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The algebraic perspective to study regular languages has been traditionally very
fruitful. Pascal Tesson and Denis Therien show in this excellent survey that this
line of research is still very active. They overview many recent results providing
applications for algebraic tools in several areas of complexity theory such as
boolean circuit complexity, communication complexity, the theory of bounded
width branching programs and learning theory.
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The algebraic theory of nite automata has been one of the most
successful tools to study and classify regular languages. These very
same tools can in fact be used to understand more powerful models
of computation and we discuss here the impact that semigroup theory
can have in computational complexity.

1

Introduction

Many interesting results in the study and classication of regular languages
have come from an algebraic perspective pioneered by Eilenberg [23].

As

we describe more precisely in the next section, nite automata and nite
semigroups and monoids are closely related and one can naturally choose to
consider automata as algebraic objects or, conversely, consider nite semigroups and monoids as machines. This connection makes it possible to relate
the combinatorial properties of a regular language with the algebraic properties of its minimal automaton. One such famous example is Schützenberger's
characterization of star-free regular languages [52]: a language can be described by an extended regular expression without the use of the Kleene
star if and only if the semigroup corresponding to its minimal automaton
contains no non-trivial group. A number of important classes of regular languages admit similar algebraic characterizations, often yielding decidability
results which are not known to be obtainable by other means.
This algebraic perspective conveniently allows one to switch between the
language theoretic and semigroup theoretic viewpoints on nite automata.
In fact, the interaction between automata theory and nite semigroup theory
has been so successful that the two elds are now barely distinguishable. As
one can witness by comparing the key references on the subject over the
last fty years [23, 45, 46, 2], nite semigroup theory has rapidly evolved
into a rich mathematical eld with considerable depth that involves category
theory, topology and combinatorics.
In this column, we wish to explore the relevance of semigroup theoretic
tools in computational complexity. At rst glance, regular languages seem to
be of little interest to computational complexity theory because they can all
be recognized in linear time and constant space but there are other measures
of complexity for which regular languages provide a non-trivial case-study of
considerable interest: circuit complexity [12, 38], communication complexity [50, 65], property testing [3], etc. In these investigations, the algebraic
perspective on regular languages is often a key starting point and can help
uncover unexpected similarities between the various models.

There is, for

instance, a very tight relation between the communication complexity and

the circuit complexity of regular languages [38, 66].
By viewing nite semigroups as machines akin to nite automata we can
analyze, with the same algebraic perspective, more powerful models of computation such as boolean circuits, branching programs and communication
protocols. This approach has been particularly successful in analyzing the
computational power of bounded-width branching programs and boolean circuits of shallow depth and has provided algebraic characterizations of impor0
0
1
tant complexity classes such as AC , ACC and NC through the program
over monoid formalism [12] and PSPACE and its main subclasses through
the leaf language model [33]. In this context, it is sometimes possible to
draw interesting parallels between algebraic operations on classes of semigroups, combinatorial operations on classes of regular languages and operations on complexity classes.
We believe that the rich algebraic theory of nite automata partly explains why the study of regular languages has had more impact in computational complexity than the rest of formal language theory.

Often the

combinatorial characterizations of classes of regular languages are sucient
to derive upper bounds on their complexity whereas the algebraic point of
view is most useful when establishing hardness results for languages that do
not belong to these same classes.

We outline in this column how the in-

teraction between semigroup theory and complexity has developed over the
last twenty years and survey what we believe are promising avenues for future research. It should be noted, although this is beyond our present scope,
that the computational relevance of algebraic automata theory has in turn
introduced new ideas in nite semigroup theory (see the survey [64]).
In the next section, we will review the basics of algebraic automata theory
and proceed to survey some applications of these methods in communication
complexity, boolean circuit complexity, bounded width branching programs
and learning theory.

2

Regular Languages and Finite Monoids

We begin with a brief overview of algebraic automata theory. A more thorough introduction can be found in the excellent survey of Pin [46].

S equipped with a binary associative operation which
we denote multiplicatively. A monoid M is a semigroup with a distinguished
identity element 1M . Throughout this column S and M denote respectively
A semigroup is a set

a nite semigroup and a nite monoid.
∗
The set Σ of nite words over the alphabet

monoid over Σ)

Σ

forms a monoid (the

under concatenation and with identity

,

free

the empty word.

With the exception of the free monoid, all monoids considered in the sequel

A is a nite automaton with states Q over the alphabet Σ,
∗
then a word w ∈ Σ induces a mapping tw from Q to Q. Since Q is nite,
∗
the set T (A) = {tw : w ∈ Σ } is also nite and because tu ◦ tv = tuv , T (A)

are nite.

If

forms a monoid under composition, known as the

A.

transformation monoid of

The identity element in that case is the identity transformation which

w = 1 .
∗
∗
For a language L ⊆ Σ the syntactic congruence ≡L on Σ is dened by
∗
setting x ≡L y if and only if uxv ∈ L ⇔ uyv ∈ L for all u, v ∈ Σ . It is
well-known that L is a regular language if and only if ≡L has nite index: in
∗
this case the syntactic monoid of L dened by M (L) = Σ / ≡L is in fact the
transition monoid of L's minimal automaton.
We say that a monoid M divides the monoid N and write M ≺ N if M
is the homomorphic image of a submonoid of N . A class V of nite monoids
corresponds to

forms a

pseudo-variety if it is closed under direct product and division.

L and a word u, the left quotient of L by u is the language
u L = {x : ux ∈ L} and the right quotient Lu−1 is dened symmetrically. A
class V of languages forms a variety of languages if it is closed under boolean
For a language

−1

operations, left and right quotients and inverse homomorphisms from one
∗
∗
free monoid to another (i.e. if L ⊆ Σ is in V and φ is a morphism from Γ to
∗
−1
Σ then the language φ (L) must also belong to V ). The variety theorem,
which we state next, is the cornerstone of algebraic automata theory.

Theorem 1 (Variety theorem). If V is a pseudo-variety then the class
L(V) of languages with syntactic monoids in V is a variety of languages and
these syntactic monoids generate V. In fact, the correspondence V → L(V)
denes a natural bijection between pseudo-varieties of nite monoids and
varieties of languages.
Because of this correspondence, we can easily switch our point of view
on varieties and describe them either combinatorially as classes of regular
languages or algebraically as classes of monoids. In many important cases
this bijection has been made explicit. Schützenberger's result mentioned in
the introduction and Simon's theorem, giving an algebraic characterization
of the variety of piecewise-testable languages [53], are the most famous examples. This has been most fruitful in connection with logic. In that context,
one basic question is to decide whether or not a given regular language can
be described by a formula of some particular form.

1 We

More often than not,

should mention here that for technical reasons we will always consider monoids

rather than semigroups.
of this technical point.

We refer the interested reader to [46] for a thorough discussion

these languages form a language variety (see [58] for a meta-explanation of
this phenomenon) and it becomes possible to use computations on the syntactic monoid in the decision procedure. This approach yields decidability
results for various classes of rst-order formulas [42, 55, 68] and

FO

formu-

las augmented with modular quantiers [57, 59, 60, 66] as well as temporal
logics [20, 36, 68, 69]. There have been attempts to use the same approach
to decide logically dened classes of regular tree languages although this
extension faces a number of technical hurdles (see e.g. [24]).

G recall that the commutator [a, b] of a
a b ab. Clearly [a, b] = 1G if and only if a and
b commute. A group G is nilpotent of class 1 if it is Abelian and, inductively
is nilpotent of class k if the subgroup [G, G] generated by its commutators
is nilpotent of class k − 1. We denote as Ab, Gnil,k and Gnil respectively
the class of Abelian groups, nilpotent groups of class k and nilpotent groups.
For two elements

and

b

a, b

of a group
−1 −1

is the group element

These classes form pseudo-varieties and there are good descriptions of the
corresponding regular languages.

u = a1 . . . at with ai ∈ Σ is a subword of w ∈ Σ∗ if w can be
w
factorized as w0 a1 w1 . . . wt−1 at wt and we denote by
the number of such
u
factorizations. We say that a language L counts subwords of length k modulo


m if membership of w in L depends on the values modulo m of uw1 , . . . , uwt
for some words ui each having length at most k . It was shown in [67] that a
regular language K belongs to L(Gnil,k ) if and only if there exists m ≥ 1 such
that L counts subwords of length k modulo m. In particular, if the syntactic
monoid of K is an Abelian group then membership of w in K depends solely
on the number of occurrences of each letter modulo some integer m. There
A word

also exists an explicit, albeit more complex, description of regular languages
whose syntactic monoid is a solvable group but all attempts to provide a
useful description of languages corresponding to groups in general have failed
because of our very limited understanding of non-solvable groups. For any

H of
in H.

pseudo-variety
subgroups lie

A monoid is

groups, we will denote by

H

the class of monoids whose

aperiodic (or group-free) if it contains no non-trivial group.

Groups and aperiodics are in some sense two extreme cases of monoids and
they can be used as building blocks to construct all monoids via semidirect
products [46].

e of M is idempotent if e2 = e. For a nite monoid M there is
ω
a minimal integer ω , called M 's exponent, such that m is idempotent for all
m ∈ M . We dene the pseudo-variety DO as the class of nite monoids that
ω
ω
ω
ω
satisfy the identity (xy) (yx) (xy) = (xy) . This pseudo-variety and its
An element

subclasses has found considerable importance both in language theory and
in applications to complexity [63] and is the focus of the results surveyed in

the sequel. The following lemma provides an alternative characterization of

DO

which is often more useful.

Lemma 2. A monoid M does not belong to DO if and only if
• M is divided by the syntactic monoid of (ab)∗ ; or
• M is divided by the syntactic monoid of {a, b}∗ aa{a, b}∗ ; or
• M is a Tq -monoid for some q ≥ 2, i.e. there are idempotents e, f ∈ M
such that (ef )q e = ef but (ef )r 6= ef when q does not divide r.
For any pseudo-variety of groups

H,

it is possible to give a combinatorial

description of the regular languages with syntactic monoids in DO ∩ H using
∗
unambiguous concatenations. For a ∈ Σ and L, K ⊆ Σ , we say that the
∗
concatenation LaK is
if L ⊆ (Σ − {a}) or K ⊆
∗
(Σ − {a}) . If LaK is perfectly unambiguous then any w ∈ LaK can be

perfectly unambiguous

uniquely factorized as

wL awK

wL ∈ L and wK ∈ K
a in w.

with

be the rst or last occurrence of

since the

a can only

Lemma 3 ([65]). A language K has its syntactic monoid in DO ∩ H i it
belongs to the smallest language variety closed under perfectly unambiguous
concatenations which contains the languages Σ∗ for any alphabet Σ and the
languages with syntactic monoids in H.
As a corollary, it can be inferred that the pseudo-variety

DO ∩ Ab corre-

sponds to the smallest language variety containing the languages with commutative syntactic monoids and closed under perfectly unambiguous concatenations.
Perfectly unambiguous concatenations are a special case of a more gen∗
eral construction. For languages K0 , . . . , Kt ⊆ Σ and letters a1 , . . . , at ∈ Σ,

w
the number of distinct ways in which the word
we denote as
K0 a1 K1 ...at Kt
∗
w ∈ Σ can be factorized as w = w0 a1 . . . at wt with wi ∈ i . The concate-

unambiguous

nation K0 a1 K1 . . . at Kt is said to be
if for all w it holds that

w
is 0 or 1. For any variety V of languages the
K0 a1 K1 ...at Kt
V , denoted (V), is the variety generated by unam-

polynomial closure of

unambiguous

V . Similarly, for any prime p, the
Modp polynomial closure of V , denoted Modp Pol(V), is the variety gener
w
ated by languages of the form {w :
≡ i (mod p)} for Ki ∈ V .
K0 a1 K1 ...at Kt
While the operators UPol and Modp Pol are dened on varieties of languages,

biguous concatenations of languages in

they have an algebraic counterpart dened in terms of so-called Mal'cev
products of pseudo-varieties (see [46]): if
monoids corresponding to

V,

V

denotes the pseudo-variety of

then the pseudo-varieties corresponding to

UPol(V) and Modp Pol(V) are respectively LI m V and LGp m V where LI
LGp respectively denote the classes of locally trivial monoids and local p-groups [48, 71]. While a technical discussion of the Mal'cev product
and

would be tedious, we simply mention that given a list of identities dening a
pseudo-variety

V

it is often possible to derive a list of identities dening the

two pseudo-varieties above [47, 48, 71].

In particular the following lemma

can be obtained.

Lemma 4 ([65]). A monoid does not belong to LGp m Com if and only if
• M is divided by the syntactic monoid of (ab)∗ ; or
• M is divided by the syntactic monoid of {a, b}∗ aa{a, b}∗ ; or
• M is a Tq -monoid for some q ≥ 2 which is not a power of p; or
• or M contains a subgroup H whose commutator subgroup is not a p-

group.

This lemma provides us with an excellent understanding of the

Modp -

closure of commutative languages. The unambiguous polynomial closure of
these languages in fact corresponds to the pseudo-variety

DO ∩ Ab

which

we discussed earlier.

3

Communication Complexity

Communication complexity measures the amount of information that two or
more processors need to exchange when computing a function on some input
distributed among them. It was rst introduced by Yao [72] in relation to
distributed computing but it has become one of the most ubiquitous tools
of theoretical computer science with important connections to VLSI design
(see [40]), branching program complexity [70], circuit complexity [28, 29, 32,
43, 51], time-space tradeos for Turing machines [6], data structures [40] and
proof complexity [13]. The monograph of Kushilevitz and Nisan [40] provides
a very good overview of the rst fteen years of research on the subject.
In a (very entertaining) paper [5], Babai, Frankl and Simon dened
communication complexity analogues of the standard time/space complexity

⊕P, PSPACE and so on and considered a natural notion of
reduction in the communication context under which classes like NP, ⊕P and

classes P, NP, RP,

PSPACE have complete problems. This provides, on one hand, a powerful
framework to compare the power of various extensions of the usual deterministic model while building, on the other hand, a rich structure of classes
in which one can hope to gain intuition on the nature of non-determinism,
alternation, randomization and so on.

3.1

Two-Party Models

In the simplest model, two parties (Alice and Bob) collaborate to evaluate a

f : X × Y → R. Alice is given x ∈ X while Bob receives y ∈ Y
f (x, y) while exchanging as few bits as possible.

function

their goal is to compute

and
The

two parties communicate according to some previously agreed upon protocol
which, informally, is a scheme ensuring that Alice and Bob will never speak
simultaneously and will be able to make sense of the information they send
each other. Formally, one usually denes a communication protocol

P

as a

0 or 1, leaves are labeled by some value
s is either labeled by a function as : X → {0, 1}
bs : Y → {0, 1}. On input (x, y) one can now picture Alice

binary tree in which edges are labeled
in

R

and every inner node

or a function

and Bob following a path from the root down the tree: when a node labeled
by some

as

is reached, Alice computes

the players follow the edge out of

bs

s

as (x)

sends the result to Bob and

as (x).
bs (y). The

labeled by

is encountered Bob similarly computes

When a node labeled
output

P(x, y)

of the

protocol is simply the label of the leaf at the end of the unique path dened
by

(x, y)

The

cost

and we say that

P

computes

f

if

P(x, y) = f (x, y)

of the protocol is the depth of this tree, i.e.

for all

(x, y).

the number of bits

exchanged by Alice and Bob on the worst-case input.
The

deterministic communication complexity

of

f,

denoted

D(f )

is the

cost of the cheapest protocol computing f . In general, we are interested in
∗
∗
the complexity of functions f : Σ ×Σ → R and will thus consider D(f ) as a
function of input length and study its asymptotic behavior. Unless specied
otherwise, we will in fact assume that the inputs given to Alice and Bob are
a pair of words of equal length over some nite alphabet.
There are a number of important variations on the deterministic model
which have been thoroughly studied and we consider here two of them:

•

In a

non-deterministic communication protocol P a third player, say
both x and y rst sends to Alice and Bob a proof

God, having access to

x and y . Alice and Bob
0
then follow an ordinary deterministic protocol P with output in {0, 1}.
The protocol P accepts the input (x, y) if and only if there is some proof
π such that the output of the ensuing deterministic protocol P 0 outputs
1. The cost of a non-deterministic protocol is the maximum number of
bits exchanged in the protocol (including the bits of π ) for any input
(x, y). We denote the non-deterministic communication complexity of
1
a language L as N (L).
•

π

whose length is a function of the length of

A

Modp -counting communication protocol P is syntactically similar to a

non-deterministic protocol but it accepts the inputs

(x, y) for which the

not

number of proofs leading Alice and Bob to acceptance is
divisible by
p. We denote by N p (L) the Modp -counting communication complexity
of

L.

Note that in these two models, protocols are only used to compute languages, i.e. functions with a

{0, 1}

output.

Denition 5. Let f : Σn × Σn → {0, 1} and g : Γt(n) × Γt(n) → {0, 1} be
two functions. A rectangular reduction of length t from f to g is a pair of
functions A, B : Σn → Γt(n) such that f (x, y) = g(A(x), B(y)).
These reductions are very natural in a communication complexity context
since the functions

A

and

B

can be computed privately by Alice and Bob

respectively. Hence, if there is a rectangular reduction of length

t(n)

from

f

D(g)(t(n)) ≥ D(f )(n).
f is a function of two strings x, y of length n over Σ then D(f ) ≤
(log Σ) · n + 1 since it is always possible for Alice to send x to Bob and
for Bob to return f (x, y). Thus, Babai, Frankl and Simon dened the class
P cc as the class of languages with deterministic communication complexity
O(logd n) and argued that Pcc captures languages with ecient protocols just
to

g

then

If

as P captures languages with ecient algorithms. Following their suggestion,
we will drop the

cc

superscript for convenience and added thrill and dene

NP and Modp P as the class of languages with, respectively, non-deterministic
d
and Modp -counting communication complexity O(log n). There are in fact

n-bit strings x, y , we
DISJ(x, y) = 1 ifP
xi yi = 0 for 1 ≤ i ≤ n
n
and the inner product modulo p as IPp (x, y) = 1 if
i=1 xi yi ≡ 0 (mod p).
If we view x, y as encoding subsets of {1, . . . , n} then DISJ(x, y) = 1 if and
only if x ∩ y = ∅ and IPp (x, y) = 1 if and only if |x ∩ y| is divisible by p.

natural complete problems for NP and Modp P. For
dene the disjointness function as

Theorem 6 ([5, 22]). The complement of DISJ is N P -complete under
d
rectangular reductions of length O(2log n ).
For any prime p, IPp is Modp P -complete under rectangular reductions of
d
length O(2log n ).
D(DISJ) = Θ(n) and so P 6= NP in the world
1
of communication complexity. Furthermore one can show that N (IPp ) =
Θ(n) and, for any prime p, N p (DISJ) = Θ(n) and N p (IPq ) = Θ(n) for any
q not a power of p. So the classes NP and Modp P are all incomparable and
It is not hard to show that

distinct from P [22].
Strictly speaking,

DISJ

and

IPq

are not regular languages but it is easy
∗

to see that they are closely related to the regular languages

{00, 01, 10}

and

(({00, 01, 10}∗ 11{00, 01, 10}∗ )q )∗

respectively. To further explore the rel-

evance of regular languages in this context, we dene the communication
complexity of a regular language as the complexity of the following task: Al-

a1 , a3 , . . . a2n−1 and a2 , a4 , . . . , a2n where each
Σ or the empty word  and they
want to determine whether a1 a2 . . . a2n belongs to L. Similarly, the communication complexity of a nite monoid M is the communication complexity
of evaluating in M the product m1 · m2 · . . . · m2n where the odd-indexed
mi ∈ M are known to Alice and the even-indexed mi are known to Bob (we
will refer to this task as the word problem for M ). The next lemma provides

ice and Bob respectively receive

ai

is either an element of the nite alphabet

a key tool for studying the communication complexity of regular languages
by relating the complexity of a language with its syntactic monoid.

Lemma 7 ([50]). If L is a regular language with syntactic monoid M =
M (L) then D(L) = Θ(D(M )) and N p (L) = Θ(N p (M )) for any prime p.
It is possible to give a complete classication result for the communication
complexity of regular languages in a number of models. In order to discuss
the proof of the next theorem, we will need the lower bounds stated earlier
about disjointness and inner product as well as a simple lower bound about
the function Greater Than dened as

GT (x, y) = 1

i

that the deterministic and Modp -counting complexity of

x ≥ y . It is known
GT is Θ(log n).

Theorem 8. [65] Let L ⊆ A∗ be a regular language with M = M (L). Then


O(1)
D(L) = Θ(log n)


Θ(n)


O(1)



N p (L) = Θ(log n)



Θ(n)

Proof sketch.

if and only if M is commutative;
if and only if M is in DO ∩ Ab but not commutative;
otherwise.
if and only if M is commutative;
if and only if M is in LGp m Com
but is not commutative;
otherwise.

We can take advantage of Lemma 7 to conveniently reason

either in language-theoretic or algebraic terms and all these classications
fully exploit this duality. The upper bounds are typically derived through
our combinatorial understanding of the relevant classes of regular languages
while the semigroup-theoretic tools are most crucial to obtain the matching
lower bounds.
For example, it is quite easy to see that
tative. If on the other hand,

M

D(L) = O(1) if M (L) is commua, b that do not commute

contains elements

then there is an obvious exponential length rectangular reduction from

GT

to the word problem of M . Given n-bit integers x, y , Alice and Bob can
n+1
form a string of 2
monoid elements m1 . . . m2n+1 where m2i = a if i = x

m2i = 1M

but

otherwise and

m2i−1 = b

if

i=y

but

m2i−1 = 1M

otherwise.

Clearly Alice and Bob can respectively compute the even and odd indexed

mi 's

and the resulting product is

ab

if

x<y

but

ba

if

x ≥ y.

Thus in any of

the models considered, the communication complexity of a non-commutative

log

GT .
Let us next consider the pseudo-variety DO∩Ab:

recall from the previous

section that the variety of languages corresponding to

DO∩Ab is the smallest

monoid is at least

of the complexity of

language variety containing the commutative languages and closed under
perfectly unambiguous concatenations.

L1 be languages of O(log n) deterministic communication
L0 aL1 be perfectly unambiguous and assume without loss of
∗
generality that L0 ⊆ (Σ − {a}) . To determine if an input word w belongs to
L0 aL1 , it suces for Alice and Bob to identify the position of the rst a in w
and then use the logarithmic cost protocols for L0 and L1 to check if the preLet

L0

and

complexity and

x and sux of that position have the required form. Of course, the position
of that initial

a

2 log n by simply exchanging the
and so D(L0 aL1 ) = O(log n). Since

can be determined at cost

a

indices of the rst

held by each player

commutative languages have constant deterministic communication complexity we obtain the general logarithmic upper bound for any language with a
syntactic monoid in

DO ∩ Ab.

To obtain the upper bound for the Modp -counting complexity of languages with syntactic monoids in

LGp

m

Com,

we use the denition of

Modp Pol(Com). Any such language is the boolean combination of languages
of the form


{x|


x
≡j
(L0 a1 L1 . . . ak Lk )

(mod p)}

is commutative. We sketch an O(log n)-cost protocol to
∗
check if a given word w ∈ (A ∪ {}) has a number of factorizations as

where each

M (Li )

u 0 a1 u 1 . . . a k u k ,

with

ui ∈ Li ,

that is not congruent to

proof chosen in the rst step of the protocol consists of

t1 < t2 < . . . < tk .

0 modulo p: The
k log n-bit integers

Next, Alice and Bob interpret the ti 's as possible locations

a1 , a2 , . . . , ak in w and accept if they correspond to a valid
factorization u0 a1 u1 . . . ak uk with ui ∈ Li . The latter can be done at constant
cost since Alice and Bob need only check that the position ti really holds the
letter ai and that the segment ui belongs to Li , which requires only O(1) bits
since M (Li ) is commutative. The cost of the protocol is dominated by the
length of the proof which is O(log n) and the number of proofs accepted by
for the bookmarks

Alice and Bob is exactly the number of legal factorizations so the protocol
accepts if and only if it is non-zero modulo

p.

Let us next prove that a monoid containing a non-Abelian group has linear
deterministic communication complexity. If G is a non-Abelian subgroup of
M there are a, b ∈ G such that [a, b] = a−1 b−1 ab 6= 1G . We claim that if

[a, b]

has order

from

IPm

m

in

G

then there is a rectangular reduction of length

to the word problem of

G.

Indeed, if

x, y

are

n-bit

O(n)

vectors Alice

and Bob construct for each pair of bits xi , yi a four-tuple of group elements
g4i−3 g4i−2 g4i−1 g4i . Alice sets g4i−3 = a−1 and m4i−1 = a when xi = 1 but
g4i−3 = g4i−1 = 1G when xi = 0. Bob similarly chooses g4i−2 = b−1 and

g4i = b

yi = 1 but g4i−2 = g4i = 1G when yi = 0. This four-tuple thus
evaluates to [a, b] if and only if xi = yi = 1 and to 1G otherwise. The product
r
of all such tuples is [a, b] with r =
Σ xi yi and is therefore equal to 1G if
when

1≤i≤n

IPm (x, y) = 1. Thus, in all models considered, the communication
complexity of G or any monoid containing G must be at least that of IPm .
Note that for a prime p, the argument actually shows that there exists an m
not a power of p such that IPm reduces to the word problem for G as long
as [G, G] is not a p-group. This fact is needed for the linear lower bound in
and only if

the Modp -counting case.
Using the same type of arguments, it is possible to construct a linear
length reduction from

IPq

to the word problem of any

One can also show that there is a length

Tq -monoid.

n

reduction from Disjointness
∗
to the communication problem for the regular language (ab) . Once again,

xi , yi of the DISJ
instance, a four-tuple s4i−3 . . . s4i . Alice sets s4i−3 = a and s4i−1 = b if xi = 1
but s4i−3 = s4i−1 =  when xi = 0. Similarly, Bob sets s4i−2 = a and s4i = b
when yi = 1 but s4i−2 = s4i =  when yi = 0. The resulting four-tuple is aabb
if xi = yi = 1 but otherwise is one of , ab and ab. It is now clear
∗
that the word s1 . . . s4n belongs to (ab) if and only if DISJ(x, y) = 1. We
∗
p
∗
can conclude that D((ab) ) = Ω(n) and N ((ab) ) = Ω(n) for each prime p.
on input

x, y

Alice and Bob construct for each pair of bits

Furthermore, these lower bounds also apply to any monoid divided by the
∗
syntactic monoid of (ab) .
A similar argument provides a linear length reduction from the comple-

DISJ to the communication problem associated with the regular
∗
∗
language {a, b} aa{a, b} . If a monoid M is not in DO ∩ Ab then either M
is a Tp -monoid or it contains a non-Abelian subgroup or it is divided by the
∗
∗
∗
syntactic monoid of either (ab) or {a, b} aa{a, b} . In the rst two cases we
obtain the required lower bound for D(M ) through a reduction from IPp and
in the last two cases through a reduction from DISJ .
ment of

In [65], the same approach is used to obtain complete classication results

for the two-party communication complexity of regular languages in the probabilistic and non-interactive variants of the two-party model. Interestingly,
all the lower bounds are obtained through reductions from four problems
(inner product modulo

p,

disjointness, greater than and indexing) which are

among the most-studied examples in communication complexity. In a sense,
the classication results retrospectively explain their pivotal importance.
One can also derive the following corollary from elements of the above
proof.

Corollary 9. If L is a regular language then the corresponding communication problem is either in P or hard for one of the classes N P , co − N P or
Modp P for some prime p ≥ 2.
In this sense, regular languages exhibit a very nice behavior with respect to communication complexity and this corollary is reminiscent of results about leaf language classes dened by regular languages [17]. Using an
argument closely related to Barrington's theorem (see Section 4) it is also
possible to show that there any regular language whose syntactic monoid
contains a non-solvable group is complete for the class PSPACE which, in
the communication complexity context, is dened using alternation [5].

V is a variety of languages and p, q
Modp (V)∩ Modq (V) = UPol(V) [46]. This yields:

It can be shown if
then

are distinct primes

Corollary 10. If L is a regular language such that for two distinct primes p
and q we have both N M ODp (L) = O(log n) and N M ODq (L) = O(log n). Then
D(L) = O(log n).
It is unclear whether this corollary holds only for regular languages: we do
not know of any language in

(Modp P∩Modq P)−P and it is quite possible that

these classes are in fact equal. For the usual time/space classes one suspects
that Modp P

∩ Modq P 6= P

since Modp P

∩ Modq P

at least contains the class

UP of unambiguous polynomial time which is believed to be distinct from P.
However the communication complexity analogue of UP is in fact equal to
P [37] and it has also been shown that

NP ∩ coN P = P

[40].

It would be very interesting to also obtain a complete classication result for the communication complexity of regular languages in the nondeterministic model.

This task however requires the use of more sophisti-

cated algebraic machinery and the key Lemma 7 has to be rened. Indeed,
this lemma essentially states that the communication complexity of a regular language in the deterministic or Modp -counting models depends on its
syntactic monoid.

A regular language and its complement share the same

syntactic monoid but might have very dierent non-deterministic communication complexity. To circumvent the problem one needs to consider so-called

ordered syntactic monoids

and

positive varieties

[46].

With the appropri-

ate denitions it is possible to show that the non-deterministic communication complexity of a regular language is exactly that of its ordered syntactic
monoid. Let Pol(Com) denote the class of unions of languages of the form

K0 a1 K1 . . . at Kt ,

where each

Ki

is a commutative language. We conjecture

that

Conjecture
 11. Let L be a regular language. Then

if M (L) is commutative;
O(1)
1
N (L) = Θ(log n) if L ∈ Pol(Com);


Θ(n)
otherwise.
The

O(log n)

upper bound can easily be derived from the denition of

the class of languages Pol(Com). The

Ω(log n) is also a simple consequence
GT . However, the remaining Ω(n)

of the non-deterministic complexity of

lower bound has yet to be established and seems quite challenging. It would
however provide interesting insight into the non-deterministic communication
model.

3.2

Input on Forehead Model

An interesting multiparty extension of the two-party model known as the
input on the forehead model was introduced by Chandra, Furst and Lipton
in order to prove lower bounds on the length of certain classes of branching
programs. In this game,

k

parties want to compute a function

and the ith player has access to all inputs

f (x1 , . . . , xk )

except xi so we conveniently picture

i as having xi written on his forehead.
k -party communication complexity of f .

player

We will denote as

Dk (f )

the

In contrast to the two-party model, the input on the forehead model does
not obviously model any sort of real-life situation.

Still it has proved to

be an extremely useful tool in proving complexity-theoretic lower bounds,
most notably for branching programs and boolean circuits. In particular,
0
all languages in the circuit class ACC are known to have polylogarithmic
communication complexity when the number of players involved in the game
is polylogarithmic. Hence proving suciently strong lower bounds in multiparty communication complexity remains an important open problem. Unfortunately, the underlying combinatorics of the model are still poorly understood.
One of the strongest lower bounds available for this model concerns the
generalized inner product mod
boolean function over

k n-bit

p.

k, p, we dene GIPk,p as the
x , . . . , xk which is 1 if the number of

For any
1

strings

indices
for

k

i

such that

x1i = x2i = . . . = xki = 1

is divisible by

p.

Note that

= 2, GIP is the usual inner product mentioned earlier. Sophisticated

discrepancy techniques show that for any xed

k

and any

p,

the

k -party

GIPk,p = Ω(n) [6, 28].
k -party communication complexity
of a regular language L as the number of bits k parties need to exchange to
check if a string a1 . . . akn (with ai ∈ Σ ∪ {}) belongs to L when player i has
access to all input letters except those with an index congruent to i mod k .
communication complexity of

As in the two-party case, we dene the

Using an analog of Lemma 7, a number of nice facts about the multiparty
communication complexity of regular languages can be established [19, 50, 62]
although the picture is not as clear as the one obtained in the two-party case.

Theorem 12 ([19, 50, 62]). Let L ⊆ Σ∗ be a regular language with syntactic
monoid M = M (L). If M lies in DO ∩ Gnil then there exists a constant k
such that Dk (L) = O(1). Otherwise, we have Dk (L) = ω(1) for all k.
If M is a group in Gnil,k then Dk+1 (L) = O(1). If however M is a group
outside Gnil,k then Dk+1 (L) = Ω(n).
Proof sketch. Let us rst argue the second half of the theorem. We
know that if
length

k

M

is accessible to

k

k then L counts subwords of
k + 1-party model every input letter

is a nilpotent group of class

modulo some integer

m.

In the

players and so any

k -tuple

is seen entirely by at least one

player. Therefore, the players can count modulo

k with communication
Dk (L) = O(1).

of a subword of length
constant, and so

m the number of occurrences
at most (k + 1) · dlog me, a

For the matching lower bound we know that in the group

M

is not nilpo-

k there are elements g1 , . . . , gk+1 such that the iterated com[. . . [[g1 , g2 ], g3 ], . . . , gk+1 ] has order q > 1. An argument similar to

tent of class
mutator

the one sketched for Theorem 8 then provides a linear length reduction from

GIPk+1,q

to the word problem for M .
∗
To provide the rst upper bound, it suces to show that if K ⊆ (Σ−{a})
∗
and L ⊆ Σ have bounded k -party complexity for some k then the perfectly
unambiguous concatenation
locate the rst occurrence of

a.

KaL has bounded k + 1-party complexity. To
a, each player identies the party holding that

Of course the player actually holding it will be incorrect but all other

k + 1 ≥ 3,

k of the k + 1 parties
to identify the location of the rst a using only (k + 1) · dlog(k + 1)e bits of
communication and they can now simulate the k -party protocols for K and
L.
Finally, by Lemma 2, it suces to establish the ω(1) lower bound for Tq ∗
∗
∗
monoids and for the languages {a, b} aa{a, b} and (ab) . First one can use
the denition of Tq -monoids to build for any xed k a reduction from GIPk,q

players will agree. Since

this process allows

to the word problem of a

k -party

the

Tq -monoid.

In similar fashion, it is possible to reduce
{a, b}∗ aa{a, b}∗ ,

generalization of the disjointness function to

thus yielding an

Ω(log n)

lower bound for the language.

The last bound

seems to be the most dicult and is obtained through Ramsey-theoretical
arguments.
In many multiparty communication complexity upper bounds, the fact
that any

k − 1-tuple

of input bits is seen entirely by at least one of the

k

players is used to construct ecient protocols. The above result outlines the
importance of this feature: counting subwords of length
done at constant cost by
cost for

k

k+1

k

modulo

m

can be

players while it requires linear (i.e. maximal)

parties. Suppose now that

k

parties simply want to test if a cer-

tain subword occurs in the input, i.e. the players want to test if their input
∗
∗
∗
belongs to Σ a1 Σ a2 . . . ak Σ . For k + 1 parties, the task is trivial since if the
subword occurs at all then at least one player can see it completely. It is however conjectured that for any

k

this same language has unbounded

k -party

communication complexity. The result has been established by Pudlák [49]
for

k≤5

3.3

using Ramsey-theoretical methods but remains open in general.

Characterizations of Languages of Bounded Complexity

In general, we can dene the communication complexity of a (not necessarily
∗
regular) language K ⊆ Σ as the complexity of testing if a word w belongs to

K

when the input positions are distributed in the worst possible way among

the dierent players. We should note that this is not quite the denition we
used for regular languages since we assumed that each input position was
either some letter of

Σ

or the empty string

.

Equivalently, Lemma 7 and

Theorems 8 and 12 could be stated as holding for the worst-case partition

neutral letter.

complexity of regular languages with a
∗
neutral for K if for all u, v ∈ Σ it holds that
in eect what we are imposing by allowing an

e is said to be
uv ∈ K ⇔ uev ∈ K and this
input letter to be .
A letter

A deep and beautiful theorem of Szegedy provides a surprising characterization of languages that have bounded two-party communication complexity [61].

Theorem 13. A language K has bounded worst-case partition two-party
communication complexity if and only if K can be recognized by a program
over a commutative monoid.
We will dene precisely what is meant by program in the next section. An alternative statement would be that every such

K

is reducible to

a commutative regular language via a reduction in which each bit of output
depends on a single bit of input. Note that these reductions are rectangular
reductions.

kk , it is natural to won-

Since we have a characterization of regular languages with bounded
party communication complexity for suciently large

der whether there exists a multiparty analog of Szegedy's theorem. There is
in fact reason to believe [19] that it is not possible to obtain a result quite
as general as Theorem 13. Nevertheless, one can prove

Theorem 14 ([19]). Let K be a language with a neutral letter such that,
for some constant k, the worst-case partition k-party complexity of K is
bounded. Then in fact K is a regular language and its syntactic monoid lies
in DO ∩ Gnil .
Let us (conveniently) leave aside the neutral letter issue. This theorem in
some sense characterizes the type of information that

k

parties can expect to

compute for free and thereby solidies our understanding of the power and
limitations of the multiparty model.

4

Boolean Circuit Complexity and BoundedWidth Branching Programs

Historically, the interaction between algebraic automata theory and complexity theory began with Barrington's insight on bounded-width branching
programs and the ensuing characterization of the circuit complexity class
1
NC .
Recall that a boolean circuit

Cn

with

n

(boolean) inputs

directed acyclic graph with three types of nodes (or gates):

X1 , . . . , Xn is a
2n input nodes

of in degree 0, a single output node of out-degree 0 and inner nodes with
in- and out-degree at least 1. The input nodes are labeled with some input

Xi

or its complement

Xi

while the inner nodes and output node are labeled

with a symmetric boolean function chosen from some predetermined base.
The depth of

Cn

is the length of the longest path from an input node to

the output and its size is its number of wires (i.e. edges).
naturally computes a function of its

n

inputs.

Since circuits only process

inputs of some xed length we use families of circuits
circuit

Cn

processes inputs of length

functions of

n.

Such a circuit

C = {Cn }n≥0 so that
C are then

The size and depth of

n.

We recall the denitions of standard circuit complexity classes. A boolean
f : {0, 1}∗ → {0, 1} belongs to the class NC1 if it can be computed

function

by a family of circuits of depth
of fan-in 2. Furthermore

f

O(log n) constructed with and and or gates
ACC0 if it can be computed by a family

belongs to

of circuits of polynomial size and constant depth constructed with and, or
and Modm gates of arbitrary fan-in, where a Modm gate outputs 1 if the
0
0
sum of its inputs is divisible by m. The classes AC and CC denote the
0
restrictions of ACC in which we allow respectively only and, or gates or
only the Modm gates.
A branching program (or BP) over the variables

x1 , . . . , x n

acyclic graph whose inner nodes are labeled with a variable

is a directed

xi .

Each in-

ner node has outdegree two and the two outgoing edges are labeled with

0

or

1.

An

A branching program further has a distinguished start node of in-

0

and two output nodes corresponding to acceptance and rejection.

n-bit

input naturally traces a path from the start vertex to one of the

degree

output nodes: when a node labeled

xi

that node labeled by the value of the

is reached we follow the edge out of

ith

bit of the input. Branching pro-

grams, also known as Branching Decision Diagrams (or BDD's) can be used
as data structures to represent boolean functions and have been particularly
important in automated software and hardware verication [70].
By denition, a BP only processes inputs of some xed length and, as
for circuits, we consider families of BPs
length

n.

{Bn }n≥0

where

Bi

handles inputs of

There have been extensive eorts to prove lower bounds on the size

(i.e. number of nodes) or the length (i.e. maximum length path from input
to output) of BPs (or restricted classes of BPs) computing certain boolean
functions.

Interestingly, the most procient tool for this task seems to be

communication complexity [70].

k if for every i there are no more than k
in i steps. A family of branching programs
if there is a k such that all Bi have width

We say that a BP has width
nodes reachable from the start
is said to have bounded-width

k.

If we tolerate a moderate blow-up in size, we can assume that the graph

underlying a BP of width

k

consists of

`

levels each consisting of exactly

k

nodes and that the dierent nodes of one level all query the same input bit;
we will assume this normal form. The arrows labeled 0 (resp. labeled with
1) between levels i and i + 1 can simply be thought of as a mapping t0 (resp.
t1 ) from [k] to [k]. Which of these two transformations is applied of course
depends on the value of the input bit queried at that level. Any input to the
branching program also naturally denes a mapping from the
rst level to the

k

k

points of the

points of the last level, which is simply the composition of

the transformations chosen at each level.
This simple observation naturally leads to an algebraic interpretation
of bounded-width BPs known as

monoid.

An

non-uniform automata

n-input program of length ` over M

or

programs over

is a sequence of instructions

φn = (i1 , f1 ), . . . , (i` , f` ) where 1 ≤ ij ≤ n is the index of some input bit and
fj is a function from {0, 1} to M . On a given n-bit input x = x1 . . . xn , the
output of φn is φn (x) = f1 (xi1 ) · f2 (xi2 ) · · · · · f` (xi` ) where the product is
taken in M . The input x is accepted if φn (x) belongs to some target subset
T ⊆ M . Any branching program of width k can trivially be converted into
a program over the nite monoid of transformations on k points. However,
the program over monoid formalism allows a ner analysis since the chosen
monoid places restrictions on the transformations

t0 , t1

used in the BP.

It was originally believed that any family of bounded width BPs computing the and of its input bits required exponential or at least super-polynomial
length and that polynomial length BPs of width
than polynomial length BPs of width

k + 1.

k

were strictly less powerful

Barrington, however proved this

intuition incorrect:

Theorem 15 ([7]). A boolean function can be computed by a family of
bounded-width BPs of polynomial length if and only if it belongs to NC1 if
and only if it can be computed by a polynomial-length program over any nonsolvable group.
If

G

is a non-trivial group such that

non-Abelian and hence non-solvable.

[G, G] = G

then it must be simple,

The key step in the trickiest part of

the above theorem involves showing through induction on depth that for any
NC1 circuit C of depth d and any element g ∈ G, there is a program φC,g of
d
length O(4 ) over G whose output is g on inputs accepted by the circuit and

1G

on rejected inputs. Suppose for simplicity that there are elements

such that

g = [g1 , g2 ]

g1 , g2

and that the output gate of the circuit is an and gate.

C1 , C2 of depth d−1 and
φC1 ,g1 , φC2 ,g2 where φCi ,gi (x) = gi

The two inputs of this gate are computed by circuits
the induction hypothesis gives us programs

x and 1G otherwise. One can now easily show that the program
φC,g = [φC1 ,g1 , φC2 ,g2 ] has the required property.
Since S5 is non-solvable, it follows that polynomial length BPs of width
5 are as powerful as polynomial length BPs of any xed width and cap1
1
ture exactly NC . Interestingly, some of the most studied subclasses of NC

if

Ci

accepts

also admit similar algebraic characterizations [9, 10, 12, 41]. In particular,
AC0 , CC0 and ACC0 are precisely captured by polynomial length programs
over respectively nite aperiodic monoids, nite solvable groups and nite
solvable monoids, i.e. monoids whose subgroups are solvable [12]. Recently,
0
the class TC of functions computed by polynomial-size threshold circuits of
bounded depth has also been shown to admit an algebraic characterization
using innite groups [39].
These algebraic characterizations can provide useful intuition when reasoning about circuits and were, for instance, instrumental in understanding

the computing power of cylindrical circuits [31, 30]. The fact that comput0
ing the sum of n bits modulo p requires exponential-size AC circuits [54]
is probably the most celebrated result in circuit complexity. The algebraic
0
characterization of AC in terms of group-free monoids was not known when
Furst, Saxe and Sipser originally showed a super-polynomial lower bound for
AC0 circuits computing Parity [25] but in retrospect, this language seems
like an ideal candidate since its syntactic monoid is the two-element group.
Many of the open questions about the relative power of these classes can
thus be recast in algebraic terms [12, 41, 56]. It is for instance conjectured
0
0
1
that CC and ACC are strict subsets of NC and this is equivalent to postulating that polynomial length programs over respectively solvable groups
and solvable monoids cannot compute the word problem of a non-solvable
group. One advantage of this point of view is that it proposes meaningful
intermediate steps towards a proof of such separations. For instance, it has
been shown that programs over a nilpotent group cannot compute the

n-bit

and, regardless of the program length [11]. The communication complexity

results of the previous section already indicated that nilpotent groups are a
particularly weak class of solvable groups so such a result is not a real surprise. Much less trivial is the fact that computing and using programs over
the pseudo-variety

Gp ∗ Ab

(generated by the semidirect products of a

p-

group with an Abelian group) requires exponential length. One can hope to
slowly develop lower bound techniques for larger and larger classes of solvable
0
1
groups to nally obtain the separation of CC and NC . There are a number of natural candidates for the next class of solvable groups for which one
might hope to prove program-length lower bounds, including supersolvable
groups and the pseudo-variety
of

p-groups

Gp ∗ Gnil

generated by semidirect products

with Abelian groups.

Results on the communication complexity of classes of nite monoids can
in fact be used to provide length lower bounds for programs over the same
classes. For instance one can show that
and so any group

G

in

Gp ∗ Ab

Gp ∗Ab is a subclass of LGp

m

Com

has logarithmic two-party Modp -counting

communication complexity. It follows that any function computed by a program of length

t(n) over G has Modp -counting complexity at most O(log t(n))

and in particular, exponential length programs are required to compute functions like
model.

IPq

(for

q

not a power of

p)

which have linear complexity in this

It can similarly be shown that a group in

Modp -counting

k -party

communication complexity

Gp ∗ Gnil
for some k

has

O(log n)

and so poly-

nomial length programs over these groups can only compute functions also
having logarithmic Modp -counting

k -party

complexity. Unfortunately there

are currently no known superlogarithmic bounds known for an explicit function in this model.

A slightly dierent perspective on the algebraic characterizations of subNC1 can be given. Using a simple divide and conquer strategy, it
1
is not hard to see that every regular language lies in NC . The surprise is

classes of

that any regular language whose syntactic monoid contains a non-solvable
1
group is in fact NC -hard under polynomial length projections which are
simply reductions in which every bit of output depends on a single bit of
input. In that sense, many results about the computing power of polynomial
length programs over various classes of monoids can be recast as results on
the circuit-complexity of the corresponding classes of regular languages. It
should be noted that, as in the communication complexity context, upper
bounds invariably follow from our combinatorial understanding of regular
languages whereas hardness results or lower bounds usually stem from the
algebraic perspective. A number of basic results on the circuit complexity of
regular languages can be found in [8, 12, 21].
0
Simply saying that there are ACC circuits to recognize any regular lan0
guage with a solvable syntactic monoid or AC circuits for any starfree language is rather vague and it is natural to ask, for instance, how small these
circuits can actually be. A general upper bound due to [18] shows that any
0
0
regular language in AC or ACC can in fact be computed by circuits with
−1
only O(ng
(n)) wires for any primitive recursive g .
There are in fact regular languages like the and or the Parity function
which can be recognized by circuits with a single gate and linearly many
wires. Recently, Koucký, Pudlák and Thérien [38] gave a complete charac0
0
terization of regular languages recognized by AC and ACC circuits with
linearly many wires when it is assumed that the language contains a neutral
letter. Once again, the answer turns out to be algebraic.

Theorem 16. Let L be a regular language with a neutral letter: L can be
recognized by an ACC0 circuit with linearly many wires i M (L) ∈ DO∩Ab.
Proof sketch. As always, the upper bound comes from the combinatorial
description of languages with syntactic monoids in

DO ∩ Ab.

It is a simple

exercise to show that commutative languages can be recognized with linearly
many wires and, once again, the upper bound boils down to showing that if
K ⊆ (Σ − {a})∗ and L can be recognized by such circuits then so can the
perfectly unambiguous concatenation

KaL.

It is of course crucial to locate the rst occurrence of

a in the input.
0

A nice

AC circuit with linearly
n inputs and n outputs which simultaneously computes
for each i = 1, . . . , n the AND of the rst i variables. The combination of
this circuit with the linear wire-size circuits computing K and L provide the
desired circuit for KaL.

construction of Bilardi and Preparata [16] gives an
many wires with

The algebra comes into play for the proof of the matching lower bound.
Using results on so-called superconcentrators it is possible to show that if

L

is a regular language with a neutral letter and deterministic two-party

communication complexity

Ω(n)

then

L

O(n)

cannot be computed using

wires. The theorem can thus be obtained as a corollary to theorem 8.
Alternatively, one can measure the size of circuits by counting gates rather
than wires and ask what languages can be computed with a linear number
0
of gates. Surprisingly there exist CC circuits with a linear number of gates
recognizing any regular language whose syntactic monoid is a solvable group.
We conjecture that these are in fact the only regular languages with this
property.

To establish this fact, it would suce to show that computing
0
and in CC requires ω(n) gates but no such lower bound is known, even
0
though it is suspected that a much stronger bound holds. For AC the most
∗
∗
intriguing open question is whether or not the language {a, b} aa{a, b} can

O(n)

be computed with

gates when a neutral letter is introduced. It can be

shown that this is equivalent to deciding whether or not addition of two
0
integers can be done in AC with O(n) gates.

5

n-bit

Learning

We sketch in this section some ideas that seem to be interesting in the development of an algebraic framework for computational learning theory. We
will consider the model of exact learning introduced by Angluin [4] although
part of our discussion also applies to the classical PAC-learning model of
Valiant.

In Angluin's model, a learning algorithm must identify some un-

known function

f

by asking queries to a teacher. The teacher knows

f

and

we assume that he answers queries honestly although, potentially, in adversarial fashion when there is more than one correct answer to a query. There
are typically two types of queries considered:
asks the value of
and

f

on some specic input

w

evaluation queries (the learner
and the teacher returns

f (w))

equivalence queries (the learner proposes a function g as an hypothetical

f and the teacher returns, if possible, an argument w and the
value f (w) 6= g(w) thus proving that f 6≡ g ). The complexity of the learning

candidate for

algorithm is primarily measured as the number of queries made to the teacher
although the time needed for the algorithm to construct these queries is also
a concern.
A considerable amount of research has been devoted to the complexity
of learning a boolean function taken from some specic class of boolean
functions. The diculty of the task depends of course on the class of functions
being learned, the representation of these functions and the types of queries

allowed. One of the key open questions in the eld is to determine whether or
not boolean functions represented in disjunctive normal form can be learned
eciently using evaluation and equivalence queries.
It is not immediately clear whether there is any way to use algebraic
automata theory to enlighten this area of research. But since almost all pos1
itive results in exact learning involve subclasses of NC (because it seems
hopelessly dicult to learn in richer classes) one can consider the problem
of learning boolean functions that are represented by an
polynomial length over some xed monoid

M.

n-input

program of

The complexity of the learn-

ing task clearly depends on the algebraic structure of

M.

The most obvious

benet of this approach is its ability to analyze algebraically the power and
limitations of some broad algorithmic techniques found in the existing literature and to oer a new perspective on these islands of tractability for exact
learning. Moreover we can hope to gain, as in the communication complexity
setting, some algebraic intuition about what makes a learning task dicult.
Let us rst consider the case where only evaluation queries are allowed.
n
If M is not a group or if M is a non-solvable group then for any w ∈ {0, 1}
there exists a polynomial length program over

M

computing the singleton

language {w}. By a standard adversarial argument we can conclude that
2n queries are necessary to identify a function represented by a polynomiallength program over

M.

We can therefore focus on the case of solvable groups. If
group then by results of [44] any program over

G

is a nilpotent

G accepting at least one n-bit
kG

string must in fact accept one of Hamming weight at most some constant
depending on

G

which leads to the following simple result.

Lemma 17. If P and Q are programs over a nilpotent group G that agree
on every input of Hamming weight less than kG then P and Q compute the
same boolean function.
This clearly leads to a learning strategy to identify a boolean function
represented by a program over
to ask for the value of

f

on all

G using evaluation queries alone:
O(nGk ) inputs of small weight.

f

it suces

m over
O(log m)

In the same spirit, it is possible to show that a program of length
a group

G

in

Gp ∗ Ab

cannot compute the AND of more than

variables [11]. By an argument similar to the one above, we can therefore
identify a function f represented by a program of length m over such groups
log m
using only O(n
) evaluation queries. Note however that although these
queries suce to identify
a representation of

f

some arbitrary input.

f

there is no known way of eciently constructing

which would allow one to subsequently evaluate it on

One of the most powerful paradigms of exact learning uses so-called

tiplicity automata
an alphabet

Σ

or MAs. A multiplicity automaton

A

over a ring

mul-

R

and

is a non-deterministic automaton in which each transition

is assigned some ring value.

The value of a path in the automaton is the
w ∈ Σ∗ the value of A on w is

product of the labels on its edges. For any

the sum of the values of all paths that the automaton can visit on input

w.

A powerful result of [14] shows that a function computed by an MA can be
learned eciently using a combination of evaluation and equivalence queries.
This algorithm unied a number of previously existing techniques and, since
its discovery, has been the starting point for a number of positive results.
In the algebraic context, MAs have been used to learn functions

Gn → G

f :

G

(i.e. programs where
n
an instruction querying the ith element of the input w ∈ G always returns

Zq

wi )

which are represented by expressions over
when

G

has a normal cyclic group isomorphic to

Zp

and

G/Zp ∼
=

[26]. It would be interesting to further understand which boolean func-

tions represented by programs over a monoid

M

can be learned using the MA

paradigm: preliminary investigations indicate that, once again, the pseudovariety

LGp

m

Com

is relevant in this context.

The argument that programs over non-groups can recognize arbitrary
n
singletons in {0, 1} does not apply to expressions computing functions f :
M n → M so an exponential lower bound for learning functions represented
by such expressions using only evaluation queries cannot be readily concluded
in general. In fact expressions over monoids in

DA,

the intersection of

DO

with aperiodics, can be identied with polynomially many evaluation queries,
again using a strategy that focuses on inputs of small Hamming weight [26].
∗
∗
∗
Within aperiodics, the syntactic monoids of (ab) and {a, b} aa{a, b} are
minimal (with respect to division) outside of

DA

and it is possible to show

that learning expressions over either monoid will generally require an exponential number of queries.
Coming back to the boolean case, it can be shown that programs over

DA

can compute precisely the functions which are represented by decision

trees of bounded rank [27]. These functions are known to be learnable with
a polynomial number of both equivalence and evaluation queries. Func∗
tions represented by programs over the syntactic monoid of (ab) can also
be learned with a polynomial number of queries of the two types. Programs
∗
∗
over the syntactic monoid of {a, b} aa{a, b} on the other hand can represent
DNF formulas with no blow-up in size and so the question of whether such
programs can be learned eciently is one of the central questions of learning theory. A precise characterization of the classes of monoids over which
programs are eciently learnable is yet to come but it is reasonable to think
that it would shed interesting light on the exact learning model.

6

Conclusion

Investigations in the complexity of regular languages are greatly facilitated in
contexts where the complexity of a language is determined by the algebraic
structure of its syntactic monoid. In such cases, communication complexity
and circuit complexity being potent examples, it is possible to use the rich
tools of algebraic automata theory to make progress.

By taking the com-

binatorial point of view on languages one can usually obtain upper bounds
whereas lower bounds and hardness results come from the algebraic perspective.
Applying the semigroup-theoretic approach to study dierent models
of computation has the advantage of uncovering similarities between the
strengths and weaknesses of apparently unrelated models. For instance, we
saw that pseudo-varieties like

DO

are involved in the dividing line between

easy and hard problems in communication complexity, circuit complexity and
learning theory.
This approach has been particularly successful in connection with circuit
complexity and it should be mentioned that there is a very nice interplay
between the logical descriptions of regular languages, the logical description
1
of subclasses of NC and programs [9, 55, 66]. This provides multiple points
of view on circuit complexity classes and the interaction of logic and algebra
clearly helps in building our intuition about boolean circuits.
There are two obvious ways to extend the program over monoid formalism: by considering programs over more general algebras or by considering
a more powerful mechanism then programs. In one direction, programs over
1
groupoids can be used to capture circuit-complexity classes beyond NC [15].
In the second, the leaf-language framework [1] can provide algebraic characterizations of subclasses of PSPACE [33] or P [35].
Many other cases of applications of nite algebraic structures can be
found in computational complexity, including a very powerful approach to
understand the complexity of constraint satisfaction problems [34] and algebraic methods have always been part of the complexity theory toolbox. We
believe that in many cases semigroup theory can be an elegant and powerful
element of this tool set.
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