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Abstract

Consider the Brownian motion conditioned to start in z, to converge to y, with z,y € €, and
to be killed at the boundary 02. Here €2 is a bounded domain in R™. For which x and y is the
lifetime of this Brownian motion maximal? One would guess for = and y being opposite boundary
points and we will show that this holds true for balls in R™. As a consequence we find the best
constant for the positivity preserving property of some elliptic systems and an identity between

this constant and a sum of inverse Dirichlet eigenvalues.

1 Introduction

Let €2 be a Lipschitz domain in R” and let G denote the Green function for

—Au = f in Q,
v = 0 on 09,

that is, the solution of (1) is given by u(z) = [, Ga(z,y)f(y)dy. Let us define

_ [ Galz,2)Ga(z,9)
Hq(z,y) == /Q Gal.y) for x,y € 0 x Q.

The function Hq(z,y) is of some importance in two different areas of mathematics:

differential equations and probability.

elliptic partial

In p.d.e.’s the function Hq(z,y) appears when studying the positivity preserving property of the

following system of second order elliptic equations:

—Au = f—Xv in
—Av = f in
v = v=0 on 01,

(2)

for A > 0. One is interested in studying system since this is the model problem for the positivity
preserving property of second order elliptic boundary value problems that are coupled in a non-
cooperative way (see [11]). In order that for every f > 0 the solutions u and v of are also positive

one needs that A < A\.(Q2) where

A H(Q) := sup Ho(,y).
z,y€N
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The L*°-bound of the function Hq(z,y) for rather general elliptic operators has been studied in [3]
(see also [2], [4] and [5]). In the case of a two-dimensional simply connected domain €2 it has been
shown that

1 _
Hq(z,y) < 2—|Q\ for x,y € .
T

In higher dimensions some regularity of the boundary is required in order to prove an L*°-bound for
Hgq. For a Lipschitz domain 2 C R™ with n > 3 it holds that

Hﬂ(xvy) < C|Q’% for T,y € Q7

with ¢ a constant depending on the Lipschitz character of {2 and on the diameter of €, see [4].
In probability the function Hgq(x,y) represents the lifetime of a conditioned Brownian motion.
More precisely, the following relation holds

E%(r) = Ha(z,y), (4)

where E%(7q) is the expectation of the lifetime of a Brownian motion in Q starting in z, conditioned
to converge to y and to be stopped at y, and to be killed on exiting §2. Some details for identity
can be found in [I0] and [7] (see also [9]).

In the present paper we will study where the function Hg(z,y) attains its maximum in Q x
with  the unit ball in R", n > 3. Our aim in studying the problem was to generalize some properties
known for the disk to the ball in dimension n.

In literature there are some results concerning the two-dimensional case. In [I0] the authors
considered the behavior of  — Hgq(x,y) for y fixed at the boundary and 2 a general simply connected
domain in R?. The main result reads as follows. For y € 9 the function x — Hq(z,y) is increasing
along “hyperbolic geodesics” in increasing Euclidean distance from y and hence the maximum is
attained for z € 9Q2. In particular in the case of the unit disk the maximum is attained at opposite
boundary points. The main tools are conformal mappings and series expansions. However, for y in
the interior there exists almost no results. In [7] the problem has been solved in the case Q = D
the unit disk. The main result is that © — Hgq(x,y) is increasing along the “hyperbolic geodesic”
through ¥ in increasing Euclidean distance, and also it is increasing along the orthogonal trajectories
of the “hyperbolic geodesic” through y in increasing Euclidean distance. The proof uses Mdébious
transformations, the maximum principle and partially the result in [I0].

In higher dimensions only the radially symmetric case has been studied. In [6] the authors show
that H,qq(r, s) attains its maximum for (7, s) being extremal which means r = 0 and s = 1.

The main result of the paper is that Hq(z,y) with € the unit ball in R™ with n > 3 attains its
supremum at opposite boundary points. This is related to the best constant in . The proof consists
in studying the direction with which x +— Hgq(z,y), for y € € fixed, increases. As a direct application
of the localization of the maximum of Hg, we will compute explicitly the best constant in (3) when Q
is the unit ball in R". We will also prove an identity between A\;1(Q) with Q the unit ball in R? and
a sum of Dirichlet eigenvalues. This kind of identities was first observed in [I5] and then developed in
[11]. It is still an open question if these identities are simply a coincidence or if there is an explanation
beyond computation. We are now able to give an explanation to the identity in the case of the unit
disk but not in the case of the unit ball in R3.

The structure of the paper is as follows. First we present some notation and we state the main
result. In the second section we study the increasing direction of x +— Hgq(x,y) for y fixed in the
interior and in the third section we consider y fixed at the boundary. In the last section we discuss
some identities involving A !(€2) and a sum of inverse Dirichlet eigenvalues. In the appendix we recall
some known properties of conformal mappings that will be used in the proof.
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1.1 Notation and main result

Let B ={x € R": |z| < 1} denote the unit ball in R, n > 3, and set for z,y € B,

1 2-n y 2—n
eyl U] —‘wly\—m‘ for i # 0,

GB($a y) =
n(njz)wn <‘$|2_n - 1) for y =0,

where w,, = n%fé) is the volume of B. This function G is the Green function for with Q = B.
2

Since in the rest of the paper we work in the unit ball we skip the subscript B and write H (z,y) =
Hp(z,y). It is convenient to extend the definition of H to all B x B:

/ GB(J:’Z)GB(Z’y)dZ for x,yEB, $7éy7

B GB(I‘)y)
0 for z =y € B,
Kp(x,2)Gp(z,y)
d f S aBa € B’
H(z,y) = B Kp(zy) ) o ' ?

/ Kp(y,2)Gp(2,2) ;. for z € B, y € B,

B KB(yax)
men |z —y|" /BKB(ZE7Z)KB(yaz)dZ for z,y € 9B, z # y.

\

One may show that (z,y) — H(x,y) is continuous on B2. Here for z € dB and y € B

1 1-|yf

KB(xay) = nw ‘.%' _y‘nv
n

is the Poisson kernel for

—Au=0 in B,
u=g on 0B,

that is, the solution of @ is given by u(z) = faB Kp(y,z)g9(y)dy.

The main result of the paper is the following.

Theorem 1.1 For every y € B the function x +— H (x,y), defined in @, is increasing along the
“hyperbolic geodesics” through y in increasing Fuclidean distance, and attains its maximum at opposite
boundary points.

Remark 1.1.1 The hyperbolic geodesics in B are the intersection of B with the Euclidean circles that
meet OB at right angle (see [17, page 66]). See Figure [1]

The method used for the proof is similar to the one used in [7] but, to a certain extent, simpler.
We look at the differential boundary value problem that the function satisfies and then apply the
maximum principle. Compared with [7] the proof here is somewhat simplified since, in some cases, we
are able to determine the sign of the functions via a geometrical reasoning. In the present setting we
have also to study the case z — Hq(z,y) for y fixed at the boundary since a result as the one in [10]
is not available in dimensions n > 3.

We remark that although = — Hgq(x,y) is increasing along the “hyperbolic geodesics” through
y in increasing Euclidean distance, this is not the ‘best’ increasing direction. Indeed the gradient
of Hq(-,y) has also a non-zero component in a direction orthogonal to the “hyperbolic geodesics”

through y (see Remarks and [3.6.1)).



December 15, 2004 4

Figure 1: A generic hyperbolic geodesic through y in B C R™ is obtained in the following way. One
constders a generic disk in B to which the origin and y belong. Each hyperbolic geodesic through y in
this disk is a hyperbolic geodesic through vy in B C R™.

2 One point fixed in the interior

In the following section we study the function x — H(z,y) with y fixed in B. Without loss of
generality, we can fix y = —se; with s € (0,1) and e; = (1,0,..,0) € R™. The main result of the
section is the following.

Theorem 2.1 Let s € (0,1). The function x — H(x,—sey) is increasing along the “hyperbolic
geodesic” through —sey in increasing Fuclidean distance and attains its mazimum at the boundary in
the point x = e;.

2.1 Transformation to the center

Instead of studying directly the function = +— H(x, —se;) it is convenient to consider a transformation.

We consider a (anti-)conformal map hs from B onto B that maps 0 into y = —se; and e into e; given
by

Id + s2Q) x 1+ |z]?

hs(xlvaP‘uxn) = ( 2 - S | | D)
|sz — eq] |sz — eq] (7)
1 1—-52sQx—e;
= —761 —_ 2’
s 5 |sx — e

where Q11 =1, Qi = —1fori=2,...,nand Q;; =0 fori,j =1,...,n and 7 # j. Notice that hy is
conformal if the dimension n is even, is anti-conformal if the dimension n is odd. One can also see hg
as the combination of the following mappings

1 Q$—%61 1—s2 sQx—eq 1 _ 1-5% sQz—ey

r+—— Qr — e — ——5 +—— — — —=e1 .
Qr = Qe e 5 Jsa—erl” s 5 Jse—er]?

Using the (anti-)conformal transformation hgs, we can write

~ . GB(.’%,Z)GB(Z,Z/) o
H#y) = /B GoEy)

. GB(i'ahs(Z,))GB(hs(zl)ay) !
-/ o In. ()2,

where Jj,_ is the Jacobian of the transformation hs. By the definition of the function hs and Lemma

B.2 we find
H(hs(x),hs(0)) = /BGB(hs(ﬂC),hs(z'))G (hs§

0.1sl0)) 1 g .
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For simplicity of notation we define on B the function H?® given by

Gp(z,z)Gp(z,0) 2
J (z)dz.
/ GB SC 0 hs (z) i
Since b A
a
A S 2V A= T, )
one sees that the function H* satisfies in B\{0} the equation
V +GB(x, O) 2
— ALHS () — 22BN ) g g (x) = T (). 10

We can rewrite as

2"

_ALH(x) :2(2—n)m2x_n_1x.VmHS(:U)+J}i(x), (11)

using the explicit formula of the Green function.

2.2 The radial direction

In the following section we show that the function H® is increasing in radial direction. The method
consists in studying the differential boundary value problem that %H $ satisfies and then apply the
maximum principle.

We first prove that H® satisfies zero Neumann boundary condition.

Lemma 2.2 Let s € (0,1). It holds that %Hs(az) =0 for every x € 0B.

Proof. Let R*(z) denote the numerator of H*(z); that is
R (x) = /B Gp(x, 2)G (2 0)J) (2)d=. (12)
One has that R*(z) = 0 for z € OB and that it holds
—AR(z) = GB(x,O)Jh%S ().

Since —A = —r!— ”gr (7""_1%) —r72Ar where Ar is the Laplace-Beltrami operator on the surface of

the unit ball, we find that at the boundary
g R (2) = —(n — 1) LR (x),
2 Gp(x,0) = —(n—1)LGp(x,0).

Hence from the series expansion near the boundary of R*(-) and Gp(+,0) one gets for x € OB

51%(&0)( SR R(© )
0)

(13)

lim 2Hs(f): lim

B3¢—w Or Ba¢—e Gp(§,0) \ 2Gp(£0) Ga(E,
_ o (2= SR(2) + (| - V&R @)+ AR+ "%%RS@H..
Bag—e (70— 1\ £Gp(x,0) + (1] = 1) Z5Gp(2,0) + .. 2Gp(,0) + L E G p(x,0) +
1 LR (2) £Gp(w,0) — FR(2) G p(x, o) 14)
2 (%Gp(.0)°
The claim follows from using . ]

We now show that T%H #(x) is well defined in 0.



December 15, 2004 6

Lemma 2.3 Let s € (0,1). Then lim,_.o T%HS(.%) = 0.

Proof. With R? defined as in one finds

0 R*(x) T
—H*® =x.VH?® — s ‘ . ]
ro H (@) =2 VH () = GB( o) V@) - G 0 Gany B0 (15)
Since )
v 2-n)z["" 2-n
——.VGp(z,0) = - :
G0 O T T T
and since from Lemma and [I5], Sec.5] (see Remark [2.3.1]) it follows that
R (x) (1-5%)? / (1— 52)2
< <=5 )
Gp(z,0) ~ (s—1)* Gg Gp(z,2)Gp(z,0)dz oD calz|,
we get

. R3(z) T B
L, (GB(a:, 0) Gp(z.0) " OB O)) =0

The other term in ([15)) is given by

x P
— VR(z)=-—— .
Gp(z,0) (@) nwn 1 — |z|" 2

x/ <|x—z|_”(x—z) - ‘:L‘\z| — G B
B
One sees directly that
‘ |n 2
lim ——— / ‘ |z| —
0T o

Hence to show that lim,_,o T5 ( o .VR#*(x) = 0 it is sufficient to prove that the limit for x going to 0
of the modulus of

"l = g e) (P - 1) 7 (s

2
(@2 = Z) l2l (127" = 1) J (2)dz = 0.

‘$|n— —-n 2—n %
—— 2. [ | =2 (x = 2) ([T = 1)) (2)dz,
1— |z B

is zero. One has

|’n2
||n2

201 — / |z — (= 2)(|2* " = 1)J; (2)dz

1—
< 47( ) lim |w[”_1/ |z — 2" |22 dz )
(1—s)* 2=0 B

We study separately the integral term. Writing

|5L"n1/ |3§'*Z’17n‘2|27nd2’ — |.’E|n1/ ‘.’L’*Z|1 n’Z|2 ndZ
B |2|<

T / |z — 2" " 2P dz = ..
B\{l21<2!}

since |z — z| > Ix‘ for |z| < m , one finds

< zn—l/ Pz g - 2| " dz,
|z|< 5

B\{J2|<lgl}

that goes to zero for x going to 0. [
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Remark 2.3.1 In [1]] it is proved that for x,y € Q it holds

c -1
HQ(-T,y) < co <1Il “ > fOT’TLZQ,
|z —y|
Hq(z,y) < cqlz—y| forn>3,
Ho(z,y) < caclr—y[>° forn>4 and > 0.

Notice that there is a different behavior for n = 2 and n > 3 but also between the case n = 3 and
n > 4.

Proposition 2.4 For every x € B it holds that T%HS(:B) > 0.

Proof. Let ¥ denote T%Hs(x)(which is equal to x.VH?*(x)). By definition of ¥ and one has
that

—AX¥(z) = —2A,H(x)—x.VA H?(x)
-n 2 -n 2
= 4(2- n)‘fjiil(x) +2J7 (2) +2(2 —n)z.V <|2x_|2(93)> +2.VJ@ (z).
’$| n _ 1 s ‘x| n _ 1 s
Hence X satisfies
—n —n 2 P
— A¥(z) —2(2 - n)HL’”mVE(:J:) +2(n — 2)2(‘|2‘$|n1)22(x) =2J7 (z) + 2. VJ; (z), (16)
x — x —

and the right hand side in is positive. Indeed from Lemma and since s € (0,1) it holds for
reB

2 2 2 1
2J; (z) + . VI (z) = u—§ﬁ<+xv>

sz — ey |* sz — ey |*
_ o1 s < 1 B (Sm—el).2sx>
sz — eq|* sz — eq[°
_ (1 22 (sx —e1).(sz +e1)
|sz — e1|
1— 5%z
- m1-§ﬁ——iﬁ%>a
|sz — eq]

Using the result of Lemmas and one finds

2?71 (Ja " =1)2

—AY(z) - 202 - n) L 2 VS(@) + 2(n — 22— _S(2) >0 in B\ {0},
Y(x)=0 on 0B U{0}.

The claim follows by the maximum principle. [

2.3 Behavior at the boundary

In the previous section we have shown that x — H?%(x) is radially increasing. Hence it remains to
study the behavior at the boundary of this function.
For x € OB one finds

x,2)Gp(z, 2
R

o 2 2—n
= e [ i (17)
B

n{n=2)wn |z — 2" sz — €1|4
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Lemma 2.5 It holds that max,cop H*(x) = H*(eq).

Proof. We first notice that by symmetry it is sufficient to consider & = (x1, z2,0) with 0 € R"~2 and
2% + 23 = 1. Then in order to see how the function H*(x) varies when z belongs to this circumference
we consider

0 0 0

CH(x) = —ay— H* 3 (a).

gl (@) = ~mag H(@) + o1g S H (@)

From (17)) one finds
0 —(1-s2)2 / o |27 =1 —ma(a1 — 21) + x1 (22 — 20)
—H%(x) = 1—|z dz
00 () 2 [, 7120 sz —eq|* |z — 2|2
2

-n
= (152)2/ 1— |22 || —19612’2—33221dz
(n—2)wn, B( ‘ | )’82—61‘4 ‘m_Z’n—i-Q

We now study the sign of the integral. Let
B,:={z€ B:x129 —x221 >0} and B), :={z € B : x122 — w221 < 0}.

One sees that if { € B, then —§ € B, and that the intersection of the closure of B, and B, is a
hyperplane in R™ going through = and the origin.

Figure 2: The sets B, and B, for different positions of x.

Let £ € B, and let n the unique element in B, such that: |{| = |n|, & = n; for every ¢ > 3 and
|x — &| = |x — n|. By the choice it follows that

Ce2ye2-n _ yBe— @by oy oo o\ T1T2 — Lol
(L =&l el 1)?6_5‘%2 (L= [n1")(In| 1)7\30—77]"” :

We notice that the term

(1 —1¢)

77" — 12169 — 206y ) > — 1zime — xom
|s€ — e[t |z —g" T lsn —er|* |o—n["*?

is positive if x9 < 0, is negative if zo > 0 and is zero if 9 = 0. This follows from the observation that

+ (1~ |nl”

s‘f—%el‘ < s|n—%61‘ if o <0,
s‘ﬁ—%el‘ = s!n—%el‘ if zo =0,
s‘ﬁ—%el‘ > s!n—%el‘ if z9 > 0,
(See Figure |3).
Repeating the same reasoning for every { € B, we get that xg%H *(x) <0 for every x € OB with
& = (1, 29,0). Hence, by symmetry it follows that sup,cyp H*(x) = H*(ey). ]
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1
s€1

Figure 3: The distances |n — z|, |£ — z|, | — Le1| and [n — Leq|.

Remark 2.5.1 With the same method used in the proof of Proposition[2.5 one can prove that

aaeHs( ) <0 for {xGB:xizoforiEBandaz%—i—a}%gl},

wriring 1 = rcos(0) and o = rsin(0). This inequality gives that VH?®(x) has a non-zero component
in the tangential direction, implying that VH (x,y) has not the direction of the hyperbolic geodesic
through vy.

Corollary 2.6 Let s € (0,1). The function H*(x) is radially increasing in B and

max H®(z) = H®(e1).
z€B

Theorem is a consequence of the previous corollary.

3 One point fixed at the boundary

In this section we study the function x — H(z,y) with y € 0B. Without loss of generality, we can fix
y = e1. The main result is the following.

Theorem 3.1 The function x — H(x,e1) is increasing along the “hyperbolic geodesic” through ey in
increasing Fuclidean distance, and attains its mazimum at the boundary at x = —ey.

Theorem [L.1] will follow from Theorems [2.1] and B.11

3.1 Transformation to the half n-space

Instead of studying the problem in the ball it is convenient to consider a transformation to the half
n-space. We consider a (anti-)conformal map ¢ from S := R* x R"~!, the half n-space, onto B that
maps 0 into —e; and e; into 0 given by

QX + e

(p(Xl,XQ,..,X ) = €1 — 27,
" X + ey

(18)
where Q11 =1, @ = —1fori=2,...,nand @Q;; =0 for7,j =1,...,n and ¢ # j. The map ¢ is
conformal if the dimension n is even, is anti-conformal if the dimension n is odd.

In the following, to avoid ambiguity in the notation, we denote with capital letters the coordinates
on the half n-space.

Using the (anti-)conformal transformation ¢, we can write

Kpg(e1,2)Gp(z, )
KB 617 )

KB (e1,0(Z))Gp(p(Z),z)
Kpler,) J¢(Z)dZ,

H(z,ep) dz
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where J,, is the Jacobian of the transformation ¢. By the definition of the function ¢ and Lemma
we find

H(p(X),e1) = /KB b [ngifi((X())) 28 5 (2)az
= 611(3 61,@?;5)2 X)(JAZ)%(X))%*%J@(ZMZ
Since
Knlen o) = a2 g = gLzt
one has
H(p(X),e1) = /s,ﬁ(Z)))ZCG (Z,X)(J,(2)J (X)) w2 ,(Z)dZ
%) n 2

71 B B 2
= n(n—12)wn/ a (|X— ZP" X + Qz) ”) Jo(Z)ndZ.
S 1
For simplicity of notation we define the function H given by

Z -n -n 2
H(X) = iy /S © (|X —ZPT X+ Qz ) J(Z)ndZ.

3.2 Increasing along the “hyperbolic geodesics” through e;

In the following section we show that the function x — H(z,e;) is increasing along the “hyperbolic
geodesics” through e;. That’s equivalent to prove that the function H (X) is decreasing in the X3
direction. Indeed, the pre-image through the mapping ¢, defined in , of the hyperbolic geodesics
in B through e; are the straight lines in S that intersect the hyperplane {X; = 0} orthogonally.

Let H x, denote %XIIEI (X). We proceed studying the differential boundary value problem that H X,
satisfies in order to apply the maximum principle.

Since 05 is composed of two parts, 0S = {Z € R": Z; = 0} U {0}, we treat those separately. In
the following {Z; = 0} denotes the hyperplane {Z € R" : Z; = 0}.

Lemma 3.2 It holds that Hx,(X) =0 for X € {X; =0}.
Proof. Writing H(X) = - R(X) with
R(X) = n(n_g)um/sz1 <\X —ZP X+ QZ|2_”> J(Z)%dZ,

one finds

A, (%) = (afﬁﬁzm - Rﬁ?) .

2

We first notice that since R(X) = 0 for X € {X; =0} and ~AR(X) = X;J,(X)", one finds that
8@?2 R(X) = 0 holds on {X; = 0}. Hence using the series expansion near X € {X; = 0}

. d = 9? - 0 1, PP
~ L hxy—o
- 20X? -

The claim follows. ]
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Lemma 3.3 Tt holds that lim x| Hx, (X) = 0.

Proof. Since

~ Z _ _ 22
Hy,(X) = —;L [ (X -2 (X1 - 21) - X + QZ| " (X1 + Z1)) ———dZ
s X1 |Z + e
Z 22
TL(TL—2)Wn/SX% | | | Q | ’Z+€1’4 ’
and it holds | X — Z| < |X + QZ], one has
N s [ Zi|Xi— 21| 1 s Z, 1 1
iy ()| < 2 [ 2 dZ + —2 2L dz
‘ (] s X1 (X =2Z|" |Z+ e rmBen Jo XPIX = 2" |2 4 e|*
s 1 / 1 L e ] / 1 1
S + —5 dz. 19
Nnwn, Xl S |X _ Z|TL—1 |Z+ €1|3 n(n—2)wn X12 g |X _ Z‘n_2 ’Z—F €1|3 ( )

We now proceed studying separately the terms in the right hand side of . For the first term
one finds

1 1 1 1
/ n—1 3dZ :/ n—1 3dZ+
s|X=2Z1""Z + el SNB x| (X) | X = Z" | Z + e
2

1 1 1 1
+ dZ+/ A
|Z]<2|X]| |Z]>2|X]|

One observes that |Z + e1| > |Z] > % if Z € Bx|(X). While if Z ¢ B|x|(X) it holds | X — Z| > %
2

2
and even more | X — Z| > % if also |Z| > 2|X|. Hence we get

23 1 on—1 1
< 3/ n—le+ n—l/ 3dZ
1 X" JsnB x (x) |[X = Z] | X| s,z|<2x| |Z + e1

2
1 1
+2n1/ n—1 3dZ
s|z|>21x| |1 Z]" | Z + eq]

C on-1 1 1

< 12+nl/ 2dz+2"1/ e dZ
X7 X 1z|<2|x| |Z] 1z1>21x| | Z]

Ch ) Cs

X X1

< X"+

that goes to zero when |X| goes to infinity. Proceeding similarly one finds also that

1 1
lim / — dZ = 0.
X|=o0 Js | X = Z|"72|Z + e

The claim follows. ]

Proposition 3.4 The function H(X) is decreasing in the X1 direction.

Proof. Since it holds

~ 2 2 0 -
—AH(X) = J,(X)n + ———H(X
one gets
~ 2 0 - 2 - 0 2 X1 +1
—AHx (X)— ——Hx, (X — Hy (X)= —J, (X)n = —-2*
Xl( ) X1 8X1 Xl( )+ X12 Xl( ) 8X1 90( ) |X+€1|6 —
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Hence the function Hy, satisfies

X1 0X1

—AHx, (X) = 2 5% Hx (X) + 2 Hx, (X) < 0 in S,
Hx, = 0 ondS.

Applying the maximum principle we find that H x, <0onS. ]
By the result in the previous proposition and using that the hyperbolic geodesics are transformed

onto hyperbolic geodesics by Mobious transformations, we get the following.

Corollary 3.5 The function x — H(x,e1) is increasing along the “hyperbolic geodesics” through e;
in increasing Euclidean distance.

3.3 Behavior at the boundary

In this section we study the behavior of z — H(z,e;) on 0B. Indeed, since by the result of the
previous section we already know that

max H(z,e1) = max H(z,e1),
zeB z€OB

it only remains to find the location on 9B of this maximum. Also in this case it is convenient to use
the transformation ¢, defined in , and to work in the half n-space.
Proposition 3.6 For anyi € {2,...,n} it holds that Xiaixiﬁ(X) <0 on {X; =0}.

Proof. We find that for X € {X; =0}
- 72 2
HX)=-2 | ——L _J,(Z)ndZ.
%)= & [ gl D
Fixie {2,...,n} and X € {X; = 0}. We have

o - 3 72 Zi — X;
H(X) = 2/ L Ltz 20
0X; (X) “n g | X — Z’n+2 |Z + 61‘4 (20)

We will now determine the sign of the integral in . Let
Spﬂ' = {ZESZZZ'—Xi >0} and Snﬂ‘ = {ZESZZZ'—Xi <0}.

Let P € Sp; and let P’ the unique element in S, ; such that: P; = PJ( for j € {1,...,n} with j # i,
and | X — P| = |X — P'|. By the choice it follows that

P P
— (P, - X;) = — — Xi).
|X_P|n+2( ) |X—P,’n+2( )
We notice that the term
P12 P, - X; Pl’2 Pi’ - X;

X — P |Pte|'  |X - P|"P PtV
is positive if Xo < 0, is negative if Xo > 0 and is zero if Xy = 0. This follows from the observation
that
‘P'+61‘ > |P—|—61’ if Xo <0,
‘P’—i—el‘ = |P—|—€1’ if Xo =0,
|P'+el| < |P+el if X5>0,

(see Figure {4).
The claim follows repeating the same reasoning for every P € Sp,; and ¢ € {2,...,n}. [ |
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Sp,i

Figure 4: The sets Sp;, Sn,;i and the distance to —ey.

Remark 3.6.1 With the same method used in the proof of Proposition|3.6| one can prove that

Xi%f](X)gOforeveryXGSandi€{2,...7n}. (21)

Notice that from it follows that VH(X) is not in the X direction. For the function H(-,ey) this
reads as VH(-,e1) is not tangent to the hyperbolic geodesics through e .

Corollary 3.7 The function X — ﬁ(X) for X € S attains its mazimum in X = 0.

Theorem [3.1] follows directly from the previous Corollary.

4 Relation with the eigenvalues

4.1 Previous results

In [11] the authors show that there exists a relation between the inverse of A.(f2), defined in (3)), and
the Dirichlet eigenvalues for two choices of  : Q = [0,1] C R (see also [16]) and € the unit disk. In
an interval I = [0,1] C R the following identities hold

1 =1 2 ()™t
= _— = 2
NP IR
with \,, = 72m?. For the disk D it holds
1 = -1 = Vm,i
=4) (=" Tt (22)
NI DL S v

where 19; = 1 and v,,; = 2 for m > 1. The eigenvalue A, ; corresponds to the eigenfunctions with
1 — 1 circular nodal lines and m radial nodal lines.

We are now able to give an explanation to identity . A complete orthonormal set of eigenfunc-
tions for on the disk is given by, writing z = re*®:

1 0,i ,
woi(x) = Jolo.ir) for i e N,

V2r 25105 (Go)|
cos(m) I (Jm,ir)
sin(me) I (Jm,ir)

@o,m,i(SU) = - for m,i € N,
VE L)

for m,t1 € N,

Pe,m,i(T)
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with eigenvalues
.2 .2 .
Aoi = Jo.i and Aemi = Aom,i = Im.i for i,m € N.

Here, as usual, J,,, denotes the m-th Bessel function of the first kind and j,, ; denotes the i-th zero of
Jm. For the normalization of the Bessel function see [I8] 5.11 (11)]. By orthonormality one finds

1 1 1 Jo(joir) Jo(dos
_ sup ZT 0(.70,7,/2) 9(]071[))_’_
Ae(D) zyeD Gp(T,y) - Joi mJg” (Jo,i)
o o . .
1 ’ . . / 2 Jm(]m ir)Jm(]m lp)
+ —(cos(m) cos(m ~+ sin(m) sin(m . L 2
mz::ﬂ( (mep) cos(mg') + sin(mep) sin( (’D));J%i T
1 1 Jo(Goir)Jo(Go.i
— lim y L O(Jo,zlz) Joljop) |
Yot mGp(z,y) i1 J0,i Jo” (Joi)
oo . .
. . 1 T (Gmim) I (Gmip
+2 Z cos(me) cos(me') + sin(mep) sin(mg’)) T m( 73322], m) m;if) =....
i=1Ym mA\J 1M,
Differentiating with respect to p and computing for y = —eq, we get
1 1 Jo joﬂ‘ 1 Jm(jmﬂ’)
= lim —— + 2 ™ cos(mep —_—— ] =...,
e—e1r TKp(x, —e1) [Z; Joi T4 (o) Z )2:1 i T (Gm.i)

and differentiating with respect to » and computing for x = e;

1 i ﬁ +23 o ()M E ﬁ il 0 il
1 (g ey
7T Am i=1 m=1 i= 13"”

47 = "7071

In [I1] the numbers vy, ; in were interpreted as the multiplicity of the eigenvalue A, ;, since it
holds vp; = 1 and v, ; = 2 for m > 1. Instead from the derivation of the formula it seems that what
plays a role is the different normalization of the eigenfunctions.

4.2 The identity for \_!(B)

We will now show that an identity holds also between A;!(B) and a sum of Dirichlet eigenvalues when
B is the unit ball in R3. We first compute the value of A;*(B) for B C R" with n > 3. By Theorem

and one has that it holds
1 2n—1 1—|2]*)?
= H(—epn,ey) = / (1= I2[") dz.

Ae(B) nwn Jp |z —enl" |2+ en|”

Via a C.A.S. (computer algebra system) one finds the following

1 A (20(3)— (2+n)(1+n) 2F1(2+ §n,n;3 + 3n;—1))
Ae(B) 4(n —10(3(n - 1)) ’

where I'(+) denotes the Gamma function and 2Fj(+,-; ;) denotes the Gauss hypergeometric function
(see [T, Chap.6 and 15]). In the following table we collect the values of \;!(B) with B C R" for n < 5.

. (B)

~ (.6666

210g2 —1~0.3862
2(m — 3) ~ 0.2831

3 — 2log(4) ~ 0.2274
(10 — 3m) ~ 0.1917

\my

Ul e o~ S
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On the unit ball in R3 a complete orthonormal set of eigenfunctions is given in polar coordinates

(r,¢,0) by o )
Je\JL ;T
uo ki (1, 0, 0) = 2’2—;1P]€(COS(9))1./¢ with k € Ng and 7 € N,
ﬁ]k(J%Jrk,z‘)

and with m, k,2 € N and k > m,

—~ Ik (py1a7)
Uem (T, 0, 0) = \/2];:1 EZJFI B, cos (my) Py (cos(0)) 4+ ——— G 3’
k+ K

Nl
m ]k(]k+1 z?“)
Uo,m,k,i(r> 2 9) =\ 21;:1 \/ EZ+I Bl sin ng Pk COS(Q)) f]k(]k_;,_ Z)

(see [14, App. A]). We use the usual convention: 0 < r < 1,0 < ¢ < 27 and 0 < § < 7. Here
P;"*(-) denotes the Legendre function, ji denotes the fractional Bessel function of first kind and j; , 1
27

denotes the i-th zero of ji (see [I, Chap.8 and 10] and [I8]). We choose this notation for the i-th zero
of j since it coincides with the i-th zero of J, 1. Notice that ji(2) = %Jlﬁl(z).
2 2

The associated eigenvalues are

1
and Ao ki = Aemki = Aoymki = 35— With m,k,i € N and k£ > m.

S
JLi Tt
Notice that each eigenvalue has multiplicity 2k + 1. For simplicity of notation we fix

1
pki = —— for k € Ng and 7 € N. (23)
]k—i-%,i

Hence, py,; for k € Ng and ¢ € N are the eigenvalues for problem on B the unit ball in R3 counted
without multiplicity.

Lemma 4.1 For k € Ng and i € N let py; as defined in . Then it holds that

(o) (o) 1
k—i—l 24
c Z: z; 'uk,i’ ( )
= 7
with vy =1 and vy =4 for k> 1.
Proof. By [I8| 15.51] one gets for k € Ny
1 S| 1
2 T TG D
i=1 R =1 el 2
Hence it holds
D S T W
iy Mk =1 MO0y 1 i—q Mk
_ _l + 4%(_1)k+1 1
- 3 3
R Fts
2 4

The claim follows. ]
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Appendices
A The Jacobian

In the present section we compute the Jacobians of the transformations hs and ¢ defined in and

respectively.
Lemma A.1 Let hg the (anti-)conformal map defined in @ For any n > 3 it holds that

1— g2)m
S N G
|sz — eq]
Proof. By the definition of h, in it follows
) 57 (sQx —e1)i(sz —e1);
—hei(z)=—-(1-5)————Qej+2(1—5° : 1
e tnile) = ~(1 =) @ ¢y 201 - o) (AN
that gives
(1— %) ST — e <3$—€1>T
Ojhsi(x))ij=———5Q | Id —2 ,
(Oshsil®))i \3:):—61]2Q sz —e1] \[sz — e

using column notation for sz — e;. The claim follows directly since the matrix Id — 2 \ji:gl ( Iiﬁ:;)

defines the reflection in the hyperplane through 0 perpendicular to sz — e;. [

Lemma A.2 Let ¢ be the (anti-)conformal map defined in @ For any n > 3 it holds that

on
Jo(X) = m.
Proof. The proof is similar to the one of Lemma One uses that by the definition of ¢ in it
ol 2 X+e [ X4e \
(Oji(x))i; = —m <Id_2|X+el\ (|X+el\> ) )
using column notation for X + e;. [

B Conformal transformation

In the following section, for completeness, we recall some known properties of conformal maps. The
situation is different in R™ for n = 2 and n > 3.

Conformal maps are a very useful tool for problems in the plane. The first reason is that there
are many conformal maps: every simply connected domain D & R? can be mapped conformally onto
the ball (Riemann Mapping Theorem, [I3]). A second important property of conformal maps is the
‘invariance’ of the Green function. The precise result is stated in the following lemma.

Lemma B.1 Let A, D ¢ R? simply connected and let ¢ : A — D a conformal map. Let G 4 denote
the Green function for the Laplace problem with Dirichlet boundary condition in A.
Then it holds Gp(p(z), ¢(y)) = Ga(z,y).

In higher dimension the situation is different. The only conformal mappings are the Md&bious
transforms. Liouville’s Theorem, [12], states that every conformal transformation in R" with n > 3
must necessarily reduce to a translation, a magnification, an orthogonal transformation, a reflection
through reciprocal radii, or a combination of these elementary transformations. Moreover there is no
‘invariance’ of the Green function via conformal mappings. However a relation still holds. We write
the result in the following lemma.
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Lemma B.2 Let A, D & R", n > 3, simply connected and let ¢ : A — D be a conformal map. Let
J, denote the Jacobian of ¢. Then it holds that

3=
I

Gp(p(2), 0(y)) = (Jo(x)Jp(y)) "2 Ga(z,y).

Remark B.2.1 The result stated in Lemma[B.4 holds also if ¢ is an anti-conformal map since there
1s only a change in the orientation.

Proof. In [8, Cor. 2] it is proved that for any Mébious transformation ¢ in R” and k& € N it holds

1_k 1+k

Ak(Ji_; uo)) = Jf} " (Aku) o). (25)

In our setting using with k = 1, we get that for any x € B
11 1,1
wel@) = 750 [ Gt T W) ety

= AGA(x,y)(Jw(x)Jv(y)) 2 (Aw)(p(y)) o (y)dy. (26)

3=

We can also write
u(p(z) = /D Gp(p(x), 2) Au(z)ds
- /A G (o), (1)) Au)(9() T (5)dy. (27)

The claim follows from and . []
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