metis while-left-unfold)
alsohave ... <z + 2z ; T
by (metis add-right-isotone mult-associative mult-right-isotone top-greatest)
finally show %thesis using 1
by (metis antisym)
qed



lemma tarski-top-omega-below-2: z ; T < (z ; T) % 0
by (metis add-right-divisibility while-mult-top)

lemma tarski-top-omega-2: x ; T = (z ; T) = 0
by (metis add-left-zero while-mult-top)

lemma tarski-below-top-omega-2: < (z ; T) % 0
by (metis tarski-top-omega-2 top-right-mult-increasing)

end
class nonstrict-itering-tarski-zero = nonstrict-itering-tarski + nonstrict-itering-zero
begin

lemma 1 = (z; 0) = 1
by (metis mult-right-zero while-zero)

end

context binary-itering-1-T

begin

end

end



