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6.1. A toy example.

We will consider here a toy model, where the considerations above can be
demonstrated and which has been suggested by the anonymous referee to
[30]. Consider the problem of exhibiting functions 1 - [0,1] = R such that
lu| = 1. In the context of (23)-(24) this corresponds to K = {-1, 1} and the
differential constraint being void. The following scheme aims at producing
such functions, We assume to start with a given function g : [0, 1] - R
and build a sequence with the following iteration scheme:

h+1(2) = uk(z) + 11 - ()] s(par)

where s : R — R is the 1-periodic extension of 10,179 = L2 and \p > 1
is a sequence of frequencies still to be fixed. The following assertions are
straightforward:

o If Supyg 1) |uk| < 1, then also SUPo,1) [uk41| < 1.

* Ifsupp y) Jug| < 1 and u; — e in L1(0,1), then [oo] = 1 ace.
Therefore, in order to produce a solution to our toy problem, it suffices to
choose the sequence {A&} so to ensure the strong convergence of ug. To this
end observe that

1 1
/ [tugy1]? dz = / (lue® + 11 - ug)? + uy(1 — up)s(\ez)) dz.
0 0

Moreover, as A\ — o0, we have s(Az) — 0 in L?(0,1). Therefore, by choosing
Ak sufficiently large (depending on ), we can ensure that

1 1 1
/Jumgda:z/{] e+ 10— e,
1]

The strong convergence follows then easily. Here we see that choosing A,
to be a rapidly increasing sequence “helps” the strong convergence of the
scheme.

However, it is also clear that for any additional regularity of the limit 1
one should choose \; to increase as slowly as possible, More precisely, the
optimal regularity that is reachable via this iteration scheme will depend on
the connection between the choice of A with the rate of convergence of the
scheme. To see this, observe that — roughly speaking — fractional Soboley
regularity of u.. will follow from interpolating between the norms

1
[T Ny S /ﬂ (= Pty

1
k1 = well gy ~ /\k/ (1 —u})dz
0

Therefore the following statement is of interest, showing that exponential
growth of the frequencies leads to exponential convergence of the scheme:
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Lemma 6.1. [t A = 2% Then

1 1
—/u (1-ud)de < (g)k./o (1—ud)dxr.

Proof. By the choice of the oscillatory function s we see that for any con-
tinuous function f ¢ C(-1,1) we have

/olf(us-mdl' i /01 2[F (ke ~ 31— ) + Lf (uy + 3(1-4f))] da
Now set f(u) := (1 —u2)!/2, By direct calculation we obtain
F{u) == =u?)-%2
and ££ < 0on (~1,1). It follows that J"(u)(1 - u2)? = —f(u) and
3/ (u =) + Jf(u+v) < F(u) + 1" (u)e?

In particular, setting v = %{1 — u?) we obtain

af (u- - ‘21“(1 -~ -;,-2)) - %f(u +3(1- ?;,2)) < gf(n)

We conelude

1 1
/U S de < T /U f(ug) de

and the lemma follows. O

6.2. C1* jsometric immersions.

The question of a sharp regularity threshold has been the object of in-
vestigation for the isometric embedding of surfaces as well (see for instance
[40], [81]). As already mentioned, the isometric embeddings of §2 into R3
are rigid in the class €2, whereas the h-principle holds for C'!. Borisov inves-
tigated embeddings of class C®, and proved the rigidity for o > 2/3 ((8],
(10]) and the h-principle for o < 1 /13 (although the latter was announced in
1965, see[11], a partial proof only appeared in 2004 [12]). In [25] we returned
to this problem, and gave a more modern PDE proof of the h-principle for
a < 1/7, namely

Theorem 6.2 (Local existence). Let n € N and 90 € sym;}t. There erists
T > 0 such that the following holds for any smooth bounded open. set ) C R"
and any Riemannian metric g e Cﬁ(ﬁ) with 8 > 0 and lg = gollco < r.
There ezists a constant do > 0 such that, if ue CHQ; R™1) and a satisfy

3
lufe —gllo <82  and  0<a < min {1 +12n* ; %} ;

then there ezists a map v € CLe(Q; R ity

1/2

vle = ¢ and lv=uller < C|lute - 9ll o -




