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1 Introduction

Parabolic partial differential equations describe the evolution of a system over time. They are ubiquitous in
any field of science as they are used to model a variety of phenomena but are also an object of independent
interest in the field of mathematics. As for all kinds of equations, the main question is the existence and
uniqueness of solutions to the equation. However, as it turned out, when dealing with partial differential
equations, finding the right concept of a solution can be quite delicate. The most natural one would surely
be a function that satisfies the equation pointwise, i.e. is sufficiently times continuously differentiable and
satisfies the equation at every point of the domain. Unluckily, as history has shown, it is not possible to
directly obtain good existence and uniqueness theorems for a broader range of equations in this class of
functions.

It turned out that is is more fruitful to reformulate a partial differential equation as an integral equation
and drastically alter the most intuitive notion of a solution. This leads to the concept of weak solutions,
weak derivatives and Sobolev spaces. Using functional analytic methods, it is often possible to show the
existence (and uniqueness) of a weak solution. But one questions naturally emerges: Are weak solutions
actually classical solutions?

Long before the concept of weak solutions was formed, Hilbert published his famous and influential list
of 23 problems. The 19th one deals with solutions to variational problems. Hilbert asked whether, under
some natural and reasonable assumptions, solutions to it will always be smooth.

The above problem leads to an elliptic partial differential equation in divergence form with rough
coefficients; i.e. coefficients that were merely assumed to be bounded and measurable. Until the end of
the 1950’s, two things were known: First, the existence of a weak solution to this equation was settled.
Secondly, the answer to Hilbert’s question is affirmative, provided that weak solutions to the partial
differential equation are locally Holder continuous. This seemingly tiny step, however, turned out to be
the most intricate one. In [28| p. 3], the author testifies "It was, arguably, the most important problem in

the analysis of partial differential equations at that time."

This gap was eventually closed by De Giorgi in [6], and almost simultaneously but independently by
Nash [24]]. Later, Moser gave another proof of this result [20]]. All three contributions were very original,
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using completely new methods. De Giorgi derived certain integral inequalities for weak solution and
succeeded in showing that all functions which satisfy these are indeed Holder continuous. Nash studied
fundamental solutions of the corresponding parabolic problem and derived the result for weak solutions
of this type of equations. From there, it was easy to deduce the assertion for the original elliptic problem.
And Moser’s proof is based on a Harnack-type inequality.

Especially the ideas of De Giorgi and Moser turned out to be fruitful, as their original techniques could
subsequently be applied to a vast number of further problems, for instance equations including lower-order
terms and parabolic and quasi-linear equations. Both techniques are nowadays the cornerstone of regularity

theory.

This thesis is concerned with proving interior Holder continuity of weak solutions to parabolic equations.
It is our aim to present both ideas of De Giorgi and Moser in detail. We do not intend to treat the most
general kind of equations, but rather concentrate on linear equations in divergence form with no lower-
order terms. This class of problems still comprises the main difficulties to overcome and is well-suited
to present the techniques that can be adapted to more complex parabolic equations. One might wonder
why we desist from presenting the Nash’s ideas who first solved the problem for parabolic equations.
While it turned out that the other two methods can be extended to nonlinear problems by imposing certain
structural conditions, Nash’s arguments heavily rely on the linear structure of the equation. For this reason,
his approach is not in fashion anymore these days.

This thesis is organized as follows: We first introduce some basic notation and recall various basic facts
about partial differential equations. Espacially, we spend a great time discussing several function spaces
that show up in the theory.

Next, we state the main theorem, the De Giorgi-Nash-Moser estimates, followed by a detailed proof using
the methods of De Giorgi and Moser in the subsequent two chapters.

We assume the reader to be already familiar with weak derivatives and their basic properties, Sobolev
spaces and the concept of weak formulations of (elliptic) partial differential equations. Since we will
make use of Bochner spaces and Sobolev spaces of vector-valued functions, which might not be standard
knowledge, we give a very short presentation in the appendix.



2 Notations and preliminaries

This chapter is devoted to fixing our notation and to state several fundamental results that will be used in
this thesis. Most of the following is standard and can be found in any book treating the modern theory of
partial differential equations, e.g. [11L/13]]. Nonetheless, we list them here for the sake of easier reference
and we give proofs if it is possible with reasonable effort.

In the first two sections, basic tools for the treatment of partial differential equations are collected, but our
treatment will be very brief as we already expect the reader to be familiar with those concepts. Also, we
recall the definitions and elementary properties of various function spaces appearing in the theory.

Finally, we prove several (technical) lemmas that are used elsewhere in this thesis, but do not fit themati-
cally to the previous sections.

Before moving on, we fix some very basic notations. The number N € N will always denote the dimension
of the Euclidean space. For technical reasons, we assume that N > 2. Permanently, Q will stand for a
non-trivial bounded domain in RY. For x € RV its Euclidean norm is denoted by |x|. We write (-|-) for
the Euclidian scalar product in RY. The symbol B(xo, ) stands for the open ball of radius r > 0, centered
at xg € RV,

For sets U,V C RV, where U is bounded, we write U € V if U C V.

For an arbitrary measure space (U, 1) and 0 < p < oo, the Lebesgue spaces L,(U) are endowed with their
usual (quasi-)norm. The Lebesgue measure of a measurable set O C RY will also be denoted by |O|. In
case U = O or U =1 x O for an interval I, these spaces are always understood with respect to the Borel
o-algebra and the Lebesgue measure dx, the product measure dx dt, respectively.

All functions are assumed to be real-valued. For a measurable function u : U — R and some k € R, we
write [u > k| for {x € U : u(x) > k}. The sets [u < k], [u > k], etc. are defined analogously.
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2.1 Tools from real analysis

The following inequalities are well-known ( [[11} B.2]):

Proposition 2.1.1 (Young’s inequality). Let a,b >0, p,p’ > 1 with % —I—ﬁ = 1. Then

For the special case p = g = 2, this is called Cauchy’s inequality. For given p > 1, the number p’ is called
the conjugated index of p.

More generally:
Proposition 2.1.2 (Young’s inequality with epsilon). Let a,b >0, € >0, p,p’ > 1 with % + ﬁ = 1. Then

ea? b
ab < — + ————.
p er'/rp!

The particular case p = p’ = 2 is called Cauchy’s inequality with epsilon .

Proposition 2.1.3 (Holder’s inequality, general version). Let (U, ) be a measure space and py,...,p, €
[1e0], and Xjy o = J with r > 1.If fi € Ly, (0), i =1,...,n, then [T, f; € L,(U) and |[TT}, fill, ) <
T il -

For vector-valued functions f = (fi,..., fy) € L,(U;RY), p € [1,) the L,-norms are defined via

N 1/p
L,(U) = (Zl Hfl“i,(y)) :

We will often use the following interpolation inequality for L,-norms:

11

Proposition 2.1.4 ( [13, p. 149]). Let (U, ) be a finite measure space and 1 < p < g <r < e and € > 0.
Then foru € L,(U)

Jullz, @) < €llullz,w) +€ *llullz,w):

_(1_1 11
We further need the following version of Lebesgue’s famous differentiation theorem:

Theorem 2.1.5 ( [27, Corollary 1.7]). Let u be a locally integrable function on R x RN and let T > 0 be
fixed. For arbitrary (tg,xy) € R x RN denote by Q(r) = [to — Tr?,to] x B(xo,r), r > 0. Then

1
lim 7/ u(t,x) dx dt = u(ty,xo)
o Q(r)] Jor

for almost all (ty,xo). Further, for fixed r > 0, the mapping (to,xo) m Jow ult,x) dx dt is continuous.
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2.2 Notes on function spaces

2.2.1 Spaces of continuous functions

For k € Ny, the set C¥(Q) consists of all real-valued functions u such that u and all its partial derivatives
with maximal order k are continuous. We will always write C(Q) instead of C°(Q); the same holds for all
further spaces. For bounded Q, C¥(Q) stands for the set of functions u € C¥(Q) such that u and all its
partial derivatives of order up to k have a continuous extension to the boundary of Q. We note that we
will not (symbolically) distinguish between f and its extension to the boundary. These spaces are always
endowed with their canonical norms. We set C**(Q) = N7, C*(Q) and define C*(Q) analogously. We
call elements of these spaces smooth.

We also need Holder spaces. For a function u € C(Q) and o € (0, 1), we define the quantity

i ) =)
a=
X1 X €Q |xl _x2|a

X1 #xy
A function u € C(Q) is said to be Holder continuous, and we write u € C%%(Q) = C*(Q), if there exists
o € (0,1) such that [u] < eo. This space is endowed with the norm

ullea@ = lullc@) + Mo

At one point in this thesis, we also need the space C'*(Q) which we define as

Q) = {u cCl(Q): aax” €cCc*Q), 1= 1,...,N},

where we set

P
lullere@ = luller @+ max [c%cu] o«

We fix the following convention which simplifies our notation: If B € (1,2), we denote by CP (Q) the
space CLA1B=1BJ(Q). Here, |-] is the standard floor function.
It is well-known that these spaces are nested, i.e. CP(Q) < C*(Q) whenever o < 8, c, B € [0,2].

A function u € C(Q) is said to have compact support, if the set supp u = {x € Q : u(x) #0} C Q and
supp u is compact. For k € NoU {eo}, the set C¥(Q) contains all functions u € C¥(Q) with compact
support.

The following terms are required for the treatment of parabolic equations: Let I = (a,b] or [a,b] be a
bounded interval. We denote by Q; the parabolic cylinder I x Q. For it, we introduce two parts of its
boundary: The lateral boundary S; = I x dQ and the parabolic boundary I'y = S;U ({a} x Q) , which
can be interpreted as the side surface and the whole surface without the top of a cylinder, respectively.

Of particular importance will be parabolic cylinders of the form (0, 7] x Q for some 7" > 0, for which we
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will simply write Q7 and Sy, I'r denote its lateral and parabolic boundary, respectively.

We introduce the space C,.(Q;) of all functions u € C(€;) with dist(Sy, supp ) > 0. Vividly speaking, the
support of these functions has a positive distance from the lateral boundary, but not (necessarily) from the
bottom {a} x Q and the rop {b} x Q, respectively. Further, (.TC(Q;) is the subset of all u € C,.(€;) with
the stronger property dist(I';,supp u) > 0, i.e. they also vanish in a neighborhood of the bottom of the
cylinder.

We say that a function u € C(Q) is piecewise smooth, if for all x = (xy,...,xy) € Qandalli=1,... N,
the mapping x; — u(xy,...,%X;,...,Xy) is smooth up to only finitely many points. We extend this definition

to elements of the spaces C(2) and C(€;) in an obvious manner.

2.2.2 Parabolic Holder spaces

For technical reasons, we have to define Holder spaces of functions depending on time slightly differently
than in the previous subsection.

Let O C R x RY be an arbitrary set containing an inner point. For o € (0,1], u € C(O) and z; =
(t1,x1), 22 = (f2,x2) € O, define the seminorm

[Ulaj2,a = sup u(z1) —u(z2)|

21,22€0 (‘l] —l2‘1/2+ ’)q —Xz’)a.
2172

2.1)

The exponent 1/2 added for scaling reasons - its purpose will become clear in Subsection

We say that u : O — R is Holder continuous (of order o) and write u € C*/%%(0), if

lllcaraio) = suplul + [uojp.q < o

2.2.3 Sobolev spaces

Definition 2.2.1 (Weakly differentiable functions). We say that a function u € L (Q) is weakly differentiable
with respect to the variable x;, i = 1,...N, if there exist functions v; € Li(Q) such that for all ¢ € CZ(Q)

the following holds:
¢
/gu8x,- dx = —/Qvi(p dx. (2.2)

In this case, we write diu = v;. If u is weakly differentiable with respect to all of its variables, we put Vu

for the column vector (dqu, ..., oyu)T.

Every with respect to x; (classically) differentiable function u is also weakly differentiable if u, g—)’é €L (Q).
To shorten our notation, we shall also write d;u instead of g—)’:i, i=1,...,N for the classical partial
derivative. Likewise, every continuous and piecewise smooth function is weakly differentiable and its
two types of derivatives coincide up to the set of measure zero where the function is not differentiable
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(see [[19} Corollary 1.73]). Of course, the same integrability conditions have to be imposed.

The Sobolev space Wp1 (), 1 < p <coconsists of all u € L,(Q) that have weak derivatives with respect
to every variable which belong to L,(€2) as well. We endow this space with the canonical norm

1/p
ull] o+ 9ull] o ; p € [l,0),
»(Q) »(Q)

H”HWPI(Q) =
maX{HuHLm(Q)a Halu||Lm(Q)7 sy HaN””Lw(Q)}u p =c°.

Higher-order Sobolev spaces are defined inductively; for our purposes, we only need the space Wﬁ (Q), pe

[1,00] which we define as

W (Q)={uecW,(Q): ducW,(Q),i=1,....N}.

We equip this space with its obvious norm.

We shall write Wp1 (Q) = C=(Q), where the closure is taken with respect to the norm || - ||y (@)

Basic Facts

We list some well-known results that are used in the subsequent chapters.

Proposition 2.2.2 (Product rule, [[13, p. 150]). Ifu € W, (Q), v e Wi(Q), 1 < p < oo, then uv € W, (Q)
and

d;(uv) = (Qu)v+udy
foralli=1,... N.

Proposition 2.2.3 (Chain rule, |30, Theorem 2.1.11]). Let Q be bounded. Let f : R — R be Lipschitz
continuous and u € WF} (Q), 1 <p<oolffoucLy,(Q),then fouec W; (Q) and almost everywhere

V(fou) = (f ou)Vu. (2.3)

Proposition 2.2.4 (Change of variables, [30, Theorem 2.2.2]). Let Q, Q C RY be arbitrary domains
and let f : Q — Q be a diffeomorphism. If u € WI} (Q), 1 < p < oo, thenuof € WI}(Q) and V(uo f) =
(Vuo f) f".

We will also need to know how elements of a Sobolev space interact with lattice operations. For a
measurable function u, we set u™ = max(u,0) and ¥~ = max(—u,0) = (—u)". For a (measurable) set
A C RY, we denote by y4 the characteristic function of A.

Proposition 2.2.5 ( [30, Corollary 2.1.8]). Let | < p < o and u € Wp1 (Q), W[} (Q), respectively . Then

ut,u € Wp1 (Q), Wpl (Q), respectively, and Vu" = Vuy,~o and Vu~ = =Vuxj,q.

This proposition, more precisely the following immediate consequence, is of great importance for
us: A considerable amount of Chapter {4 consists of a fine study of the functions u;” = (u— k)" and
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u, = ((—u)—k)" for k € R. These can be interpreted as the part of the function u that are above the
"level” k and below —k, respectively. By Proposition [2.2.5]and the chain rule, we have:

Proposition 2.2.6. Let u € Wpl (Q), Wpl (Q) with1 < p <ooandk € R. Then u;", u; € W[} (Q), VCV; (Q),

respectively, and Vuzr = Vusi and Vu = —Vuxj,«_y.

Inequalities

We shall need some altered versions of the well-known Poincaré inequality. The first result is taken
from [[8, Chapter 1, Lemma 2.2] and [[17} p. 91].

Proposition 2.2.7. Let u € W} (B(xo,r)) for some open ball B(xo,r). Let m > n be arbitrary numbers.
Then there is a constant C = C(N) such that

AN+

(m—n)|[u>m]| < Cm [n<u<m]

|Vul dx.

The following weighted Poincaré inequality is taken from [21, Lemma 3]. Compare also [[18, Lemma
6.12].

Proposition 2.2.8. Let y € C(B(xo,r)) for some open ball B(xo,r). Assume that 0 < y < 1 and that y
has non-empty compact support of diameter d. Further, let the sets [y > a] be convex for all a < 1. Then
for all u € W, (B(xo,r)) there holds

2d?|supp |

Vul*y dx,
IVl (B(xo,r)) JBxo.r)

2
= dx <
/B<xo,r> (=) y <

where
N fB(xo,r) uy dx

Uy — .
Wl 8o

The following result is the famous Gagliardo—Nirenberg inequality that we shall not formulate in full
generality but in a version that serves our purposes. See for example [|17, Chapter 2, Theorem 2.2]
or [8, Chapter 1, Theorem 2.1] for details.

Theorem 2.2.9 (Gagliardo—Nirenberg). Suppose Q C RY is a bounded domain with piecewise smooth
boundary and u € W, (Q). Then there is a constant C = C(N) such that

lull, @) < ClIVullg ull,™*, (2.4)

where 0 = N (% — é) and
qe [2500)7 l:fN:27

g€ 2,3%], fN=3.

(2.5)



Section 2.2 — Notes on function spaces 9

Here, piecewise smooth boundary means that it can locally be expressed as the graph of a piecewise
smooth function. In particular, the theorem holds for open balls.

2.2.4 Sobolev-Slobodeckij spaces

At one point in this thesis, we need the theory of fractional Sobolev spaces and we only introduce
the portion of this theory that is needed later. See [7] and the references therein for a more thorough
presentation.

Definition 2.2.10. Let p € [1,00) and s € (0,1). For u € L,(Q), denote

[l o) = </Q o) eI dy) "

Q ’x_y’NJrsp

We say that u belongs to the Sobolev—Slobodeckij space W, (Q), if

/p
lullwgi) = (Il @)+ [lfysiey) <=
Let us now define these spaces for s € (1,2):
Definition 2.2.11. Let p € [1,0),s=1+0 € (1,2), o € (0,1). Set
Wi (Q)={ueW,(Q):quecW(Q),i=1,...,N}

and define the norm

N 1/p
Mm@=<M%@+;MM@@>-

We stress the point that W;,‘(Q), k = 1,2 denote the usual Sobolev spaces introduced previously.

We need the following imbedding theorem:

Theorem 2.2.12. Let Q C RN be a bounded domain with piecewise smooth boundary and let p €

[1,00), s € (0,2] be such that sp > N. Then W,(Q) < C*(Q), for all o € (0,s—N/p|, if s—N/p # 1
and for all a € (0,s —N/p) else.

Proof. Compare [7, Theorem 8.2]. See also [1} p. xviii] . ]

2.2.5 Weakly differentiable functions depending on time

Here we introduce various spaces of weakly differentiable functions that depend on time. It turns out to
be more convenient to define them by using the language of vector-valued functions. Especially, we will
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make use of Bochner spaces and Sobolev spaces of vector-valued functions and we assume the reader
to be already familiar with these objects. A very brief introduction is given in the Appendix [A] For a
more extensive treatment, we refer to the references listed there. The reader is advised to go through the
appendix first as most of the notation used in the following is introduced there. We restrict ourselves to
the spaces that are actually needed in this thesis, not intending at all to give the most general definition
possible.

In the following, let Q; = I x Q be a bounded parabolic cylinder. We introduce the two spaces that are

important for our purposes:

Wy (Q)
Va(Qy)

Ly(I; W5 (Q)) W3 (1512 (),
C(I; Ly (Q)) N Ly (I; W5 (Q)).

By Theorem we have W21 1 (Qs) C V2(€y). On the other hand, elements of the space V,(€;) are in
general not weakly differentiable with respect to time ¢.

Using the identification L, (I;L,(Q)) = L,(I x Q) for 1 < p < oo by Proposition [A.7] we endow these

spaces with the respective norms

1/2
el g = (1 ) + 19212, + 1001, 0

1/2
H”HVZ(QI) = <T§IX\|”(I7'>’%2(Q) + ’V”‘iz(sz,)> :

We emphasize that for u € Wzl’1 (1), Vu shall always stand for the column vector of the weak derivatives
of u with respect to the spatial variables x1,...,xy. The weak derivative with respect to time ¢ will be
denoted by dyu.
Further, we define the following subspaces of Wzl Q) Va(Q), respectively:
W (@) = Lo (W5 (@) W (15 12(9),
Va(Qy) = C(I: L2 (Q)) N Lo (W5 (Q)),

see (A4) for the definition of the space W, (I;L,(Q)). Vividly speaking, elements of these subspaces
vanish on the parabolic, respectivly, lateral boundary of Q; in a weak sense.

Basic Properties

We list some basic results concerning elements of the above spaces.

For u € V»(Qy), also u;", u; € V»(€;), where the mentioned function are defined as in the previous
section. This follows directly from Proposition m The same holds true for u € W21 & (Qr), which is a
consequence of Proposition[A.12] These two assertions stay true if one considers the smaller subspaces
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V(%) and W, ](Q,) instead.

Further, if ¢ € C.(Q;) is piecewise smooth and u € V5(Q;), then u¢g € V»(€;). On the other hand, if
ue W2 '(Q)and @ € CC( Q) is piecewise smooth, then u¢ also belongs to Wzl 1(Qy). This follows from
Proposition [A.13] In the last two assertions, we assume that ¢ has bounded partial derivatives.

Proposition 2.2.13 ( [2, Lemma 6]). Letu € W21 1 () and t1,1; € I be arbitrary. Then

r iz
/2/8tu dxdt:/udx :/u(tz,x) dx—/u(tl,x) dx.
H JQ Q Q Q

1
The well-known Sobolev embedding theorem states that (weak) differentiability implies higher integra-

bility. The following comprises a result about the embeddability into (higher-order) L,-spaces for the
time-dependent case.

Theorem 2.2.14 ( [|8, Chapter 2, Proposition 3.3 ]). Let Q; be a bounded parabolic cylinder with piecewise
smooth boundary and u € V2(Q;). Then there is a constant C = C(N) such that

”qu/2+4/1\/(91) < C””HVZ(Q[)' (26)

Proof. Since u(t,-) € W, (Q) for ¢t € T, we can apply Theorem to it. Set g =2+4/N and observe
that this number satisfies the requirement (2.5)) in any dimension. This gives

q M 2 g 2/e 2(1-a)
el e = (e gy ) <€ (190 ) ma )
2 2 2 (1-2/q)
= [19ule gy ) e
< (219l o+ (1-2 ) manlutr 1B, ) <l
q 7ACL | q t€7 2 pACL S
where we used atg = 2 and Young’s inequality with p = ¢/2. The constant C is the same as in (2.2.9). [

A straightforward consequence of this is the following corollary:

Corollary 2.2.15. Let € be a bounded parabolic cylinder with piecewise smooth boundary and u €
V»(Q;) be non-negative. Then

ey @) < Cllullvy o) > 0]/ V)

where C = C(N) is the same constant as in Theorem|2.2.14]

Proof. The proof is a simple consequence of (the general) Holder’s inequality with » = 2 and the previous

Theorem[2.2.14

lelly ) < Ntll g e | 20501 a2y < Cllillvaayy 1l > 0]/ N2
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O]

In Section [3.2] the following deep result will be needed. For it, see[A.14]for the definition of vector-valued
Sobolev-Slobodeckij spaces.

Theorem 2.2.16 ( [15, Proposition 3.9, and 3.11]). Let p € (1,%) and Q C RY be a bounded domain
with smooth boundary. Then

Wy (I;Ly(Q) N Ly (WS (Q) = W, (LW(Q),  6<[0,1].

Steklov Averages

Elements of the space V,(€;) possess very little regularity, especially they are not necessarily differentiable
with respect to time ¢. Due to this lack of regularity, it is very hard to work with them. It is desirable to
approximate them by functions that have this property.
In this section, let 7 > 0, I = (0, 7] and Q; = I x Q. Depending on what is more convenient in a particular
situation, we may consider elements of the space L,(€s) (p € [1,%0)) as elements of the abstract space
L,(I;L,(Q)) =L,([0,T];L,(€)) and vice versa.
Definition 2.2.17. For a function u € L (I;L;(Q)) and h € (0,T), we define the Steklov average Syu €
Li(I;L;1(Q)) of u by

%ﬁihu(&-) dS, ift € [haT]u

(Shu)(2,-) = , (2.7)
0, ift € (0,h).

Occasionally, we call Sy, the Steklov operator.

The following theorem will play a crucial role for us. It makes a statement about the convergence of
the Steklov averages to the original function in various norms. The price we have to pay is that the
convergence is only guaranteed on a smaller sub-cylinder.

Theorem 2.2.18. Let Q; be as above, € € (0,T),0 <h < €and p € [1,).

(a) Ifu e L,(I;L,()), then Spu € C([e,T],L,(Q)).

(b) Ifu€ L,(I;Ly(R)), then Spu € Ly(I;L(R)) and |lu— Spul|r,((e,1):1,()) — 0 as h — 0.

(c) IfueC([0,T),L,(Q)), then Syu € C([e,T],L,()) and ||u(t,-) —Spu(t,")||z,@) — 0 as h— 0 for all
te€le, Tl

Proof. See [[17, Chapter 2, § 4] and [8, Chapter 1, Lemma 3.2]. Compare also 12, Lemma 1.14]. O

We collect some consequences of this theorem:

Proposition 2.2.19. Let Q; be as above. For € € (0,T), consider the sub-cylinder Q¢ = [€,T] x Q and
let 0 < h < €. For u € V,(Qy) there holds:
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(a) Spu € Wzl’] (Q¢) and
0 (Spu)(t,-) = (u(t,) —u(t—h,-))/h (2.8)

for almost all t € [e,T|. Furthermore, 0;(Syu)(t,-) = Sy(du)(t,-) for all i ={1,...,N} for all t €
[€,T].

(b) Forall k € R, (Spu); — u in Ly(Q¢) as h — 0. Also, for all t € [e,T], (Spu) (t,-) — u (t,-) in
Ly () as h — 0. All assertions remain valid if one consideres u,_ instead.

Proof. The first assertion in (a) is a direct consequence of Proposition while the second one follows
from Fubini’s Theorem. Assertion (b) is implied by Theorem[2.2.19 O

2.3 Auxiliary lemmas

This section is a conglomeration of results that do not fit thematically to any of the previous sections. We
collect them here in order to follow a straight line in some of our later reasonings, instead of having to
pause for some technical arguments.

2.3.1 Fast geometric convergence

The following will be needed for De Giorgi’s iterative argument in Chapter 4.

Lemma 2.3.1 ( [17, Chapter 2, Lemma 5.7]). Let Yy, £ € Ny be a sequence of non-negative numbers,

satisfying
Yoi1 < CbY Y, 2.9)

where b > 1 and y,C > 0 are given numbers. If Yo < C_l/yb_l/yz, then Yy — 0 as £ — oo.

Proof. We shall show that the elements of the sequence obey ¥, < C~1/7p=1/ rp=t/ Y, from which the
assertion follows, since b > 1. The proof of this claim is by induction.

For ¢ = 0, there is nothing to do.

Next,

Yoo < beY;H/ < Cch! [C—l/yb—l/yzb—f/}’] 4y —cp’ [C—l/yc—l],—1/?’]?—1/)/;9—1/7—Z
— Wy Ur )]y

O]

Lemma 2.3.2 ( [8, Chapter 1, Lemma 4.2]). Let Yy and Z;y, £ € Ny be two sequences of non-negative

numbers, satisfying

Y1 < Cb' (Yg1 oy Yfzﬁy) : (2.10)
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Zen < b (v+2;7) @.11)
for all £ € Ny, where b,C > 1 and 3, y > 0 are given numbers. If
Yo+ 2yt < (2¢)(H0/8p=(141/8 2.12)
where 6 = min{, Y}, then Yy, Zy — 0 as { — oo.

Proof. Define the auxillary sequence X; =Y, +Z£1 H’, ¢ € Ny. Fix an arbitrary index ¢ € Ny. Note that

assumption (2.1T)) implies
I+y I+yp l(14y) y 147
z, [T <t (2.13)

There are two cases: Either Yy, | < Zl}jrrly or Yy, > Zflif' )
If the first case is true, then by (2.13))

Xp1 < 221}117’ < 2C1+be(1+7)XZ1+V < (2C)(1+y)bz(1+y)Xél+y_
On the other hand, if the second case holds, then by assumption (2.10)

Xp1 <2 <200 (Yo 7)) P <20h'xvf

< 2Cb€X£1+ﬁ < (2C)l+yb£(l+Y)X£1+B.

Hence, in either case,
¢
Xop1 < O (1) X[, LEN,.

Assumption (2.12)) and Lemma[2.3.1]imply that X, — 0 as ¢ — oo, from which the assertion follows. [

2.3.2 Functional inequalities

The following two results are taken from [5, Section 2.1].

Lemma 2.3.3. Let 0 < s¢ < 51 and suppose g : [so,s1] — [0,0) is bounded and satisfies

A

for all s) < ¢’ < 0 < sy and for certain constants A,B >0, 0 € [0,1) and & > 0. Then there is a constant
C =C(a,0) such that for all s) < ¢’ < o < s1 there holds

Proof. The case 6 = 0 is trivial, so we assume 0 > 0 in the following. Let 5o < 6’ < 0 < 57 be fixed and
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pick an arbitrary s € (0, 1) such that 65~ % < 1. Define the sequence of numbers

i
oo =0, Cii1=0+(1—s)(c—0')) s/, i>0.
=0

Note that 6}, — 0; = (1 —5)s'(0 — ¢’) and 0; < &, i > 0. So we have by the assumption of the mapping
g:

ﬁﬁ@=ﬁmﬁ§9ﬁoﬂ+ﬁﬂj:wa+3
A A
S"(eg(“z)*wx*B)*w*“'“
k—1

(1 —s)“?a—o’)“ *B) X (057", (2.15)

< 0%g(ox) + <
for all k > 1. By our particular choice of the number s, the assertion follows for k — . 0

Lemma 2.34. Let g,h: (0,R] — R be non-decreasing, R > 0. Suppose that for 11,0 € (0,1) there holds
g(nr) < 0g(r)+h(r), 0<r<R.

Then for any p € (0,1)

1 /ry\(-p)Es h(Rl_“r"‘)
() R +——— L

r 0<r<R.
R -9 <rs

g(’)ﬁg

log 6

Remark 2.3.5. Note that the exponent (1 — 1) 5=

is strictly positive.

Proof. Pick an arbitrary r; € (0,R]. By monotonicity,
g(nr) < 0g(r)+h(r), 0<r<r.
Take n € N. Then inductively

g(M"r1) < 0g(n"~'r1)+h(r1) <6 (0g(n"*r1) +h(r1)) +h(r1)

h(ry)
1—-6’

n—1
<< 0"(r1)+h(r) ) 6 <0"g(R)+
i=0

since 6 € (0,1).
Now, for any O < r < rj thereisan € Nwith n"r; <r < T]"ilrl. We deduce

n"r; <r< nlogn < log <r> < nlognlog6 > log 6log <r>
r

r
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r log 6 r log 6 7\ Toen
< log (6"°¢") > log <> & grloen <) 0" < <> .
ri r ri

Hence
0" h(ry) 1/r e h(ry)
<gM™'r) < =3g(R <=-(=) .
o1r) < ~'n) < Tow + 100 < L ()77 )
Selecting ; = R'~Hr* proves the assertion. O

2.3.3 Moser iteration and an abstract lemma

Here, we develop the machinery needed in Chapter[5] Since the following tools are used in different
situations, it is more convenient to formulate them in a more abstract setting. We follow [5, Section 2.3]
and [29, Section 2.5] here.

Throughout this section, Us, 0 < 0 < 1 is a nested family of measurable subsets with non-zero measure
of a fixed finite measure space (U, 1), i.e. Uy C Uy whenever 0 < ¢’ < o < 1.

The first three results are about Moser’s iteration technique. They all assume essentially the same: A higher
L,-(quasi-)norm on a smaller set of a function u can be estimated in terms of u in a lower (quasi-)norm on
a larger set. It then turns out that these gains in integrability can be accumulated.

It is convenient to work with the function

@(p,0) = |lullL,w,) (2.16)

in the following. The function u will be clear from the context.

Lemma 2.3.6. Letrx >1,p>1, C>1and v > 0. Let u € L;(Uy) and suppose that for all y > O there

holds

C(1+y)"\""
[ull e, < (M) ull,ws,)s 0<o'<o<l. (2.17)

Then there are numbers M = M (x,v,p,C) and vy = vo(K, V) such that

M 1/p
esssup |u| < ((19)"0) [ullz,(v,) for all 6 € (0,1) and p € (0,p]. (2.18)

Uy

Proof. Let p and 6 be fixed and define the increasing sequence of exponents p; = pk’, i > 0 and a
sequence of indices o; via

op =1, o=1-)27(1-6), i>1. (2.19)
=1
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Now observe that 6; > 0, i >0and 6;_ | —6; =2 (1—8) >0, i > 1. So
l=0cy>01>--->0;,>--->0.

We make use of the function (2.16) in the following. Pick an arbitrary n € N. Since (2.17) holds for
arbitrary ¥ > 0, we have for y=p;, i=0,...,n—1

C(1+px)\
P n;e S(I) n— »¥n S A—n/1 AV P n—1,%Yn— 2.20
(Pn; 0) < P(pn-1K,0n) <(2n(1_9))v> (Pn-1,00-1) (2.20)
_ I/Pn—l I/Pn—l
" (szn—l))v C?Kv(nfl)
Iy e ®(pp_1,0,1) < [ L2~ D(pn_1,001) < ...
‘((2-"<1—e>>v povon) < (g (o1, 0n)
Yol (Gi1)x n-l +—j n—1 .j 1/p
< (Cl j=0 KV Lj-0/¥ (1 _9)"&0“) ®(po, 00)
M 1/p
<|— . .
< ((1 _9)w> ®(p, 1) 221

Here, C; = Ci(v,p,C) = (;fﬁ])vc, M =M(x,v,p,C) = sz/(K—l)zKyk/(Kﬂ)z and vo = Vo(K, V) =
kv/(xk—1).

As (2.21) is independent of n and finite, we let n — 0. Since in this case lim, e ®(py, 0) = ||ulz_(vy),
the proof is complete.

O]

If (2.17) only holds for sufficiently large 7, this does not change much:

Lemma 2.3.7. Let k > 1, C>1and v, p > 0. Let u € L,(Uy) and suppose that for all y > p

C(i+y)"\""
||MHL’}IK(U()'/) < <(G—G/)V HMHLY(UG)v 0<o <o <1.

Then there are numbers M = M (x, Vv, p,C) and vy = Vyo(K, V) such that for all 6 € (0,1)

M 1/p
<|-— .
es%zup|u| < <(1 — 9)V0> ull 01

The proof of this assertion is the same, except that one has to replace p by p in the lines following (2.20).
We now discuss the situation that an estimate like (2.17) does not hold for arbitrary large values of y:

Lemma2.3.8. Ler u(Uy) <1, k>1,0< po< K, V>0and C > 1. Assume that u: U; — R is measurable

and satisfies

C 177 / Po
[l v, < <(6—6’)"> ullz,ws), 0<o <o<1,0<y< = < 1. (2.22)
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Then there are numbers M = M(x,v,C) and vo = vo(k, V) such that

M 1/p—=1/po o
”MHLPO(UQ) < <(1_9)v0> ””HL,;(UI) forall 6 € (0,1), p€ (0, ?} .

Proof. Again, we use the sequence o; defined by (2.19) but this time define the sequence of exponents
differently, namely, put p; = pok ", i > 1. Clearly, these numbers fulfill the requirements of (2.22)). Pick

an arbitrary n € N. For the function (2.16) there holds fori=1,...,n
CK/po
< <
(I)(p(b 9) = q)(lev Gn) = (27”(1 _ 5))Kv/po

q)(pl,anl) S

C/’L ',1'—| K/

0 ==

< . -P 1).
= 2w (| gy B (Pn 1)

Using k" = po/ p, gives

1”Kj_1<(1<”—1)_ K 1<p0 1>_ K <1 1)
po = po(k—1)  k—1po \pn K=1\pa po)

— (n+ )K"+ nx"*!

Since
JK = )
= (k—1)2

we infer

jK’

™~
=
+
|
=
A
~
|
=
+
=
A
~
|
-

_ (n+1)KK”—1 _Kl—(n+1)1<”+m<”+1
N K—1 (k—1)2

(n+1)1<+n< K ol

So
1 - K 1 1 )
Pn PO ’

which in turn implies

<
o)
w
d
\_/ /\
o]
=
~
(=}
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Since the sequence p; is decreasing, there is a n > 2 such that p,, < p < p,_; for p € (0, po/k]. Therefore

11 K"—1<1<"—|—1<"*1—1<—1 (1+x) (k"' =1)

Dn DO po Do Do

(L) sasn(3-1)

Also, 1 < p/p,. Since we assume u(U;) = 1, Holder’s inequality yields

D(pu, 1) < D(p, )u(Uy) 7/P = d(p, 1).

Combining all above results reveals

1/p=1/po
0= (L) 20D

3

vi . 1+x

K—1

The following abstract lemma, due to Bombieri and Giusti [3]], is the main device in the proof of the weak
Harnack inequality in Section[5.2] The following formulation is taken from [29, Lemma 2.5.3], whereas
we follow [12, Lemma 5.13] in the proof. See also [25 Lemma 2.2.6].

Lemma 2.3.9. Lern, 6 € (0,1), v>0,C>1and 0 < Y < oo. Let u € Ly (Uy) be strictly positive.
Further, suppose u satisfies the following two conditions:

(a)
C y=1/%
lull, w,) < <,u(U1)(G—G’)V> lullz,ws), (2.23)
forall ' ;.0 and ywith0 < 0 <o’ <o <1land0<y<min(l,ny).
(b)
p(U; N[logu > a]) < Cu(U;)a™! (2.24)
forall a > 0.

Then there is a constant M = M (%, n,V, 0,C) such that

< Mu(Uy)'r. (2.25)

]l 20y <
Proof. By dividing both sides of (Z.23)) by u(U;)'/%, we see that we may assume pu(U;) = 1.

For o € [0, 1], define the monotone function g(0') =1log [|u[|, (v,,)- Note that g is bounded by our positivity
and integrability assumptions. We may further assume that g is a strictly positive function. If this were

not the case, then g(6) < g(o) < 0 for a ¢ in the above interval. Hence, [|u||, w,) < llullz, w,) < 1 and

the proof of the lemma would already be completed.
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Now fix 6 € (0’,1] and decompose the set Uy into
Ut =UsNlogu > g(0)/2] and U2 = Us N [logu < g(c)/2].
Since /v > 1, Holder’s inequality and (2.24) yield

el zyrgy < Nl (U7~ = exp (Lol ) ) (U /7718

< g(o>< 2C >1/71/y0
e — .
B g(o)

Further, since u(U2) < 1,

lull w2y = llexp(logu) |1, wz) < 7.
So
2c \ /11 )
Jullz,wy) < €89 (g(d)) 4 ¢8(0)/2, (226)

Step 2 We examine whether it is possible to find a y* € (0,min(1,17)] such that both terms in the
right-hand side of (2.26) are equal. Clearly, this can only be achieved if

2C < g(0). (2.27)
Furthermore, the second factor in the first term has to be equal to e ™8 (0)/2, Solving this for y* and recalling
the admissible range gives

-1

(Gz + L and y* < min(1,1%). (2.28)

0<y = ——F%S "

8
2log

Clearly, the two conditions (2.27) and (2.29) could be both fulfilled if g(o) is sufficiently large. Let us
assume that
g(o) > M, (2.29)

for a suitable number M; = M;(y,n,C) such that both (2.27) and (2.29) hold. Then, such a y* exists. So
e ) < 2652,

This and ([2.23)) yield an estimate for 6 < ¢’ < o < 1, namely

, C /vy —1/% 1 1 C
g(o’) <log (((G—G’)V) H”HLMU@) = (7’* - YO) log <(G—G’)V> +log (H”HLW(UG))

(g )5 gy




Section 2.3 — Auxiliary lemmas 21

log (=219
_800) (=) )+1 +log(2),

e

where we used the definition of ¥* in (2.28)) in the last step. Now, suppose further that

4C3
oo <&@, 230

ich which case we can estimate 3

8(0) < Zg(0) +1og(2)
Step 3 Now, if (2.29) is violated, we conclude g(o’) < g(o) < M; < (Gi”w Also, if (2.30) fails
to hold, we also have the similar upper bound g(o’) < %. So in any case, there is a constant
M, = M>(,M,C) such that

M,

m,forall@§6/<6§1.

§(0") < 35(0) +

Applying Lemma with 6’ = 0 and ¢ = 1 finishes the proof. O






3 De Giorgi-Nash-Moser estimates

In this chapter we state the famous theorem of De Giorgi, Nash and Moser that will be tackled by various

strategies in the subsequent chapters.

3.1 Statement of the theorem

For the rest of this thesis, let 7 > 0 and Q C R be a bounded domain . We consider the equation
du—div(AVu) = f on Qp, 3.

where Qr = (0,7] x Q.
We make the following assumptions:
(A1) Ac L. (QT;RNXN) , A = (ay¢). In particular, there is a number A > 0 such that

N
) |age(t,x)[> < A2, for almost all (¢,x) € Q7.
k(=1

(A2) There is a number A > 0 such that

(A(t,x)E|E) > A|EP, for almost all (¢,x) € Q7 and all £ € RV,

(A3) The inhomogenity f satisfies f € L,(Qr) forag e (1+N/2,00).

Remark 3.1.1. Note that the numerical criterion in (A3) is equivalent to the existence of a fixed number

k1 € (0,1) such that
1 N

9 2q
We will use this alternative frequently in the subsequent chapters.

=1-xj. 3.2)
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Clearly, we first have to define what is meant by a weak solution to this equation.

Definition 3.1.2. A function u € Vo(Qr) is said to be a weak solution (sub-/super-)solution to (3.1)) on
QTa lf

/ u(ty,x)@(t,x) der/ / —ud, @+ (AVu|Ve) dx dt = (<,>) / / fo dxdt (3.3)
Q
forallt, € (0,T) and all ¢ € Wzl’l(QT) (0<ope Wzl’l(QT) in case of sub-/supersolutions).

Clearly, if u is a solution, then it is also a sub- and super-solution. Also, if u is a sub-solution to equation
(3.1)), then —u is a also super-solution if one replaces the right-hand side by — 1.

We fix the convention that throughout this thesis, whenever we refer to (sub-, super-)solutions to equation
(3.1), we shall always assume that the assumptions (A1)-(A3) are in force, without mentioning that
explicitly.

‘We can now state the main theorem of this thesis:

Theorem 3.1.3 (De Giorgi-Nash-Moser). Let u € Vo(Qr) be a weak solution to (3.1) on Qr and let
Qfp =[a,b] xQ €Qr, 0<a<b<T,Q &Q be an arbitrary parabolic cylinder that is compactly
contained in Qr.

Then there are numbers & = a(A,A,q,N) € (0,1) and C = C(A,A,Q},d,q,N), where d = dist(Q},I'r)
is the distance between Q. and the parabolic boundary of Qr, such that

u e C***(Q) and H”HCa/Za(gT/T) <C (H”HLZ(QT) + ”fHLq(QT)) . (3.4)

In other words, every weak solution to has a representative that is locally Holder continuous.

Note carefully that both o and C are independent of u and f. Also, this is a result about interior regularity
only: The cylinder /. is assumed to have a positive distance from the parabolic boundary I'z of Q7 (it is
however admissible that the intersection with the top {7’} x Q is non-empty).

3.2 Remark on assumption (A3)

The integrability assumption (A3) requires some explanation. First, it can be shown that this assumption is
optimal, i.e. Theorem 3.1.3|fails to hold if the right-hand side f only belongs to L,(Qr) with g < 14 N/2,
see [17, Chapter 1, §3, Example 3]. As this result alone provides no intuition for why the theorem might
be true under assumption (A3), we elaborate on this assumption further.

We consider the simplest example of equation (3.1), namely we assume the matrix A to be the identity
matrix. Then (3.1) becomes the well-known heat equation

—Au=f on Qr, 3.5
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where we impose the condition f € L,(Q7), ¢ € (%,oo) . This restriction has the following motivation,
namely the solution u will possesses even higher regularity in the interior of the cylinder Q7 :

Theorem 3.2.1 ( [17, Chapter 3, Theorem 12.1]). Let u € Vo(Qr) be a weak solution to (3.5) on Qr with
feLyQr)forqe (%,00) . Then for any [a,b] x Q' € Qr,0<a<b<T, Q € Q there holds

u € Ly([a, b]; W () NW, (la,b]: Ly())

For the sake of simplicity, we assume the set Q' to have smooth boundary. If the conditions of this result
are satisfied, we can apply Theorem and see that

weW,%([a,p;W;°(Q)),  6€[0,1], g€ [2,%). (3.6)

For the moment being, we fix an arbitrary 6 € (0, 1). The space qu_e([a,b];que (Q')) will be embedded
1

inc'%4 (la,b); W24 (Q')), while W28 (Q') < C*(&) for any a € (0,26 —N/q) provided that

1
(1-0)g>1<(1-6)> —,
N 3.7)
20 >N 0> —,
2q
by Theorem[A.T5|and Theorem [2.2.12]
Adding the two latter inequalities in (3.7) gives us, keeping (3.6)) in mind,
1 N
1>—-—+—andg <oco. 3.8)
q9 2

This inequality is independent of the number 6 and exactly condition (A3). It is easily verified that for ¢
in that range and for 6 = N /(N +2), the conditions in will both be satisfied.

Therefore, by virtue of (3.6), the two embedding theorems mentioned above and Remark[A.3] we see that
u € C%/29([a,b] x Q) for a certain & € (0,1).

So if assumption (A3) is in force, we see that (neglecting the additional assumption added for the sake of
simplicity) Theorem [3.1.3]is true for the simplest example of equation (3.I). Hence, we can hope for the
validity of the theorem for more general equations under the assumptions (A1)-(A3). That this is indeed
the case is of course the aim of this thesis.

3.3 A weak formulation based on Steklov averages

It is remarkable that elements of the space V, are not necessarily weakly differentiable with respect to time
t, and yet it is possible to state a reasonable weak formulation to (3.1)) in this class of functions. However,
as already pointed out, this minimality assumption on the regularity makes it hard to work with these
functions. We thus deliver a short paragraph in which we derive a weak formulation based on Steklov
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averages which turns out to be more practical. Its main benefit is that the time derivative appearing in
the second term of (3.3) is shifted from the test function ¢ to the Steklov average of u (which has the
required regularity for this operation). In the subsequent chapters, we will then be able to derive workable
identities for the limit 2 — 0, using Theorem

The following two lemmas are based on [[12, Section 5.2] and [8} p. 17-18].

Lemma 3.3.1. Let u € V2(Qr) be a weak (sub-/super-)solution to equation (3.1) on Qr. Then for all
0<ity<t; <Tandall g €W, (Qr) (forall 0 < ¢ € W,"' (Qr))

/ u(t,x)o(t,x) dx
Q

1 t t
+/1/ —ud @+ (AVu|V@) dx di = (<, 2)/1/f(p dxdr.  (3.9)
to o Q 1o Q

Proof. We only prove the assertion for weak sub-solutions as the other cases are treated similarly.

Let ty, 1; € (0,T], to < t; be fixed and take h € (0,7)) . We define the piecewise smooth function
X : (0,T] — [0, 1] which is equal to zero for ¢t < fy — h, constantly equal to one for > ¢y and linear on the
intermediate interval (so d;(t) = 1/h on this segment). Pick an arbitrary 0 < y € Wzl’l (Qr) and insert
the function ¢ = yy € V.VZI’1 (Qr) in (3.3). This gives

t t
/u(tl,x)q/(tl,x) a’x—i—/1 /—uat(xy/) dx dt + 1 )C/(AVu\Vl//) dx dt (3.10)
Q to—hJQ o—h Ja
t
g/l /fxq/dxdt. (3.11)
to—h JQ

By virtue of assumption (A1) concerning the matrix A, it is clear that for iz — 0, the third term in (3.10)
converges to its corresponding term in (3.9). The same is true for (3.11)), using assumption (A3).

We turn our attention to the second term in (3.10) and deploy the Steklov averages introduced in Section
[2.2.5] From the product rule[A.T13]and Fubini’s Theorem it follows

t 1 1 t
/] /—uat(l//x) dxdt:—/o ful//dxdt—}—/l /—ux&,y/dxdt
to—h JQ to—hJQ h to—h JQ

t
:7/ Sn(uy)(to,x) dx+/1 /fuxatl[/dxdt
Q to—h JQ
t
—>f/ (1o, ) W(t0,) dx+/1/ —ux oy dx di
Q Iy Q

as h — 0, by Theorem [2.2.18] Since y was arbitrary and x(¢) = 1 for ¢ > y, the proof is complete. [J

Unfortunately, we are forced to abuse our notation a bit, since the next proposition involves Steklov
averages of vector-valued functions. More concretely, we have to apply it to the vector AVu. We fix the
convention that in this situation, the Steklov operator is applied to every component of the vector.

Proposition 3.3.2. Let u € Vo(Qr) be a weak (sub-/super-)solution to equation (3.1) on Qr. Then for all
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ec(0,T),he (0,8), y € W) (Q) (0< we W, (Q)) and almost all t € [e, T] there holds

[ s ow det [ (S1AV0E0IVYEW) dr=(<2) [ S v s (12)
Q Q Q
where Sy, is the Steklov operator.

Note that by Proposition [2.2.19(a), all integrands in (3.12)) are well-defined.

Proof. Again, we only consider weak sub-solutions u. By Proposition foralls € [e,T]\ N, where
N is a set of zero measure, the identity holds. Take % as above and ¢ such thatz,r —h € [e,T|\ N
and insert ¢ for #; and 7 — h for 7y in (3.9). Also, we plug in a specialized function 0 < ¢ € Wzl 1 (Qr),
namely, we assume @ to be independent on time on the interval [t — h,t]. More precisely, we take
@(s,x) = x(s)w(x), where 0 < y € W, (Q) and 0 < x(s) is a piecewise smooth function that is equal to
one for s >t — h and vanishes for s < €.

In this particular situation, (3.9) becomes, using Proposition [2.2.13]and dividing both sides by 4,

}ll/g[u(t,x)u(th,x)]l//(x) dx+}ll/tth/Q(AVu(s,x)|Vl//(x))dx ds
:/ O (Sn(uw)) (1, ) dx+/Sh (AVU|[VY) (1,%) dx
Q Q
= [ oSt wx) dx+ [ (SHAV) (1, 0[Vy () d

1 t
< E/,,h/gf(s’x)l’/(x) dxds:/QSh(flI/)(t,x) dx:/Q(Shf)(t,x)l//(x) dx.

We made use of the linearity of the Steklov operator. Also, since the function ¥ depends on x only, we
can move it out of the integral in the definition of the Steklov averages. This proves (3.12).

O]






4 The De Giorgi-method for parabolic equations

We give the first proof of Theorem by adapting De Giorigi’s original ideas in [6] to the parabolic
case. As the proof is quite lengthy and evolved, we first give a brief, informal outline of the proof.

As the Holder norm consists of two terms, we split the problem in showing that both parts are finite. We
first deal with the local boundedness. The whole proof is based on the idea that a function u will be
bounded from, say, above, if u,j is zero for sufficiently large k. Of course, the main question is how to find
such a number k.

The first step in this direction is the establishment of a certain inequality for the truncated function u,:r,
on sub-cylinders of a special form, where u is a weak sub-solution. This inequality has an interesting
structure: It allows us to estimate the V-norm of ;" on a shrinked cylinder in terms of «; on the original,
larger cylinder. By using the same inequality again with yet another smaller sub-cylinder, we set up
an iterative argument, which ultimately leads to a condition that reveals how to select a number k with
u,j = 0. This is De Giorgi’s famous iteration technique.

Having established the local boundedness, we approach the second part of the Holder norm. Clearly, the
term (2.1)) does not make sense for arbitrary functions of some Sobolev space, so we must look for a
measure-theoretic counterpart. Recall that for bounded and continuous functions u, its oscillation on a
set O is definded by osco u = sup, u — info u. As the numerator of (2.1)) is bounded from above by the
oscillation of # on O and since this term can be re-defined for measurable functions, we opt to study the
(essential) oscillation of weak solutions. This is a long and difficult step. We first deal with two lemmas
about the local behaviour of these functions in a separate section. They form the key device for obtaining
good estimates for the oscillation.

In the fourth (and short!) section, all previous results come on stage to answer one final question: Given a
weak solution, how can one construct a representative that is Holder continuous?
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4.1 Local boundedness of weak solutions

Roughly speaking, we establish the first half of the estimate (3.4) in this section. Namely, we show that
every weak solution to equation (3.1) is locally bounded.

We start with some notation: For arbitrary 7 € (0,T], xo € Q, and 7,r > 0 we consider parabolic
cylinders of the form Q(ty,x0,T,r) = [to — Tr%, 0] X B(xo,r). The reason for considering this particular
type of cylinders will become clear below. We will often write Q, B instead of Q(to,xo,7,r), B(xo,r),
respectively, if no confusion is to be expected. We fix the convention that whenever we write Q € Qr,
we implicitly assume that fy, xp, T and r are in such a way that this expression is meaningful, without
mentioning this directly. Note carefully that Q and {7} x Q may have a nonempty intersection.

For functions u € V,(Qr) with Q € Q7 and k € R, we adopt the notation u,j, u, of Chapter 2, i.e.
w = max(u—k,0), u, =max(—u—k,0).
Furthermore, we introduce the sets

A/ifr(t) = {x € B(xo,r) : u(t,x)—k> 0},
A (1) ={x € B(xg,r) : —u(t,x) —k >0},

where t € [ty — T, 1y).
For & € (0,1), we consider the shrinked cylinders 8Q = [ty — 877, to] x B(xo, 7).

‘We state our first result:

Lemma 4.1.1. Let u € Vo(Qr) be a weak sub-solution to equation (3.1)) on Qr and let Q € Qr. Then
there is a constant C = C(A,A,N), such that for any 8 € (0,1) and k € R there holds

1 1 2
i s <€ [ (et () )

) o 2(142x)/4
Wl ([ 0l ,

where K =2k /N with K| as in Remark G=24¢'(1+x)=2+4/N and ¢ is the conjugated index

of q.
The same inequality holds for super-solutions u if one consideres u, and A, (t) instead.

4.1)

Recall that if u is a super-solution to (3.1]), then —u is a sub-solution to (3.1 with the right-hand side
replaced by — f. So it suffices to show the first part of the assertion.

Proof. Let y € C.‘C(QT) be piecewise smooth, 0 < y < 1 and assume its restriction to Q (which we also
denote by y) vanishes on the lateral boundary of Q. Since Q € Qr, there is an € > 0 with Q € [¢,T] X Q,
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so Proposition and Theorem are applicable on the cylinder Q. As (Syu)| € Wzl L) it
follows (Syu); y?* € Wzl’l (Q), where h > 0 is sufficiently small. Thus, for ¢ € [ty — T7°,19], we have
(Spu) (¢, )W2(t,-) € W) (B). Pick an arbitrary t; € [tg — Tr%,1o], insert this function in (3:12) and integrate
both sides from 7o — 772 to ¢;. This gives

t 1
/ 1 / 3y (Syut) (Syua) v dx i + / 1 / (SH(AV)|V (Spe) ) w? dix dr
to—tr2 JB to—tr2 JB

131

4.2)

4l

+ / 2 (S (AV) V) w(Spu) dx di <
B

l‘o—‘L’r2

/B(Shf)(shu),fqlz dx dt.

to—’l.'}’2

Notice that the first integrand in (d-2) can be replaced by 0, (Syu); (Syu),” W2, as integration is actually
only performed on the set where (Sju)x > 0 holds. By applying the chain and product rule[A.12)and[A.13]
we observe that this term can be written as

1
O (Swu)f () y* = Eat ((Snue) ‘l’)2 - ((Sh”)zj)z Yo y.

We return to (4.2)) and use this identity and Proposition[2.2.13}

t

1 1 .,
> [ (Sl w) (.0 ax Lt L vy s v? drar .
* /zl_ 2 /32 (Sh(AVU)|Vy) w(Spu); — ((Shu),f)2 Yo,y dx dt 4.4)
= /,01_7,2 /B(Shf) (Squ)f * dx dt. (4.5)

From this, we pass to the limit # — 0, using Theorem|2.2.18|and Proposition[2.2.19| Here, the assumptions
(A1) and (A3) come into play: The former one implies that the second integrand in (4.3), respectively the
first integrand in (4.4)) belong to L;(Q). The same holds for (4.5]), using assumption (A3). This gives

4]

t
SLwviad [ [ () ) P dra
2/ to—Tr2 to—tr2 JB
t
s [ [20a9 () 1vw) v — (f) wor dxdr (4.6)
ty—7r* JB

1
g/ /fu,jwz dx dt.
tof’L'rz B

Step 2 From now on, we write uy instead of (ug)™.
Note that by assumption (A2),

1 gl
/1/ /]Vuk]2w2 dxdzg/ /(AVukWuk) v dx dt.
tof‘L'r2 B l‘()f’t'}’2 B

By Cauchy’s inequality with &€ = %, the term 2u; Y |(AVur|Vy)| can be estimated from above by
ZATZM%|V1[/|2 + %\Vuklzlllz, where A is the constant appearing in assumption (A1).
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Combining these observations with (#.6) yields, after shifting some terms to the right-hand side

n f
+7L/ /|Vuk|21//2 dx dt
t()f‘L'r'2 B

t()f‘L'r2

noora A2 n
g/ /|Vuk|zl//2—|—u%<2\Vl[/\2+l;/8,l[/\> dxdt+/ /|f|uky/2 dx dt,
to—1r2 JB 2 )L to—1r* JB

1
S 1 Caew) (@) Iz, )

SO,

N A‘ 1
2

1
S wv) eI s [ Vi y? axa

l()—TVZ to—7Tr

151 A2 1
g/ z/uﬁ [2A|w|2+w|atw|] dxdt+/ /|f|uk1//2 dx dt.
to—1tr- JB t()f‘L'r2 B

. t .
Evaluating 4 | (1) (1, )2, e = 2110y)(t1,) |2, ) — 31 ) (10 — 712, )12, 5 and moving the

latter term to the right-hand side gives us, after recalling that #; was arbitrary,

max !(ukllf)(tw)lliz(B)Jrl/QWuk21!/2 dx dt < ||(uxy) (10— 7%, )17, )

to—Tr2<t<ty

+C1/Q(!Vllflz+qf|a,wy)u,% dxdz+2/Q|f\ukq/2 dx dt, 4.7

with a constant C; = C1(A4,A).
Step 3 We now take a closer look at the last term in (4.7)). Let us first describe the idea behind the next
step: As we know that u; y is an element of the space f/g(Q) (by the assumptions we posed on V), it seems
wise to use this fact to proceed further. Theorem gives us the embedding V>(Q) < L, ,4 /N (Q). We
opt to apply the general Holder inequality to the last term in (.7), choosing the number 2 + % as one
of the exponents, whence we shall be able to apply Theorem to this term in the right-hand side
Holder’s inequality.
First, we perform some algebraic manipulations: By Remark there is a fixed number k; € (0,1)
with

1 + E =1- K.

9 2q
This implies

SRELRNELY SRR T I A B A
2¢ 49 2 q 2) 4 2 4 ’

in which ¢’ is the conjugated index of ¢ and k¥ = 2k} /N. From this, we immediately obtain the equality
G=2¢(1+x)=2+4/N. Setting ¢g* = §/(1 + 2x), one easily checks the validity of
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We denote by yx for the characteristic function of the subset of Q, where u; > 0 and return to (4.7) :

1o
2/ / 2dxdr <2 A
to—tr2 JAL (1) Fluwcy” dx dr < ||f||Lq(Q)H”k‘I/HLq(Q)

<2C[|f I, luWliva(o)

1
< 8C%HM1<1I/H%/2(Q) + EHfH%q(Q) HWXH%,(]*(Qy (4.8)

for an arbitrary € > 0 and a constant C; = C(N). Further,

B0 <2 (, max_ 1w, o)+ [TV )+ VWi ). 49
Next, we combine all intermediate results (4.7), @.8)) and (4.9): First, we choose € = £(A,A,N) so small
that 2¢C3 = %min( 1,1). Further, we impose the function ¥ to vanish on the whole parabolic boundary
on Q. In the following order, we shift the first two terms in the parenthesis of (.9) to the left-hand side of
(4.7), combine similar remaining terms and subsequently divide by %min(l,?t). This gives

max || (uew) (1, )1z, 5 + | (Vue) Wiz, )

to—Tr2<t<ty

<G (H”kV‘l’Hiz(Q) +/Q”%1If\3ﬂlff dxdr+ Hf’i(Q)HV’X”i%Q))

for a certain constant C3 = C3(4,A,N).

Step 4 The final step of the proof is very simple: We take y as before but further impose that it
can be decomposed (on the cylinder Q) as y(t,x) = @(t)®(x), where ¢ : [tg — Tr2, 9] — [0,1] and
o : B(xp,r) — [0,1] are both continuous and piecewise smooth. Additionally, we assume ¢ to be
constantly equal to one on [ty — 8772, 1], vanishes for t = ty — 77> and that @ is linear on the segment

in between. Similar restrictions are put on @. This ensures |d;y| < = 5) 575 and Vyl|? < This

1 5)2 2
concludes the proof.

We now make the key step towards the local boundedness of weak solutions.

Theorem 4.1.2. Let u € V5(Qr) be a weak sub-solution to (3.1) on Qr and let Q = [ty — Tr?,19] X
B(xo,r) € Qr. Then there is a constant C = C(A,t,A,q,N) such that

1/2
esssupu§C<<|Q| / u” dx dt> +’"2(N+2)/q\f‘|Lq(Q)> < oo, (4.10)
70

An immediate consequence of this assertion is also the boundedness from below of weak super-solutions
and altogether, the boundedness of solutions on the cylinder %Q.

But before we begin with the actual proof, we spend a few words on a crucial feature of equation (3.1):
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scaling invariance. This property will considerably simplify most of our arguments in this thesis.

Take u and Q as above and put ¥ = =%, 7 = ¢ for x € B(xo,r) and 1 € [to — 72 1y]. Obviously,
%€ B(0,1) and 7 € [—7,0]. With these new variables, consider the function (7, %) = u(r*f + ty, r¥ + xo),
which is clearly in V2(Q(0,0, 7, 1)) by Proposition Likewise, with the aid of the same Proposition,
i satisfies the definition of a weak sub-solution (3.3) on Q(0,0,7,1) (where we replace @(t,x) by
@(7,%) = @(r’f + 19, 7%+ xo)) for the new right-hand f(7,%) = r*f(r’f +1to,r% +x0) € L,(Q(0,0,7,1))
and matrix A(f,%) = A(r*f +1to, 7%+ xo). Notice that the key assumptions (A1)-(A2) remain unchanged,
in particular, there is no alteration of the numbers A and A.

So if we assume (@.10) to be true, then

| 1/2
esssup it = esssupu < C </ u? dx dt) +r2*(N+2)/quHLq(Q)
10(0.0,71) lo [0l /e

F—(N+2) 5 - 2 (N+2)/q,(N+2)/q| F
_¢ |Q|/Q(OVO,T7])M dedi | +r WA Tl 00

1
=C 7/ i d“df)
((IQ(QOJJ) 000

So to summarize, we may assume without loss of generality that (79, x0) = (0,0) and r = 1 in the above

1/2

+ \fHLq(Q(op,r,l))) :

theorem.

Since the proof of Theorem @.1.2]is quite sophisticated, we first spend a few words on the key idea of it,
which might otherwise be concealed by technicalities. The estimate above is simply the statement that u
is bounded from above on %Q in disguise. So far, however, we are only in possession of estimates of u
in some versions of the L,-norm and it is by no means obvious how to turn them into estimates in the
Loo-setting.

The basis of the whole proof is the crucial but strikingly simple observation that « will be bounded from
above if and only if u2+ 1y = 0 for sufficiently a large number M (the factor 2 will be explained soon) - or
equivalently that ||u3,,|| = O for some norm | - ||. This different way of looking at the problem seems
to be quite promising, taking Lemma into account, which appears to be custum-tailored for our
situation: The V;-norm of u; » on a smaller cylinder can be estimated from above in terms of u; ) ona
larger cylinder. However, we face a serious problem here: The structure of the above inequality provides
no information at all for which number 2M its right-hand side vanishes.

So the direct approach to go down from the larger cylinder Q to the smaller one %Q is not working - the
step in the scale is simply too huge and prevents us from obtaining viable information. The crucial idea is
to squeeze in a carefully constructed sequence of nested cylinders %Q C - COQH1EQE---EQpEQ.
Then, instead of making one large step from %Q to O, we opt to make (infinitely) many smaller steps from
one of the intermediate cylinders to the next. With the aid of Lemma.1.T]and by a careful construction
of the cylinders, we will end up with a recursive system of sequences. These will (finally!) tell us how
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to choose the number M: If chosen correctly, both sequences converge to zero, which will be enough to
deduce the assertion of the theorem.

Let us make this more precise and also introduce some notation in order to keep the proof short and clean:

For £ = —1,0,1,... the decreasing sequence of radii 7, r; are defined by 7, = 7/2 +t/2*%, r, =
1/2+41/22, with which we associate the nested family of cylinders Q; = [—1,0] x B(0, r¢). Further, by
Fp = %(}’g +ro1), T = %(Tg + 774+1) we denote the median of two subsequent radii.

Also, we introduce an increasing sequence of numbers k; = 2M — 12‘—’{ " 2M for a positive number
M > || fl|z,(g) to be specified later. It is handy to write F* for || f{|z, ()

We fix the convention that for the rest of this subsection - in contrast to the previous usage - we will write
up = (u—ky)" instead of ukt in order to avoid too many indices.

Again, the sets Ay, ,,(t) = {x € B(0,r;) : u(t,x) —k; >0}, t € [-7,,0] will be used. As a shorthand
notation, we write A/(t) = Ay, »,(t). Lastly, the set {x € B(0,7¢) : u(t,x) —ky11 > 0} will be denoted by
Ay(1) and we write Qy for the cylinder [—7%;,0] x B(0, 7).

We shall frequently make use of special cutoff functions y;,¢ = —1,0,1,... with the following properties:
We demand that 0 < y;, < 1 is piecewise smooth function equal to 1 on the cylinder O/, supp v = Oy
and that |9, | < 24/t and |Vy,| < C2¢+* with a constant C = C(N).

Also, we introduce the following sequences of quantities, where ¢ € Ny:

0
Xi= [ VAo ar,

-t

1 0
Y= —2/ / uf dx dt,
M —T A/(Z)

7= ( /_ (; A(0)| dt> )

The latter two are the major components of the right-hand side of the inequality in Lemma.1.T] while
the first one is an auxillary quantity to shorten our notation.

So here is our plan: We aim to show that HuerHLz(%Q) = 0. Since 2M > ky and %Q € Qy for any ¢ € Ny,

we have the trivial estimate ””;MHZ (1o < M?Y,. Since this holds for every /, it suffices to show that
2

)
Y, — 0 for £ — oo. It then follows that u;M =0on %Q - or in other words, ess sup 1 < 2M. It turns out

that 2M = 2C([|ul|z,(g) + I f]lz,(0)), Where C is a certain constant. This is exactly up to the factor
|0|~"/? which can be added by altering the constant C.

So we do not proceed exactly as discussed before at the beginning of this introduction: We do not aim for
showing that ””;M”vz( 19) Vanishes, but rather use Lemmaas a tool to estimate Yy 1,Z;; in terms
of Y;,Z,. As already mentioned above, the values of Yy, Zy will determine whether these two sequences
converge to zero. In order to ensure that these quantities are small enough, it will be necessary to use
LemmaM.T.T|once more. That also explains why we do not take the cylinder Q for Qp - we simply need
some more space.
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Having finished this long introduction of our notation, we are now able to start with the actual proof.

Proof. Let £ € Ny be fixed. Applying Corollary [2.2.13]yields

10 10
Y£+1:*/ / ufldxdt:f/ / ”% 17 dxdt
M2 —Ti+1 A€+l * M2 —T+1 Af+l *

Cl 2/(N+2)

= MQHMK-HWZHL (0 X ||M€+11I/F||V (00 4.11)

with the constant C; = C;(N). We estimate the right-hand side of (4.11)) further:

XY vl g
— X max e vn) () B + 19 w0 g,
<2 hx2/ (r;gtgo\l(umw)(t, Waios + IVue 1yl g, + uueﬂwum@))
<2C Xz/(NH)(A;Z _max g (1, Mo, + MzHVWHHL +4”4Y> (4.12)

since 0 < yy < 1 and by the construction of y,. The constant C; depends on N only.

We proceed by examining the terms appearing in the right-hand side of @.12)), applying Lemma[4.1.1]
with Qg and Qy. A simple calculation shows that in this setting, (1 — 0 )_1 < 2f+4 . So for some constants
C3 =C3(A,A,N), C4 = C4(A,7,A,N) we have

1 1
a2 o max Hug+1( )HB W”VWH ||i A )+4€+4y£ (4.13)
- /
C
S ﬁ?’z4[+4 < > Hu€+1HL2 ©0) +C3 Zl+21( 4€+4Yf (414)
1
<4t ((C3 +1) (1 + T) Y, +C3z;+2'<> < CA™ (Y4217 (4.15)

We made use of the assumption F < M, and 0 < up < uy.

As koy1 > kg, we infer |Ag(l‘)‘ < |{x € B(0,7) : u(t,x) > k¢ }|. This implies

B u(t,x) —ky H 0 ul
X'S/ x€B(0,7): ——~—>0 dt</ / — b dxdt 4.16)
! — Tt { (0,7) ko1 —ke —7 JA(1) (ko1 7k€)2 (
= M2 ZY/ §4Z+1YZ (417)
(kg1 — k)

by the mere definiton of k.
We put B =2/(N +2) and finally, by combining the above estimates, arrive at

Y1 < Cs16! (Y;*B +Yle}+2’<) ,
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where Cs = Cs5(7,4,A,N) = 45C,Cy.
Step 2 We now derive some estimates for Z, by proceeding similarly as in (4.16):

0 2/4 2+4/N 2/(2+4/N)
Zy = (/ / 1 dx dt> < / (W> dx dt
—Tpyy JAp (1) Q0 k@+l - kf

! ’ 2 4t+1
<o —— e
B 1<ké+1—kz) luewelly, ) 2 ||WW||

Here, we used § = 2+4/N and Theorem [2.2.14] We remark that the constant in the last term coincides

with the one in (4.11)). From this, we move on as in the last step:
4€+ Hu H2 2£4f+1 C 4€+4 1 4 l MZY +C F221+2K +M2Y
M2 Yelly, o, e 3 . (tC3r7Z, ‘
< Cs16' (Y, +2,77%).

Step 3 We summarize the results of Step 1 and 2: The sequences Y;, Z; satisfy for £ > 0

Y < Cs16! (Y ( 1By Yﬁz“z’“) (4.18)
Zps1 < Cs16° (Y, +2,725), (4.19)
i.e. they fulfill the same recurrence relation as in Lemma[2.3.2] Hence, the above sequences will converge

to zero, provided that (Z.12) holds - this is what we aim for in the following. We set Cs = (2Cs)!/916!/%*
for § = min(f,2x). So the goal is to choose M in such a way that both

1
Yo < 3G (1425 and (4.20)
Zy <27Vt (4.21)

hold, i.e. both ¥; and Z; do not exceed one half of the right-hand side of (2.12).
Step 4 First, we have

1 2 1 1
_ + 2
Yo = MZ/Q() ((u=M)")" dxdr < WHMHLZ(QO MzHMHLz <7 (el 0 +F)

So (#.20) holds, provided that
V2C P ul| o)+ F] < M. 4.22)

Step 5 In order to obtain an estimate for Zj, we proceed in the very same way as in Step 2:

G 2 2 30112
<2MZ< max Hu(ff)HLz(B(O%))+||Vu||L2(Q71)+4 H“HLz(Qf,)

—57<t<0
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<23 (96 (14 1 ) Il g+ CFI0P 290 4l
<4224 () + FAQPI /) = 474516 (Jul, g + FIOPO274)
<472 2 max (1, (2]B)2 2900 (g + F)*
Hence, if
%21/2“”">(Cscé>”2max( (elB)29) (o) + F) < M, (4.23)

(@.21)) will be satisfied.

We now choose M = Cy (|ul|,(0) + F) , where C; = C7(4,T,A,q,N) = max (ﬂCéHz")/z, 121/201+21)
(CsCs)"/?max (1, (z|B|)(1+2%)/4) ) and (@.22) and (#.23)) are both fulfilled.

The proof is complete. O

We wish to generalize this result to scaling factors different from 1/2. This will make the proof of the
next Theorem [4.1.4] easier. The following corollary shows that this is indeed possible and one can almost
exhaust the full cylinder.

Corollary 4.1.3. Let u € V2(Qr) be a weak sub-solution to (31) on Qr and let Q = [ty — Tr%,1y] X
B(xo,r) € Qr. Fix 6 € (0,1) . Then there is a constant C = C(8,A,T,A,q,N) such that

1/2
esssupMSC<<16)<N“>/2 (!é| / i dxdr) +r2<N+2>/‘f||f||L,,<Q)>- (4.24)
80 0

Proof. For arbitrary points (¢',x') € §Q, consider the cylinders Q D @' = [¢' — (1 — 8)tr?,¢'] x B(x', (1 —
S)r)=[t'—7 (¥, xB(x',r), where ¥’ = (1 - 8)rand 7’ = 7/(§,7) = /(1 — ). Then by Theorem
412

esssupu < sup esssupu
50 (t'x')edQ %Ql

1 1/2
< sup C < / uzdxdt) (YR
(1 .x)e8Q ( 10 Jor () £z, (0

~ 1 1z
§C<((1_6)) (N+2)/2 <’Q|/Qu2 dxdt) +r2 (N+2)/qu||Lq(Q)>'

Here, C=C(A,7',A,q,N)=C(8,A,7t,A,N). We used 2 — (N +2)/q > 0 in the last step. O

We are now in possession of all tools needed to prove the main theorem of this section: The local
boundedness of weak solutions.
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Theorem 4.1.4. Let u € Vo(Qr) be a weak sub-solution to equation (3.1)) and let Q) = [a,b] x Q' €
Qr,0<a<b<T,Q &Q be an arbitrary parabolic cylinder that is compactly contained in Qr. Then
u is bounded from above on ST’T and

esssupu < C ([luliy(or + 11/, or) ) (4.25)
Q
with a constant C = C(A, A, Q). d,q,N), where d = dist(Q},I'r) > 0 is the distance between Q. and the
parabolic boundary of Q.
Similarly, weak (super-)solutions to (3.1)) are locally bounded (from below).

Proof. The proof is a simple consequence of Corollary and a covering-argument. Put r = d/2 and
take T = 7(Q/,d) such that 0 < b — 7r? < a - this is possible since Q. € Qr. Also, there are finitely many
points xi,...,x, € Q', n=n(Q}) such that Q. € Uj_, Ox € Qr, where Qy = [b— 112, b] X B(x¢,r). Now
choose § = §(Q}) € (0, 1) so large that Q). € f_; 8Qx. As we are only dealing with a finite number of
sets, this is possible by the compactness of the inclusions.

Now let u be a weak sub-solution to equation (3.1) on Q7 and pick an arbitrary index k. Then by Corollary
there is a constant C; = C1(8,4,7,A,q,N) such that

1
|Ok|1/?

esssupu < Cj ((1 — §)~W+2)/2

Ielisan +7 21 iy )
60k

Taking the definition of the numbers r and J into account yields

esssupu < C (o) + 100
k

with a constant C; = C2(A,A,Q),d,q,N) independent of k. Eventually summing over all k proves

@.25). O

We point out that the proof reveals that the constant C becomes exceedingly worse the smaller the distance
d is.

4.2 Density estimates

Having established local boundedness of weak solutions, we gradually approach the second component
of the Holder norm. This section is devoted to the acquisition of suitable tools to accomplish this feat.
We first derive two further integral inequalities for weak solutions, now deploying our hard-earned
boundedness-result. From them, two further results will arise and these are the central instruments to
establish the local Holder continuity.

Basically, the two results are statements about the local behaviour of weak solutions. Note carefully that
boundedness alone does not rule out the possibility of locally highly oscillatory solutions. Gaining control
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of the oscillation is the central topic of the next section. The two mentioned lemmas already point in that
direction as they, in a broader sense, make statements about the local growth and decay behaviour of weak
solutions.

We use the same notation as in the previous section. As the following result holds both for u,j and u;
(with the same constants for either of them) we simply use the superscript '+’ to treat both functions
simultaneously.

Lemma 4.2.1. Let u € V2(Qr) be a weak solution to (3.1)) on Qr and let Q € Qr. Fix 6 € (0,1). Then
there are constants Cy, Cy dependent only on A,A,N such that for all k € R the following two estimates
hold:

1 1 2
HMZE”\Z/Z(SQ) <G </Q <(1 ~5)er + (i 6)2r2) (uif)” dx dt

N o N 2(1+x)/q (4.26)
ol ([ g ola) )
0—1Tr
and
=+ 2 + 2 2
tofggfggm [ (82, Bxo,0r)) < Nt (0 =T, L, (BGxo))
4.27)

1 112 i 1o n 2(1+x)/4
sar( [ g ) axar ol e ([ ona) ).
where K is the number in K = 2k1 /N and § = 2¢' (1 + k) is the same as in Lemma[4.1.1]

The proof is very similar to the one of Lemma.T.T|and we use the very same notation, up to an obvious
adjustment of the domains of definition of the appearing functions. As before, it suffices to prove the
assertion for u, and we simply write u; and Ay (7) for u,” and A/ (t), respectively.

Proof. We argue exactly as in the first two steps of the proof of Lemma.1.Tand obtain the estimate
max ||(uey)(t,-) Hiz(B) +A /Q Vi |Py? dx di

to—Tr2<t<t

<[ (wew) (o — 7, ) 17,8 + C3 /Q i (Vv + wlay]) +2 /Q |fluey?® dx d. (4.28)

Here, 0 < y < 1 is a piecewise smooth function that vanishes on the lateral boundary of Q and C; depends
on A and A only.

Step 2 We estimate the last term in further. For this, we set M = |[u[|;_(p) and x for the
characteristic function of the subset of Q on which u > & holds. Then

2 [ Ve dxde <2m | |11y dx i <20l 0)121E, o)
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since ¥ < 1. We rewrite the exponent in the last term as

2 2(l+k)
29 g
Thus
5 0 2(1+x)/q
2 [ y? dear <Moo ([ ol ar)
0 l()—’L'rz
So (#.28) becomes

max | (uew)(,) 17,5 + A Viewl, o) < 1) (o — 7%, ) 17,5

to—Tr2<t<tg

) ) o 2(1+x)/§ 4.29)

+C; /Q (IVY* + wlow|) uf dx dt +2M | f|1, o) (/t A1) dt) :
0—1Tr

Step 3 The proof of inequality (4.26) is the same as the final step in the proof of Lemma We
take y as before but impose further that y is constantly equal to one on 8Q, vanishes on the parabolic
boundary of Q and |0, y| < = S)T —=—, |[Vy| < = 5)r’ where C4 = C4(N). Recalling y < 1 and estimating
the left-hand side of (4.29) from below by mln( A)|u ”v (50) concludes the proof of (4.26).
Step 4 To prove (@.27)), we proceed as in the previous step. We take y as above except that we demand y
to be independent of time . This concludes the proof. O

We now formulate the first lemma that is fundamental for the subsequent section. It is concerned with the
construction of special parabolic cylinders on which we have a certain amount of control of the growth
behaviour of weak solutions.

Lemma 4.2.2. Let u € V,(Qr) be a weak solution to (3.1)) on Qr and let k € R. Then there is a strictly
positive number T = T1(A,A,q,N) < 1 and a cylinder Q = Q(ty,x0,T1,r) € Qr such that, if the two
conditions !

A (to—Tir?)| < 5\B(xo,r)\ (4.30)

and
M* =esssupui > rz_(N+2)/q|]fHLq(Q), (4.31)
o

are fulfilled, then for all t € [ty — T17%,t0] the following holds:

Blxo )AL, 30, ()] 2 3¢ B .32

Note carefully that the number 7; is independent of k.

Let us informally discuss the assertion of this result. For the sake of simplicity, we only consider u,j and
assume that the conditions are fulfilled for £ = 0.
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In (4.37)), we assume that the essential supremum of u on the whole parabolic cylinder is sufficiently
large and in particular, strictly positive. However, at ’starting-time’ ¢ = ty — 7,72, the function u is mostly
non-positive. This is what we assume in (4.30): The fraction of the ball, where the function u exceeds
zero at time o — 7177 is at most 1/2. In this situation, we can guarantee that at least for some short time,
there is a fixed fraction of the measure of the ball, where the function u stays away from the supremum .
So it is impossible that u gets close to the supremum everywhere on the ball instantaneously.

Proof. We consider the cylinder Q = [ty — 7172, %] x B(xo,7) € Qr, where 7; will be chosen later. We
only prove the assertion for u;” as the other case is treated analogously. As before, we leave out the
superscript +’. Using the very same rescaling-argument as in the proof of Theorem[d.1.2] we see from
the structure of the inequalities (#.30)-(@.32)) that we may assume (7p,xp) = (0,0) and r = 1. In order to
shorten our notation, we write B = B(0, 1) and 6B = B(0, ).

Pick an arbitrary 6 € (0, 1). Using and assumptions (4.30) and (4.31) yields

max H”k(tv')Hiz(éB) < ||Mk(*fla')H%2(3)

—11<t<0
) ) 0 2(1+x)/4
w1 ((1-8) 2l )+ Il o) (| Weato )
1 B N
< SM|B|+Cy (M2(1 = 8)251[BI+ M| £l ) (= B/ (4.33)

where C; = Cj(A,A,N).

Also, we have the following for arbitrary 7 € [—11,0]:

2
u—=k
A st (: / 1 dx < / dx
i usl0 TNERNG TNERNG ( iM)

2
3(3}‘» /A ek dx (4.34)
1 ksl

q

We combine these intermediate results (@.33) and (4.34), use that |B| = C, with C; = C3(N), and the
identity 2(1+x)/§ = 1/4'. We end up with

8 16 B 1 )
’Ak—&-%M,éS(t)‘ < 5Bl G <(1 —8)*n|B|+ M(szl)Z(HK)/qu”L,,(Q)>
1 o
§§|B|+36C1IBI <(1—6)‘211+C§/‘f lrf/‘f), (4.35)

where we used (4.31) in the last estimate.

To complete the proof, we notice that the measure of the set Az 3/4 1 (t) can be estimated from above by
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|Ak3/4,6(t)| + |B\8B]| for any & € (0,1). So this observation and #33) give us
A <3181+ 20 Bl((1=8) 20 + ¢/ ) 4 B 5B 4.36
k+%M71<I) §’ H‘ 11Bl{ (1 )+, 7 +|B| - |8B]. (4.36)

Since we are free in the choice of &, we take § = §(N) sufficiently large such that [B| — |8B| < +|B|.
Having fixed &, we take 7, = 71(4, A, q,N) < 1 sufficiently small such that

16 1
ya(-8 a1 sl < ol

Putting everything together, we conclude |4, , 3 w1 (0] < B|B| for all t € [—1;,0], or said differently,

Au g (0] < (1= 35)1Bl. Thus,

B\ Ay ()] = 1B1 = Ay g0 (0] = 181 - (1 - ) B = 5Bl
]

Remark 4.2.3. From (4.36) we infer that we could have taken any number in (0,1/9) instead of 1/36.
Of course, this would alter the number 7;. However, this the exact value of the prefactor is not important
for us, the strict positivity is what matters.

Also, the proof does not reveal why we take 7; < 1. This will be crucial in the very last step of the proof
of Theorem in Section4.4]

We now come to the second important result of this section.

Lemma 4.2.4. Let u € Vo(Qr) be a weak solution to (3.1) on Qr and let Q € Qr. Then there exists a
number 8 = 0(A,T,A,q,N) € (0,1) such that, whenever k* € R satisfies the two conditions

M* =ess supu,i > rz_(NJrz)/q”fHLq(Q) 4.37)
o
and
{(t,x) € Q:up. > 0}] < 6|0, (4.38)
then N
M
esssuptu < — +k*. 4.39)
to 2

Again, we take i, and assume the two conditions to be correct for k* = 0 to illustrate the quintessence of
this assertion. For technical reasons, we assume the essential supremum of u on the whole cylinder to
be sufficiently large. On the other hand, however, if the fraction of the cylinder, where u is positive is
sufficiently small, then u cannot exceed half of that supremum on the smaller cylinder %Q.
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Let us discuss our setup for the proof first. We shall only prove the assertion for u,j;, as the proof in the
other case is the same. Clearly, we may assume (fo,x9) = (0,0) and r = 1, by deploying the familiar
rescaling-argument and the structure of [@#.37)-@39). Also, we divide both sides of [#.26) by (M*)? and

use (4.37). This gives
) | ) ) 0 _ 2(14x)/q
oo <1 [ (1-8)"+ =80 2) I o+ ([ AL 0la) ). o)

— A o At — .
Here, v= (%), k=% and Ap (t)={x € B(0,1) : v{ > 0}. Hence, we may assume that #.26) takes the
form (@.40). Also, it suffices to prove the assertion for M = 1. From now on, we leave out the superscript
’+’ in our argument in order to shorten the notation.

The proof is basically a replication of the proof of Theorem[4.1.2] utilizing essentially the same iterative
argument. Exactly the same notation as in the above mentioned proof will be used in the following, up to
two minor changes: We set kg = k and consider the sequences

1

k4:k+§ £>1, and

SN

Yo=4 | utdxdr, (>0
o
instead. Again, we aim to show that the sequence ¥; converges to zero as £ — oo. This suffices to prove
the assertion, since for all £ > 0

2 1
= Gt 1/2)) 7| 1) = e

However, the situation is slightly different this time: Before, we utilized this argument to show that u
is bounded from above at all. The convergence to zero of the above sequences was established by an
appropriatly large guess for the upper bound. But now, we already know about the boundedness and are
interested in a finer erstimate for the essential supremum of u on the sub-cylinder %Q. In particular, we are
not permitted, as in the argument before, to vary in the proposed, fixed upper bound. This time, however,
we achieve the convergence of the two sequences by an assumption on the smallness of the set, where
u > k holds.

Proof. Again, we establish the recurrence relations of Lemma [2.3.2] for the sequences Yy, Z; and enforce
condition (2.12) to hold. Here, we put B =2/(N +2), v = k and the constant C will be chosen later.
Since the derivation of these relations follows exactly the same steps and ideas as in the first two steps
in the proof before, we refrain from literally reinserting the same lines here and simply point out where
minor adjustments in the argument have to be made.

By replacing the number M by 1/2, all considerations from the first line to (4.13)) remain valid. In order
to move from there to (4.14)), we deploy (4.40) instead of (.1)). Note that in (4.40), there is no prefactor
F?, so that number can be thought of to be equal to one in [#.14). Also, the exponent of Z; has to be
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changed accordingly. As the number M = 1/2 is already determined, we simply include this number in
the constant C3. This only alters the size of the subsequent constants but clearly that is not important as
we are only interested in the parameters on which the constants depend. The same changes are made in
Step 2.

Eventually, we end up with the desired inequalities

Yir1 <Ci16° (YEHB +Y5BZE+K)7 (4.41)
Zis1 <C116" (Y +2Z1T), (4.42)

with a constant C; = Cy (A4, 1,A,N).
Again, we set C; = (2C1)1/ 316!/9* where § = min(f3, k). We have to enforce the validity of
Yo < Lo, ()
-2 (4.43)
ZO < 271/(1+K)C271'

In light of and (4.38), we see

=4 | (u—k)*)? dxdt§4/Q((u—k)+)2 dx dt <4|{(t,x) € Q: u(t,x) —k >0} <40/|0|,

Zo < |{(t,x) € Q: u(t,x) —k > 0}[*/9 < (8] Q|)*/1.

So for sufficiently small 6 = 6(A,7,A,¢,N) € (0,1), (4.43) holds. O

4.3 Oscillation estimates

This section is the heart of the proof of Theorem [3.1.3] We use our density results of the previous section
to derive a chain of statements - becoming stronger from step to step - about the essential oscillation of
weak solutions u to equation (3.I)). The main result is Theorem [.3.5] which roughly asserts the following:
Consider a nested family of cylinders Q(r) = [ty — 7%, 1] x B(xo, ) for r € (0,R] with Q(R) € Q7. Then
essoscy(,) u behaves like r®ess 0sco(g) u. From this there will be only a tiny step left to establish the
long-promised Holder continuity. This will be settled in the next section.

We will work mostly with cylinders of the form §Q = [t — ©8r%,to] x B(xo,6r) with § € {1,1,2} . It
turns out to be more convenient to work with these scaling factors as there would be too many fractions
otherwise. Obviously, we will write Q instead of 1Q.

We fix the following important convention for the rest of this chapter: Whenever we write 20 € Qr,
we will always assume that T = 7(A1,A,¢,N) is the number 7; of Lemma This ensures that if the
conditions of Lemma4.2.2] are fulfilled, (4.32)) holds for the whole cylinder Q.

Lemma 4.3.1. Let u € V2(Qr) be a weak solution to (3.1)) on Qr and let 2Q € Qr. Set @ = essoscyp u.
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Then for any 6 € (0,1) there is a number s = s(A,7,0,A,q,N) =s(A,0,A,q,N) € N, s > 3 such that at

least one of the following inequalities holds:

o <2 V|| )] 00), o (4.44)

H(r,x)6Q:u(t,x)>esssupu—;}’ <0|Q|, or (4.45)
20

H(l,x) € Q:—u(t,x) >esssup—u— ;H <0|0|. (4.46)
20

Remark 4.3.2. The proof reveals that the number s depends on 7, however, as remarked before 7 =
7’.(A ’ Aa Q)N )

In the following proof, we use the shorthand notation

M) =esssupu, M, =esssupu, my = enginfu.
2

Remark 4.3.3. Clearly, we could have written u(z,x) < essinfpu+ ®/2° in (#.46)) instead. However, it
turns out to be more handy this way.

The interpretation of this lemma is as follows: Suppose that the number 6 is small. Then the number s
will be large (in fact, the proof shows that s behaves like ~2). Suppose that the first alternative (@.44) is
violated, i.e. the oscillation of u# on the larger cylinder 2Q is huge. In that case, however, one of the other
two assertions must be true - let us assume that the second one holds. Then, the violation of (.44)) implies

{0 € 0uten) > vy = P29 0, } | < [{(1.0) € Q2 ute.0) > 2= T} < Bl

But 6 is assumed to be small, so the fraction of the cylinder, where u > M, — r>~(N+2)/4| £ L,(20) holds
is small. Thus, on most part of the cylinder Q, u < u+ rz_(N”)/quHLq(zQ) < M, = esssup,, u holds. So
although the oscillation of u on the cylinder 2Q is large, we still have some control of «# on the smaller
cylinder Q: The solution u, restricted to the smaller cylinder Q, fends to stay away from its essential
supremum on the larger cylinder 2Q. A similar conclusion follows if holds instead.

Concerning the proof, we could start by stating the exact formula of the number s and show that this
number fulfills the assertions of this lemma. But due to its rather complicated form, it appears to be more
convenient to work with an arbitrary natural number s > 3 first. At the end of the proof it will become
clear how to choose the number s.

Proof. Again, by rescaling, we may assume (fo,xp) = (0,0) and r = 1. Set B = B(0, 1).
As already said, let s > 3 to be specified later. If (4.44) is true, then the proof of the lemma is already
completed. We aim to show in the following that if (4.44) is violated, then either (#.45)) or (4.46) must



Section 4.3 — Oscillation estimates 47

hold, hence, the assertion of the lemma is correct. So we will assume

@ > 2| fllL,20) = 21 f 1L, c0) (4.47)

hereafter.

If My < M, — £, then obviously |{(t,x) € Q:u(t,x)>M>—£}| = 0. So ( is fulfilled for any
positive 8. We can thus assume that

o
M, > M, — 5 (4.48)

holds in the following.
Step 2 Clearly, at least one of the following two claims must be true:

o 1
erB:u(—T,x)>M2—§HSE\B], or (4.49)
[0} 1
erB:u(—T,x)<M2—§HSE\BL (4.50)
Suppose (@.49) holds. Clearly, as the numbers M, — %, £ = 1,...,5 —2 are increasing
o 1
erB:u( Tx)>M2—2—H§2]B], 0=1,...5-2. @51)

This implies that the quantities M*, £ =1,...,s—2 defined by M' = M; — M, + %, satisfy

(.0 o o/ 1 o
M >21_2s 2s (2[ s_1>>2s>”fHLq(Q)

where we used the assumptions (@.47)) and (4.48).

The purpose of these calculations is to Verlfy that for every ¢, the assumptions of Lemma are fulfilled,

where we choose Q to be the underlying cylinder, k = M> — 29[ and M™ = M". So

3t
B €B: u(t,x) >M,— - M B 4.52
| \{x u(t3) > M= 5+ 3| > 1B @5)
foreverytr € [—7,0land { =1,...,5—2.

Since M| — M2 < 0, the mere deﬁnltlon of M! implies M < 24, and this amounts to M, — + %MZ <
My — 5+ ZW = M, — 5. This consideration, together with (4.52) leads us to the conclus1on that for 7
in the above interval

0] 1
‘B\{xeB: u(t,x)ZMz—WHz—]BL (=1,..,5-2 4.53)

holds.

Step 3 In the following, we fix an arbitrary index ¢ € {1,...,s —2} and put m({) = M, — 57> and

26
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n(f) = Ma — 537 Also, we introduce the difference sets
A(t) ={xeB:n(l) <u(t,x) <m(l)}

to shorten our notation. So Proposition and (4.53) imply that for 7 € [—1,0]

) 36C
52 x € Bru(t.x) > m(0)}] < ’B‘l

IVu(t,x)| dx = 36C / Vu(t,x)|dx,  (454)
o) Ao(t)

for certain constants Cy,C, depending only on N.
From this, it follows

(2%2)2 {(t,x) € Q: u(t,x) >m()}|* < (36C,) (/_OT/A[(I) |Vu| dx dt)2

<(36C,)° </01/A[ Vul* dx dt) </01A((l) t dt>

< (360,) Hv( )22(@ < /OT|Ag(t)| dt). (4.55)

The second term in ( can be estimated further, using (4.27)) with the cylinders Q and 2Q (i.e. with

= 1/2)- Also, observe u;:_(g) < (0/2“1, So

19 0 = (4 (5+1) (3) 201+ o 1o (20177
=6 <l ( ) 257(12) +2(2€+2) (‘2Q’) (/- 1>|2Q| (4.56)

=Gy (2g+2> 10|

Here, C3 = C3(A,A,N) and Cy = C4(A,7,A,q,N) = C4(A,A,q,N). In fact, {.56) suggests that C, is
dependent on 7, but by construction, T can be expressed in terms of A,A,q and N. We made use of

assumption (4.47) in the second step.
By plugging this back into (@.33), we deduce that for ¢ € {1,...,s — 2} and for a constant Cs =

CS(}’aT)AanV)

0
(1) € 02 uten) > m0)P < cslol ([ ol ar) (4.57)
-7
Step 4 The proof is almost complete. Since for ¢ € {1,...,s —2} there holds

{(r,x) € Q: u(t,x)>Mr— /2 }* < |{(t,x) € Q: u(t,x) >m(0)}?,
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estimate implies
s—2
(s=2){(.x) € Q: ult,x) > My —0/2}? < ¥ [{(1,%) € 0 ult,x) > m(0)}?
(=1
<ciolx ([ ol ar)
SCS\Q|2- (4.58)

Finally, the quantity 6 comes into play: In order to prove (4.43)), it suffices to choose s in such a way that
Cs/(s—2) < 6%. We achieve this by taking s = S(G,A,A,p, ) € N with

Here, [-] denotes the standard ceiling function.
Step 4 The whole proof relied on the assumption (4.49). So let us suppose that this assumption is violated,
i.e. (4.50) holds instead. The following little consideration

(—7,x) <M. = (—7,x) > +2 infu— 2 @
u\—7,x - = —u(—7,x —esSsupu + — = —essinlfu — — = esssup—u — —
2 2 ZQP 2 20 2 2Qp 2

reveals that an assumption similar to (4.49) holds for —u. So in that case, we can repeat the whole proof
with the function —u and eventually obtain (4.46). O

Lemma 4.3.4. Let u € V2(Qr) be a weak solution to (3.1) on Qr and let 2Q € Qr. Then there is a
number s = (A,A,q,N) > 3 such that at least one of the following holds:

essgscu < o1 2-(NH2) /q||f||L (20)» OF (4.59)
2
1
<(1l—-— . 4.60
ess%gscu < < pTes] ) esggscu ( )

The estimate (.60) is very significant: Of course, one always has that essosc o U is bounded from above
2

by essoscyg u. However, (#.60) is a much stronger result, namely it asserts that the essential oscillation of

u actually decreases when one passes from 20 to %Q. Additionally, we can quantify this oscillation decay.

The abbreviations M, = esssupu and @, = esg gscu will be used in the following.
20

Proof. Again, by rescaling, we may assume r = 1.

Let 6 = 0(4,A,q,N) € (0,1) be the number proclaimed by Lemma“ (we omit the dependency on T,

see Remark, ie. for all k* € R with M* = esssupyus > || flr, (o) and |{(1,x) € Q: ue > 0}| <
6|0, there holds esssuplQu <M

For this 6, according to the prev10us Lemma there is a number s = s(A,A,¢,N) > 3 such that
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at least one of the three alternatives (4.44)-(4.40)) is fulfilled. If assertion (@.39) holds for the number
s+ 1, we are already done. So let us assume essosc 1o > 21| £]l L,(20) in the following. Clearly, this
assumption implies

@ > 2 flle,00) > 2’1 f 1,0 > 1flle,c0)-

Step 2 We first assume (#43) to be correct and take a look at the function u,, where we set k* =
M> — @,/2°. So by Lemma 4.2 4] either

M* =esssupuy, < | flL, ), or (4.61)
o
M+
esssupu < — 4kt (4.62)
o2

If (@.61) is true, we then have the estimate

esssupu—k* <esssupu—k* =esssupu; < || fllL,(0);
19 0 0
S0

(9] (Y ()]

()
esslsQupu<M2—§+Hf||Lq(Q) <M2_§+W: 2= o
2

Now consider the case that (4.62) holds instead. Then

(4.63)

(0} (0}
2 ~ Mo

1

esssupu < —esssup (max <u—Mz+g,0>) +kt < ® +M; —
15 2 0 2s 2s+1

2

So in cither case we have the estimate esssup, o u < M, — 527 - However, if the alternative (@.46) holds
instead of (4.43), then we argue exactly the same way and end up with the estimate

—essinfu = esssup —u < esssup —u — - — = —essinfu — ——. (4.64)
%Q %Q 20 25+ 20 25+
Step 3 By considering u,_ instead of u,; in the previous step, where k™~ = esssup,p —u — %, we see that

if (4.45) is true (for the function —u), we obtain the estimate (4.64) instead of (4.63) and vice versa.
Hence, - and this is the main point - no matter which of the two alternatives (4.45)-(@.46) is correct, we
end up with the same two estimates:

esssupu < Mp — & and —essinfu < — esszinfu —

1o 25+ i) 251
2

Adding these two estimates concludes the proof:

. ) 1 1
esigscu §M2—652Sénf—? = (1 - 2S> 0 < (1 - 2”1) .
2
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O]

We now come to the main theorem of this section:

Theorem 4.3.5. Let u € Vo(Qr), let T = ©(A,A,q,N) be the number of Lemma and let Q =
O(to,x0,7,R) € Qr. Forr € (0,R], set Q(r) = Q(to,x0, T,r) C Q. Then there are numbers o. = (A, A,q,N) €
(0,1) and C = C(A,A,q,N) such that

r o
essoscu < C (= essoscu 4+ R2-(N+2)/q > . 4.65
S0 (R) < o 11|z, o)) (4.65)

Hence, keeping the cylinder Q fixed, we can control the oscillation of # on a subcylinder Q(r) in terms of
its radius. More importantly, it behaves like r*. One can see a certain analogy between (4.63) and (2.1)
So it is not surprising that we will be very close to finally finishing the proof of Theorem [3.1.3] once we
have the above result at our disposal.

Proof. Without loss of gernerality, we assume (79, xo) = (0,0). Pick an arbitrary r € (0,R]. By Lemma
there is a number s = s(4,A, g,N) > 4 such that

oo = <1 B 21) essose+2 A g0 (4.66)
Observe
Q(Z):[—&JFJ%XB(Q:)C[—iﬂ%O]xB(Qi)leU)
So by (4.66))
i (13 s 27 00, (467)

Set 6 = 0(A,A,q,N) =1— 3 € [15/16,1) and for r € (0,R], define the non-decreasing functions

8(r) =essoscu, h(r) =22 fll o).

Hence, (4.67) reads
g (£> < 0g(r)+h(r). (4.68)

From Lemma[2.3.4] we infer

1\ 00 RI“HAH
sy < o () gy MBI e oum (4.69)

~ 9 \R 1—6

where u € (0, 1) is arbitrary. Recall that 2— (N+2)/g > 0 and that (1 — ) 13;;%% € (0,1) is fixed. Hence,
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it is possible to take i € (0,1) so large that

log 6 N+2
— (Mg N) = (1= ) < (2—q>u

Note ¢ € (0,1). Plugging this into (4.69) concludes the proof:

1 /r\@ 2% r\ K\ 2-(N+2)/q
< (= — -
esg((r))scuf 5 (R) ess(%scu—l— — (R( ) ) 1Nz, o110y

0
r\o —(N+2)/q)u—a N2
<C (E) (essoscu+ ( ) R>(N+ )/quHLq(Q(R))>

r\o 2—(N+2
C (E) <est(g)scu+R N+ )/quHLq(Q(R))) )

IN

where C = C(A,A,q,N). O

4.4 Holder continuity

This is the final step of the proof of Theorem [3.1.3] which we restate here for the sake of convenience:

Theorem 4.4.1 (De Giorgi-Nash-Moser). Let u € V,(Qr) be a weak solution to on Qr and let
Qr=[a,b)| x QY €Qr, 0<a<b<T,Q €Q be an arbitrary parabolic cylinder that is compactly
contained in Q.
Then there are numbers & = o((A,A,q,N) € (0,1) and C = C(A,A, Q. d,q,N), where d = dist(Q,T'r),
such that:

ue Q) and ] curzaapy < C (Illaian + 1 flly@n) )

Let us first recall what it means for a function u € V2(Qr) to be locally Holder continuous: It means that
there is a function # which has this property and coincides with u almost everywhere. We proceed in three
steps: Given an arbitrary weak solution u to (3.1]), we first construct a particular representative 7 in the
equivalence class of u. Next, es an intermediate step, we show the continuity of it and then, finally, we
establish the whole assertion of the theorem.

Proof. Lett=1(A,A,q,N) € (0,1] be the number of Lemma/4.2.2|and let R=R(7,d) =R(A,A,d,q,N) >
0 be such that
R <d/2, and Q(to,x0,T,R) € Qr for all (t9,x) € Q. (4.70)

This is possible, since Q. € Q7.
Now fix an arbitrary point (f,xo) € ST’T with its associated cylinder Q = Q(to,x0,T,R) and family of
subcylinders Q(r) = Q(to,xo0,T,r), where r € (0, R]. Further, set

u(to,xo,r) = ‘/ udx dt, r€ (0,R].
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Theorem implies that for certain numbers o = a(4,A,q,N) € (0,1) and C = C(A,A,q,N) there
holds

essinfu < u(fy,xo,r) < esssupu < essinfu +C <£>a (essoscu+R2(N+2)/q]]f]]L (Q(R))> . @71
o~ T o o) R O(R) ‘

Note that essinfy,) u is bounded from above for all r € (0, R] and monotonically increasing for r ™\ 0.
So the limit lim,\ g essinfy, u exists. Also, the second term in the right-hand side of converges to
zero for r 0. Hence, the limit lim,~ o u(fo, X0, ) exists. Denote this limit by 7(f,xo). But Lebesgue’s
differentiation theorem implies that u(t9,xo) and #(zo,xo) are equal for almost all (f,xo) € Q.
Step 2 Having constructed our candidate for the Holder continuous representative of u, we first establish
the continuity of Z as an intermediate step.

Observe essinfy(,)u < ii(to,xo) < esssupy,u for all r € (0,R]. So this and the first two inequalities in

(4.71) imply

lu(to, x0,7) — (o, x0)| < essoscu < C (1) ¢ (essoscu+R2_(N+2>/q||f||L (Q(R))> —0 (4.72)
o(r) R O(R) !

as r — 0. Recall that Lebesgue’s Differentiation Theorem also proclaims that, keeping r fixed, the mapping
(to,x0) +— u(ty,xo,r) is continuous. Thus, for a sequence ry C (0,R] with ry — 0 for k — eo, u(to,xo,rx)
is a sequence of continuous functions on Qi’T that converge uniformly to & by (4.72)). This proves the
continuity of & on Qi’T

Step 3 We now discuss the Holder continuity of 4. Let (¢,x), (',x') € Q.. Without loss of generality, we
may assume ¢ < ¢'. First, consider the case that

Vvt'—t R
r=max | ———, ¥ —x| | < <.
VT 2

Clearly, by @.70), O(r) = Q(¢',x',t,r) € Qr and (¢,x) € O(r). From (#.63)), applied to the cylinder
Q(R/2) we infer

o Y A R\ 2-(V+2)/q
[a(¢',x") —d(t,x)| < osci <2 C(T?) osc i+ <2> ||f||L O(R/2)))

(0]
o(r) O(R/2)
ST R\ 2-(NV+2)/a
=1+ [ —x osc i+ (= (4.73)
(fR) < | ’) (Q(R/Z) <2> 1112, R/2))>
[0
§C1<\/t’j+]x’_x|> (|| e otrs2)) + 1l R/2))>
[0
<G (Vi=r+ 1 =) (Il + 1/l ) (4.74)

We made use of 7 < 1 in order to derive (@-73). Further, Q(R/2) C 3Q, which enabled us to use Corollary
to obtain (4.74). Here, C1,Cy = C1,C2(A, T,A,d,q,N) = C1,C2(A,A,d,q,N).

V\ﬂﬁ_’, |/ —x|) > %. Then there are finitely many points (¢,x0) = (¢,x), (f1,x1),

Now suppose max<
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s (a1, X0m1), (1 0) = (¢,%) € Q. with 1o <1, < --- <1, and

i —ti— R
r; = max 1711,’)6,'—)(,;1‘ < =
VT 2

i —xi1| < =]

fori=1,...,n. Here,n =n(1,Q},R) = n(A,A,Q}.d,q,N).
Define the cylinders Q; = Q(t;,x;, T, r;). As before, (t;_1,x;—1) € Q; fori=1,...,n. Then, by {.74),

n
|ﬁ([’,x/) —da(t,x)| < Z la(ti,x;) — d(ti—1,xi-1)| < ZOQSCﬁ
i=1 i=1 *!

<Y G (Vi—tio+xi—xia])” <||ﬁ\|Lz(QT) + \|f||Lq(QT))
i=1

o
<G (\/t’j+ %/ _x\) (”ﬁ||L2(QT) + ||f||Lq(QT)) (4.75)

for a constant C3 = C3(4,A,Q).d,q,N).
A combination of the two estimates (4.1.4)) and then (finally!) concludes the proof of the theorem.

O]

4.5 Concluding remarks and references

It is noteworthy that we actually showed more than Theorem We showed that if u € V,(Qr) is a
weak solution, then both +u satisfy inequality (4.1). And this inequality sufficed to established the local
boundedness, i.e. we did not draw on the fact that u is a weak solution to (3.1)) thereafter. Hence, any
function u € V,(Qr) such that both +u satisfy an inequality of the type (4.1 will be locally bounded (of
course, the numbers || f||1, () and ¢ have to be replaced suitably as they have nothing to do with a general
function u € V,(Qr)).

Likewise, any locally bounded function u € V,(Qr) that satisfies inequalities of type {.26) and {@.27)
will be locally Holder continuous.

This motivates the introduction of the so-called parabolic De Giorgi classes. See for instance [[18, Chapter
VI, Section 13] for a broader discussion of them.

The proof we gave in this chapter was based on [[17]]. We followed [[17, Chapter 2, §6 and Chapter 3, §8]
in the proof of the local boundedness. Section f.2]and [4.3]are based on [[I7, Chapter 2, §7 and Chapter 3,
§10]. The establishment of the Holder regularity is based on [14, Theorem 11.2.1] and [25| Section 5.4.4].
Compare also [18|, Chapter VI, Section 13] for a related variant of the proof.



5 Moser’s iteration technique and the weak
Harnack inequality

This chapter is the second main part of this thesis. In it, we give a different proof of Theorem [3.1.3] based
on Moser’s ideas developed in [21]]. Comparing it with the proof given in the previous chapter, one can
say that the intermediate objectives are the same: The establishment of local boundedness and suitable
oscillation estimates. In fact, we “only’ give two new proofs of Theorem .1.2]and However, that’s
it already with the similarity, as the strategies to obtain these results differ in every respect. We begin with
a brief overview, first discussing how to establish the local boundedness this time.

The proof of that heavily relies on the embedding Theorem [2.2.14] which gives elements of the space
V5 additional integrability. This leads to the idea of studying higher powers of weak sub-solutions. We
consider a weak sub-solution « on a cylinder Q € Q7 and insert a suitable test function ¢ in the definition
of a weak sub-solution. Very roughly speaking, ¢ is the product a certain power of u and a cutoff-function
of a smaller subcylinder. Eventually, by using the embedding theorem, we end up with an estimate of
the following form: A higher L,-norm of u on a smaller cylinder is dominated by a lower L,-norm on a
larger cylinder. It turns out that the particular structure of this estimate allows us to iterate this procedure,
leading ultimately to the desired boundedness result.

As before, the more difficult part of the proof of Theorem [3.1.3]is the derivation of good estimates for the
oscillation of u. While the previous approach was more direct and involved hands-on estimates of the
oscillation, we argue in a roundabout way this time. To grasp the idea, recall the following fundamental
result in the field of partial differential equations:

Theorem 5.0.1 (Harnack inequality for harmonic functions). Given domains Q' € Q C RN there is a
constant C = C(Q/,Q, dist(Q',Q)) such that for any non-negative u € C*(Q) with Au = 0

supu < Cinfu. (5.1)
Q Q/

Let us demonstrate how this theorem easily yields oscillation estimates for u on different subdomains: Let



56 Chapter 5 — Moser’s iteration technique and the weak Harnack inequality

u be as above but not necessarily non-negative and consider another domain Q" € Q'. Clearly, supy u —u
and u — infgy u are harmonic and non-negative on Q'. Applying (5.1)) to these two functions on Q" and
adding the resulting inequalities then quickly shows

Cc-1
oscu < oscu.
Q// C Q/
Hence, the oscillation of u decays when one passes to the smaller domain Q" - the principal assertion of
Theorem [4.3.3] for which we had to invest enormous efforts.

The major part of this chapter is concerned with the derivation an inequality that resembles (5.1]). Once we
have this tool in our hands, the proof of Theorem is fairly simple and is based on the just mentioned
strategy. This way, we can avoid the tedious oscillation estimates of the previous chapter and obtain a
result of independent interest as a byproduct. Establishing this inequality is very far from trivial, though.

5.1 Yet another proof of local boundedness

In this first section, we give another proof of the fact that weak sub-solutions are locally bounded from
above. As discussed in the introduction, the main idea is to study various powers of these functions.
However, this should alert us, since we assume these weak sub-solutions to be (roughly speaking) merely
square ingegrable. The trick to circumvent the obstacle that arbitrary high powers of these functions might
not be integrable, is to cut them off for large values. In some sense, we proceed conversely to De Giorgi’s
proof where we studied the parts of a weak sub-solution above a certain level.

Here is our setup: Let m > k > 0 and x € R. Define x = x™ +k and

X, x <m,

Xm —

k+m, x>m.

Recall x* = max(x,0). Considering X,, as a function of x, it is clearly piecewise smooth (hence, classically
differentiable almost everywhere) and its derivative is the indicator function of the interval (0,m).
For B > 0, define the function G : R — R via

SRR R x < m,

(k+m)Px—kP+1 x> m.

Let us discuss the motivation behind G: Since we are interested in studying powers of a weak sub-solution
u, we will insert it in the function G. As we do not know yet that arbitrary powers of u are integrable, we
cut it off at level m. Of course, we could simply study ﬁ,ﬁ but by doing so, we would lose all information
about u above the level m. For this reason, the factor X is included in the definition of G. Note carefully that

this function is designed in such a way that G(u) is square-integrable. The scalar k serves as a placeholder
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for the norm of the inhomogenity f in (3.1)). Lastly, it is desirable to have G(u) = 0 whenever u < 0. This
explains the term —kP+1.

Moreover, we will need the derivative and a primitive function of G (note that G is piecewise smooth with
corners at the points x = 0 and x = m). We have

0, x <0,
Gx)=< B+, 0<x<m,
(k+m)P,  x>m,

and we define

P2 (B+2)kP 1%+ (B + 1)KkP+2), x <m,

H(x) = (
( +m)PR2 — kB4 L ((ﬁ+1) ﬁ+2—§(k+m)ﬁ+2), x>m.

= ‘m

It is easy to see that H'(x) = G(x) for x < m and x > m. The rather complicated form of the constant terms
in the definition of H arises from our desire to avoid a jump discontinuity at the point x = m.

Next, we list some further properties of the above functions. Although most of them follow directly
from the definitions, we state them as a lemma in order not to pause incessantly for some algebraic
manipulations in our later argument.

Lemma 5.1.1. Let the functions x,,,G',G,H : R — R be defined as above.

(a) G'(x),G(x),H x) are non-negative and vanish whenever x < 0.
(b) The following inequalities hold:

G(x) <x/*%/G (%), (5.2)
G(x) <xPx (5.3)
1 5, B+1 B
B2 B+2 B2
0B +2)xmx B +2/’( <H(x)<x X (5.4)
X X for m — oo, (5.5)

Proof. We only prove (a) for the function H and as the other assertions are trivial.

It is a simple calculation to show that H(x) = 0 for x < 0. The rest of the claim follows from monotonicity,
since G(x) > 0 and H is a primitive function of G.

To show the upper bound in (5.4)), we first consider the case x < m. Clearly, k <X, so —(B +2)kP*+1x +
(B + 1)kP*2 will be negative and can be dropped. If x > m, we use kP2 < kB+1%. So the sum of the three
latter summands in the definition of H will be negative, which proves the assertion.

Concerning the lower bound in (5.4)), we first consider the case x < m. It suffices to show

1 B+1
ﬁ+2+2 kB+2 > kﬁJrl
2([3 +2) B+2
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B+2

We use Young’s inequality with € = 2, p=PB+2andp = Bl This implies

B+ < 1 L g2l yB+1 kB2 < 1 P2 Pl B+1 B2

2(B+2) gi2* 2(B+2) g2
Now assume x > m and recall —(k+m) > —X. First observe that, since % - % = ﬁ,
1(k+m)ﬁ YRR ((/3 +1)kP2 p (k+m)ﬁ+2) L(Hm)ﬁxz iz B Lipe
2 B+2 2 B+ B+2
So it suffices to show . Bl
72(13 ) (k+m)Px* + zmkﬁ“ > kPH1x.
Since we assume m > k, and B2 ﬁ +2 > 1/4 there holds
Z(I;M(Hm)ﬁxz +2gi;kﬁ+2 > %kﬁxz + kP2 > iPHg)

where the last inequality can be shown by a derivative test. We omit this elementary argument. O

As in the previous chapter, we denote for (fp,x0) € Q7 and 7,7 > 0 the set [tg — Tr%,1y] x B(xo,7) by
Q. Also, for § € (0,1) we write §Q = [tg — 87r%] x B(xo,5r). We will always assume that Q € Q7 is
meaningful in the following.

Theorem 5.1.2. Let u € V5(Qr) be a weak sub-solution to B.1) on Qr and let Q = [ty — 7%, ty] ¥
B(xo,r) € Qr. Fix § € (0,1) and p > 0. Then there is a constant C = C(6,A,7T,A, p,q,N) such that

1/p
esssupu’ < C ((1 —§)~W+2)/p <|é/ (u™)? dx dt> —i—rz(N“)/q]]f]Lq(Q)) : (5.6)
50 0

Note that this time, we allow the exponent p to be any positive number, which will be needed in a later
argument. The proof heavily relies on Moser’s iteration scheme, in particular Lemma[2.3.7}

Proof. Just as in the proof of Theorem [4.1.2] we may assume (79,x0) = (0,0) and r = 1. Set B = B(0, 1).
Also, we first prove the assertion in case of § = 1/2 and p = 2.

In the definition of the function G in (5.1), let f > 0 be arbitrary and put k = || ||, (g)- In the following,
we assume this number to be strictly positive. If not, pick any k > 0 and let £ \, 0 in the very end - this
suffices to deduce (5.6) as the constant C is independent of f.

Again, Steklov averages of u and Proposition [3.3.2] will be used in the following. For it,let 0 < y <1
be a piecewise smooth function that vanishes on the parabolic boundary of Q and outside it. Consider
the non-negative function ¢ = W>G(S,u), where & > 0 is sufficiently small in the sense of the above
proposition. Since Sju € Wzl’1 (Q), the same holds true for G(S,u) by the chain rule in total,
(XS W211 (Q) C V»(Q). Sofort € [—7,0], o(¢,-) € W, (B). Pick an arbitrary #; in this interval and integrate
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(3.12)) from —7 to #,. This gives, using the chain and product rule,

/ / () G(Suu) w? dx di + / / Su(AV)|V(Sye)) W2 G (Syut) dx dt
-7

6.7
+ / / QUG (Syue) (Sy(AVw) V) dx di < / / (Suf)G(Suu)u? dx dt.
—TJB —TJB
Again, from the product and chain rule and Lemma[5.1.1] we deduce
0, (Spu) G(Spu) y* = 0, (H(Spu) y?) — 20, wH (Su). (5.8)

In this order, we plug this identity in (5.7)), apply Proposition [2.2.13]and move the latter term in (5.8) to
the right-hand side of (5.7). This gives, since ¥ vanishes on the parabolic boundary of Q

/B(H(Shu)‘lfz) (t1,%) dx+/t;/B(Sh(AVu)|V(Shu))WZG’(SW) dx d
+ / ; /B 2WG(Shut) (Sy(AVU)|Vy) dx dt < f 'T /B (Snf)G(Spu) W2 +2w0, wH (Syu) dx d.

We now let &7 — 0, arguing exactly the same as in the derivation of (4.6). We end up with

/B(H(u)lllz) (t1,x) dx+/t;/B(AVu|Vu)q,2Gr(u) dx di
4 1 (5.9)
+ [ [aveavav avars [ [ 166w+ 2va i) axar

Step 2 This step is devoted to the derivation of finer estimates from (5.9). We first restrict ourselves to
the part of the domain of integration, where u > 0 holds. Note carefully that we have Vu = Vi in this
situation. In the forthcoming estimates are valid almost everywhere.

By assumption (A2) on the matrix A, there holds

AVaPy? G (u) < (AVa|Va)y>G' (u).
Furthermore, (5.2)), assumption (A1) and Young’s inequality with € = A /2 imply
_ B - Ao o 2N 22
2GW)AVETY) > 2y TG W) (AVEIVY)| > ~ 5 w26 )| Vil — 2 Vy P
We insert these two results in (5.9) and apply in the following chain of inequalities (5.3)), k < % and (5.4)):
2 Ao[h 12 2
/(H(u)l//)(tl,x) dx+5/ /|W| G (u)y? dx dt (5.10)
B —TJB
" N hH
< / / fG(u)y? dx dt—i—Z/ / wo,wH (u) dx dz+—/ / \VyPaP i dx di
—-TJB

t
S/l/ (f +21l/3t1l/+|V‘I/|2> mu dx dt
—7JB k
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_/Q<|f|w +2w|8zw!+lvw|2> (5.11)

The derivation relied on the positivity of u. However, on the set where u < 0 is true, the functions G’ (u)
and H (u) vanish, see Lemma(5.1.1)(a). So our intermediate result also remains valid in this case.

Put v = b/ 7. By (5.4),

(;31+2>/B<2k‘”2 2 (B+ 1)y 21//2) (%) dx < [ (H@WY?) (1.2) dx. (5.12)

Pick an arbitrary j € {1,...,N} and observe

,[3/2—187 —, =B/24 -
m iUl + Uy, a ) O<u< 3
i Tl + Ty~ Ol w<m, <1+ﬁ> _B/)2

%
v = m Ojl.
v 0 > Uy ~0il

else,
This implies
t 1
(1+/3/2)*2/]/\vv|2w2 dxdt§/1/|Vﬁ|2G’(u)l//2 dx di. (5.13)
—1JB —TJB

Note carefully that both integrands in (5.10) are non-negative. So by dropping either of them, using
(5.12), (B.13), respectively, and recalling that #; € [—7,0] is arbitrary, we see (since 8 +2 < 2(1+3/2)?)

max /<1v2w2—(ﬁ+1)kﬁ“wz> (1.x) dx < C1(1+B/2) /('fw +w!8fw\+!W!2)v dx dt,
—1<1<0/p \ 2
(5.14)

/]

A
S Lwpvavar s pror [ (s viawi+veR ) asa

(5.15)
where C; = Cj(A,A).
Step 3 Quite clearly, we are now interested in an estimate for the right-hand sides of the above inequalities.

To this end, observe that [, {vz w2 dx dt < |jvy Hi (0)» Where we used Hélder’s inequality and the
q
definition of the number k. The interpolation iequality provides us with

2
i, < (¥l i+ W) <22, , 0+ & Ivvil, ) -

It is easily verified that our chosen constellation of exponents fulfill the requirements of Proposition [2.1.4]
using assumption (A3). Here, € > 0 will be fixed later and u = (g, N) > 0. Since v € V5(Q), there is a
constant C; = C>(N) by Theorem [2.2.14] such that

Iz, 0 <2 (ezczllvllIII%V2<Q) +e HV‘I’\@@)

<4 (8262 <‘§1<a,’io 10w (1) 1Z, 8) + VW1 )+ HvaIIi(Q)) +82“vaHiz(Q>> :
(5.16)
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Now choose € in such a way that 2C;(1 + 8/2)%4€C, = I min(1,1). We add the two inequalities
(5.14) and (5.13), move the first two summands in (5.16)) the left-hand side and subjoin another term
%min(l,l)HvaHiz(Q). This gives

| 2 2 2
gin(1,2) (_max 10W)0 )5+ 1991, 0+ VIR,

1 . 2 2, B+2 2
<5 min(1,A)[VWylL, )+ (1+B/2)% _rpggéo\\w(z,.)llum
#261(14B/20 (£ 2w+ [ (vIawl + W) avar
1 . 2 2,842 2
<5 min(LA)[WyZ, )+ (1+B/2)% 7rfr1§ey;0\\w(t,-)\lh<3>

+Ca(1+8/2 (Il )+ [ (viaw|+IVYP) 2 drar).

for a certain constant C3 = C3(A4,A,q,N), where we used the definition of € and —2u + 2 < 2. From this,
we infer

max [|(vW) (¢, )7, + IVVVIIL 0 + WV VL0

—1<t<0

5.17)
< Cy(14B/2P( max K2yl e+ VIR0 + VW0 + [ Widw? dvas
) 0

—7<t<0

with C4 = C4(A,A,q,N).

Step 4 For 0 < o < 1, define the family of cylinders Uy via Us = [—07,0] X 6B, 6B = B(0,0). Pick an
arbitrary 6’ € (0,0) and impose the following further restrictions on the function y: We require ¥ to be
equal to one on Uy, supp ¥ C Ug and linear in between. This way, we can ensure that |Vy/| < ﬁ and

|0 w| < i 0—45’) - < (Giﬁ'y,)zr. Note carefully that under these assumptions there holds

1
12 we) < =M1z, 0,)

’lirﬁ/Z
o7

max K2yt )7, < K2 |0B| = <

1 2
—7<t<0 2THVHL2(UG),

1
E' (c—0')
since kP2 <2

Set k = 1+2/N. Again, by Theorem [2.2.14|with the constant C, from above and by (5.17),

W7, < MW we) < ColvW IR, @) (5.18)

<2G, <_]%n<2§§o 10W) (1 )1Z, (o8) + IVVWIL ) + |VV‘I/||i2(UG))

1 4 4
2 2 2 2 2
<Cs(1+B/2) <(6_6,)21||V||L2(U6) + m”v\hz(%) + Iz, w0y + (G_G/)ZTHVHLZ(UG)>

o 0B/ (L4 B+2)? g

2 2
>~ (O' _ GI)2 ||V||L2(Ua) >~L6 (G _ G/)z HLZ(UU)7 (519)



62 Chapter 5 — Moser’s iteration technique and the weak Harnack inequality

where we used 1 < (6 — 0’)72, the definition of v and @, < @. Here, C5 = C5(A,A,q,N), Cs =
Ce(A,T,A,q,N) are suitable constants.
Notice that (5.19) is is independent of the number m in the definition of v. So with the aid of (5.3)), we let
m — oo and see @b/ 27 — @ B/2 in | I, (u,,) by the monotone convergence theorem.

Sety=pB+2>2.Since [#*PR7 ) =IE], () and [[BPRIZ ) ) = @17, ), we have

1y
_ Cs(1+7)° _
@z, v,y < ((0_6,)2 a2,y 7>2,0<0 <0<l
it # € ||l ,(v,,)- The structure of this estimate enables us to apply Lemma with p=2and 6 =1/2.
So there is a constant M, =M,(Cs, k) =M, (A, T,A,q,N) such that

esssup || < M [a|p,w,)-
Ui

Now write |U;| = C;7, where C; = C7(N), is the volume of the unit ball and denote by M, = M;(C; r)l/ 2
Recalling the definition of the number k concludes the proof:

esssupu” < esssupit < My (o) + 1l 01 \0111/2)<Mz( = llulla ) + 11l )

Uiy Uiy \Uh|

<M, ((1 - 1/2)_(N+2)/2|U1|_]/2||u||L2(U1) + ||f“Lq(U1)> . (5.20)

Step 5 The case § € (0,1) and p = 2 is treated exactly the same way as in Corollary
Step 6 We now discuss the case 6 € (0,1) and p > 2. By Holder’s inequality

UL 2 oy < 12002 Pl ) = 102l 0

Further,
(1—8)~NH2/2 = (1 — §)"W+2)/p(] — §)N+2)/p=(N+2)/2,

Inserting both in (4.24)) yields the assertion with a constant M3z = M3(8,A4,7,A, p,q,N)

= (1=8N/P=N2pp,.

Step 7 The final case 0 € (0,1) and p € (0,2) requires some more work. The idea is to use the already
established inequality (5.6) for p = 2. But this time, we pick an arbitrary ¢ € (0,1] and 1 € (0,1)
and define the even smaller cylinder Uy, and apply the above result to it. So for a constant My =
My(n,A,7,A, p,q,N)

- 1 1/2
e e o) < Ma <(1—n) e (w ; <u+>2dxdr) S I )

- 1 1/2
<My (U—n) (N+2)/2 <U0'| G(u+)2 dxdt) +\|fHLq(U1)>
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| 1/2
<t (=m B 2 (o [ aar) e,
’UG‘ Us
1-p2 (1 12
<M, (((l—n)c) (N+2) /2” +H P/)<‘U1|/U(u+)p dxdt) +||f”Lq(U1)>a (5.21)
1

where we used assumption (A3). Clearly, we could further estimate Huﬂ\l b / 2 )< [t H] b / , but this
would spoil our forthcoming argument.
All that is left is processing the first term in the parenthesis. We split it via

1/2
Lo p/2 _ 2M, 1 Y
a= H [ Us)? b—((l—n) R <|U1] Ul( )P dx dt .

and proceed with Young’s inequality with exponents s =2/(2—p)=1/(1 —p/2) and s’ = 2/p. Note
that (1/2)*/s < 1/2. This gives

L, 4 p (2M)P/2 1 e 1/p
ab < E”M ||LM(U6)+5((1_17)G)(N+2 VP |U1’ Ul( ) dx dt . (522)

Define the function g : (0,1] = R, ¢ — |[u"[|,_y,)- Then (5.21) and (5.22)) imply that for all 0 < ¢’ <
o < 1 and for a certain constant Ms = Ms(c’ /o, A,T,A,p,q,N)

g(o’) <

M. 1 1/p
g(o)+ > < (ut)? dxdt) +M4||f”L,,(U1). (5.23)

1
2¢ (o —o)WN+2/r \ U] Ju,

We are thus able to apply Lemmal[2.3.3] in which we choose for the endpoints so = 8, s; = 1. So by this
lemma, for 6’ = 6 and ¢ = 1, there holds

1 1 1/p
) = &(5) < M ((1—5><N2 (g [y axar) "+ uf||Lq<U1>>

for a constant Ms = Ms(3,A,7,A, p,q,N).
The proof of Theorem is complete. O

Since Theorem with p = 2 was all we needed to deduce Theorem 4.1.4, we will assume that weak
sub-solutions to (3.1) on Q7 are locally bounded from above from now on.

5.2 The weak Harnack inequality

Let us fix some notation for the rest of this chapter. Since we will work a lot with lower and upper
halves of a given parabolic cylinder, it is more convenient to alter the definition of the cylinders Q used
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Q- (O

| (t0,x0) |

T

Figure 5.1: Sketch of the cylinders cQ_, cQy fort=1, 0 = % and r =2.

t

beforehand. So for 7,7 > 0 and (f9,x9) € Qr, we define
Q=tn— Tt + Trz] X B(xg,r).

Figuratively speaking, the point (#,xo) is now in the center of the cylinder Q instead of in the middle of
the top and the cylinders now have twice the length of the cylinders considered earlier. Again, we always
assume that 7,r,7y and xg are in such a way that Q € Q7 is meaningful.

Next, we define the lower and upper halves of a cylinder Q and for ¢ € (0, 1] their shrinked versions. Put

Q, = [l‘o— Tl”z,t()] XB(X(),I‘), GQ, = [l‘o— Tl”z,t()— (1 —O')TI"Z] XB(X(),G}’),

Q. = [to,t0 + %] x B(x0,7), 6Q, = [to+ (1 —0)7r?, tg + 1r*] X B(x0, 07).

Vividly speaking, the shrinked cylinders move away from the point (fy,xy) as ¢ decreases, which is
in sharp contrast to previous shrinked versions of a cylinder. Observe that 6'Q_ C cQ_ whenever
0 < 6’ < 0 < 1. The same properties are shared by cQ .

With these definitions understood, we now formulate the main result of this section:

Theorem 5.2.1 (Weak Harnack inequality). Let u € Vo(Qr) be a non-negative weak super-solution to
@B.I) on Qr and let Q € Qr. Let § € (0,1) be fixed. Then for any 0 < py < 1+2/N there is a constant
C=C(6,A,1,A,po,q,N) such that

1 1/po
— PO dx dt <C inf 2—-(N+2)/q _ 504
(i5g1 fip wmavar) < (essinfusr ™2 g (5.24)

In contrast to Theorem @ only the the averaged L, -norm of u can be bounded by the essential
infimum of u. This stems from the fact that weak super-solutions need not to be bounded from above
(compare [21]). So the left-hand side cannot be replaced by esssups,, u. This explains the notion of a
weak Harnack inequality. However, from the local boundedness of weak solutions, in particular from
Theorem [5.1.2] one immediately deduces the following stronger version:
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Corollary 5.2.2 (Strong Harnack inequality). Let u € V2(Qr) be a non-negative weak solution to (3.1)
on Qr and let Q € Qr. Fix 6 € (0,1). Then there is a constant C = C(6,A,7,A,q,N) such that

esssupu < C <essinfu+r2_(N+2)/quHLK (Q)> .
50_ o !

The weaker version will be enough for our purposes, though. Lastly, we remark that the global non-
negativity assumption can be relaxed. The proof shows that it suffices to assume that # > 0 on Q.

5.2.1 Proof strategy

Due to the sophistication and length of the proof, we first give a brief overview, sketching the main steps.
Unfortunately, it would take us too far afield to elaborate on the motivation and the idea of our plan at
the moment. So we decided to postpone this to the end of the chapter and rather concentrate on the main
points for the time being.

We set @ = u+ 2>~ (N+2)/a|| £ 1,(0) and for the sake of simplicity, we assume f 7 0 momentarily. We aim
to show an even stronger inequality, namely that (5.24) holds when u is replaced by % on the left-hand
side.

The pivotal element of the proof is the abstract Lemma[2.3.9] We first show that condition (2.23)) holds
for the function %! on the family of cylinders 6Q.,, § < o < 1 and for ¥ = . Subsequently, we
check whether holds for the function u with ¥ = po, but this time on the family of cylinders
6Q_, 6 <o < 1. Note carefully that if holds for these two functions, then also for any constant
multiples of them.

land

Afterwards, we turn our attention to logarithmic estimates of the form (2.24)) for the functions -
uon Q., O_ respectively. However, we are unable to derive them for these two functions, but only for
certain scalar multiples of them. More precisely, we show that (2.24) holds for u; = e %! and up = eu
on O, O_, respectively. Here, the number c is a certain constant.

Having established the conditions of the above Lemma for u;, u;, the last step of the proof is fairly simple:

The conclusion (2.25)) provides us with

e <M G%SQinfﬁ and  |Q|7!/P [4llz,, (50 ) < Mae™,
+

which is, up to another constant dependent on 6 and N, exactly (5.24).

5.2.2 On the conditions of Lemma[2.3.9

This section is the heart of the proof of the weak Harnack inequality. Here, we deal with the assumptions
of Lemma([2.3.9] These are mainly established by modifications of the iterative argument in Section[5.1]
Similarly, we will work with various powers of a super-solution u. In contrast to the preceding section,

however, we are mainly interested in negative powers.
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We first state a lemma that will serve us well. Similar to the previous section, we define X = x + k, where
x >0 and k > 0. Further, for B < 0, define the function

wB+1 _
H(X): l}+1~x ) B<07B7é 17
logXx, p=-1.

(5.25)

Lemma 5.2.3. Let u € V5(Qr) be a non-negative weak super-solution to (3.1 and let Q = [ty — Tr% 1y +
7r?] x B(xo,7) € Qr. For B <0 and t| < ta, t1,t2 € [tg — Tr%, to + Tr*] and any non-negative piecewise
smooth function y € C.(Q) there holds

—/B(xor)(H( W) y?) (1,x) dx +|B|’I/ /WIV al’uh 'y dx di

// <’fw+ |w|2> ﬁ+‘dxdz+z// w9yl |H ()| dx d.
B(xo,r) ’ﬁM B(xo,r)

Remark 5.2.4. Note that all terms in (5.26) are actually finite: This follows directly from the fact
that u is bounded from below. Hence, negative powers of them will be bounded from above. Also,

(5.26)

|logu| < C(1+1u), by the boundedness from below of u, which is integrable.

For the following three theorems, the full range of negative exponents f is used. First, we consider
B < —1, then B € (0, 1) and eventually § = —1.

Proof. Put G(u) = #P . By the above remark, 7 is bounded on Q. This enables us to argue exactly the
same as in the first part of the proof of Theorem[5.1.2] (up the obvious replacements of *“ < “ by *“ > *“ and
the limit of integration) and obtain

/ (Hw)?) (1,x) dx

+/ / (AVEIAVE) WG (u) dx dt
Blwor) (5.27)

)C()J'
+/ / 2WG(u)(AVE|V ) dxdt>/ / W)W + 20, wH (u) dx dt.
t1 JB(xo,r) t1 JB(xo,r)
The rest of the proof is basically a recap of the second part of the above-mentioned proof. The only

difference here is that G’ (u) < 0.
Again, by assumption (A1) on the matrix A:

%) [5)
/ / (AVE|VR) WG (u) dx di < / / AIVa[y?G' (u) dx dt
f X0,7) n JB(xo,r)
and similarly, by (A2), G(u) = \/uP+'G’(u) /B and Young’s inequality with € = %

// QWG (1) (AVE|Vy) dxdt<// Mﬁ' )| Vi |2+‘BM|V1//|ZB+1dxdt
.)C(),r .)C()r
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15} A’
g// —ZG'(w)|Val* + Vy|2@P ! dx dr,
o Sy 2 WINVE um‘ |

since B < 0. Intserting these two estimates in (5.27) and multiplying both sides by —1 afterwards shows,

since G (u) = BuP~!
——/ / \Va|?uP ' y? dx dr
f B(xo,r)

/ / W)W + 293, wlH (u )|dxdt+/ / A Sy PEP dydi
xo,r on,r ‘ﬁ‘l

[5)
/ / <‘f|w Tl |Vl//|2> wPt! dxdt+/ / 2w|8tt/f||H( )| dx dt.
B(xg,r) B2 B(xo.r)

/B(xw) (H(u)l[/ )(t X) dx

We now make the first step towards the weak Harnack inequality.

Theorem 5.2.5. Let u € V,(Qr) be a non-negative weak super-solution to (3.1) on Qr. Let Q € Qr and
6 € (0,1) be fixed. Set i = u+k, where k = r2_(N+2)/q||f||Lq(Q) if f # 0 on Q and any positive number
else. Then there are constants C = C(8,A,7,A,q,N) and vo = vo(q,N) such that

_ C v
essgupu ! S <|Q+|((j—6/)‘/0> Hu IHLP((yQJr)a 6 S G/ <O S 1, P S (0, 1] (528)
o’ +

Observe that is just with 9y = co.

Clearly, by rescaling, we may take Q; = [0,7] x B, B=B(0,1). In the proof, we apply Lemma[2.3.6|to
. Note that (Z.18)) and (5.28)) already look similar, but the former is not exactly the result

we want. The idea is to keep o € (0, 1] fixed and to work with Uy = noQ, where n) € (0, 1]. We aim to

show that holds. Selecting 6 in (2.18) appropriately concludes the proof.

the function u

Proof. The proof is similar to the proof of Theorem and deploys Lemma with B < —1.

2 .
Set v =uB*t1)/2 € V5 (Q) and observe |Vv|*> = (%) WP\ val? = (@) WP |\Va]>. Let y € C.(Q4)
be non-negative, not exceeding one and piecewise smooth. By (5.26), using f+1 < 0,

2ABIA o
/(vl//)z(tz,x) dx + IB|—€|1|2/0 /\W\sz dx di (5.29)

~ | f| 24
//< llerw,L Vyl|~+ mH,wI&zwI)v dx dt

|f] 27/\2 2
§/Q< VgVl

1
B +1]

2
Bl w\&,w\) v2 dx dt, (5.30)

for arbitrary #, € [0, 7].
Since vy € V5(Q. ), we can argue exactly as in the derivation of (5.16) and see, by the definition of the
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number k:
f _
[ ey axan < 1w, 0, <2(ECaIWIR,,, +e ViR .)
(e max 0V +HvaH%2(Q+)+rwvuzzm)+eZﬂukuim), 531

where € > 0 is arbitrary, C; = C;(N) and u = u(q,N) > 0.
As both terms in (5.29) are non-negative, we drop the first one and take in (5.31) € as

o B2

-~ 8CHIB 1

This, (5.30) and (5.31) give, since 1, is arbitrary and || > 1

172 |1
vt < Bt / < 2 2 24 oyl | v* dx dt

1
< < max ||(vy)(z, )H%Z(B)'i_||VVWH%,2(Q+)+‘|va"l%2(Q+)>

— 4 7<t<0
B+ 1]2#+2 B+11°A% > |ﬁ+1|/ >
wrol AL Ml ] v P dxd
+CG |ﬁ|l’l+l ||VIV||L2(Q+)+ |ﬁ|212 ” IVV||L2(Q)+ |ﬁ|)4 Q+l/j‘ ;l[/|V X dr
(5.32)
1 2 2 2u+2 2
§4<rrn<3§0||(vw)( )||L2<B>+IIVvWIILZ(Q+)>+Cz(1+IB+1I) VWil 0.
A? 1+[B+1])%+2
B+ D2 9wl o+ T [y axa
+

(5.33)

where C; = C2(A,q,N).
Likewise, dropping the second term in (5.29), recalling that #, is arbitrary and using (5.31) with

- 1
~16C|B +1|

yields

Wl 222 00
max |0 (1) < B +11 [ (v IV ) dxare2 [ iy asar

0<t<rt

1 2 2 2
<! <On<lta<er(vw)( M+ 19910+ VW10,

2|8 +1|A?
+G|B+ 1wl 0, + WHVW@(@ +2/Q w9y dx di
+

(5.34)
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1 2 2 2u+2 2
4( frngﬁoH vy)( )!Lz(3)+\|VV‘I/HL2(Q)> TG A+ B+ vz,
2A 2

o (L+1B+ 1) 2 Vyv| 7,0 +2(1+ B +1]) 2“+2/ w0y dx di

(5.35)

with a constant C3 = C3(A,q,N). We used A < A? in the last step.
Step 2 Adding (5.33) and (5.35) and an additional term ]|V1//v||z2 (o) implies that for a certain constant
Cy = C4(A,A,q,N) there holds

max [|(vy) (8, ) 17,8 + IV¥170,) + IVWVIIEL 0.

0<t<rt

(5.36)
<C 18+ 1027 (Wi, g + 190, + f viawl? dvar)
+

In the following, let 6/, 6 with 6 < 6’ < 6 <1 be fixed. Set B; = B(0,0). For n € (0,1], define the
increasing family of cylinders Uy = no Q... Further, set nB; = B(0,n0).

Like before, we put some further restrictions on the function y: For 0 < n’ < n <1 fixed, take v
such that y is constantly equal to one on [(1 —n'c)71,7] X n’By, supp ¥ C [(1 —no)7,7] X nB;, and
Vy| <2/(a(n—n")) <2/(6(m—n")**") and [du| < 4/(cT(n—n")) <4/(8T(n —n')**?). Also,
assume 0 < y < 1.

With this particular choice of y, the result (5.36)) takes the form

(I+17)Y

max 10)(0,) sy VW) + IV ) < Cs s

0<r<nort ” ”Lz (Un)»

where y=+1<0,v=v(q,N) =2u+2and Cs =Cs(6,A,7,A,q,N). Put Kk = 1 +2/N. Then, again
by Theorem[2.2.14] with a constant C¢ = 2CCs,

HVH%QK(UW,) = HV‘I’”%ZK(Un,) < HVWHiK(U,,)
Co(1+7)" (537

gzcl( max u<vw><z,->riz(nmuwnizw,,)+||wvuizwn>>s e LA

0<t<nort

So returning to our original function 7, i.e. plugging in v = 7@F+1)/2_the above estimates becomes

1/x
/ 7 M5 dx dt Cﬁ(l_'_m)/ M dx dt,
Uy m-n)" Ju,

or put differently,

o Ce(1+ v /I o
H”Wwwaé((K_WD> @ N,y 0<n'<n<1, |y >0.
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We are thus able to apply Lemma with p = 1. So there is are constants M = M(x,v,Cs) =
M(8,A,t,A,q,N) and vy = vo(g,N) with

4 M 1/p o
esi}iupu < ((1_9)\,0> ”M ”Lp(Ul)’ RS (0¢1)¢ pe (071]
Set M; = M|Uj|. So for the particular choice 8 = 6’ /o < 1 this gives, since (1 —0)~' < (¢ —0o’)~! and
Ug = G/Q

—1 M, I/ —1 /
eSSS;Pﬁ < <|U1|(GG’)V0> @ (|, (60, 6<0 <0o<1,pe(0,1].
o’ -

O]

Remark 5.2.6. The proof shows (by picking 7 = oo in the application of Lemma [2.3.6) that the estimate
(5.28) holds for all p € (0,0|. However, we do not need that stronger form.

We now examine whether an estimate of the form (2.23)) holds for the function u:

Theorem 5.2.7. Let u € Vo(Qr) be a non-negative weak super-solution to (3.1) on Qr. Let Q € Qr and
0 €(0,1) be fixed. Set k = 1+2/N and take po € (0, ). Define u = u+k, where k = rZ*(N”)/quHLq(Q)
if f # 0 on Q and any positive number else. Then there are constants C = C(8,A,7,A, po,q,N) and
Vo = Vo(q,N) such that

B C p=1/po o
HuHLpU(O"Q—) < <‘Q(G—G’)v0) HMHLP(GQ,)a 0 < o’ <o < 17 pE< (07?:| . (538)

The proof is quite similar to the proof of the previous theorem, but let us spend a few words on some
crucial differences first. Informally speaking, we picked a function y that vanishes near the bottom of
the cylinder Q. in the above proof. The main point of this was to ensure that all terms appearing in the
left-hand side of (5.26) have the same sign. This enabled us to estimate each term separately by dropping
the other one.

Again, our argument relies on that estimate but this time, we take f € (—1,0). If we argue as before,
i.e. if we assume y/(t1,x) = 0, then the remaining terms would have different signs, spoiling our entire
argument. Hence, in order to make our proof work, we suppose the function y to vanish near the top of
the cylinder Q_ instead - and this change salvages the idea of the proof. This explains to necessity to work
with the two different halves Q@ and Q_ of the cylinder Q and moreover, why their scaled versions 0Q
and Q_ have a positive distance from each other.

Let us also briefly discuss why we have to impose a condition on the range of the exponent p this time:
Previously, we assumed || > —1 and hence, it was possible to drop it from various denominators. This
will no longer work without more ado. So the condition on p ensures that |3| will be bounded away from
zero.
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Proof. Again, by rescaling, we may assume Q_ = [—7,0] x B, B= B(0, 1). From (5.38)) we see that it
suffices to prove the assertion only in case of |Q_| = 1. We use the same machinery as in the proof of
Theorem Let 6’ and o with § < ¢’ < o < 1 be fixed in the following and set Uy, = noQ_ for
n € (0,1], and By = 6B = B(0,0).

As before, we impose some further restrictions on the function y in Lemma (5.2.3): Fix0<n’'<n <1
and take y such that y(z,-) is constantly equal to one on [—7,—(1 —n'0)t] x n'B}, supp w C [—7,— (1 —
no)t] xnBi, and |gy| <4/(oT(n —n')) and [Vy| <2/(c(n —n")).

Set v =uP+1/2 where B € (—1,0), let#; € [~7,—(1 —106)7] be arbitrary and t» = —(1 — no)7. Then
(5.26) becomes, by our choice of y,

1 21BIA [*
B )y (vy)? (11,x) dx+(ﬁﬁ’1)2/[ /nB |Vv|?w? dx dr (5.39)
1 1 1

Lor 2A?
S/z/ (mlllz—i- |Vl//]2>v dxdt—I—i/ / v|dw v dx dt
n JnB ‘BM

|f] 2, )
< —_— ) dxd
_/Un< WJFWVL V| B+1y/\ W) ) v dxdt.

Note carefully that both terms in (5.39) have the same sign. From here, we argue exactly the same way as
in the lines following (5.30). The only difference now is that | 3| cannot be dropped in the steps (5.32) to
(3.33) and (5.34) to (5.39), as |B| is not bounded away from zero. The estimate we obtain now is
2 2 2
~max || (vy) (4, )1z, sy T IV 0 VWL w0,

T<t<ty

L [B+1])
<a (Y5 ) IV [ VIO dxa
n

for a constant C; = C1(A,A,q,N) and u = u(gq,N) > 0.

Recall that [Vy < 2/(c(n —1')) < 2/(8(n —n')**1) and [y] < 4/(ox(n — ') < 4/(8<(n —
n')?#+2. Set y=B +1¢€ (0,1) and v = v(q,N) = 21 + 2. Then, arguing as in (5.37), there holds
for a constant C; = C>(8,4,71,A,4,N)

(5.40)

I+y "
HVH%QK(UH/) <G <|?’—1|(TI—TI')> IVIIZ, (0, - (5.41)

We now wish to apply Lemma|2.3.8] in which we have to restrict ourselves to a pg € (0, k), which will be
kept fixed in the following. Then for 0 < y < po/x < 1, the term (1 +7)/|y— 1| will be bounded. Hence,
for a constant C3 = C3(8, 4, T, A, po,q,N) we infer from (5.41)) and the definition of the function v

. C3 1y _ Po
H”HLVK(U,,/) < <(n_n,)v> @l 2w, 0<n'<n<l,ye ( }

Lemma now yields the existence of numbers M = M(3,4,T,A, po,q,N) and vy = vy(g,N) such
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that

B M 1/p—1/po B o
[%llL,, W) < <(1_9)v0) @@y,  0€(0,1), pe <0, ?} :

Take 8 = 6’ /o < 1,use (1—6)~! < (0 —0’)~! and recall Uy = 6'Q. So

1/p—1/po
_ M _ / Po
s, @0 < <(G G/)vO) l@lL, 00, 6<0'<o<l, pe (o, T{] ,

which proves the assertion.

We now come to the trickier part, namely deriving suitable estimates for logu:

Theorem 5.2.8. Let u € V2(Qr) be a non-negative weak super-solution to (3.1) on Qr and let Q € Qr.
Define u = u+k, where k = r2*(N+2)/‘1HfHLq(Q) if f # 0 on Q and any positive number else. Then there
are constants ¢ = ¢(A, A, f,q,u,N) and C = C(A,t,A,N) such that for all o. >0

{(t,x) € Q; :logi(t,x) < —a—c}| < C|Q|a™! (5.42)
and

[{(t,x) € Q_ :logu(t,x) > a—c}| <C|Q_|a". (5.43)

Note carefully that the constant ¢ in the above two estimates is the same. This will be vital in the next
section. Also, observe that this theorem asserts that condition (2.24)) is satisfied for the functions e~ “z~!

and e“u.

One may feel uneasy that the constant ¢ depends on the function u (compared to every other constant in
this thesis!). However, this constant will eventually be eliminated in the final step of the proof of the weak
Harnack inequality.

The proof of the Theorem also very different from the ones encountered so far in this chapter. There will
be no iterative argument but some rather quirky and artificial estimates, giving the argument very little
appeal. The main tool is the weighted Poincaré inequality [2.2.8]

Proof. Clearly, we may assume #op = 0,xp =0 and r = 1. Set B= B(0, 1).

One last time, we make use of Lemma and take B = —1. We assume the function y € CO‘C(Q) to
be independent of time, i.e. y(t,x) = @(x) for all t € [—7, 7| and for some piecewise smooth function
o € C.(B), 0 < o < 1. Furthermore, assume that @ is constantly equal to one on B(0,1/2), vanishes for
x| = 1 and is linear in between, i.e. [V®| < 4. Note carefully that the sets {x € B: w*(x) > a} are convex
in this setting, where a € [0, 1].
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Put v = —logu € V»(Q). The assertion of the above mentioned lemma then reads

/(v(t2,x)—v(t1,x)) dx+2/ /|Vv|2a)2 dxdt</ /|f| +i|woyz dxdi, (5.44)
B I
where 1, 1, € [—7, 7] are - for the moment - arbitrary.

[gv(t,x)®*(x) dx
[p@*(x)dx

Since v € V5(Q), V is continuous and hece, uniformly continuous on [—T, T].
Our main instrument to move on is Proposition [2.2.8 which yields, since v(z,-) € W, (Q) fort € [—7, 1],

8C)|B
/ /|v (1)@ dx di < flw.zx/ /yvvyzaﬂ dx di, (5.45)

where C; = C}(N). From inserting this in (5.44) we infer

Define the function

V()=

te[-1,1.

/B(v(tz,x)—v(tl,x))a)z(x) dx+”1196c1|3|dx/tl /| (1)2e0? dx dr

2rfl o 2
< - —I|V
—/,/Bkar)L’w’dth

t

We divide both sides by [ ®?(x) dx > |B|. So by the definition of the number k and the properties of @,
there holds

A
Vi) = V() + —— /]v—V(t)\zdxdt§C2+C2(t2—t1) (5.46)
16C1’B| 3] B

for a certain constant C; = Co(A,A,N).
Step 2 By the uniform continuity of V, for € = 1 there is a ) > 0 such that for all #{ <, witht, —t; <1
and t € [t;,1] there holds |V (t) —V(12)| < 1. So

A f 5 " ,
PR -V dxdt < - Vit dx dt
16C,|B| J1, /B|v ()" dxdt < 8C1]B],[1 / v=V(OPF + V()= V()]*) dx

A
<= — VO dxdt +—=—(tr—t
_8C1,B|/”/Bv (OF dxdr+ Zo (i —1)

Adding V (t2) — V(1) to both sides and using (5.46) gives

5]
V(tz)—V(t1)+C3/ /\V—V(t2)|2w2 dx di < Ca+Caltr—11),
n B

where C3 = C3(A,N)and Cy = C4(A,A,N).
We introduce the auxillary functions

w(t,x) =v(t,x) — Cyt — Cy, W(t) =V (t) — Cat — Cy,
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which fulfill "
W(t2) —W(n) +c3/ / W — W (t2) +Ca(t2 — 1)|? dx di < 0. (5.47)
n B

This already implies W (t;) < W(z;) for t, <t +1, 11,12 € [—7, 7] and by the uniform continuity, it is
easy to see from this that the function W is non-increasing on the whole interval [—1, 7].
We now define the constant ¢ in the assertion of the theorem by

c=c(u,A,A,N)=c(A,A, f,q,u,N)=W(0).

Step 3 We show (5.42). To this end, let o > 0 be arbitrary and for 7 € [0, 7], define the sets A (t) = {x €
B:w(t,x) > a+c}.

We return to the setting in but only consider non-negative t; < t, in the following. By monotonicity
of the function W, we have for 7 € [r,#,] and almost all x € A/, (7)

w(t,x)—W(t) >o+c—W(t) > o >0.

So we may drop the term C4(f, — ) in the integrand in (5.47) and see

%) 15}
//|w—W(t2)+C4(t2—t)|2dxdt2/ /+()\W—W(t2)+C4(t2—t)\2dxdt (5.48)
t JB t JAL(t

%) (5]
z/ / (0t +c—W(t))? dxdi = (OH—c—W(tg))2/ AL (1)) d.
1 JAL(r) 1
Hence, by (5.47), forall0 <t <t, <7, tp —1; <7,

1 W(ll)—W(l‘z) < i W(ll)—W(l‘z)
TGatc—Wn)? = Glatc—Wn))(a+c—W(n))

" AL () di <
n (5.49)

1 1 1
_63 (oc+c—W(t1) - oc+c—W(t2)>’

where we deployed the monotonicity again. Pick n € N with T < 1. Then, by (5.49)

+ (e s 1 /1 1 1
/ AL ()| dt = Z/ AL ()| dt < — | — — < . (5.50)
= G\a a+c—W(T) Go

The proof is almost complete: Since logit = —w — Cat — Cy, the result (5.50) yields

[{(t.x) € Qi logi < —ot —c}[ = [{(t,x) € O : logui+ (Cat +C4) — (Cat + C4) < —0t —c}
<HEx) € Qpiw>o/2+c}| +|{(t,x) € Q1 : Cat +C4 > at/2}|

2 Cs
< — T— B| < —
_C3a+< ZC)‘| a’

where Cs = Cs(A,T,A,N).
Step 4 Up to minor changes, to proof of (5.43) is the same. For ¢ € [—7,0] and o > 0 define the sets
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A, (1) ={x € B:w(t,x) < c— a}. Like above, for non-positive 7; < t, and almost all ¢ € [t;,12], x € A, (¢)
there holds w(t,x) —W(t2) < c—a —W (t;) < 0. Hence, the terms w — W (£) and C4 (2> —t) have same sign
on A, (¢). The proof then follows exactly the same lines after (5.48)), except for obvious replacements. [

5.2.3 Concluding the proof

We now have all tools required to finish the proof of the weak Harnack inequality at our disposal. For the
convenience of the reader, we state the theorem again:

Theorem 5.2.9 (Weak Harnack inequality). Let u € V,(Qr) be a non-negative weak super-solution to
@B.I) on Qr and let Q € Qr. Let § € (0,1) be fixed. Then for any 0 < py < 1+2/N there is a constant
C=C(6,A,1,A,po,q,N) such that

1 1/po (
— uP dx dt < C [ essinfu+ 2~ N+2)/a ) )
(5Q| 50_ > 50, 1£1lz,c0)

Proof. Setu = u+r2_(N+2)/’1HfHLq(Q). If f =0 on Q, replace rz_(NJrz)/q”fHLq(Q) by any k > 0 and let
k ™\, 0 in the end.
By Theorem there holds for certain constants C; = C;(8,A4,7,A,q,N) and vo = vo(q,N)

C 1/p
——1 1 —1 /
< | = 0<o'<o<l1,pe(0,1
st < (Gotegs) ey, 250/ <asipe0)
which implies that assumption (a) of Lemma is fulfilled for #~! (and hence, also for any positive
scalar multiple of it). In it, we choose 6 Q. for the family Us and = .
Define the auxillary function u; = e~u~!, where ¢ = ¢(A,A, f,q,u,N) is the constant postulated by
Theorem Since logu; = —c — logu, estimate (5.42)) implies that for all o > 0 and a constant
C, =C(A,T,A,N)

{(t,) € Qs :loguy > a}| < |04 |a ",
holds, which is just condition (b) of Lemma [2.3.9] Hence, we can apply it to «; and see that there is a
constant M, = M,(6,A,7,A,q,N) such that ess Supsg, #1 < M. Put differently, this means

e ¢ < Mjessinfu. (5.51)

O+

Next, Theorem comes on stage and yields

B C3 l/l’—l/l’o B , Do
[allr,, (o0 ) < ((G—G’)Vl> Iallz,(00. ), 60<o <o<l,pe (0,?} )

where C3 = C3(6,A,7,A, po,q,N), vi = vi(¢,N) and Kk = 1 +2/N. Again, this is just condition (a) of
Lemma with n = 1/x and ¥ = po. This time, define u, = ¢“u with ¢ as above. Arguing the same
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way, (5.43) yields
{(t,x) € O :loguy > a}| < |0 |

with the same constant C; as above and for arbitrary a > 0. Thus, condition (») of Lemma also
holds. So for constants My = M(8,A,7,A, po,q,N) and M3 = §™N+2)/Pop1, we obtain

||”2||Lp0(5Q,) < MZ\Q_]l/PO :M3|5Q_‘1/1707

which is nothing else but
|5Q*|_1/p0Hﬁ||L,,O(5Q_) < Mze™“. (5.52)

A combination of (5.51)) and (5.52) then implies

180|770 lully, 50y <18Q-|" 70, 50) < Mze™® < MiMs GSESQinﬁ- (5.53)
+

The proof of the weak Harnack inequality is (finally!) complete. O

5.3 Oscillation estimates

We now give a second proof of the oscillation estimates as in Theorem {f.3.5] This time, however, the
proof is comparatively simple since we have the weak Harnack inequality at our disposal.

We recall the notation used in the above mentioned theorem: For 7,R > 0, r € (0,R] and (¢, xo) define
Q(r) = [to — tr*] x B(xo, 7).

Theorem 5.3.1. Let u € V2(Qr) be a weak solution to (3.1)) on Qr and let R > 0 such that Q(R) € Q7.
Then there are numbers C = C(A,T,A,q,N) and a = a(A,7,A,q,N) € (0,1) such that for any r € (0,R|
there holds

r\ o
essoscu < C|( — essoscu -+ R2-N+2)/4 ) .
o0 (R) ( o £z, o))

Proof. We may assume fo = 0 and xo = 0. Fix an arbitrary r € (0, R] and decompose the cylinder Q(r) in
0_(r) = [—1r?,—17r?] x B(0,r) and Q. (r) = [—37r%,0] x B(0,r). In conjunction with Theorem
introduce 3Q_(r) = [—tr?,—37r*] x B(0,3r) and $Q. (r) = [—17r*,0] x B(0, 3r). Note carefully that
30+(r) = 0(37).

Define the (finite) numbers

M = esssupu, m = essinf, M, = esssup, m = essinf.
o) ) o(5) 2(z)

Notice that u — m is non-negative on Q(r) and a weak solution to (3.1). The same holds true for M — u if
one replaces the right-hand side of (3.1)) by —f.
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We now apply Theorem [5.2.T|with py = 1 to M —u and u — m, respectively. This yields

: / 2-(N+2)/
TA T u—mdxdt <Cy (my—m+r> 9 7| .
50-(n) /10 ( L)

: / 2-(N+2)/
To i Jip M udxdtsC{M=Mi+r W £lyio0
50-(nl /1ot ( Liew)

with the same constant C; = C; (4, T, A, g,N). Without loss of generality, we assume C; > 1. Adding these
two inequalities gives us

M —m < Cy (my—m+ M =M +27 D £ o

i.e.

essoscu < essosc +2r2~ (N+2)/4 ) (5.54)
o5~ G o) 1l

Set0 =60(A,1,A,q,N)=(C—1)/C € (0,1) and define the non-decreasing functions

g(r) = essosc, h(r) =2~ £ oy, € (OR].

From (5.54) we deduce that these functions satisfy the functional inequality
g(r/2) < 6g(r)+h(r), re (0,R].

Lemma gives us the estimate
1 r (1 :u)lézg]?z h(Rl_”r“)
<— (= R)+—— 0,R 5.55
sn<5 (%) R+ =g re(0.R) (5:55)
where u € (0,1) is arbitrary. Recall that 2 — (N +2)/q > 0. Hence, it is possible to find a yu with

log 6
logl/2 —

=a(A,T,A,q,N)=(1—pu) <@2-(N+2)/q)u

and furthermore, & € (0,1) can be achieved. Substituting this back in (5.53)) gives the desired result:
1 /r 2 (1) 2-(N+2)/q
essoscu (E) essoscu—km ( (—) ) 11|z, 0

(
(

IA
S

A 2-(N42) [gu—a
) <essoscu+ <R> R N+2) /q”fHL (O(R) )>

) <essoscu—i—R2 (N+2) /‘IHfH ))),

x|~

IN

G

x|~

where C; = C2(A,T,A,q,N). O
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The rest of the proof of Theorem [3.1.3]is exactly the same as in Section {.4] (this time however, we are
free in the choice of the number 7, which can be taken for example as 7 = 1).

5.4 Notes and concluding remarks

5.4.1 Further comments on the proof of the weak Harnack inequality

Although the weak Harnack inequality is not in the center of this thesis, we give some additional
information. Especially, we catch up on what was left out in Section[5.2] namely depicting the idea behind
the proof: It is peculiar that the abstract Lemma[2.3.9|seems to come out of the blue. We provide some
more background information about how the proof has evolved over time in order to make the idea behind
the proof discernible. However, we focus on conveying the big picture and leave the technicalities aside.

For a measurable set U of finite measure with positive measure and a strictly positive measurable function

u, we set

®(u, p,U) = <|U1|/UMP du) ,

where p € R\ {0}. This is simply the averaged L,-(quasi-)norm of u for p > 0. An elementary argument
shows that this function is monotonically increasing in p and

pl_l)r{lmcb(u,p, U)= essUmfu, [}grgoé(u,p,U) = essUsup u,
1
lim ®(u, p,U) = exp </ logu du) , (5.56)
p—0 |U’ U

whenever these expressions make sense. Hence, @ extends to a function on [—oo, oo].
We showed that (5.24)) even holds when u is replaced by % on the left-hand side. In the above language,
this inequality can be written as

q)(ﬁup())6Q—) < CCI)(E,—OO’6Q+) (557)

Moreover, Theorem Remark and imply, by taking the particular values ¢’ = § and
o=1

q)(ﬁvp>Q+) < Clq)(ﬁa —9, 5Q+)a JS [_0070)7

(5.58)
D (U, po,00-) < C®(u,p,0-), 0 < p small enough.

We stress three points: In both inequalities, we can take p arbitrarily close to zero. However, we approach
zero either from the left or the right. Furthermore, the inequalities involve either the upper or lower halves
of the cylinder Q.

Evidently, in order to finish the proof of the weak Harnack inequality, we need to build a bridge between
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these two results. More precisely, we are left to show the following: There is an € > 0 such that:
q)(ﬁ787Q7) < CS(D(ﬁvieyQJr)' (559)

Note that this inequality is substantially different from the two above: Firstly, it involves a “jump over
zero’ in the exponent and secondly, both halves of the cylinder Q.

At this point, it seems appropriate to insert some words on the historical development. Moser first applied
his ideas in [20] to elliptic equations of the form

—divAVu =20

to give a different proof of De Giorgi’s and Nash’s result, before he turned his attention to the corresponding
parabolic problem in [21]]. In particular, he established analogous estimates of the form (5.58)) on balls
for weak super-solutions of the elliptic problem using the same iteration technique presented here. The
adaption of his ideas to the parabolic setting in order to derive (5.58)) was relatively straightforward.
However, and this is the main point, there is no need to decompose the balls in any form in the elliptic
situation and (5.58)) then holds for shrinked versions of the same ball.

Deriving in the elliptic case already required a deep theorem due to John and Nirenberg, involving
the function space BMO. An integrable function v on R" belongs to this space if for all balls B C R" the
quantity ﬁ J5|v—vg| dx is finite, where vg = ®(v, 1, B) is the average of v over B.

The John-Nirenberg inequality asserts that there is a constant ¢ > 0 such that

1
W/Bexp(c|v—vB|) dx < oo,

for all v € BMO. See for example [9, Chapter 6] for a direct introduction of the space BM O and a proof of
this inequality.

In light of the limit (5.56)), it seems reasonable to study logu and in fact, one has that this function belongs
to BMO. With the aid of the John-Nirenberg inequality, Moser then succeeded in proving (5.59) on balls
in the elliptic case.

It thus appears only natural to try to follow the same route to derive the inequality (5.59) for the parabolic
problem. However, one is faced with the additional challenge to compare the function ® on different
domains and not only for exponents with a different sign. This additional ingredient impedes things
considerably and calls for an adaption of the above inequality to our situation. This gerneralization
turned out to be exceptionally hard to prove; in fact, it makes up the largest part of Moser’s originial
contribution [21]]. Additionally, his first argument turned out to contain a subtle error, which was corrected
in [22]] some time later. In a later work [23]] he writes

"The proof of this lemma is quite intricate and it was desirable to avoid it entirely."

The purpose of this work was to simplify his own proof by applying Lemma discovered in [3]],
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where the authors demonstrated its applicability to the corresponting elliptic problem.

Eventually, we can extract the principal statement of Lemma[2.3.9} There is no need to show (5.59)
and to generalize the John-Nirenberg inequality! The mean value inequalities (5.28)) and (5.38)), and
the logarithmic estimates (which are all essentially the same as the ones in Moser’s original
contribution ) already suffice.

For a more detailed discussion of the application of the John-Nirenberg inequality to the elliptic problem,
see for example [19, Section 2.3.5].

The reader might wonder where exactly we compared the terms in (5.58)). Indeed, this step is very well
hidden and takes place when we eliminate the factor e ¢ in (5.33); but there is no small exponent needed

as in (5.39).

5.4.2 References

Section is based on the paper [2]]. Especially, the particular form of the auxiliary functions G and H
and their application in the proof of Theorem[5.1.2]is taken from there. Also, Lemmal5.2.3|can be found
in this contribution. The proof of Theorem [5.1.2] especially the usage of Moser’s iteration technique in
the abstract setting is inspired by [5} Section 3.1].

The particular form of the weak Harnack inequality is derived from [29, Chapter 5], while the the proofs
of Theorem [5.2.5] and and Section [5.2.3] are based on [29, Section 5.3] and [29, Section 5.5],
respectively. The proof of the logarithmic estimates in Theorem [5.2.8 are taken from [29, Section 5.4.1]
and [25], Proposition 6.9].



6 Outlook and related results

To conclude this thesis, we briefly present several further and related results.

6.1 More general equations

Our main result also holds for equations with lower order terms, e.g. for equations of the form
du—div(AVu+au+g) = (b|Vu) +cu+ f. (6.1)
with additional integrability conditions imposed on the new terms, namely
a,b,g € Lyg(Qr;RY), ¢ € L,(Qr).
For these equations, the estimate (3.4)) has to be modified, namely

el cayy < € (Naliai@ry + 1 Fllzy@r) + lglliaya)

and the constant C will depend on the respective norms of a,b and c.

Further, the linearity of the equation was not the essential element to make the proofs work. It is possible
to extend the result to quasi-linear equations of the form

u —div o (t,x,u,Vu) = B(t,x,u,Vu)

by imposing certain structure conditions on the nonlinearities < : Q7 x R x RN — RN and % : Q7 x R x
RN - R:

(< (t,x,u,p)|p) > Alp* — @f [u]* — @3,
"Q{(tax:uap” < A2|p’ +(p3|u‘ + @4,
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“@(trxvuap)’ < (P5|p’+(P6‘M’+(P7,

with @1, 02, 03,905,907 € Lyyo,) and @4, @6 € L,(Qr) and the estimate for the Holder norm has to be
modified accordingly.

It was the aim of this thesis to depict the main ideas and steps of De Giorgi’s and Moser’s technique for
the simpler equation (3.1)). The proofs of the theorem for these more general equations above is essentially
the same: Now, the reader should be familiar with the prinicipal form of the intermediate results and
inequalities; it requires no new ideas to treat the additional terms but only some additional paperwork. In
that sense, both De Giorgi’s and Moser’s methods are also nonlinear techniques. We refer to [[17, 3, §10
and Chapter 4] and [2] for the details.

6.2 Regularity up to the parabolic boundary

As we saw, it is vital for the given proofs to work that the set . in Theorem has a positive distance
from the parabolic boundary. Hence, this result only answers the question of interior Holder continuity of
weak solutions and leaves open what happens at the parabolic boundary. To answer this question, more
ingredients have to be added - in particular, a priori information about the weak solution on the parabolic
boundary.

We first elaborate on the global boundedness of a weak solution u. We add to our three assumptions
(A1)-(A3) another one, namely that u does not exceed a number K on the parabolic boundary I'7. This
information could be derived for instance from the given data, if u is indeed the weak solution to a
initial boundary value problem. Of course, one has to make sense of the condition "up, < K" which we
understand as

(u—K)* € V»(Qr) and (u—K)"(0,x) =0. (6.2)

The main tools used in Sectiond.T|were[2.2.18|and the Gagliardo—Nirenberg inequality. The former result
does not work on the whole cylinder Qr, while the latter requires some smoothness of the domain Q.

The trick to overcome these issues to extend the weak solution u# by zero to a larger parabolic cylinder
Qr = [—¢&,T] x Q, where Q is a bounded domain with smooth boundary that contains the original domain
Q. Denote the extension of u by ii. It can be shown, by using (6.2), that (i — K)* € V5(Qr), i.e. one can
then obtain for almost all ¢ € [0, T]. From this, a modification of our argument in Section 4.1|then
shows that the weak solution u will in fact be bounded on the whole domain Q7 and one has the estimate

ull @) < K+Cllfll, @

for a certain constant C. The proof of this estimate is in the same spirit as the proof of the local boundedness
in Sectiond.T]and requires essentially no new ideas. This result can also be obtained by adapting Moser’s
iteration technique. See for example [17, Chapter 3, §7], [[18, Chapter 6, Section 5] or [2, Section 3] for
more details concerning the global boundedness.
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Global Holder regularity requires two additional supplements: One must already know that u is Holder
continuous on the parabolic boundary and certain smoothness assumptions on the boundary dQ have to
be imposed. Deriving this result, however, is more technical, so we refer to [17, Chapter 3, Theorem 10.1]

and [18], Theorem 6.32] for a thorough discussion.






A Spaces of vector-valued functions

For the sake of completeness, we include a short treatise on Bochner spaces and Sobolev spaces of
vector-valued functions. However, our presentation is rather short and we solely concentrate on what is
needed for our purposes. See for example [11}, 5.9.2 and E.5], [10, Chapter 7-8] and [16|, Chapter 2-3] and
the references therein for more details.

In the following, let I = (a,b] or |a, b] be a bounded non-trivial interval and let X,Y be a Banach space
with norms || - ||x, || - ||y, respectively (we will omit the subscript if no confusion is to be expected). For
Lebesgue measurable subsets A C I, we denote by ya its characteristic function. Permanently, Q C RY
will be a bounded domain.

Definition A.1. The space C(I;X) consists of all functions u : I — X that are continuous with respect to
the norm of X with
lulloxy = max [[u(z)]] < ee.
tel

Further, for k € NgU {0}, the space CK(I;X) consists of all k-times continuously differentiable functions
u:l—X.

For a function u(t,x) € CX(I x Q), we define the function ()(x) = u(¢,x) and it can be shown that

ii € CK(I;C*(Q)); even more, these two spaces coincide given this identification (compare [10, p. 258]).
The same holds for the spaces C¥(T x Q) = CK(I;C*(Q)).

We also need vector-valued Holder spaces:

Definition A.2. We say that a function u € C(I;X) is Holder continuous, and we write u € C**(I;X), if
there is a € (0, 1) such that
sup Ne(t1) —u(®2)llx

1€l ’tl _12’06/2
11 #ty
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We equip this space with the norm

lu(r) —u(r2)]x
ullcarrigxy = lullcgx) + sup —————75—
H ”Ca 2(I.X) H ”C(I,X) 1 ipel ’tl_t2‘a/2
n#

The factor 1/2 in the exponent is added in conjunction with the spaces introduced in Subsection It
is easy to see that for a, B € (0,1) with a < B, one has the embedding CP/2(I; X) — C*/*(I;X).

Remark A.3. If o € (0,1) and X = CP(Q) fora 8 € (0,2), it is easy to see that
CU*(T,cP(Q)) c cmin(@B)/2min(aB) (7 5 Q).

See Subsection2.2.11

We now discuss Bochner spaces:

Definition A4. Letu:1— X. We call u

(a) simple, if u(t) = 7:1 Xa;(t)x;j for measurable Ay, ..., Ay C I and xy,...,xy € X fixed;

(b) measurable, if there is a sequence u, of simple functions such that for almost all t € I there holds
||t (t) —u(t)|| — O for n — oo

(c) integrable, if there is a sequence u, of simple functions such that [} ||u,(t) —u(t)|| dt — 0 for n — oo.

In that case, if u is simple, we define [;u(t) dt = 1}’:1 |Aj|xj and otherwise
/u(t) dt = lim | u,(t) dt (A.1)
1 n—ee /1

for a sequence u, of simple functions.

Evidently, it makes no difference if we take the closed interval 7 in the above definition instead. It is easy
to see that the limit (A.1) is independent of the sequence u,. Also, if u : I — X is continuous, then u is
also measurable [16, Corollary 2.3].

Theorem A.5 (Bochner, [|[11, E.5 Theorem 8] ). A function u : I — X is integrable if and only if u is

measurable and [} ||u(t)|| dt < eo. In this case, || [;u(t) dt|| < [, ||lu(t)]|| dt.

Definition A.6. For p € [1,0), we set
L,(I;X)= {u : I — X measurable with [|u|. .x) = /Hu(l)%’( dt < oo}.
1

If p = oo, then L..(I;X) denotes the set of all measurable functions u : 1 — X with |[u(t)||..qx) =
esssupy |lu(f)||x < oe.
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Note that from Bochner’s Theorem, Holder’s inequality and the assumption |I| < o it follows that
u € L,(I;X) is integrable for all p € [1,00].

We now discuss the important special case that X is a Lebesgue space. Similar to spaces of continuous
functions, given an element u(t)(x) of the abstract space L,(I;L,(Q)), we define on I x Q the function
i(t,x) = u(t)(x). We have the following result:

Proposition A.7 ([10, Satz 7.1.24]). Let @ C RY be a bounded domain. Then L,(I;L,(Q)) = L,(I x Q),
if p€[l,0) and Le(I;Le(Q)) & Loo(I X Q). These inclusions are understood in the sense of the above

identification.

We now discuss Sobolev spaces of vector-valued functions. Recall that C°(I) = {@ € C=(I) : dist
(supp @,01) > 0}.
Definition A.8. Ler u,v € L (I;X). We say that u is weakly differentiable with weak derivative dyu = v if

/ () (1) di = — / v(1)@(1) di for all @ € C(1).

1 1

We write Wp1 (I;X) ={u € L,(I;X) : uis weakly differentiable with d;u € L,(I;X)} for p € [1,e0].
We equip this space with the norm

1/p
(lll, ) + 190l ) ) p € Te0),

||“||Wp'(1;x) =
max{”“”Lw(I;X)v ||atu”Lw(1;X)}7 p = o°.

Proposition A.9 ( [10, Satz 8.1.5] and [11] Section 5.9.2, Theorem 2]). Let u,v € L,(I;X) for p € [1,00].
Then u € Wpl (1, X) with d,u = v if and only if there is a uy € X such that for almost all t € I there holds

u(t) =ug —i—/tv(s) ds. (A.2)

Theorem A.10 ( [11, Section 5.9.2, Theorem 2]). Let p € [1,c0]. Then W, (I,X) < C(I:X), i.e. for all
u € W, (I;X) there is it € C(I;X) with i(t) = u(t) for almost all t € I and ||ul|¢z.x) < Cllullwi.x) for a
constant C = C(I).

It is customary that whenever one writes u € WI} (I;X), it is always assumed that this function is the
continuous representative (with the extension to the closure of the interval I).

Corollary A.11. Let p € (1,00). Then W, (I;X) < C*/*(I:X ), where ot =1 — .

Proof. Letu e Wp1 (I;X) and without loss of generality, assume that u is the continuous representative in
the sense of Theorem Let v € L,(1;X) be the function in Proposition As u is continuous, (A.2)
holds for all t,s € I, s < t. Hence

t p—
[Ju(r) —u(s)llx < /S I(r)llx dr < Vil o e = s1% < VL, 1%/ = 5|2, (A3)
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where we made use of Theorem[A.5]and the scalar Holder’s inequality. O
For p € [1,00] and I = (a,b] or [a, D] as above, we set

Wy (I;X) ={u €W, (I:X) :u(a) =0 € X}, (A4)
which is well defined by the above theorem.

The following is a variant of the chain rule that suffices for our purposes:

Proposition A.12 (Chain rule). Let f : R — R be a Lipschitz continuous map such that f(v) € Ly(Q) for
all v € L,(Q), where Q C RN is a bounded domain. Let u € W, (I;Ly(Q)). Then fou € W, (I;L,(Q))
and 0,(f ou)(t) = f'(u(t))du(t) for almost all t € I.

Proof. See [4, Lemma A.3] for the proof that fou € W, (I;L2(Q)). The proof of the formula for the
derivative is the same as in the scalar-valued case (cf. [30, Theorem 2.1.11]). ]
Proposition A.13. Let Q C RY be a bounded domain, u € W, (I,L(Q)) and v € C(I x Q) be bounded
and piecewise smooth. Then uv € W, (I;L(Q)) and 9,(uv) = (du) v+ ud,v.

Again, the proof is the same as in the scalar-valued case.

We also need vector-valued Sobolev—Slobodeckij spaces. Their definition is the same as in Subsection

R2.4

Definition A.14. Let p € [1,00) and s € (0,1). For u € L,(I;X), denote

[ //’ HX dt dt e
’tl_t2’]+sp '

We say that u belongs to the Sobolev—Slobodeckij space W, (1;X), if

1/p
lelwyiroey = (Nl gy + il )~ <

There is also a vactor-valued analogue to Theorem [2.2.12}

Theorem A.15. Let p € [1,) and s € (0,1) be such that sp > 1. Then Wy(I;X) — C*?(I,X), where
i

o=s5—-.
P

Proof. See [26, Corollary 26]. However, the additional factor 1/2 has to be included as in (A.3). O
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