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Exercise Sheet 3 — Analysis 111

((Homework solutions will be handed in and discussed at 10:00, 26.11.18, O27-H20)

1. (a) (Polar coordinate tranformation) Let U := Br(0) = {(z,y) € R? : 2* + y* < R*}, for R> 0
or R = +o0, and let f € C°(U) with [f,|f (#,y)|dzdy < +00. Use the transformation rule
(Theorem A.4.2 in the appendix) to prove that

T R
/ f(z,y)dedy = / / f(rcosp,rsing)r drde.
U - JO

(b) Use the formula in Part (a) to prove that [p, ¢(x)dz = 1, where the function ¢ is given by
(ac) = 71 ne |12\2
ey

2. Let U := Bg(0) = {z €R":|z| <R}, for R > 0 or R = 400, and let f € C°(U) with
Jy |f (@) dz < +o0. Write z = (z1,...,x,) € R as follows: © = r£{ where r = |z| and § = %I =

(&1y ey €n—1,&n) with &, = £,/1 — Zj:1 5]2-. Prove that

R
/f(a:)dx—/ el f(r§)dSedr,
U 0 Sn—1

where S"~! := 0B1(0) = {& € R™ : [z| = 1} and the integral of a function g € C° (S"™!) on the
sphere S*1 is defined by :

/ g (&) ng:/ 9(5/’m>+g(5/,,w)
s l¢']<1

dg’,
Vi-le? 3
where ¢ = (£1,..,&,-1) € R*™! (the general definition of the surface integral will be given later).
Hint: Apply the transformation rule by considering

r={Enerfo<r<r €= &er g =" @<},
and maps Ti:xi:I—)Ug = {z = (21,...,2,) € Ug| 2, = 0} defined by
{ x;ﬁ:(g/’r) =rg, for j=1,...,n—1,

zE(€ r) =+ /1 - ¢

(a) if M C R™ is open, then M is an n-dimensional C'*°- submanifold of R™.

(b) M = {(3z,—2?), € R} is a 1-dimensional C*°- submanifold of R?.

(¢) M ={(z,y) € R*: 2y = 0} is not an 1-dimensional submanifold of R?.

(d) if M = My x My where M; is a k;—dimensional submanifold of R™, for ¢ = 1,2, then M is
(k1 + k2)-dimensional submanifold of R™ with n = nj + no.

(e) The set SL(n,R) := {A € Mpyn (R) X R™ : det A = 1} is a (n? — 1)-dimensional C-
submanifold of R™.

3. Prove that
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