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3. Exercise sheet for the course “Modeling with PDEs”
(Traffic flow/Riemann problem)

Exercise 1. Show that
U + (%uQ)m =0 and (u2)t + (%u?’)m =0

have identical classic solutions, but for the Riemann problem with u; > u, > 0 different
weak solutions. How do you explain this fact?

Exercise 2.
(i) Show that for the viscous Burgers equation (¢ > 0)

U2

(ue): + (?) =e(Ue)yy Tfor zeR,E>0, (1)

can be transformed into the linear heat equation
(V) =€ (Ve)ge fir z€R,t>0, (2)
through the Cole-Hopf transformation:
ve = (@)s, v = e E.

The solution to the initial value problem for the equation (2) with the initial datum
ve(2,0) = v o(z) (where v.g € C(R) N L>®(R)) reads as

(z—8)?2

=t d¢ for xeR,t>0.

ve(z,t) =
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(ii) Consider the initial data (u; > u,)

i
teo(x) = {ul ur r <0,

u, fur z>0.
Write the solution u. to (1) in the form

Uy + Uy Q(xa ta E)
1+q(z,t,¢e)

us(x,t) =

for a suitable function ¢(x,t, ) and compute for ¢ > 0 the pointwise limit u(x,t) :=
lim. o u.(z,t) on the line x = WTW t.



2
(1 - 2= +0(H)).
Exercise 3. Discuss the traffic light problem for the modified Greenberg model

L + prmax
U(p) — Umax 111 < + p )

In(1 + prmax) 1+p

Hint: for z > 1 the expansion holds: fzoo e‘dey =&

z
2z

with 0 < p < prae and a constant initial condition: p(z,t = 0) = p.
(i) Show that the function u defined as

J— 3 .__ _Pmax [—— 1
u:=a+bp mit a:= Tho—, b: SE——

satisfies an hyperbolic conservation law with a convex flux function.

(ii) The traffic light is placed at = 0. What are the boundary conditions for the
traffic light during the red phase 0 < ¢t < T'?7 Solve the initial-boundary value

problem for the equation satisfied by wu.

(iii) At t = T the traffic light becomes green and remains green forever. Compute the
first time instant when all the cars are again in motion. For how long it is possible

to observe vehicles moving at the maximum speed?

The exercises will be reviewed in class on Wednesday, November 16th, 2016.



