
Prof. Dr. Jonas Tölle
Dr. Kim-Hang Le
WS 2018/2019
Total points: 40

Exercise Sheet 3 � Analysis III
((Homework solutions will be handed in and discussed at 10:00, 26.11.18, O27-H20)

1. (a) (Polar coordinate tranformation) Let U := BR(0) =
{
(x, y) ∈ R2 : x2 + y2 < R2

}
, for R > 0

or R = +∞, and let f ∈ C0 (U) with
∫∫
U |f (x, y)| dxdy < +∞. Use the transformation rule

(Theorem A.4.2 in the appendix) to prove that [5]∫∫
U
f (x, y) dxdy =

∫ π

−π

∫ R

0
f (r cosϕ, r sinϕ) r drdϕ.

(b) Use the formula in Part (a) to prove that
∫
Rn ϕ(x)dx = 1, where the function ϕ is given by [5]

ϕ (x) :=
1(√
2π
)n e− |x|22 .

2. Let U := BR(0) = {x ∈ Rn : |x| < R}, for R > 0 or R = +∞, and let f ∈ C0 (U) with∫
U |f (x)| dx < +∞. Write x = (x1, ..., xn) ∈ Rn as follows: x = rξ where r = |x| and ξ = x

|x| =

(ξ1, ..., ξn−1, ξn) with ξn = ±
√
1−

∑n−1
j=1 ξ

2
j . Prove that [10]∫

U
f(x)dx =

∫ R

0
rn−1

∫
Sn−1

f(rξ)dSξdr,

where Sn−1 := ∂B1(0) = {x ∈ Rn : |x| = 1} and the integral of a function g ∈ C0
(
Sn−1

)
on the

sphere Sn−1 is de�ned by :∫
Sn−1

g (ξ) dSξ =

∫
|ξ′|<1

g
(
ξ′,
√

1−|ξ′|2
)
+g

(
ξ′,−
√

1−|ξ′|2
)

√
1−|ξ′|2

dξ′,

where ξ′ = (ξ1, .., ξn−1) ∈ Rn−1 (the general de�nition of the surface integral will be given later).

Hint: Apply the transformation rule by considering

I =
{
(ξ′, r) ∈ Rn

∣∣∣0 < r < R, ξ′ = (ξ1, . . . , ξn−1) ∈ Rn−1,
∣∣ξ′∣∣2 =∑n−1

j=1
ξ2j < 1

}
,

and maps T± = x± : I → U±R := {x = (x1, . . . , xn) ∈ UR| xn ≷ 0} de�ned by{
x±j (ξ

′, r) := rξj , for j = 1, . . . , n− 1,

x±n (ξ
′, r) := ± r

√
1− |ξ′|2.

3. Prove that [5×4]

(a) if M ⊂ Rn is open, then M is an n-dimensional C∞- submanifold of Rn.
(b) M =

{(
3x,−x2

)
, x ∈ R

}
is a 1-dimensional C∞- submanifold of R2.

(c) M =
{
(x, y) ∈ R2 : xy = 0

}
is not an 1-dimensional submanifold of R2.

(d) if M =M1 ×M2 where Mi is a ki−dimensional submanifold of Rni , for i = 1, 2, then M is
(k1 + k2)-dimensional submanifold of Rn with n = n1 + n2.

(e) The set SL (n,R) :=
{
A ∈Mn×n (R) ∼= Rn2

: detA = 1
}

is a (n2 − 1)-dimensional C∞-

submanifold of Rn2
.
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