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Chapter 1

Unbounded Operators

In this chapter we introduce unbounded operators and put together some proper-
ties which will be frequently used.

Moreover, we discuss the spectral theorem for self-adjoint operators which
will give us very interesting examples of elliptic operators in the sequel.

1.1 Closed operators

Let F be a complex Banach space.

Definition 1.1.1. An operator on E is a linear mapping A : D(A) — E, where
D(A) is a subspace of E which we call the domain of A. The operator A is called
bounded if
JAl:=  swp [lAz] < oo
=] <1,z€D(A)
If ||Al] = oo, then A is called unbounded.

The notion of an operator is too general to allow one to do some analysis.
The least thing one needs is to be allowed to exchange limits and the operation.
That is made precise in the following definition.

Definition 1.1.2. An operator A is closed if for any sequence (x,)nen in D(A) such
that lim x, =z and lim,, o, Az, =y exist in E one has x € D(A) and Ax = y.

n—oo

Thus an operator A on F is closed if and only if its graph
G(A) :={(z,Az) : x € D(A)}

is a closed subspace of E x E.

If D(A) is a closed subspace of E, then the closed graph theorem asserts that
A is bounded if and only if A is closed. We will be mainly interested in closed
operators with dense domain.

In order to give a first typical example we need the following.
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Exercise 1.1.3 (graph norm). Let A be an operator on E. Then
lzlla = llzll + || Az]|

defines a norm on D(A) which we call the graph norm. The operator A is closed
if and only if (D(A),] - ||a) is a Banach space.

Example 1.1.4. Let E = C[0,1] with supremum norm
1fllse = Sup]\f(m)|~

z€[0,1

Denote by C[0,1] the once-continuosly differentiable functions on [0,1].

a) Define the operator A on E by D(A) = C*[0,1], Af = f'. Then the graph
norm on D(A) is given by ||flla = |flloc + [/ lec for which C[0,1] is
complete. Thus A is closed.

b) Define the operator Ay on E by D(Ag) = C*°[0,1] (the infinitely differen-
tiable functions on [0,1]), Aof = f'. Then Ag is not closed.

An operator may be not closed for two different reasons. The first reason is
that the domain had been chosen too small, but the operator has a closed extension.
Example 1.1.4 b) is of this type, the operator of part a) being a closed extension.
The second possible reason is that things go basically wrong. Such operators are
called unclosable; they do not have any closed extension. The problem is that an
operator A is asked to be a function; i.e. to each x € D(A) only one value Az
is associated. Proposition 1.1.7 now makes clear why an operator may not have
a closed extension (see Example 1.1.9 for a concrete case). Here are the precise
definitions and statements.

Definition 1.1.5 (extension of operators). Let A, B be two operators on E.
a) We say that B is an extension of A and write A C B if

D(A) ¢ D(B) and
Ar = Bz forallxz e D(A).

b) Two operators A and B are said to be equal if A C B and B C A, i.e. if
D(A) = D(B) and Az = Bz for all x € D(A).

An operator A may have a closed extension or it may not . If it has one there
is always a smallest one.

Proposition 1.1.6 (closable operators). An operator A on E is called closable if
there exists a closed operator B such that A C B. In that case, there exists a
smallest closed extension A of A which is called the closure of A , (i.e A is closed,
AC A and A C B for all closed extensions of A).
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The following criterion for closability is very useful. We leave its verification
as well as the proof of Proposition 1.1.6 as exercise.
Proposition 1.1.7 (criterion for closability). Let A be an operator on E.

a) The operator A is closable if and only if for x, € D(A), y € E such that
limy, oo Ty =0, lim, .o Az, =y one has y = 0.

b) An operator A is closable if and only if there evists a closed operator B on
E such that G(A) = G(B). In that case B = A.

Here are two examples which illustrate well the situation.

Example 1.1.8. The operator Ao in Ezample 1.1.4 b) is closable and Ay = A,
where A is the operator introduced in Example 1.1.4 a).

Exercise 1.1.9 (a non closable operator). Let E = C[0,1], D(A) = C'[0,1], Af =
f/(0) - 1 (where 1 denotes the constant 1 function ). Then A is not closable.

Exercise 1.1.10. Prove Proposition 1.1.6 and 1.1.7.

Exercise 1.1.11. Let A be an operator on X.

a) Show that A is continuous if and only if A is bounded.

b) Assume that A is bounded. Show that A is closable and D(A) = D(A). Conclude
that A is the continuous extension of A to D(A).

1.2 The spectrum

Let E be a complex Banach space. Let A be an operator on E. Frequently, even
if A is unbounded, it might have a bounded inverse. In that case, we may use
properties and theorems on bounded operators to study A.

For this, it does not matter if A is replaced by Al — A where A\ € C and I is
the identity operator on E. The set

p(A)={\€C: A\ - A:D(A) — E is bijective and (\I — A)~! € L(E)}

is called the resolvent set of A. Here L(E) is the space of all bounded operators
from E into E. If \l — A : D(A) — E is bijective, then (\[ — A)~! : E — D(A)
is linear. But in the definition we ask in addition that (Al — A)~! is a bounded
operator from E into E. This is automatic if A is closed (see Exercise 1.2.1).

For )\ € p(A), the operator

RO\ A) =M - At eL(E)

is called the resolvent of A in A.
Frequently we write (A—A) as short hand for (A\—A). The set 0(A) = C\p(A)
is called the spectrum of A.
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Exercise 1.2.1 (closed operators and resolvent).  a) Let A € C. Then A is closed
if and only if (A — A) is closed.

b) If p(A) # 0, then A is closed.

¢) Assume that A is closed and (A— A) : D(A) — E is bijective. Then A\ € p(A)
(Use the closed graph theorem).

If B € L(E), then p(B) # 0. In fact, assume that |B|| < 1. Then
(I-B)'= E:BlC ( Neumann series ). (1.1)
k=0

Replacing B by 1B one sees that A € p(B) whenever |A| > || B||.

Unbounded closed operators may have empty resolvent set. Also, it may
happen that an unbounded operators has empty spectrum (which is not true for
operators in L£(E)), see Exercise 1.2.7.

Proposition 1.2.2 (analyticity of the resolvent). Let A be an operator and Ao €
p(A). If X € C such that |\ — \o| < [[R(No, A)|| 71, then X € p(A) and
R(AA) = (Ao — N)"R(X, A"

n=0
which converges in L(E).

Proof. One has (A —A) = (A=Xg) + (Ao — A) = (I — (Ao = M) R(No, A)) (Mo — A).
Since ||(Ag — A)R(Xg, A)|| < 1, the operator ((I — (Ao — A\)R(XAo, A)) is invertible
and its inverse is given by

oo

> (ho = A" R(Xo, A)".

n=0
Hence A € p(A) and
R(X, A) = R(Ao, A)(I = (g = A)R(Xo, 4)) .

O
Proposition 1.2.2 shows in particular that

dist(\, o(A)) > |R(\, A)||7F (1.2)

for all A € p(A). Here dist(A, M) = inf{|\ — u| : p € M} is the distance of A € C
to a subset M of C. This has the following useful consequence.

Corollary 1.2.3. Let A\, € p(A), A =lim, o0 Ay If

sup || R(Ay, A)|| < o0,
neN

then A € p(A).
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Remark 1.2.4. The property expressed in Corollary 1.2.3 is quite remarkable since
it is not true for holomorphic functions in general. In fact, if Q C C is open ,
2o € Q and f: Q {20} — C is holomorphic and bounded on some neighborhood
B(zo,7) \ {20} :={2 € C:0 < |z — 2| <7}, then f has a holomorphic extension
to Q. But it does not suffice, in general, that f is bounded on some sequence
(zn) C Q\ {20} converging to zy. For example, let Q@ = C, zy = 0, f(z) =
exp(1/z),z, =i/n. O

By
op(A)={Ae€K: Jxr € D(A),z #0,(A — A)z =0}

we denote the point spectrum, or the set of all eigenvalues of A. If X is an eigen-
value, each © € D(A) \ {0} such that (A — A)z = 0 is called an eigenvector of A.
There is a natural relation between the spectrum of A and its resolvents.

Proposition 1.2.5 (spectral mapping theorem for resolvents). Let \g € p(A).
Then

a) o(R(Xo, A)\ {0} = {0 =N~ : A e a(A)},
b) ap(R(Xo, A)) \ {0} ={(ho —A) "1 : A €0, (A)}.
Proof. a) 1. If u € p(A), u # Ao, then

Ao —
2.7 C” Letv € 0(R(X\g, A)),v # 0. Assume that v & {(A\g—A) "L : X € o(A)}.
Then Ao — 1/v € p(A). This implies v € p(R(Xo, A)) by 1.
3.7 D7 Let u= (Ao — \)~! where A\ # )\g. Suppose that u € p(R()\o, A)).
Then one easily sees that A € p(A4) and R(\, A) = pR(Xo, A)(u — R(No, A)) L.
b) is left to the reader.

( ! —R(Ao,m)_ — (o = 1)(ho — A)R(u, A).

It follows in particular, that o(A) = @ if and only if there exists u € p(A)
such that o(R(u, A)) = {0}, and in that case o(R(u, A)) = {0} for all u € p(A).
We denote by

r(B) =sup{|A| : A € o(B)}

the spectral radius of an operator B € L(F). Then Proposition 1.2.5 gives an
improvement of (1.2).

r(R(\, A)) = dist(\, o (A)) ! for all A € p(A) (1.3)
We conclude this section by the following easy identity.
Proposition 1.2.6 (resolvent identity).
(R(A A) = R(p, A))/ (1 = A) = R(A, A)R(p, A)
for all \,p € p(A), X # p.
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Proof. One has,

R\ A)— R(p,A) = R\ A — (A= A)R(p, A)]
RO\ A)[(n— A) — (A= A)R(p, A)
(1= MR, A)R(u, A)

The resolvent identity shows in particular, that resolvents commute.

Exercise 1.2.7 (empty spectrum). Let E = C[0,1], D(A;) = {f € C'[0,1], f(1) =
0}, Aif = f'. Then o(41) = 0.

Indication: (R(\, A1) f)(z) = fxl eME=Y) £(y) dy (AeC).

1.3 Operators with compact resolvent

Let E be a Banach space over C. By I(F) we denote the space of all compact
operators on E. The following facts are well-known. JIC(F) is a closed subspace of
L(E). It is even an ideal, i.e. K € K(F) implies SK, KS € K(F) for all S € L(E).
Compact operators have very particular spectral properties. Let K € K(FE).
Then the spectrum consists only of eigenvalues with 0 as possible exception, i.e.

o(K)\ {0} = op(K) \ {0} . (1.4)

Moreover, o(K) is countable with 0 as only possible accumulation point, i.e., either
o(K) is finite or there exists a sequence (A,)neny C C such that lim, oo Ay, = 0
and

o(K)={\,:neN}U{0}.

Finally, for each A € 0,(K) \ {0}, the eigenspace ker(A — K) is finite dimensional.
The purpose of this section is to find out what all these properties mean for
an unbounded operator if its resolvent is compact.

Definition 1.3.1. An operator A on E has compact resolvent if p(A) # () and
R(A, A) is compact for all X € p(A).

From the resolvent identity and the ideal property, it follows that A has
compact resolvent whenever R(\, A) € K(E) for some A € p(A).

If dim F = oo then operators with compact resolvent are necessarily un-
bounded (otherwise, for A € p(A) we have R(\, A) € K(E) and (A — A) € L(E).
Thus I = (A — A)R(\, A) is compact by the ideal property).

The following criterion is most useful

Exercise 1.3.2 (criterion for compact resolvent). Let A be an operator on E with
non-empty resolvent set. Then A has compact resolvent if and only if the canonical
ingection (D(A), | - ||a) — E is compact.



1.3. OPERATORS WITH COMPACT RESOLVENT 9

The following spectral properties follow easily from those of compact opera-
tors with help of the spectral mapping theorem for resolvents (Propositon 1.2.5).

Proposition 1.3.3 (spectral properties of operators with compact resolvent). Let
A be an operator with compact resolvent. Then the following holds.

a) o(A) = op(A);
b) either o(A) is finite or there exists a sequence (Ap)nen C C such that
lim, o0 |An| = 00 and 0(A) = {\, : n € N};
¢) dimker(A—A) < oo for all X € C whereker(A—A) := {z € D(A) : Az = A\x}.
The most simple examples of unbounded operators are diagonal operators.
In the next section we will see that selfadjoint operators with compact resolvent

are equivalent to such simple operators. This will be exploited to solve the heat
equation. We let

o= {(zn)nen CK: Y |an|? < 00}

n=1

where as usual K = R or C. Then [? is a separable Hilbert space over K with
respect to the scalar product

o0
n=1
(where g, is the complex conjugate of y,,).

Definition 1.3.4 (diagonal operator). Let o = (an)nen be a sequence in C. The
operator M, on 1> given by

D(M(X) = {.13 S l2 : (anxn)nEN € l2}

Moz = (@nZn)nen
is called the diagonal operator associated with o and is denoted by M,,.

We define the sequence spaces

I = {a=(an)pen C C:supla,| < oo}
neN
co = {a=(ap)hen CC: nlggo |a,| = 0}.

Note that [*° is a Banach space for the norm
lerlloe = sup |ou|
neN

and c¢g is a closed subspace.
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Exercise 1.3.5. Let o = (au,)nen € [°°.
a) The operator M, is bounded and || My = || co-
b) If a € ¢y, then M, € K(1?).

Hint for b): M, can be approximated by finite rank operators in £(1?).
Here an operator R € L(F) is said to have finite rank if dim RE < co. Such
an operator is always compact.

Example 1.3.6 (diagonal operators with compact resolvent). Let o = (ay)neny C C
be a sequence such that lim, . |ay,| = co. Then M, has compact resolvent.

This is easy to see with help of Exercise 1.3.5.

Given an operator A, it is easy to define a new operator by similarity which
has the same properties as A.

Proposition 1.3.7 (Similarity). Let A be an operator on E and let V : E — F be
an isomorphism where F is a Banach space . Define the operator B on F by
D(B) {ye F: V7 lye D(A)}
By = VAV ly.

Then the following holds:
a) A is closed if and only if B is closed;
b) p(B) = p(A) and R(\,B) = VR(\, A)V ! for all X € p(B);
¢) B has compact resolvent if and only if A has compact resolvent.
Notation: VAV ! := B. The easy proof is left as exercise.
Exercise 1.3.8 (further properties of diagonal operators). Let o = (v, )nen C C.
a) If M, is bounded, then o € [*° and ||M,]| = ||a||co-
b) o(Ma) = {an : 1€ N}
c) 0p(My) ={a, :n €N}
d) M, is compact if and only if o € ¢p.

e) M, has compact resolvent if and only if lim,,_, |, | = oco.
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1.4 Selfadjoint operators with compact resolvent.

Here we consider unbounded operators on a Hilbert space. The main result is the
spectral theorem which shows that every selfadjoint operator with compact resol-
vent can be represented as a diagonal operator.

Throughout this section H is a separable complex Hilbert space.

Definition 1.4.1. An operator A on H is called dissipative if
Re(Az|x) <0 for all x € D(A) .

The following proposition shows a remarkable spectral property of dissipative
operators. We denote by

Ct:={AeC:ReX>0}
the right half-plane.

Proposition 1.4.2. Let A be a dissipative operator on H. Assume that there exists
A € Cy such that (A — A) is surjective. Then p € p(A) and ||R(u, A)|] < 1/Reu
for all p e Cy..

Proof. Let u € C,. Let x € D(A) , px — Az = y. Then

Repllz|? = Re(uz[z) = Re(y+ Azlr)
= Re(zly) + Re(Az|x)
< Re(zly) < lfl flyll

by dissipativity and the Cauchy Schwartz inequality. Thus (Reu)||lz| < ||y]. It
follows that

IR, A)] < Riu (1.5)

whenever p € p(A) N CL =: M. Since p(A) is open, also M is open. Now (1.5)
and Corollary 1.2.3 imply that M is closed in C,. Since the right half-plane is
connected and M # (), it follows that M = C,. O

Definition 1.4.3. An operator A on H is called m-dissipative if A is dissipative
and (I — A) is surjective.

From Proposition 1.4.2 we know that the spectrum of an m-dissipative oper-
ator A is contained in the left half-plane, and ||[R(X, A)|| < 1/ReA (ReX > 0).
Now we consider symmetric operators.

Definition 1.4.4. An operator A on H is called symmetric if

(Az|y) = (z|Ay) for all x,y € D(A) .
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If A is symmetric, then (Az|z) = (z|Az) = (Az|z). Hence (Az|x) € R for all
x € D(A). Also the converse is true. Recall the polarization identity.

(zly) = H@+y, 2 +y) — (¢ —ylz —y)+
! i(z + iy|z +iy) — i(z — dy|lz —iy)} (1.6)

(z,y € H), which is an immediate consequence of the properties of the scalar
product. Considering y = Ax one sees the following.

Proposition 1.4.5. Let A be an operator on a complex Hilbert space H. The fol-
lowing assertion are equivalent.

(i) A is symmetric;
(i1) (Az|x) € R for all z € D(A);
(iii) +iA is dissipative.

Note that (iii) is just a reformulation of (ii). But now Proposition 1.4.2 shows
us the following.

Proposition 1.4.6. Let A be a symmetric operator. Assume that (A—A) is surjective
for some A\ € C such that Tm\ > 0. Then A € p(A) for all A with Tm\ > 0.
Similarly, if (A — A) is surjective for some A € C such that ImA < 0, then {\ €
C:ImX <0} C p(4).

Thus for a symmetric operator A, there are four possibilities:
c(A)={A e C:Im) > 0}

o(A)={A e C:Im <0}

o(A)=C

o(A) CR.

The cases (a) - (c) are not of interest for our purposes and we refer to the
literature for further investigation (e.g. [RS80]). We are rather interested in the
last case (d) which leads to the following definition.

Definition 1.4.7. An operator A is called selfadjoint if A is symmetric and if (i—A)
and (—i — A) are surjective.

By our discussion, a selfadjoint operator has real spectrum. Whereas every
bounded symmetric operator is selfadjoint, for unbounded operators, this is not
true, and the range condition (that (+i — A) be surjective) is a severe restriction.
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We are particularly interested in the case where A is symmetric and dissipa-
tive. Then A is selfadjoint if and only if (C\ (—o0,0]) N p(A) # 0. In particular,
an operator A is dissipative and selfadjoint if and only if

(Azly) = (y|Az) (z,y € D(A)); (1.7)
(Az|z) <0 (z € D(A); (1.8)
for all y € H there exists x € D(A) such that x — Az =y . (1.9)

These three conditions will be convenient for many examples. Condition (1.9) is
called the range condition. The class of dissipative selfadjoint operators is particu-
larly important for applications. Diagonal operators are the most simple examples
of selfadjoint operators.

Example 1.4.8 (Selfadjoint diagonal operators). Let A\ = (An)nen be a real se-
quence. Then the diagonal operator My on £? given by

D(My) = {x€f*: (Mxp)nen € 2}
Myxz = ()‘nxn)neN

is selfadjoint. The operator My is dissipative if and only if A, < 0 for n € N.
Moreover, My has compact resolvent if and only if lim,,_, o |\,| = —00.

This is easy to check. The last assertion had been considered in Exercise
1.3.8.
We recall the spectral theorem for compact symmetric operators.

Proposition 1.4.9. Let B be a compact, symmetric operator. Then H has an or-
thonormal basis which consists of eigenvectors of B.

This result is contained in all standard texts on Functional Analysis (see e.g.
[RS80, p. 203)).

For our purpose the following version for unbounded operators is important.

Theorem 1.4.10 (Spectral Theorem). Let A be a selfadjoint operator with compact
resolvent. Then there exist an orthonormal basis {e, : n € N} of H, A\, € R such
that e, € D(A) and Ae,, = A\pe,. Moreover, lim, . |A\y| = 00 if dimH = oo.
Finally, A is given by

D(A) = {zcH:(\|z(en))nen € 2}

Az = Z An(xlen)en
n=1
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Proof. Since A has compact resolvent, by Proposition 1.3.3 there exists u € (0, 00)N
p(A). Then R(u,A) is a compact and symmetric operator (as is easy to see).
By Proposition 1.4.9 there exists an orthonormal basis {e, : n € N} of H and
ay, € R such that R(u, A)e, = anen. Since R(u, A) is injective one has «,, # 0
(n € N). Hence e, € D(A) and e, = a,(p — A)e,. It follows that Ae, = e,

where X\, = (u — (Tln) Since lim, o |ap| = 0, one has lim,, o |A\n| = oco. Let
x € D(A). Then (Ap(x|en))neny = ((x]Aen))neny € €2 and Az = > (Axle,)e, =
n=1

3 An(z]en)en. Conversely, assume that # € H such that (A, (x|e,))nen € 2.
n=1

m m

Let 2 = > (zlen)en » Ym = D An(z|en)en. Then limy, oo 2 = 2 and yp,
n=1 n=1

converges as m — 0. Observe that x,, € D(A) and Az, = y,,. Since A is closed,

it follows that « € D(A).
O
There is another way to present the Spectral Theorem. Denote by U : H — ¢2
the unitary operator given by Uz = ((z|en))nen. Then it follows directly from
Theorem 1.4.10 that
UAU = M, (1.10)

(see Proposition 1.3.7 for the notation). We have obtained the following result.

Corollary 1.4.11 (Diagonalization). Let A be an operator on H. Suppose that
dim H = co. The following assertions are equivalent.

(i) A is selfadjoint and has compact resolvent;

(ii) there exists a unitary operator U : H — (2 and a sequence (A, )nen C R such
that lim, o |An| = 00 and

UAU ' = M, .

We express (ii) by saying that A and M, are unitarily equivalent. Note that A is
dissipative if and only if A\,, <0 for all n € N.

The Spectral Theorem establishes a surprising metamorphoses. Frequently
the operator A will be given as a differential operator. But identifying H with
£? via the unitary operator U, the operator A is transformed into the diagonal
operator M. This will be most convenient to prove properties of A.

Exercise 1.4.12. Let A be an m-dissipative operator. Show that D(A) is dense,
Hint: By Hilbert space theory it suffices to show that D(A)* == {y € H : (z|ly) =0
for allz € D(A)} =0.

Exercise 1.4.13. Let A be a closed, dissipative operator. Assume that there exists
A € C such that Re\ > 0 and (A\—A) has dense range. Show that A is m-dissipative.
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The range R(A) of an operator A is by definition the space
R(A):={Axz:2 € D(A)}. (1.11)

Exercise 1.4.14. Let A be an operator on H. Show that A is dissipative if and only

if
| — tAz|| > ||| (1.12)

for all x € D(A),t > 0.

Exercise 1.4.15. Let A be a densely defined dissipative operator on a Hilbert space
H. Show that A is closable.

Hint: This is not quite obvious. But there is a trick. Let x, € D(A),x, —
0, Az, — y (n — 00). One has to show that y = 0. Consider first z € D(A) and
apply (1.12) to xy, +tz (wheret > 0).

1.5 The Spectral Theorem for general selfadjoint oper-
ators.

In this section we give a representation of selfadjoint operators which do not neces-
sarily have a compact resolvent. Another simple example of a selfadjoint operator
is obtained if we consider multiplication by a function in L? instead of a sequence
in 2. We make this more precise.

Proposition 1.5.1 (Multiplication operators). Let (Y, X, u) be a o-finite measure
space and let m :'Y — R be a measurable function. Define the operator A,, on
L2(Y, S, 1) by

D(An) = {f€L3Y,5, ) :mf € LAY, %, u)}
Anf = mf.

Then A, is selfadjoint. This is not difficult to see.

Of course multiplication operators contain diagonal operators as special case:
It sufficies to take Y = N and p the counting measure. But they are more general.
In fact, each diagonal operator has eigenvalues whereas a multiplication operator
does not, in general (see Exercise 1.5.3). And indeed, multiplication operators are
the most general selfadjoint operators as the following theorem shows.

Theorem 1.5.2 (Spectral Theorem: general form). Let A be a selfadjoint opera-
tor on a separable complex Hilbert space. Then there exist a finite measure space
(Y,X, 1), a measurable function m :' Y — R and a unitary operator U : H —
L?(Y, %, u) such that

UAU Y = A, . (1.13)
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We refer to Exercise 1.3.7 concerning the notion used in (1.13). For the proof
of Theorem 2.3.4 we refer to [RS80, Theorem VIIL.4, p. 260]. But in a series of
exercises we will demonstrate the power of the Spectral Theorem.

Exercise 1.5.3 (No eigenvalues). Let Y = R with Lebesque measure, m(y) =
y (y € R), H= L*R). Then 0,(An) = 0. Deduce from this that A, is not
unitarily equivalent to a diagonal operator.

Exercise 1.5.4 (Spectrum and essential image). Let A,, be a multiplication operator
on L*(Y,X, u) (cf. Proposition 1.5.1.). Show that

o(An) = ess image (m)
where the essential image of m is defined by
ess image (m) :={A€C:Ve>0 u({z:|m(x) — A <e}) >0} .
Deduce the following assertion from Exercise 1.5.4 and the Spectral Theorem.

Exercise 1.5.5 (Bounded selfadjoint operators). Let A be a selfadjoint operator
on a separable Hilbert space. Then A is bounded if and only if o(A) is bounded.
Moreover, A is a projection if and only if c(A) C {0,1}.

In general, it is a most delicate matter to obtain information out of the
spectrum of an operator. But selfadjoint operators are of special nature.



Chapter 2
Semigroups

In this chapter we give a short introduction to semigroups. We start with a pre-
liminary technical section.

2.1 The vector valued Riemann integral

Let X be a Banach space, —oo < a < b < oco. By C([a, ], X) we denote the space
of all continuous functions on [a,b] with values in E. Let u € C([a,b], X). Let
m be a partition a = tg < t; < ... < t, = b of [a,b] with intermediate points
si € [ti—1,t]. By |7| = z‘P}aXn(ti —t;—1) we denote the norm of 7 and by

S(mu) =Y u(s)(t; —tio1)

i=1

the Riemann sum of u with respect to 7. One shows as in the scalar case that

b
/ u(s)ds := lim S(mw,u) (2.1)

|7|—0

exists. If Y is another Banach space and B € £(X,Y’), then BS(w,u) = S(w, Bu)
where Bu = Bowu € C([a,b],Y). It follows that

B/ab u(s)ds = /ab Bu(s)ds . (2.2)
In particular, \ ,
o, / u(s)ds) = / (@, u(s))ds . (2.3)

Now the Hahn-Banach theorem allows us to carry over the usual properties of
scalar Riemann integral to the vector-valued case. For example, the mapping u +—

17
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f; u(t)dt from C([a,b], X) into X is linear. We also note that
I wopast < [ utsynas (2.4

Let A be a closed operator on X. Let v € C([a,b], D(A)), where D(A) is
considered as a Banach space with the graph norm; i.e. u € C([a,b], X) such that
u(t) € D(A) for all t € [a,b] and Au € C([a,b].X). Since A € L(D(A), E), (2.2)

implies that
b b
A/ u(s)ds:/ Au(s)ds . (2.5)

Exerc1se 2.1.1. Let f : [a,b] — X be continuous (we write f € C([a,b]; X)).
Let F(t f f(s)ds. Show that F is continuously differentiable (we write F €
C'([a, b] X)) and F'( ) =f(t) (t € [a,b]).

as is easy to see.

Exercise 2.1.2. Let u € C*([a,b]; X). Show that f s)ds = u(t) — u(a).

2.2 Semigroups

In this section we introduce semigroups and their generators. Let X be a Banach
space.

Definition 2.2.1. A Cy-semigroup is a mapping T : Ry — L(X) such that
a) T()x: Ry — X continuous for all x € X;
b) T(t+s)=TH)T(s) (s,t €Ry);
c) T(0)=1.
It follows immediately from the definition that
Tt)T(s) =T(s)T(t) for allt,s >0 . (2.6)
Let T: Ry — L(X) be a Cp-semigroup. We now define the generator of T'.

Definition 2.2.2. The generator A of T is the operator A on X given by

1 L
DA) = A{z: 1}%% h(T(h)x —x) exists in X}
1
Ax = lﬁrol E(T(h)x —z).
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We now investigate relations between the semigroup 7' and its generator A.
One has
T(t)x € D(A) and AT (t)z = T(t)Ax (2.7)
for all z € D(A),t > 0. In fact, $(T(W)T(t)x — T(t)x) = T(t)[;(T(h)x — )] —
T(t)Az (h | 0). This shows in partlcular that the right derivate of T'(t)x is T'(t) Az
it x € D(A). More is true.

Proposition 2.2.3. Let x € D(A). Then u(t) = T(t)x is the unique solution of the
initial value problem

(2.8)

Proof. Let t > 0. It follows from the uniform boundedness principle that T is
bounded on [0, t]. Then
1 T — T _
—(T(t—ha-T(a) = T(t- h)[%} =Tt — h)[%
+ T{t—h)Az - T({t)Az (h]0).

— Az

This shows that u is also leftdifferentiable and indeed a solution of the prob-
lem (2.8). Conversely, let v be another solution. Let t > 0,w(s) = T(t — s)v(s).
Then

disw(s) = —A(T({t—s)v(s))+T(t— s)0(s)
= —T(t—s)Av(s)+T(t—s)Av(s) =0.
It follows that w is constant. Hence T'(t)x = w(0) = w(t) = v(¢). O

Proposition 2.2.3 shows why generators of Cy-semigroups are interesting. The
initial value problem (2.2.7) has a unique solution for initial values = in the domain
of the generator. Moreover, the orbit T'(-)z is the solution. There is another way
to describe the generator A.

Proposition 2.2.4. Let z,y € X. Then x € D(A) and Az =y if and only if

¢
/ T(s)yds=T({t)x—x (t>0). (2.9)

0
Proof. Assume (2.9). Then ltilr%}% = lm L fo s)yds = y. Conversely, let
x € D(A), then T(-)x is the solution of (2 8) By the fundamental theorem of
calculus, T(t)z —x = fg 47(s)zds = fo s)Axds. O

Corollary 2.2.5. The operator A is closed.
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Proof. Let x,, € D(A),x,, — x,ypn := Az, — y (n — 00). Then by (2.9),

/0 T(s)ypds = T(t)xy — zy, -

Letting n — oo shows that (2.9) holds. O
Let € D(A). Since A is closed it follows from (2.9) and (2.5) that fot T(s)xds €
D(A) and

A/t T(s)xds = /t AT (s)xds = /t T(s)Axds
' = To(t)z —x ’
for all ¢ > 0. This identity remains valid for all x € X.
Proposition 2.2.6. Let x € X,t > 0. Then fot T(s)xds € D(A) and
t
A/O T(s)xds=T(t)x —x . (2.10)
Proof. In fact,

%{T(h) /Ot T(s)zds — /Ot T'(s)xds}

-2 s+ hyds - / (s)ads)

= ;(/};HL T(s)xzds — /OtT(s)mds)

1 t+h h
= E(/ T(s)xds —/ T(s)axds) = T(t)x — x
t 0
as h | 0.
O
Corollary 2.2.7. The domain of A is dense in X.
Proof. Let x € X. Then %fg T(s)xzds € D(A) and ltilr(I)l 1 fot T(s)zds = x. O

Since A is closed, the space D(A) is a Banach space with the graph norm.
The properties shown above imply that

T()z € C(Ry,D(A)NCHRy, X)

forallz € D(A). If z € X, then there exist z, € D(A) such that z,, — = (n — 00).
Then T'(t)x,, converges to T(t)x as n — oo. Since T'(+)x,, is a solution of the initial
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value problem (2.8) with initial value x,, we may consider u(t) = T'(¢)x as a mild
solution of the abstract Cauchy problem

(ACP){ ZE?) - ﬁ)@t?t) (t > 0)

Exercise 2.2.8. Let A and B be operators such that A C B (see Definition 1.1.5).
If p(A)N p(B) # 0, then A= B.

Exercise 2.2.9. Let S and T be Cy-semigroups with generators A and B, respec-
tively. Assume that A C B. Show that A = B.

Exercise 2.2.10. Let T : Ry — L(X) be a mapping such that
a) lfilrgT(t)x =z foralze X;

b) T(t+s)=Tt)T(s) (t,s > 0).
Show that T is a Cy-semigroup.
Exercise 2.2.11 (Rescaling). Let A be the generator of a Cy-semigroup T'.

a) Let w € C, S(t) = e “'T(t). Show that S is a Cy-semigroup and A — wI its
generator.

b) Let o > 0, S(t) = T'(at). Show that S is a Cy-semigroup and aA its gener-
ator.

2.3 Differentiable semigroups

In this section we consider semigroups which are regular, in the sense that orbits
are of class C* on (0, 00). Particular cases are selfadjoint semigroups.

Let E be a Banach space. If A is a closed operator, we define the operator
A™ inductively: A := A; and

D(A*Y) = {x € D(A): Az € D(A")}
Aty = AR(Ax) .
Then it is easy to see that D(A¥) is a Banach space for the norm
lllpeary := llall + Azl + ... + | A%]| (2.11)

The following properties are easy to show by induction and will be used
frequently.

Exercise 2.3.1. Let A be a closed operator. Then
a) D(A*) c D(A%) (k € N);
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b) A*D(A*) C D(AF) (k> ¢ > 1);
c) for x € D(AFY), Ak € D(AY) and A% *x = AY(AFz) (0, k € N).

Definition 2.3.2. A Cy-semigroup T on a Banach space E is called differentiable
if
T(t)x € D(A) forallt >0,z € E

where A is the generator of T.

The orbits of differentiable semigroups are regular in time, ie. T( )z €
C*>((0,00); E). But we will also see that T'(t)x € D(AF) for all k € N, t > 0,
r € E. Frequently D(AF) is a better space than E. For example, if A is a differen-
tiable operator on L2(Q) (2 C R™ open), then D(A*) may consist of differentiable
functions if k is sufficiently large. So the following proposition says that differen-
tiable semigroups are regular in time and improve regularity in space.

Proposition 2.3.3. Let T be a differentiable Cy-semigroup. Then
T(-)x € C>((0,00); D(A"))

for all z € X and all k € N. Here D(A¥) is considered as a Banach space with the
graph norm (2.11).

Proof. 1. We show inductively that T'(t)x € D(A¥) for allt > 0, x € X. This is true
for k = 1. Assume that it holds for k € N. Then A*T(t)z = AT (¢t/2)T(t/2)x =
T(t/2)A*T(t/2)x € D(A) by hypothesis. Thus T'(t)z € D(A*+1).

2. Let k € Nyg. We show that T'(:)x € C™((0,0), D(AF)) for all m € Ny and all
reX.

a) Let m = 0. We have to show that A“T'(-)z € C((0,00); E) for 0 < ¢ < k. But
fort >0, A'T(t+h)x — A'T(t)x = T(t/2+ h)A'T(t/2)x — T(t/2)A'T(t/2)x — 0
(h —0) in X.

b) Assume that the assertion is true for m € Ny. Let ¢3 > 0. Then

d d
Tz = ZT(t—t0)T(to)x

= T(t—ty)AT(to)z ,

and T(- — to) AT (tg)x € C™((ty, ), D(A¥)) by the inductive hypothesis. Hence
T()x € C™F1((0,00); D(AF)). O

It is interesting to reformulate the preceding result in terms of well-posedness
of the Cauchy problem. Whereas for general semigroups we merely have mild
solutions if the initial value is not in the domain, differentiable semigroups always
give us classical solutions.
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Theorem 2.3.4. Let A be the generator of a differentiable Cy-semigroup. Let x € F.
Then the problem

u € C1((0,00); X) N C([0,00); X)
u(t) € D(A) for allt >0

u'(t) = Au(t) (¢ >0)

u(0) ==z

(2.12)

has a unique solution u. Moreover, u € C*((0,00), D(A¥)) for all k € No.

Proof. In view of Proposition 2.3.3 only uniqueness remains to be shown. Sub-
stracting two solutions we obtain a solution u of (2.12) with z = 0. We have to
show that u(t) =0 for all t > 0. For 0 < e < t let v.(t) = f; u(s)ds. Then by (2.5),
for 0 < € < t, v:(t) € D(A) and Av.(t) = [ Au(s)ds = [ a(s)ds = u(t) — u(e).
Since A is closed, it follows that vg(t) € D(A) and Avg(t) = u(t) = o(t). Now
it follows from Proposition 2.2.3 that vy = 0. Consequently, u(t) = 99(t) = 0
(t>0). O

Exercise 2.3.5. Let A be a closed operator and let k € N.
a) Show that D(A¥) is a Banach space for the norm (2.11).
b) Let A € p(A). Show that
]l == [|(A = A)*a]]
defines a norm which is equivalent to (2.11).
The following is an improvement of Proposition 2.3.2

Exercise 2.3.6. Let T be a differentiable Cy-semigroup.
a) Show that T € C((0,00); L(X)).
b) Show that T € C°°((0,00) : L(X, D(A¥)) for all k € N.

Exercise 2.3.7. Let A be the generator of a differentiable Cy-semigroup.

a) Show that A has compact resolvent if and only if T'(t) is compact for all t > 0.
b) In that case T(t) is even compact as operator from X into D(AF) for all k € N,
t > 0 where D(A¥*) carries the norm (2.11)).

Hint: Rescaling one can assume that A is invertible. Consider the operator
S(t) = fg T(s)ds. Observe that S(t) = A~Y(T'(t) — I) and use Exercise 2.3.5 a).

2.4 Selfadjoint semigroups
Selfadjoint operators can be transformed into diagonal operators or multiplication

operators by the spectral theorem. After this transformation one can write down
explicitly the corresponding semigroup. We obtain the most simple Cy-semigroups
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with unbounded generator. Still we will see in the next two chapters that many
concrete examples are of this form. We first consider the case where A has com-
pact resolvent. In fact, in that case, the spectral theorem is particularly easy to
prove and the operator is transformed into a diagonal operator. In addition, our
prototype example is of this type, namely the Laplacian with Dirichlet boundary
conditions on a bounded open set. So the functional analytic tools needed for this
important example are particularly simple.

Let H be a complex, separable Hilbert space and let A be a selfadjoint,
dissipative operator on H. Assume first that A has compact resolvent. Then, up
to unitary equivalence, we can assume that

H = 62 s Ar = —(/\nilfn)nEN

where A\, € Ry, lim A, = oo and
n—oo

D(A) = {x € *: (\yp)nen € 2} .

Define T'(t) € L(£?) by

T(t)z = (e '@y )nen - (2.13)
Then T'(¢) is a compact, selfadjoint operator and ||T(t)|| < 1. It is easy to see that
T = (T'(t))t>0 is a differentiable Cp-semigroup and A its generator.

In the general case, if the resolvent is not necessarily compact, then after a
unitary transformation we can assume that

H = L*X,%u)
Af = —mf
DA) = {feH:m- -feH}

where (X, X, p) is a finite measure space and m : X — Ry a measurable function.
Now it is easy to see that
Tt f=e"f (2.14)

defines a differentiable Cy-semigroup of selfadjoint operators. Moreover, ||T'(t)|| <
1. We have proved the following result.

Theorem 2.4.1. Let A be a selfadjoint, dissipative operator. Then A generates a dif-
ferentiable Cy-semigroup T of contractive, selfadjoint operators. If A has compact
resolvent, then T'(t) is compact for all t > 0.

Applying Theorem 2.4.1 it is frequently useful to have the concrete repre-
sentation (2.13), (2.14) in mind which is valid after a unitary transformation in
virtue of the spectral theorem. It shows for example the following, simple result
on asymptotics.
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Exercise 2.4.2. Let A be a selfadjoint, dissipative operator with compact resolvent.
Assume that ker A = {0}. Then there exists € > 0 such that

IT@) < e (t>0). (2.15)

Exercise 2.4.3. Give a detailed proof of Theorem 2.4.1 in the case where A has
compact resolvent.

Exercise 2.4.4. Give a detailed proof of Theorem 2.4.1 in the general case.

Exercise 2.4.5. Let T be a Cy-semigroup of selfadjoint operators. Show that the
generator of A is selfadjoint and

(Az|z) < w|z||? for all x € D(A) (2.16)
and some w € R. Deduce that
IT@E)] <et (t=>0). (2.17)

Hint: Show that A is selfadjoint. Use the spectral theorem in order to prove
(2.16) and (2.17).

Exercise 2.4.6 (Euler’s formula). Let A be a dissipative, selfadjoint operator and
T the Cy-semigroup generated by A. Show that

lim (T — %A)*% — T(t)z (2.18)

n—oo

forallz e H, t > 0.

Formula (2.18) is frequently useful to deduce properties of T from the re-
solvent. It is Euler’s formula in the scalar case and we still use this name here.
Euler’s formula is true for all Cy-semigroups and can be used to prove the gener-
ation theorem of Hille-Yosida (see Chapter 5).
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Chapter 3

The Laplacian in Dimension 1

In this chapter we consider the Laplacian on an interval with diverse boundary
conditions. Only few analytical tools are needed and Sobolev spaces are easy in 1
dimension. Still the concepts and ideas are typical and they will be applied again
in Chapter 4 where higher dimensions will be considered.

Let us make more precise what we intend to do. For this we consider a
prototype example, the heat equation on an interval

Uy = Uy (t>0,2€(0,1))
(HE){ u(t,1) = wu(t,0)=0 (¢t>0)
u(0,2) = wo(z) z€10,1] .

Given is a continuous function ug : [0,1] — R such that ug(0) = ug(1) = 0. This
is the initial value. Physically it may be interpreted as a heat distribution on a
wire. The given initial temperature at the point « € [0, 1] is ug(x). We look for a
function u : Ry x [0, 1] — R, differentiable on (0, 00) x (0, 1) and satisfying (HE).
The first line of (HE) is the law of propagation. Here u; = %1; and Uy, = g%
are the partial derivatives. The second line is the boundary condition; Dirichlet
boundary condition in this case. It says that the wire is kept at temperature 0 at
the end points. The solution w(¢, x) is interpreted as the temperature at the time
t > 0 at the point € [0,1]. How can we solve sucht an initial-value/boundary-
value problem?

The basic idea is to transform the partial differential equation (HE) into
an ordinary differential equation in the following way. Let H = L?(0,1) with
Lebesgue measure. Assume that v : Ry — H is continuous and differentiable on
(0, 00). Consider the operator A on H given by

D(A) = {feC?0,1]: f(0) = f(1) =0},
Af = f".

27



28 3. THE LAPLACIAN IN DIMENSION 1

Assume that u(t) € D(A) for all ¢ > 0 and

w(t) = Au(t) (¢t>0)
(CP){ u(0) = wg .

This is a Cauchy problem as considered before. Then, letting u(t,z) = u(t)(z)
(t > 0,2 € [0,1]) we obtain a solution of (HE). Thus, we transformed (HFE) into
the ordinary differential equation (C'P). The boundary condition is incorporated
into the definition of the opertor A (or more precisely its domain). The prize we
pay for this approach is that instead of the scalar-valued functions considered in
(HE) we now have to treat functions with values in an infinite dimensional vector
space. It is natural that this space is a function space over [0, 1]. In order to apply
the spectral theorem and our results from Chapter 1 and 2, a Hilbert space is
needed. But now the difficulty is that the operator A as we defined it above is
not closed. The domain, consisting of twice differentiable functions in the classical
sense, is too small. This leads us to the concept of weak derivatives and Sobolev
spaces. Indeed, Sobolev spaces will be the right domain for differential operators
on L2-spaces. Things are quite easy on intervals and we consider this case system-
atically in this chapter.

Exercise: Show that the operator A on L?(0,1) defined above is not closed.

3.1 Sobolev spaces on an interval

Let —0o < a < b < co. We consider the Hilbert space L?(a,b) defined with respect
to Lebesgue measure. By C|[a,b], C'[a,b] we denote the spaces of all continuous
functions on [a, b] and of all continuously differentiable functions on [a, b], respec-
tively. By Cl(a,b) we denote the space of all functions f € C'[a, b] with compact
support in (a,b); i.e. such that f(z) =0 for all z € [a,a + £] U [b — &, b] and some
€ > 0. We recall from integration theory that

C}(a,b) is dense in L?(a,b) . (3.1)

If f € Cta,b], then integration by parts gives

b b
- [ gedn= [ peds (oeClab). (3.2)

This leads us to the following definition. Let f € L?(a,b). A function f' € L?(a, b)
is called a weak derivative of f if (3.2) is satisfied. Since C(a, b) is dense in L?(a, b)
there exists at most one weak derivative of f. Now we define the first Sobolev space
by

H'(a,b) = {f € L*(a,b) : f has a weak derivative f’ € L?(a,b)} .
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Exercise 3.1.1. Let f(z) = |z|. Show that f € H'(—1,1) and f'(z) = sgnx, where

1 if z>0
sgnz=4< 0 if x=0
-1 if z<0.

Proposition 3.1.2. The space H'(a,b) is a separable Hilbert space for the scalar
product

(flg)m == (flg)ze + (f'lg)ze

where (f|g)rz = fab fgdx denotes the scalar product in L?(a,b).

Proof. The space H = L?(a,b) ® L*(a,b) is a separable Hilbert space for the
norm ||(f,9)||% = f; |f|2dx + f(f |g|?dz. The mapping j : H'(a,b) — H given by
J(f) = (f, f) is linear and isometric. It suffices to show that the image H of j is
closed. Let (f,g) € H such that f = nlgr;o found g = nlgr;o f! in L%(a,b) where

fn € H(a,b). Let ¢ € C}(a,b). Then

b b
—/ fo'de = lim — [ f,o'dx
b
= lim flod
n—oo

Il
—
o
Q
AS)
jsW
S

by the Dominated Convergence Theorem. Hence g is the weak derivative of f; i.e.
f € H'(a,b) and j(f) = (f,9)- 0

Lemma 3.1.3. Let f € H'(a,b) such that f' = 0. Then f is constant.

Proof. Let ¢ € Cc(a,b) such that fab dxr = 1. Let w € C.(a,b). Then there exists
¢ € CX(a,b) such that
b
gp’:w—(/ wdx)p .
a

In fact, one has v := w — (f; wdx)y € Ce(a,b) and f; vdz = 0. Define ¢(z) =
Ja v(y)dy.



30 3. THE LAPLACIAN IN DIMENSION 1

It follows from the assumption that

0 = /abfsv'
lLbfwdx—:Abwdx[ffwdx
/ (fla) - / " Fudy) wie)d

Since this holds for all w € C¢(a,b) it follows from (3.1) that

b b
/ (f(x) — / fody)w(z) dr =0 for all w € L*(a,b) .

Hence f(z f fibdy =0 z—a.e. O

Theorem 3.1.4. a) Let g € L*(a,b), ¢ € C. Let f(z) = c+ [ g(y)dy (z € (a,b)).
Then f € H'(a,b) and f' = g.
b) Conversely, let f € H'(a,b). Then there exists ¢ € C such that

xr)=c+ /w ' (y)dy a.e.

Proof. a) Let ¢ € C}(a,b). Then by Fubini’s theorem

—/abf(a:)go’(x)dx = // y)dye' (x dw—@/abw’(x)dﬂf
= // x)dzg(y)dy

= /w@Mw@~

a

Thus ¢ is the weak derivative of f
b) Let f € H'(a,b), w(x) — [ f'(y)dy. Then by a), w € H'(a,b) and
w’ = 0. Hence w is constant by Lemma 3.1.3. O

Corollary 3.1.5. One has
H'(a,b) C Cla,b] .

Proof. Let f € H'(a,b). Then by Theorem 3.1.4, f(z) = ¢+ f f'(y)dy for some
constant and almost all z € (a,b). It follows from the dommated convergence the-
orem that the right hand side is continuous. O

By definition, two functions in L?(a,b) are identified if they coincide almost
everywhere. Moreover, if two continuous functions coincide almost everywhere,
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then they coincide everywhere. So Corollary 3.1.5 says more precisely, that for
each f there exists exactly one continuous function g which coincides with f almost
everywhere. By Theorem 3.1.4 we may choose the representive such that

f@) =c+ [ Py (@ e (ab)

which we will always do. Thus ¢ = f(0). Recall that the space C[a, ] is a Banach
space for the uniform norm

[flloo = sup |f(z)].

z€la,b]

It follows immediately from the closed graph theorem that the injection of H*(a,b)
into Cla, b] is continuous (where each space carries its proper norm). More is true:

Theorem 3.1.6. The injection of
H'(a,b) into Cla,b] and
of H'(a,b) into L?*(a,b)
are compact.

Proof. a) Let B = {f € H(a,b) : ||f|lgx < 1} be the unit ball of H'(a,b). We
have to show that B is relatively compact in Cfa,b]. For f € B we have

Y
£@) = 1) 1=1 [ Fa
< N 2yl =yl
< ey

by Holder’s inequality. This shows that B is equicontinuous. Since the injection is
continuous, B is bounded in C|[a, b]. Now it follows from the Arzela-Ascoli theorem
that B is relatively compact in Cla, b].

b) Since the injection of C[a,b] into L?(a,b) is continuous, and the composition
of a bounded operator and a compact operator is compact, the second assertion
follows from the first. O

Next we establish the usual rule for derivatives of products also in the weak
sense.

Proposition 3.1.7. Let f,g € H'(a,b). Then
a) fg € H'(a,b) and (fg)' = f"-g+[-9;

b) [V fg'de = f(b)g(b) — f(a)g(a) — [ f'gda.
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Proof. 1. By Fubini’s theorem we have

b
/ f-gdx

[ @+ [ o

b b
f@@wwwm»+/ /ﬂwww@my
b

_ fmxmm—gm»+/me—gw»f@My

a

F(@)(g(b) — g(a)) + gB)(FB) — F(a))
b
—/g@f@@

b
=<ﬁm—/g@f@@.

This proves b).
2. Replacing b by z in 1. we obtain

/“ﬂwy@wy::.ﬂ (x) - fa)g(a)

r)g
- /I f'Wg(y)dy .

Hence f(z) - g(z) = f(a)g(a) +/ {f(w)g'(y) + ['(v)g(y)}dy -
Now Theorem 3.1.4 implies assertion a). O

We define the higher order Sobolev spaces inductively as follows

HYa,b) = {f € H(a,b): f € H*(a,b)}
fEY = W (f e H Y (a,b)) -

(k=1,2,...). Then H*(a,b) is a Hilbert space for the norm

k
e = A7 + D S22 -

m=1
Exercise 3.1.8. Give a proof of the above statement.

Exercise 3.1.9. Let X,Y be two Banach spaces such that X C Y C L*(0,1) and
such that f, — f (n — o) in X or in'Y implies that fn, (z) — f(z) a.e. for
some subsequence (fn, )ken of (fn)nen. Show that the injection of X into Y is
continuous. Use the Closed Graph Theorem.
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Exercise 3.1.10. Consider the Banach space C*[a,b] of all k-times continuously
differentiable functions with the norm

- (m)
Il = max 7)o

a) Show that H**1(a,b) C C¥[a,b] k =1,2...).
b) Show that the injection in a) is continuous (use Exercise 3.1.9).
¢) Show that the injection in a) is compact.

Exercise 3.1.11. Show that H'(a,b) is a Banach algebra (i.e. f, — f, gn — g in
H(a,b) implies f, - gn — f-g in H'(a,b)).

Exercise 3.1.12. Let a < c < b. Let f; € H'(a,c), fo € H'(¢,b) such that fi(c) =
fa(c). Define f: (a,b) — C by

| fAlx) if ze(a,d],
f(f”)—{ ) i re(eh)

Show that f € H'(a,b).
Exercise 3.1.13. a) Let f € H*(a,b) where k € N. Assume that

k
Z amf(m) =0

m=0

where ap, € C, m=1,...,k; ax # 0. Show that f € C*[a,b].

b) Let f € H?(a,b) such that f” = 0. Show that f(x) = ax + (3 (x € (a,b)) for
some «a, 3 € C.

¢) Let f € H?(a,b) such that f” = —\f where X > 0. Show that f(z) = o cos(v/\-
z) + Bsin(vV - z).

3.2 The Laplacian with Dirichlet and Neumann bound-
ary conditions

Now we define the Laplacian on L?(a,b) where —oo < a < b < co. At first we
consider Dirichlet boundary conditions. Recall that H!(a,b) C C|a,b]. We define

Hy(a,b) = {f € H'(a,b) : f(a) = f(b) =0} .

Since the embedding of H'(a, b) into C|a, b] is continuous, it follows that H (a, b) is
a Hilbert space for the scalar product defined in Proposition 3.1.2. In the following
example the range conditions is a simple consequence of the Riesz-Fréchet lemma
(saying that each continuous linear form ¢ on a Hilbert space H is of the form
o(z) = (z]y) for a unique y € H).
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Theorem 3.2.1 (The Dirichlet Laplacian). Define the operator A on L?(a,b) by
D(A) = H}(a,b) N H?*(a,b)
Af=f".

Then A is a dissipative selfadjoint operator with compact resolvent.

Proof. a) Let f,g € D(A). Then
b b
(Aflg)r2 = / fgde = f'glt — / /g

b
_/ f/g/
= (flAg)rL2

since g(b) = g(a) = f(a) = f(b) = 0. Thus A is symmetric and (Af|f) =
- ff |f/|? < 0. So A is dissipative.
b) We prove the range condition. Let g € L?(a,b). Then ®(p) = f; ogdzr defines

a continuous linear form on H(a,b). By the Riesz-Fréchet lemma there exists a
unique f € H{(a,b) such that

/absof_df“r/ab ' fde = () = /ab pgdx (3.3)

for all ¢ € H}(0,1). Replacing ¢ by ¢ and taking the complex conjugate of (3.3)

we deduce that . .
—/ w'f’:/ o(f — g)dx

for all ¢ € Cl(a,b). This means that (f — g) is the weak derivative of f’. Hence
f € H*a,b)and f" = f —g. Thus f € D(A) and f — Af = g.

c) It follows from Exercise 3.1.9 that the injection of D(A) into H'(a,b) is contin-
uous. By Theorem 3.1.6 the injection of H'(a,b) into L?(a,b) is compact. Conse-
quently, the injection of D(A) into L?(a, b) is compact, as composition of a compact
and a bounded operator. This means that A has compact resolvent by Exercise
1.3.2. [

We call the operator A defined in Theorem 2.1 the Dirichlet Laplacian on
L?(a,b), or more precisely, the Laplacian with Dirichlet boundary conditions, and

denote A by Aa p) OF AP if the interval is fixed. By Theorem 2.4.1, AP generates
a contraction semigroup TP on L?(a,b). Moreover, each TP (t) is compact and
selfadjoint (¢ > 0). Later we will study the Cauchy problem governed by AP in

more detail (see Section 3.4).

Next we consider Neumann boundary conditions. Recall that H?(a,b) C
C1la,b]. So the following definition makes sense.
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Theorem 3.2.2 (the Neumann Laplacian). Define the operator AN on L?(a,b) by

D(AY) = {feHab): f'(a) = f(b) =0},
ANf _ f// ]

Then AN is selfadjoint, dissipative and has compact resolvent. We call AN the
Neumann Laplacian.

Proof. a) Let f,g € D(AN). Then by Proposition 3.1.7
(Aflg) = / gz

— )90 - / f'gda

b
= [ rde = / o)
= Tl = (fl4g)

Thus A is symmetric and (Af|f) = f |f/|?dz < 0. Hence A is d15$1patlve

b) We show that I — A is surjective. Let g € L?(a,b). Then G(¢p f pgdx defines
a continuous linear form on H'(a,b). By the lemma of Rlesz Frechet there exists
f € H'(a,b) such that

b b b
/ ofd + / Jfdr = (P = Glg) = / pgds (3.4)

a

for all ¢ € H'(a,b). In particular,

b b
,/ sD/f/dx :/ o(f —g)dz (p€ C'Cl(a,b)) .
It follows that f' € H'(a,b) and f” = f — g. Hence f € H?(a,b) and f — f” = g.

It remains to show that f’(a) = f/(b) = 0. Let ¢ € H!(a,b) such that p(a) = 1
and ¢(b) = 0. Since g = f — f”, it follows from (3.4) that

/a ' ofde + / "ofr = / o — )i

b b
- /<pfda:+/ ¢ f'dx — () f'(2)];,

_ Lb¢.fdx+Lb¢’f'dx+f’(a)-

Hence f’(a) = 0. Choosing ¢ € H'(a,b) such that ¢(a) = 0 and ¢(b) = 1 we
obtain that f’(b) = 0. We have shown that f € D(AY) and f — AN f = g. Thus
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AN is selfadjoint and dissipative. Compactness of the resolvent is obtained by the
same reasons given for the Dirichlet Laplacian. O

As a consequence, the Neumann Laplacian generates a contraction semigroup
TN of selfadjoint compact operators on L?(a, b).

In the following exercises we determine the asymptotic behaviour of the semi-
groups TP and TV.

Exercise 3.2.3. a) Let a = 0 < b. Determine the spectrum of the Dirichlet Laplacian
AP on L%(0,b).
b) Denote by TP the semigroup generated by AP . Show that

ITP (@) <e ™/ (t20). (3.5)
Hint: Use (2.13).

Exercise 3.2.4 (Convergence to an equilibrium). Let A be a selfadjoint dissipative
operator on a separable Hilbert space H. Assume that A has compact resolvent.
Denote by T the semigroup generated by A. We adopt the notions of the Spectral
Theorem 1.4.10. Assume that \y = 0 > Ay. Let Px = (z|er)er (i.e. P is the
orthogonal projection onto C - e1). Show that

IT() ~ Pll <& (t20).

In particular, tlim T(t)=P in L(H).

— 00

Exercise 3.2.5. Let TN be the semigroup generated by the Neumann Laplacian on
L?(a,b). Consider the operator P on L?(a,b) given by

1 b
Pf= m/ f(@)dz - 1(qp) -
Show that there exists € > 0 such that
ITN(t) = P < e (t>0). (3.6)

In fact, one may choose —e = Mg, the second eigenvalue of An. Compute Ao
(choosing a = 0 < b).

Hint: Use Exercise 2.4.
We will study these examples further and give interpretations of the physical

models they describe. But first we want to generalize our method in order to treat
further boundary conditions.
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3.3 Classical solutions

In this section we want to find classical solutions of the heat equation

u(t, ) = uge(t, ) (¢t € (0,7],2 € [a,b]) . (3
3

305

)
Here —00 < a < b < oo and 7 > 0 are given. By a classical solution of (3.7)
we mean a continuous function w defined on [0,7] X [a,b] such that wu.(t,z)

Qu(t, ), us(t,x) == 24 (t, ) and Uz, (t,x) == %(t,w) exist and are continuous on
(0,7) x (a,b). First we prove the parabolic maximum principle, which will give us
uniqueness. For that we consider the rectangle @, = [0, 7] X [a, b] and its parabolic
boundary I'; = {0} x [a,b] U (0, 7] x {a} U (0, 7] x {b}.

Theorem 3.3.1. Let u be a classical solution of (3.7). Then

néaixu(t,a:) = nllexu(t,a:) . (3.8)

Proof. a) Let ¢ > 0, v(t,z) = u(t,x) — et. Then
vi(t, ) = u(t, @) — € = Uge (6, ) — € = Ve (L, ) — € < Ve (t, ) . (3.9)

Let 0 < o < 7. We show that supv = supv. If not, there exist o € (0, o] and xy €
QQ FE

(a,b) such that v(tg, z9) = II(IQ&X’U(LL,.’L‘). Hence v¢(to, xo) > 0 and vy, (to, zo) < 0.
e

This contradicts (3.8).

Since o < 7 was arbitrary, it follows that sup v = supv.
QT FT
b) We have shown that for all € > 0

rrclgax{u(t,x) — et} = rr%ax{u(tx) — et} .
This implies (3.8). O

If we suppose Dirichlet boundary conditions, the parabolic maximum prin-
ciple implies uniqueness of the initial value problem. The results on semigroups
and selfadjoint operators of the previous sections give us existence. Recall that
R+ = [0, OO)

Theorem 3.3.2. Let f € Cla,b] such that f(a) = f(b) = 0. Then there exists a
unique function

u € C(R4 x [a,b]) N C*((0,00) X [a,b])
such that
u(t, ) = ugy(t,z) (£ >0,z € [a,b]) ; (3.10)
u(t,a) =u(t,b) =0 (t>0); (3.11)
w0.2) = fz)  (we o). (3.12)
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Proof. Uniqueness follows directly from Theorem 3.3.1. In fact, if u1,us are two
solutions, then for 7 > 0, u = u; — ugy satisfies (3.7) and vanishes on T';. Hence
u(t,z) < 0 by Theorem 3.3.1. For the same reason us — u; < 0. Hence u = 0.
Existence. Let A be the Dirichlet Laplacian and T' the semigroup generated by A.
Let f € Cla,b]. Since T is differentiable, v = T(-)f € C°((0,00); D(AF)) for all
k € N. It follows from the definition of A that D(A*) c H?*(a,b). By Exercise
3.1.10, H**(a,b) ¢ C*~1[a,b] with continuous injection. Hence v € C°°((0, o0);
C™[a,b]) for all m € N. Now let u(t,z) = v(t)(z) (t > 0,z € [a,b]). It fol-
lows that u € C°°((0,00) x [a,b]) and w satisfies (3.10) and (3.11). In order
to prove that u is continuous at ¢ = 0 we first assume that f € D(A). Then
AT(t)f = T(t)Af. Hence T(-)f € C(R4,D(A)). Since D(A) C Cla,b] with con-
tinuous injection it follows that T'(-)f € C(Ry, C[a,b]). Hence u € C(R4 X [a, b])
satisfies (3.12). If f € Cla, b] we choose f,, € D(A) such that f = T}er;o frnin Cla,b).
Let un(t,z) = (T'(t) frn)(x). Let 7 > 0. It follows from the maximum principle that
1T fro—T@) finlloo < |fn = finlloo for 0 < ¢ < 7. Hence u,, is a Cauchy sequence
in C([0,7] x [a,b]). Let w be its limit. Then u(t,z) = (T'(¢)f)(z) for all ¢ > 0,
x € [a,b]. Since ltil%lT(t)f = fin L?(a,b) it follows that u(0,z) = f(zx) a.e. Hence

u(0,2) = f(zx) for all x € [a, b], since both functions are continuous. O

Next we discuss physical models which are described by equations (3.10),
(3.11) and (3.12). The most initiative is heat conduction. In that case we imagine
a thin homogeneous metal rod with end points a and b. Given a point x € [a, b]
on the rod and a time ¢t > 0, the value u(t, x) is the temperature at the point = at
time ¢. The initial temperature w(0, z) = f(z) is given for each = € [a, b]. Dirichlet
boundary conditions (3.11) express that the endpoints a and b of the rod are kept
at temperature 0.

Equation (3.10) may be derived as follows. The temperature in a small part
of the rod is proportional to the amount of heat divided by the volume. Imagine
the rod divided into small sections of lenght ¢ > 0 and let  be the midpoint
of one section. We only consider this and the two adjacent sections and assume
that the temperature is approximately constant in each section. Now the heat
flow in the section centered at x is proportional to the temperature difference
u(z + €,t) — u(z,t) to the right neighbour section and inversely proportional to
the distance €. Considering also the left neighbour section we obtain the following
approximate expression of change of heat with respect to time:

cug(t, ) = ce Hulz + e, t) — ulx) + ulx —e,t) —u(z)] . (3.13)

Note that the heat in the section is the volume multiplied by the temperature; i.e.,
proportional to ¢ - u(t, ). Hence

ug(t, ) = ce *[u(t,x +¢) +u(t,x — ) — 2u(t,r)] . (3.14)
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Letting € | 0, by the rule of de I'Hospital, we obtain
up(t, ) = ugy(t, ) . (3.15)

Here the constant ¢ > 0 is the heat conductivity of the metal. For simplicity, we
will assume ¢ = 1, in general.

As another example one may consider diffusion of dye in a tube of water. In
that case u(t,z) is the density of the dye at the point z at time ¢. This is why
equation (3.7) is also called the diffusion equation. Experienced colleagues say that
the diffusion equation also models the population density during the late stages of
a large party in a narrow room.

One may also consider Neumann boundary conditions
ug(t,a) = ug(6,0) =0 (t>0) (3.16)

instead of Dirichlet boundary conditions. In the case where we describe heat con-
duction, they signify that the rod is insulated. If we consider party population,
Neumann boundary conditions signify that the two doors at the end of the corridor
are closed; whereas Dirichlet boundary conditions signify that the doors allow exit
but no entrance.

Exercise 3.3.3. a) Let v € C([0,7]; Cla,b]), u(t,z) = v(t)(x). Show that u €
C([0,7] % [a,b]).

b) Let u € C([0,7] X [a,b]). Fort € [0,7] let v(t) = u(t,-). Show that v € C([0,7];
Cla,b)).

Exercise 3.3.4. Denote by T the semigroup generated by the Dirichlet Laplacian
on L?(a,b). Show that T is positive (i.e., if f € L?(a,b), f >0, then T(t)f > 0).

Hint: Consider first f € C'[a, b]. Use Theorem 3.3.2 and Theorem 3.3.1.

Exercise 3.3.5 (arbitrary selfadjoint realisations of the Laplacian). Let A be a
selfadjoint dissipative operator on L?(a,b) such that D(A) C H?(a,b) and Af = f"
for all f € D(A). Denote by T the Cy-semigroup on L%(a,b) generated by A. Let
f € L?a,b) and u(t,z) = (T(t)f)(x) (t > 0,2 € [a,b]). Show that u is the unique
solution of the initial-boundary value problem

u € C*((0,00) X [a,b])

(b, ) = Upy (£, ) (t>0,z € a,b])
u(t) € D(4) (t>0) (3.17)
ltifgu(t’ J=7f in L2(a,b)

Hint: Use the proof of Theorem 3.3.2 and Theorem 2.3.4.
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Exercise 3.3.6 (Neumann boundary conditions). Let f € L?(a,b). Show that there
exists a unique function u € C*((0,00) X [a,b]) satisfying (3.10), (3.16) such that

li ) =finL? :
tlf(r)lu(t, )= f in L*(a,b)

Use Exercise 3.3.5.

Exercise 3.3.7 (The Dirichlet Laplacian on Cy(a,b)). Let Cy(a,b) := {f € C[a,b] :
f(a) = f(b) =0}. Let T be the semigroup generated by the Dirichlet Laplacian on
L?(a,b). Show that T(t)L?(a,b) C Co(a,b) (t > 0) and that To(t) := T ey
defines a differentiable Co-semigroup on Co(a,b). Determine the generator of Tp.

3.4 Variational Methods: The symmetric case

It looks like hazard that the range condition for the Dirichlet and Neumann Lapla-
cian can be proved with help of the Riesz-Fréchet lemma. At least, it shows that
the scalar product in the first Sobolev space and the Laplacian fit well together.
However, it turns out that this simple method can be applied in much more gen-
eral situations.

For this reason we interrupt our investigation of the Laplacian in dimension 1 to
introduce a more general framework. It will then be tested by considering more
general boundary conditions for the Laplacian on an interval.

Let V be a complex vector space. A sesquilinear form on V is a mapping
a:V xV — C satisfying

a(ry + z2,9) a(z1,y) + a(r2,y) ;
a(z,y1 +y2) = alz,y1)+alz,y2);
a(Ar,y) = Aa(z,y)
a(z,\y) = Aa(z,y)

for all z,y,x1,z2,y1,y2 € V, A € C. In other words, a(-,y) : V — C is linear and
a(y,+) : V — C is antilinear for all y € V. Frequently, we simply use the word form
instead of sesquilinear form. A form a is called symmetric if

a(z,y) =aly,z) (z,yeV). (3.18)

In that case, a(x,x) € R for all z € V. A positive form is a symmetric sesquilinear
form a satisfying
a(z,z) >0 (xeV). (3.19)

Frequently, the domain V' of the form «a is a Hilbert space in its own right with
scalar products (| )y and norm || ||y. Then it is easy to see that a sesquilinear
form a : V x V — C is continuous if and only if

a(e.y) < Mally yllv for all 2,y € V (3.20)
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and some M > 0. Moreover, the sesquilinear form a is called coercive if for some
a>0
Re a(z,z) > a|jz||} (reV). (3.21)

Thus, given a Hilbert space V, a symmetric, continuous, coercive form a is the
same as an equivalent scalar product on V; i.e., a scalar product defining an equiv-
alent norm.

So far we considered a continuous sesquilinear form a on a Hilbert space V.
A concrete example we have in mind is

b
V=Hab), alf.g)= / Fide .

However this form is not coercive (since a(1,1) = 0). Here H*(a, b) is continuously

injected into the Hilbert space L?(a,b) and the form a;(f, g) = ff f’g’dx+f; fgdx
is coercive. We introduce the notion of “ellipticity” to describe this situation:
Assume that V and H are Hilbert spaces with scalar products ( | )v, (| )g, and
norms || ||v and || ||g. We write V < H if V is continuously embedded into H;
ie. VC H and

el < cllzly (z€ V)

for some constant ¢ > 0. We write V' (d—> H if in addition V is dense in H. Now

assume that V < H. Let a : V x V — C be a continuous sesquilinear form. We
say that a is H-elliptic or elliptic with respect to H if for some w € R and some
a >0,

Re a(z,2) + w(z|z)g > o||z|? (3.22)

for all z € V. Note that
aw($7y) = a(xvy) + ’lU(iC | y)H (323)

defines a new continuous form on V. Thus, the form a is H-elliptic if and only if
a4 1s coercive for some w € R. If a is a symmetric form, then a,, is also symmetric.
Thus a is H-elliptic if and only if a,, defines an equivalent scalar product on V for
some w € R. We note the following simple fact.

Exercise 3.4.1. Let V — H andlet a : V x V — C be a positive H-elliptic form.
Then a,, is an equivalent scalar product on 'V for all w > 0.

Theorem 3.4.2. Let H, V be a Hilbert space such that V' < H.Leta:VxV —=C
be a positive, continuous form which is H-elliptic. Define the operator A on H by
D(A) = {x €V :3y € H such that a(z,p) = (ylo)gy Yo eV}

Ar = —y .

Then A is selfadjoint and dissipative. Thus A generates a Cy-semigroup T on H.
We call A the operator and T the semigroup associated with a.
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Note that the operator A is well-defined. In fact, if x € V and y1,y2 € H

such that a(x, ) = (y1 | @) = (y2 | @) g for all p € V, then (y1 —y2 | ¢)g =0 for
all o € V. Since V is dense in H, this implies that y; — yo = 0.

Proof of Theorem 3.4.1. Let z1,29 € D(A). Then (Azy|x2)y = —a(zr1,22) =
—a(x2,21) = (Aza | 21) y = (21| Az2)g. Thus A is symmetric. Moreover, (Az; | 21)
—a(x1,21) < 0. Hence A is dissipative. It remains to show the range condition.
Recall that

ar(z,y) = a(z,y) + (zly)u
defines an equivalent scalar product on V' (see Exercise 3.4.1). Let y € H. Then
F(¢) = (¢|y)m defines a continuous linear form on V' (since V' — H). By the
Riesz-Fréchet lemma there exists a unique z € V such that a1(p, z) = (¢ |y)g for
all ¢ € V. Hence a(z, ¢) = a1(x,¢) — (x| o)g = (y — x| )y for all ¢ € V. Thus
x € D(A) and Az = x — y. We have shown that I — A is surjective. O

Exercise 3.4.3. Let H = L?(a,b). Let V. = H}(a,b) or V.= H'(a,b) and let
a(f,g) = f: f'g'dx. Then'V < H and a is a continuous, positive, H -elliptic form.

The operator associated with a is the Dirichlet Laplacian in the case V = H}(a,b)
and the Neumann Laplacian if V = H'(a,b).

Using the spectral theorem we now show that every dissipative operator is
associated with a positive form. It will be convenient to introduce the following
terminology. The analogy to the notion of closed operators will be made clear later.

Definition 3.4.4. Let H be a Hilbert space. A closed positive form on H is a couple
(V,a) where V is a Hilbert space such that V < Handa :VxV - Cisa

continuous, positive sesquilinear form which is H -elliptic.

Theorem 3.4.5. Let H be a separable Hilbert space and A a dissipative selfadjoint
operator on H. Then there exists a unique positive closed form (V,a) on H such
that A is associated with V,a.

Proof. We first show uniqueness. Let (V,a) be a closed positive form such that A
is associated with a. Then a1 (z,y) = a(x,y) + (x| y) g defines an equivalent scalar
product on V. We show that D(A) is dense in V. Let y € V such that a1 (z,y) =0
for all z € D(A). We have to show that y = 0. By the definition of A we have
(—Az|y)g+ (x|y)g =0 for all z € D(A). Since I — A is surjective, it follows that
y=0.

Since ay(x,x)Y/? = (| Az|% + [|=]|%)"? and a(z,y) = —(Az|y)y for all 2,y €
D(A), uniqueness of (V,a) follows from the density D(A) in V. In order to show
existence we use the spectral theorem. It allows us to assume that H = L2(Y, X, i),
Af=m-f,D(A)={f € H:m-f e H} where (Y,X, ;1) is a finite measure space
and m : Y — [0, 00) is measurable. Let

V= {f e AYE s [ mlfPdu <o)
Y
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with scalar product

(Flo)v = / fa(1 + m)dy .

Then V is a Hilbert space such V' < H. Moreover,

a(f,g) = [ fgmdp
/

defines a closed positive form (V,a) on H. It is easy to see that A is associated
with (V) a). O
Remark 3.4.6. In the situation of Theorem 3.4.5 we use the following terminology:

Let A be a selfadjoint dissipative operator. Then we call (V,a) the form associated
with A.

Of special interest is the case where A has compact resolvent. We assume
throughout that H is a separable Hilbert space.

Theorem 3.4.7. Let (V,a) be a closed, positive form on H. The operator A as-
sociated with a has compact resolvent if and only if the embedding V — H is
compact.

Proof. 1. Considering D(A) with the graph norm the embedding D(4) — V is
continuous. This is clear since al(x,x)l/ 2 is an equivalent norm on V, but also
follows from Exercise 3.1.9. If the injection V — H is compact, then D(A) — H
is compact as composition of a compact and a continuous mapping.

2. The converse follows from the spectral theorem. The details are worked out in
Exercise 3.4.10. O

As a concrete example we now consider the Laplacian with Robin’s boundary
conditions, which are also called boundary conditions of the third kind.

Theorem 3.4.8 (the Laplacian with Robin’s boundary conditions). Let o, 8 > 0.
We define the operator A on L?(0,1) by

D(A) = {feH*>0,1): f'(1)=—-6f(1), [(0)=af(0)}
Af = f".
Then A is a selfadjoint dissipative operator with compact resolvent.

Proof. 1. In order to find the form associated with A note that for f,g € D(A),

a(f,g)

~(Af|g) = / f"gda
0 1
— W) + £(0)g(0) + / J'gde
0

= BfWF() + af(0)5(0) + / fgde
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This leads us to defining the form (V,a) by V. = H'(0,1), a(f,g9) = Bf(1)g(1) +
af(0)g —|—f0 f'g'dz. Since H(0,1) — C[0,1] it follows that a : V x V — C is
contmuous It is clear that a is symmetric and positive. Since a(f, f)+ (f | f)rz >
| 1131, the form is elliptic with respect to L?(0,1).

2. Let B be the operator associated with a. We show that A = B. Let f € D(A4),
Af = g. Then for p € V = H'(0,1), —(g]¢)rz = — [ f'¢dx = —f'(1)p(1) +
f’(O)gZ(O)—{—fO1 f'¢'dx = a(f, ). Thus f € D(B) and Bf = g. We have shown that
ACB.

Conversely, let f € D(B), Bf = g. Then

- / g@dz = B(1)B(1) + af(0) / '@ (3.24)
0

for all ¢ € H'(0,1). In particular, —fol gpdr = fo f'o'dx for all p € C1(0,1).
This implies that f’ € H'(0,1) and f” = g. Now introducing this into (3.24) gives

1
l—/d _ " d
[ £ r @+ 10p0 = [ s
1
— _/ gpdr = Bf(1)@p(1) + af(0) /f’sodx
0

Hence — f'(1)¢(1) + f'(0)(0) = Bf(1)@(1) + e f (0)¢(0) for all ¢ € H'(0,1). This
implies that f/(1) = —8f(1) and f'(0) = af(0). Thus f € D(A) and Af = Bf. O

Note that Robin’s boundary conditions contain Neumann’s boundary condi-
tions (choosing o = 8 = 0) but not Dirichlet boundary conditions.

Exercise 3.4.9 (mixed boundary conditions). Let « > 0. Define the operator A on
L?(0,1) by
D(A) = {feH*0,1): f(1)=0, f(0)=af(0)}
Af = f".
Show that A is selfadjoint and dissipative.

Exercise 3.4.10. Let A be a selfadjoint, dissipative operator with compact resolvent.
By the spectral theorem we can assume that H = (2, Ax = (=A@ )nen, D(A) =
{z € 12 : (M\uZn)nen € 2} where \,, >0, lim A, = co.

n—oo

a) Show that A is associated with the positive form (V,a) given by

V = {zef*: Z)\n|xn\2 < oo}

Z(An + 1)%2/7 ;

neN

(zly)v
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b) Show that the embedding V — H is compact.

Exercise 3.4.11 (periodic boundary conditions). Define the operator A on L?(0,1)
by

D(A) = {feH*0,1): f(0)
Af = f".
Show that A is selfadjoint, dissipative and has compact resolvent.
Exercise 3.4.12 (antiperiodic boundary condtions). Define A on L*(0,1) by
D(4) = {feH*0,1): f(0)=—f(1), f(0)=—f(1)}
Af = f".

Show that A is selfadjoint, dissipative and has compact resolvent.
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Chapter 4

The Laplacian on open sets in
Rn

In this chapter we study the Laplacian on L?(Q) where  C R” is an open set. Mo-
tivated by the 1-dimensional examples we consider Dirichlet and Neumann boun-
dary conditions. They define selfadjoint realisations of the Laplacian on L?().
The semigroups generated by these operators give the solution of the heat equa-
tion with these two different boundary conditions. We use Sobolev imbedding to
prove that the solutions are regular in the interiour of €. For the Dirichlet Lapla-
cian we also obtain semigroups on LP(Q2) (1 < p < oo). We study monotonicity
properties of the corresponding semigroup with respect to the domain. As a con-
sequence, we establish the existence of a Green’s function, which one frequently
calls the heat kernel defined by the Dirichlet Laplacian. All these properties are
quite easy to obtain directly for Dirichlet boundary conditions. However, in the
case of Neumann boundary conditions more elaborate techniques are necessary.
Those will be presented in the subsequent chapters.

4.1 The Dirichlet and Neumann Laplacian on open sets
in R"

We start introducing the first Sobolev space on an open set of R™. Not much more
than the definition is needed to show that the Laplacian with Dirichlet or Neu-
mann boundary conditions generates a Cy-semigroup.

First we introduce some notation. Let 2 C R™ be an open set. The space

47
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LP(Q), 1 < p < o0, is understood with respect to Lebesgue measure. We define

Li.() = {f:Q— C measurable : /|f(x) |dx < oo for all compact K C Q} .
K
c) = {f:Q—C continuous} ,
CQ) = {f:Q—C continuous} ,
C*(Q) = {f:Q— C: k-times continuously differentiable} ,

where k € N. For f € C'(Q) we let D;f = 2L (j = 1,...,n). By C.(Q) we

oxj
denote the space of all continuous functions f -0 — C such that the support
suppf = {x € Q: f(z) # 0} is a compact subset of . We let

Ci(Q) = CHO)NC(),
c>®(Q) = ﬂ C*(Q) ; and by
keN
D(Q) = C®Q)NC.(N)

we denote the space of all test functions. Let f € C1(Q2), p € C1(Q2). Then
—/ijcpdx:/Djfgodx. (4.1)
Q Q

We use this relation (4.1) to define weak derivatives.

Definition 4.1.1. Let f € LL _(Q). Let j € {1,...,n}. A function g € LL _(Q) is

loc loc

called the weak j-th partial derivative of f (in Q) if

—/ijwdw=/g<pdw
Q

Q
for all o € D(Q). Then we set D; f :=g.

Note that the weak j-th partial derivative is unique. Here we identify func-
tions in L[, (£2) which coincide almost everywhere. We let

W(Q) = {f € Ll,.(Q) : the weak derivative D;f € Li..(Q) exists for all j = 1,...,n}.

Note that LP(Q) C L{ () for all 1 < p < co. Now we define the first Sobolev
space H(Q) by

HY Q) :={feL*(QnNW(Q):D;f € L*(Q) j=1,...,n}.

Proposition 4.1.2. The space H'(Q) is a separable Hilbert space for the scalar
pro-duct

(fl9mr ) = [ fgdz+ D.fD;gdx .
H'(Q) Q/ ]Zl/ j j
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Proof. Consider the separable Hilbert space H = L?(Q)"*! with norm

n
o, vunlfy =D [ e
3=0

Then ® : HY(Q) — H, f — (f,D1f,...,D,f) is isometric and linear. Thus
it suffices to show that the image of ® is closed. Let fr € H'(Q) such that
klim O(fx)=(f,91,---,9n) in H. Then klim fr = f and klim D, fr = g; in L*()

(j=1,...,n). Let ¢ € C(Q). Then by the dominated convergence theorem

k—oo

*/Djwfdw = lim (*/Djsofkdx)
Q Q

Jim / ©Dj frdx
Q

= /apgjdx.

Q

Thus g; is the weak j-th partial derivative of f and ®(f) = (f,91,...,9n)- O

Next we talk about Dirichlet boundary conditions. If n > 2, then H'(Q) is
no longer a subspace C() (see Exercise 4.1.15). Thus the elements of H!(Q) are
merely equivalence classes; we identify functions which coincide almost everywhere.
So we cannot define Hg(£2) as we did when  is a bounded interval. In fact, in
general 9 will be of measure 0, so it does not make sense to talk about the
restriction to 9N for functions in H!(Q). This leads us to the following definition:

< H'(Q)
Hy(9) = D(Q) ;

i.e., H}(Q) is the closure of D(Q) in H ().

Later we will investigate further properties of Hg(£2) and show that this def-
inition coincides with the one given in Chapter 3 if  is an interval.

Now we want to introduce the Dirichlet Laplacian. For f € C?(Q) we define
the Laplacian A f by

Af=) Dif.
j=1

Similarly as for the first order derivatives we define the weak Laplacian as follows.
Let f € Li (Q),g € L (). We say that Af = g weakly, if

loc loc
/Agofdx = /gpgdm (4.2)
Q

Q
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for all ¢ € D(2). In that case we write
Af =g weakly (on Q) .
Remark 4.1.3. a) Again g is unique up to a set of measure 0.
b) In the language of distributions, (4.2) just means that the distribution Af equals
g.
For f € W(£2) we denote by gradf(x) = Vf(z) = (D1f(x),...,Dnf(x)) the

n

gradient of f. For z,y € R” we dentoe by -y = > z;y; the scalar product in R™.
j=1

Similarly, for f,g € W(Q) welet Vf-Vg= > D;f- Djg.
j=1

Theorem 4.1.4 (the Dirichlet Laplacian). Define the operator A on L%*(2) by
D(A) ={f € H} () : there exists g € L*(Q) such that Af = g weakly}.

Af = Af .

Then A is a selfadjoint, dissipative operator. We denote A by AL and call A the
Laplacian with Dirichlet boundary conditions or simply the Dirichlet Laplacian.

Proof. Let V = Hg(2). Then V e L?(2). Define a : V x V — C by

a(f,g) = S{Vf -Vgda .
Then la(f,9)] < (({(Ivf|2d$)1/2(f|V9\2d17)1/2
< Ny - Nglley -

Moreover, a(f, f) + || fll72 = || f]|3.- Thus a is a closed positive form on L?(Q).
0
Denote by B the operator associated with a. Let f € D(B), Bf = g. Then

(91902 = —allg) = = / D, fD;pdx

for all p € D(Q2). Thus Af = g weakly. Conversely, let f € Hg(£2) such that there
exists g € L*(Q) such that Af = g weakly. Then for all ¢ € D(Q)

- Z/Dijj@dx

j=1 Q

= / fApdx
Q

/g@dx .

Q

_a(fv 90)
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Since D(Q) is dense in H}(Q), this identity remains true for all p € Hg (). Thus
f € D(AR) and AL f = g. We have shown that B = Af. O

Thus the operator A5 generates a contractive Co-semigroup of selfadjoint
operators on L%()). We sometime use the symbolic notation

ethe =T(t) (t>0).

This semigroup governs the heat equation with Dirichlet boundary conditions.
Indeed, if f € L2(Q), then u(t) = 'A% f is the unique solution of

u € C™((0,00); L2(92)) N C([0, 00); L*(2))

u(t) € HY(Q) (t>0)

u(t) = Au(t) weakly

u(0) = f.
This follows from Theorem 2.3.4. In fact, we will see later that u is a classical
solution.

Next we consider Neumann boundary conditions. It is remarkable that they
can be defined for arbitrary open sets.

Theorem 4.1.5 (the Neumann Laplacian). Let Q C R™ be open. Define the operator
A on L*() by

D(A) = {feHYQ): there exists g € L*(Q) such that
—/Vfchdw = /g(pdx for all p € H'(Q)}
Q Q
Af = g¢g.

Then A is selfadjoint and dissipative. We call A the Laplacian with Neumann
boundary conditions or simply the Neumann Laplacian. We denote the operator
by AY.

Proof. The operator A is associated with the positive closed form (V,a) where
V =HY(Q) and a(f,g) = [V V3. O
Q
Remark that
AYf=Af weakly
for all f € D(AJ). This follows clearly from the definition.

We saw in Theorem 3.2.2 and Exercise 3.4.3 that in the case where n = 1
and ©Q = (a,b) then

D(AY) ={f € H'(a,b) : f'(a) = f'(b) = 0} .
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This justifies the name of “Neumann Laplacian”. In higher dimension the boundary
conditions are satisfied in a weak form. We make this more precise in the following
remark.

Remark 4.1.6 (comparison of classical and weak Neumann boundary conditions).
Assume that Q0 C R™ is open, bounded with boundary of class C'. Recall Green’s
formula

/Afgdx:/%gdaf/Vngdx (4.3)
Q o) Q
(f € C3(2), g € CY(Q)), where o denotes the surface measure on Q. By v(z)

we denote the exteriour normal in each x € 9S); and for f € CH(Q), %(m) =

Vf(x)-v(z) is the normal derivative of f in x € 9Q. Now define the operator B
on L*(Q) by

9
D(B) = {fec*@:3 0.
Bf = Af.
Then (a) BcAY and

(b) C*(Q)nDAY)c D(B) .
Proof. a) Let f € D(B). Then by (4.3), —(Af |¢) = [ VfVpdz for all p € C1(Q).
Q
Since (2 is of class C1, the space C1(€) is dense in H!(Q2) (see [Bre87, Corollaire
IX.8, p. 162] ). Hence, going to the limit yields

—(Aflg) = / VfVods = a(f, )
Q

for all o € H'(2). Hence f € D(AY) and A{ f = Af.
b) Let f € C?(2) N D(AY). Then

/Afch/Vfchdo

Q

for all € C''(£2). Comparison with (3) shows that [ g—igoda = 0forall p € C1(Q).
o0

This implies % =0 on 99. O

The operator A generates a Co-semigroup T on L?(f2). We frequently use

the notation N
etha =T(t) (t>0).

This semigroup governs the heat equation with Neumann boundary conditions.
Later we will see that also in this case solutions are of class C'**° in space and time.
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A natural question occurs: If @ = R"™, then there is no boundary. So one expects
that the Dirichlet and Neumann Laplacian coincide in this case. We will give a
proof of this and related results introducing the technique of regularisation which
will also be useful later.

First we recall Young’s inequalities for convolution.

Proposition 4.1.7. Let f € L'(R"), g € LP(R™) where 1 < p < oo. Then

f*9@%=/f@—yM@My

exists for almost all x € R™ as Lebesgue integral and defines a function f x g €
LP(R™). Moreover,

1+ gllo < W11 Nlglls -

We deduce from this that also H!(R") is invariant by convolution.

Proposition 4.1.8. Let h € LY(R"), f € HY(R"), then h* f € H*(R") and
Dij(hxf)=h+D;f (j=1,...,n).

Proof. By Proposition 4.3.1 we have h x f, h = D;f € L*(R"). We show that
Dj(h* f) = h* D;f weakly. Let ¢ € D(R™). Then by Fubini’s theorem

~ [ Dyl pyda
RTL

- / (Dy9)(x) / f( — y)h(y)dydz =
R R

- / / (D;0)(@) f(x — y)dah(y)dy =
Rn Rn o

- [ [ st + wiradehiniy -
grgn

(@ +y)D; f(z)dah(y)dy =
Rn Rn

R™

This proves the claim. O
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Now let f € L _(R™). Then for p € D(R"),

loc

pxflz) = / F)olz - y)dy

I
~
—~

8

\
<
S~—
S
—~
=

U
<

defines a function p * f € C*°(R™) and

Dj(pxf)=Djp*f (j=1,...,n)
by the usual rules allowing the commutation of integral and differentiation.

Definition 4.1.9. Let 0 < p € D(R") such that suppp C B(0,1) = {z € R" :
lz] < 1} and [ p(x)dz = 1. Let py(z) = k"p(k - ) (x € R™). Then py € D(R™)
Rﬂ.

J prdz =1 and supppy, C B(0,1/k). We call (pi)ren o regularizing sequence or
HIQ;olliﬁer.

The following property is well-known.
Proposition 4.1.10. Let f € LP(R™). Then pi * f € LP(R™) and kh_)rrolo pr*xf=f1in
LP(R™) (1 <p < 0).

Lemma 4.1.11. Let f € H'(Q) such that f(z) =0 for x € Q\ K where K C Q is
compact. Then f € H}(Q).

Proof. Let fr. = pr * f. Then fi, € D(Q) if k > dist(K,9Q) L. Moreover, fr, — f
(k — o0o) in H'(Q2) by Proposition 4.1.10. O

Proposition 4.1.12. One has H} (R™) = HY(R"). Consequently, AF, = AL,.

Proof. Let f € HY(R™). Let £ € D(R™) such that suppé C B(0,2), 0 < &(z) < 1
(x € R") and &(x) = 1 for z € B(0,1). Let & (z) = &£(x/k). Then f = &.f €
HY(R™) and D;f, = (D;&)f + &D;f (see Exercise 4.1.15 a)). Since D;&x(x) =
+D;&(x/k) it follows from the dominated convergence theorem that f, — f in
H'(R™). Since fx € H}(R") by Lemma 4.1.11, it follows that f € HI(R"). [

The next two exercises concern the Dirichlet or Neumann Laplacian. The
others give more information on Sobolev spaces and weak derivatives.

Exercise 4.1.13. Give a direct proof of Theorem 4.1.4 without using forms as for
Theorem 3.2.2.
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Exercise 4.1.14. Let 1,5 be two disjoint open subsets of R™,Q = Q1 UQy. Then
L2(Q) = L*() ® L*(Q2). Denote by T, Ty, Ty the semigroups on L*(), L*(Q4)
and L?(Q3) generated by the Dirichlet or Neumann Laplacian. Show that

T(t)(f1, f2) = (Ta() fr , T2(t) f2)
for all (f1, f2) € L*(Q1) ® L*(Qa).

Exercise 4.1.15. a) Let f € W(Q) and ¢ € C1(Q). Show that f& € W(Q) and
Dj(&f) = (Dj€) - f + €D, f.
b) Let f € HY(Q), ¢ € HY(Q). Show that

—/Djw-fdxz/d)Djfdx,j:1,...7n.
Q Q

¢) Let f € H'(Q), £ € WL (i.e., £ € W(Q) N L>®(Q) such that D€ € L>®(Q),
j=1,...n). Show that £f € H'(Q) and

D;(&f) = (Djé)- f+€D;f (j=1...n).

In the next exercise we show that in dimension n > 2 for each open set 2
in R” and each a € Q there exists a function f € H(Q) N D(\ {a}) such that
lim f(z) = co. We recall integration of radial functions.

r—a

Remark 4.1.16 (radial functions). Let Q@ = {z € R™ : r; < |z| < r2} be a ring
where 0 < r; <19 < o00. Let f: Q2 — Ry be a radial function i.e.

f(@) = g(l=)

for some measurable function g : (r1,72) — Ry. Then

/fdJZ:O'n_1/g(’l“)7“n_ldT
Q

ry
where oy, is the surface of the sphere {x € R" : |z| = 1}.

Exercise 4.1.17 (singularities of functions in H'(2)). a) Letn >3, Q = B(0,1) :=
{x € R™ : |z| < 1}. Show that there exists a > 0 such that f, € H'(Q) where

fa(z) = ||~ .

b) Let n = 2, f(z) = (log ﬁ)a where 0 < a < %. Show that f € H'(Q) where
Q=B(0,1/2) = {z e R? : |z| < 1/2}.

Exercise 4.1.18. Show that D(R") is dense in H?(R™).
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4.2 The Gaussian Semigroup

In this section we consider the Laplacian on L?(R™). We have seen that the spec-
tral theorem allows us to transform each selfadjoint operator into a multiplication
operator by unitary equivalence. In general, the unitary transform is abstract and
cannot be described explicitely. This is different for the Laplacian on R"; here it
is the Fourier transform which is doing the work. Another thing is remarkable.
Whereas the semigroup generated by the Dirichlet or Neumann Laplacian on an
open set cannot be given by an explicit formula, the semigroup generated by the
Laplacian on R" is given by the Gauss kernel in very explicit form.

We start recalling some facts about the Fourier transform. If z,y € R™ we
n

denote by z -y = Y x; - y; the scalar product and let z2 = x - z. For f € L'(R")
j=1

W/e_ilyf(y)dy

R

Fi@) =

is the Fourier transform of f. One has Ff € Cy(R™) := {g : R™ — C continuous,
lim g(z) = 0}. Moreover | Ff|l2 = ||f]|2 for all f € L*(R™)N L*(R") and thus F

|z]— o0
extends to a unitary mapping from L?(R") onto L?(R"), the Plancherel transform,
which we still denote by F. For f € L*(R") N L?(R"), F~ = F* is given by

F 1)@ = @0 [y
Rﬂ,
We now determine the image of the Sobolev space H!(R"™) under F. For this,

consider first f € C1(R™). Then integration by parts yields

FDif(x) = (2m) "2 / =D, f(y)dy

Rn

= (2m)"2 [ (izy)e " f(y)dy
/
= iz;(Ff)(z) (zeR").

Proposition 4.2.1. The Plancherel transform induces an isomorphism from H*(R™)
onto

L*(R™; (1 + 2?)dz) := {f € L*(R") : /|f(ac)|2(1 + 2%)dx < oo}

and (FD;f)(z) = iz; Ff(z) a.e. for all f € H'(R™).
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Proof. For f € CL(R™) one has

”fH%{l(R") = ||f||2L2(R") + Z ||Djf||2L2(R")

j=1

IF FIZ2 ey + D IFD; fliTeen)
j=1

[Fs@ra sy [t
J

jlen

/(1 +2%)|Ff(z)dx .

Rn

Since C(R™) is dense in H!(R"), it follows that JF is an isometric isomorphism of

H'(R™) onto a closed subspace of L2(R"™; (1 + z%)dz). Conversely, let g € L*(R";

(1+ 2?)dz). Let f = F~1g € L*(R"). Let j € {1,...,n}. Since z — iz;g(x) €

L?(R™), there exists f; € L?(R") such that Ff;(z) = iz;g(z) (x € R™). Let ¢ €

C:(R"). Then — [ fDjpdw = — [ (Ff)(@)F(Djp)de = [ iz;Ff(z)Fp(z)dz =
R" R» R"

| Ffij(x)Fe(x)de = [ fjpdz. It follows that f; = D;f weakly. This shows that
R”ﬂ RTI,
g FH'(R"). 0

We define H*(R") inductively by
H*YR™) .= {f € H'[R"): D, f € H*(R") for j = 1,...,n} .
Then we deduce from Proposition 4.2.1 by an inductive argument.

Corollary 4.2.2. The Plancherel transformation induces an isomorphism from H*(R™)
onto L*(R", (1 + (z*)*)dx) for all k € N.

Now we define the Laplacian A on L*(R™) by
D(A) = H*(R") ; Af = Af .
Consider the operator B = FAF ! on L?(R") similar to A via Plancherel trans-
form; i.e.,
D(B) = {geL*R"):F 'fe D(A)=H*R")}
Bg = FAF 'g.

Then B is the multiplication operator defined by —x2. More precisely,
Proposition 4.2.3. One has

D(B) = L*R";(1+ (2%)*)dz)

Byg(x) = —a?g(z).
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Proof. Let g € L?*(R™). Then g € D(B) if and only if F~'g € D(A) = H*(R");

ie., g € L2R"™; (1 + (2?)?)dx) by Corollary 4.2.2. Let f € D(A). Then BFf =

FAf=FAf=%FD}f Hence (BFf)(x) = Y (iz;)*Ff(x) = —2*(Ff)(x). O
j=1

It follows that A is selfadjoint and dissipative. Hence A generates a Cjy-
semigroup G on L?(R"™). Moreover,

FGWf)(x) = e (Ff)@) (>0, xR

for all f € L2(R").
In order to compute G(t) we need to compute the inverse Fourier transform
—ta?

of e
Lemma 4.2.4. Let h(z) = e=* /2. Then
Fh=nh.
Proof. a) Let n = 1, g(z) = (2m)~V/2 [ e~ e v"/2dy. Tt is well-known that
R

J e dz = /7. Substitung z = y/v/2 we conclude that
R

9(0) = (2m) 112 / 2y = (2m) V2 [ e /adz = 1.
R R

Differentiation under the integral gives

g@) = n) 2 ey iy
R
= (2m)71/? /ie‘”yie_y2/2dy
dy
R
= —Z.(27T)71/2 / i67”/’7#5792/zdy
dy
R
= —xg(x) .
Hence g(x) = ce™* /2. Since ¢ = g(0) = 1, the claim is proved.
b) Since h(z) = e=*1/2. _.e=n/2 the result follows from a) for arbitrary dimen-
sion. O

We recall that for f € L'(R"™), g € L?(R") one has

F(f *g) = 2m)"*(Ff)(Fg) .

Finally, if (Ff)(x) = 0 for all z € R™, then f = 0 in L*(R"). Using these standard
facts, we now obtain the following
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Theorem 4.2.5. The Gaussian semigroup G on L*(R™) is given by G(t)f = k¢ f
where ky(z) = (4mt)~"/2e=2" /4 j e,

(G(t)f)(w) = (4mt) "/ / eV () dy  w—ae.

RTL
for all f € L?>(R™).

Proof. We only have to show that Fk;(z) = (27r)*"/26’tm2. Using Lemma 4.2.4,
substituting z = y/v/2t, we have

Fhi(z) = (2m) /2 (4rt)~"/? / eim ey /4t gy
i
(2m) "2 (dmt) /2 / eV =22 (94)n/ 2,
i
(2m) "2 Fh(V/2tzx)
(2m) "2 h(V/2tx)

_ (27T>—n/26—tx2 _

O

Corollary 4.2.6. The operator A is associated with the positive closed form (V,a)
where V.= HY(R™) and a(f,g) = [ VfVgdz.
Rn

Proof. We know from the proof of Theorem 3.4.5 that the operator B is associated

with the form (W,b) where W = L*(R", (1 + 2?)dz), b(k,h) = [ 2*k(z)h(x)dz.
RTL

Since

Fw V and

F1F) = Y [ inF )i Py
= > [ AN FDgs

Z/D]ijgdl‘
j=1
= alf,9)
for all f,g € V the claim follows (cf. Exercise 4.2.7). O



60 4. THE LAPLACIAN ON OPEN SETS IN RN

The operator A on L?(R") given by D(A) = H?*R"), Af = Af is the
Dirichlet Laplacian on L?(R™) (which coincides with the Neumann Laplacian by
Proposition 4.1.12).

Exercise 4.2.7. Let (V},a;) be a closed positive form on the Hilbert space H; such
that V; < Hj. Let Aj be the operator associated with a; on H; and T the semi-

group generated by A;. Let U : Hy — Hay be a unitary operator. The following are
equivalent:

(i) UVy =V, and ax(Uz,Uy) = a1 (x,y) for all x,y € Vi;

(ii) UAL UL = Ay;

(ii) UR(\, A1) = R(\, A2)U (A > 0);

(iv) UT\(t) = To(t)U (t > 0).

Hint: Use Euler’s formula (2.18) to prove that (%ii) implies (iv).

Exercise 4.2.8. a) Let A be a selfadjoint dissipative operator on a separable Hilbert
space H. Show that —A? is selfadjoint and dissipative.
b) Show that the operator B on L?(R™) given by D(B) = H*(R"), Bf = —A%f is

dissipative and selfadjoint.
c¢) Show that B is unitarily equivalent to the multiplication operator on L?(R™)

defined by m(x) = —(2?)? = —(Zn: x3)?.

Jj=1
Exercise 4.2.9. Give a detailed proof of Corollary 4.2.2.

4.3 Order Properties of H!(2)

In this section we establish some order properties of weak derivatives. Let €2 C R™
be an open set and let f : 2 — R be measurable. We define f*, f=,|f] : @ = R

by /*(z) = max{f(2), 0}, f~ = (—f)*, ||(z) = max{f(z), —()}. Observe that
f=ft—f"and |f|= fT + f~. Moreover, we define signf : ! — R by
1 if f(x)>0
signf(z)=4¢ 0 if f(x)=0
1 if f2) <0,
Thus |f| = (signf) - f. Moreover, we define {f > 0} := {x € Q: f(z) > 0} and
similarly {f < 0}. Thus signf = 1550y — 1{f<0}-

Proposition 4.3.1. Let f € WY(Q). Then f+,f~,|f| € WY(Q) and
Djf+ = Iy Dif (4.4)
Dif~ = ly<oyDjf .
Djlfl = (signf) - D;f (4.6)
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We refer to p. 152 in D. Gilbarg, N.S. Trudinger: Elliptic Partial Differen-
tial Equations of Second Order, Springer, Berlin 1998 for the proof (which is not
difficult).

Note that the identities in Proposition 4.3.1 have to be understood in W1 (£2);
i.e., almost everywhere on . The first is equivalent to

- [ @D = [ f@Dwis
Q {F>0}
for all ¢ € D().
We note the following corollary:

Corollary 4.3.2. Let u € W(Q), k € R. Then

D;if(x) =0 ae forxec{yeQ: f(y) =k} .
Proof. Replacing f by f — k we can assume that k = 0. Since f = f* — f~ we
have Djf = Djf+ — Djf_ = 1{f>0}Djf — 1{f<0}Djf. O
Corollary 4.3.3. Let f € HY(Q). Then |f|, fT,f~ € HY (). Moreover, if k > 0,
then (f A k)(z) := min{f(x),k} defines a function f Nk € H'(Q) and
Di(fNk) =1gp<ry D5 f -
Proof. It follows from Proposition 4.3.1 that D;|f| = signfD; f, D; f* = 1501 D; f

and D;f~ = lypcopD;jf € L*(Q) (j = 1,...n). This implies that |f|, f*,f~ €
H(Q). Moreover, since fV k= f+ (k— f)T, one has

Di(fVvEk) = Djf+1y—ss03Di(k—f)
= Djf+1y<iy(=D;f)
= ly=nDif
= LsnDif
by Corollary 4.3.2. Hence D;(f V k) € L?*(2) (j = 1,...,n) and so fVk €
HY(Q). O

It follows from Proposition 4.3.1 that

[l @) = 1A @ (4.7)

for all f € HY(Q).
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Remark 4.3.4. However, H'(Q) is not a Banach lattice, since 0 < f < g does not
imply | fller < |lgller (see Exercise 4.5.8a)).

Proposition 4.3.5. The mappings f — |f|, f— fT and f — f~ are continuous
from HY(Q) into H ().

For the proof we use the following well-known result of measure theory which
shows that the Theorem of Dominated Convergence describes the most general case
of convergence if we are ready to pass to subsequences. It is obtained as Corollary
of the usual proof of the completeness of L?((2).

Lemma 4.3.6. Let f,, — f in L?(2) (m — o00). Then there erists a subsequence
(fmy )ken and h € L?(2) such that

(a) fm, — f(x) (k= 0) a.e;
(0) |fm (@) < h(z) (z € Q).

Proof of Proposition 4.3.5 a) Let f,, — f in H'(2) as m — oo. We want to show
that f, — f* in H'(Q). Let j € {1,...n}. We have to prove that D;f,; — D;fT
in L?(Q). For that, it suffices to show that each subsequence of (f,,)men has a
subsequence (gx,)ken such that D;gi" — D; f+ (k — oo) in L?(Q2). Thus passing to
a subsequence by Lemma 4.3.6 we can assume that there exists a null set N C 2
such that gx(z) — f(z), Djgr(x) — D;f(z) (k — o0), and |D;g(x)| < h(z) for
all z € Q\ N, k € N where h € L?(2). Let z € Q\ N such that f(x) > 0. Then
gr(x) > 0 for large k € N. Hence by (4.4), D;g} (z) = Djgr(z) — D;f(z) =
D;f*(z) (k — o00). Let x € Q\ N such that f(z) < 0. Then g(z) < 0 for large
k € Nand D;g/ (z) =0 = D;f*(z). Since by Corollary 4.3.2 D; f(z) = 0 a.e. on
{y € Q: f(y) = 0} we conclude that D;gi(z) — D;f(z) (k — o0) a.e. Now it
follows from the Dominated Convergence Theorem that D;jgi, — D; f (k — o0) in
L?(Q).

b) We have shown that the mapping f — fT is continuous. Since f~ = (—f)T
and |f| = f*+ f~, continuity of the mapping f — f~ and f — |f| are immediate
consequences.

Corollary 4.3.7. Let f € H}(Q). Then f*,f=,|f| € HY(Q).

Proof. a) Let ¢ € D(Q). Then ¢t € H'(Q) by Proposition 4.3.1. Since ¢ has
compact support, it follows from Lemma 4.1.11 that ¢+ € H}(Q).

b) Let f € HY(Q). Let f,, € D(Q) such that f,, — f in HY(Q) as m — oo.
Then f,; € H}(Q) by a) and im ft — fTin HY(Q) by Proposition 4.3.5. Thus

ft € H}(Q). Hence also f~ = (—f)* and |f| = f* + f~ € H(Q). O

Further order properties of H!() are established in the following exercises.
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Exercise 4.3.8. Let f,g € H*(Q) such that f < g.
a) Show that the order interval

[f,g)={he H'(Q): f <h<g}.

is closed in H'(£2).

b) Show by an example that order intervals are not bounded in general.
¢) Show that [f,g] C HX(Q) if f,g € H(Q).

d) Let f € H}(Q), k > 0. Show that f Nk € H}(Q).

It follows from Corollary 4.3.7 and Exercise 4.3.8 that H{ (2) is a closed ideal
of H'(Q). Here a subspace J of H1(f) is called in ideal if

a) feJ=|fleJ and
b) 0<g<f,fedJ, geH Q) =geJ.

Exercise 4.3.9. For f: Q — R we denote by f : R™ — R the extension of f by 0;
i.e.,

o fle) if zeq
f(f”)"{o if zeR"\Q

a) Let f € HY(Q). Show that f € H'(R") and

Dif=Dif (j=1,...n).
b) Let )
H{Q)={f:Q—R:fec H(R")}.

Show that ffol(Q) is a closed ideal in H'(Q) such that H(Q) C ﬁé ().
c) Let n = 1, @ = (=1,0) U (0,1). Show that Hj(Q) can be identified with
H}(—1,1). Deduce that H} () # HE(Q).
Exercise 4.3.10. Let

D)+ ={peD(Q):¢ 20}, Hy(Q) ={f € Hy(): f=>0}.

Show that D)5 ) = HL()5.

4.4 Positivity and Monotonicity

The aim of this section is to establish order properties of the semigroups generated
by the Dirichlet and Neumann Laplacian. First of all we show that these semi-
groups are positive.

In the case of Dirichlet boundary conditions, the semigroups are monotonic with



64 4. THE LAPLACIAN ON OPEN SETS IN RN

respect to the domain. In particular, the semigroup is always dominated by the
Gaussian semigroup. This shows us that it is always given by a kernel, the so-called
heat kernel.

Let © C R™ be an open set and 1 < p < co. By LP(Q)y = {f € LP(Q) :
f > 0} we denote the positive cone in LP(Q2) (where f > 0 means that f(z) € Ry
a.e.). A bounded operator B on LP(2) is called positive (we write B > 0) if
BLP(Q)y C LP(Q)+. Finally, a Cy-semigroup T' on LP(Q2) is called positive if
T(t) >0 for all ¢ > 0.

Now we consider the Cy-semigroups (emg )e>0 and (eméV )e>0 on L?(2) gener-
ated by the Dirichlet Laplacian Ag and the Neumann Laplacian Ag , respectively.

Proposition 4.4.1. The semigroups (emg)tzo and (emg)tzo on L*(Q) are positive.

Proof. Let A= AL or AY, T(t) = e'4. Since by Euler’s formula (Exercise(2.4.6)),

et = lim (I — EA)*"

n—oo n
strongly, it suffices to show that R(\, A) > 0 for A > 0. Let a(f,g) = [, V.f-Vgdz
(f,g € HY(Q)). Let V = H}(Q) if A= AL and V = H*(Q) in the case A = AJ.
Let 0 > f € L*(Q), u = R(\, A)f € V. It is clear that u is real-valued. We have
to show that v < 0. One has

Mutlze = (wu|u®)
= (AWu—Au|ut)+ (Au | u™)
= (f|u") —alu,u") (since ut €V)
< —a(u,u™) (since f <0)
= — Y [oDjuDjutde
j=1
- 21 Jo(Djut)?dx (by (4.4))
j:
< 0.
Hence vt = 0; ie., u < 0. O

Next we want to compare the semigroups on different open sets. For this, the
following convention is useful. If f is a scalar-valued function we identify f with its
extension by 0 to R™. In this way L?((2) is a closed subspace of L*(R™). Moreover,
f is positive in L?(Q) if and only if it is positive as element of L?(R"). Note also
that, we may write L?(R") as direct sum of L?(2) and L*(Q°), the decomposition
of f € L2(R™) being given by

fo-lg—‘y-f-ch
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where ¢ = R™\ Q. It is an order direct sum; i.e. f > 0 if and only if f-1g >0
and f-1ge > 0.

If B is a bounded operator on LP(Q2) we may extend B to LP(R"™) by defining
Bf = B(laf) (f€L"R")).
In that way L(LP(£2)) becomes a subspace of L(LP(R™)) such that B > 0 in
L(LP(Q)) if and only if B > 0 in L(LP(R™)).

If T is a semigroup on LP(Q), considering T'(t) as operator on LP(R™) the
semigroup property
Tt+s)=T#)T(s) (t,s>0)

still holds. But 7'(0) is the projection onto L?*(Q) along L?*(Q¢). Moreover, the
mapping ¢t — T'(¢) : Ry — L(R™) is strongly continuous.
If By, By are bounded operators on L?(R™) we write By < By if By — By > 0.

Our aim is to prove the following comparison result.
Theorem 4.4.2. a) One has always

0 < el < el (4.8)
b) If Q1,09 CR™ are open such that Q0 C Qo, then

0< e < et | (4.9)

For the proof we use the notion of positive distributions. By D(£2)" we denote
the space of all distributions. For v € D(Q)" we write

u>0if u(p) >0 for all p € D(N)4 .
Here D(Q)+ = {¢ € D(Q) : ¢ > 0}. We identify L{ (€2) with a subspace of D(2)’
by defining uy € D(Q?)’ by

up(p) = /Q fedr (p€ D)

whenever f € L (). Then
up > 0if and only if f >0 .
If u € D(Q2)’ the Laplacian Au € D(Q)’ is defined by
(Au)(p) = u(Ap) (¢ € D(Q)) .
For u,v € D(Q)) we write
u < wv if and only if u(¢) < v(p) for all p € D(Q)4 .

Moreover, we let H*(Q)4 := L?(2), N HY(Q).
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Lemma 4.4.3. Let A >0, u € H}(Q2), 0 <v e HY(Q) such that
A —Au < v—Av  in D) .

Then u < v.

Proof. Let 0 < ¢ € D(£2). Then

/Auapdm—i—/ VuVedr < /\/ v<pdx—|—/ VoVpdz
Q Q Q Q

(4.10)

for all 0 < ¢ € D(R). It follows by density that (4.10) remains true for all ¢ €
H} (), (see Exercise 4.3.10). Note that (u —v)* € H}(2). In fact, let up € D(Q)
such that up — uin H*(Q) as k — co. Then (uy —v)™* has compact support, hence
(ug —v)T € H}(Q) by Lemma 4.1.11. It follows that (u —v)* = Jim (ug —v)T €

H}(Q). Now it follows from (4.10) applied to ¢ := (u — v)T that
/ Mu(u —v)tdr + / VuV(u—v)tdz
Q Q

< )\/ v(u—v)*dm—k/ VoV(u—v)tdz .
Q Q

Hence
/Q Mu—v)T2dz = / Au—v)(u—v)Tdz

Q
V(v —u)V(u—v)*
Q

- /Q V(u—v)"*dz (by (44))
< 0.

It follows that (v —v)T < 0;ie., u < v.

O

Proof of Theorem 4.4.2. a) Since !4 = lim (I — %A)*” strongly, where A = A}

n—oo

or A=A}, it suffices to show that

R\ ALY < RN AY) (A>0).

Let 0 < XA and RO\, AD)f = u, RO\ AY)f = v where 0 < f € L?(Q2). Then

u€ HH D)y, ve HY(Q), and
A —Au=f=M—Avin D(Q)" .

It follows from Lemma 4.4.3 that u < v.
b) Let A >0, 0 < f € L?(€1). We have to show that

uw:=RNAS)fF < RANAR)f=v.
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One has u € HE(Q1)+, U, € HY(Qp) and \u — Au= f = v — Av in D(Q)". Tt
follows from Lemma 4.4.3 that v < v. O

It follows from Theorem 4.4.2 that
0<e™ <G(t) (t>0)

where G denotes the Gaussian semigroup on L?*(R™). From this we can deduce
that €A% is a kernel operator. We need a simple criterion, the Dunford-Pettis
Theorem, which describes operators defined by bounded kernels.

Let k € L>®(2 x Q). Then

(BL)@) = [ bla,) )y (1.11)
Q
defines a bounded operator By, € L(L*(Q), L>=(Q)) and

| Bellz(pr (), @) < 1kl @xq) -
If E C R™ is a Borel set we denote by |E| the Lebesgue measure of E.

Theorem 4.4.4 (Dunford Pettis). The mapping k — By is an isometric isomor-
phism from L>(Q x Q) onto L(L*(Q2), L>(Q2)). Moreover

By, >0 if and only if k >0 (4.12)
for all k € L>(Q x ).

Proof. For f,g € L'(Q) we define f ® g € L'(Q x Q) by (f @ g)(z,y) = f(2)g(y).
Then ||f @9z axo) = | fllz @) - l9llz1 (@) It follows from the construction of the
product measure that the space

F = {Z cilp, ®1p, :neN, ¢ € C, E; F; C Q) measurable of finite measure}
i=1

is dense in L'(Q x Q). Let B € L(L!, L>). Define ¢ : F — C by
o) =3 [ (B12)) - 110}y

=1

m
where u = > ¢;1p, ® 1F,. It is easy to see that this definition is independent of
i=1

the represent_ation of u (see Exercise 4.4.11). Hence ¢ : F' — C is a linear mapping.
We show that

[@(u)] < [IBlleezrpe) - lullzr @xa) -
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For that we can assume that E; N E; = () for ¢ # j. This implies that

m

ullz1 (@x0) = ZCiIEiI |Fil -

i=1

Hence |¢(u)]

IN

re@ll1r L@

> el |1 Blg,

i=1

< > el 1Blewr e lle,
=1

L 1r || e

= |Bllzer,oo)llullr@xa) -

Since (L (2 x Q)) = L*>®(2 x ), there exists a function k € L (2 x ) such that
£l @x0) < [Bllzr,L=) and

o) = [ [ vkt )dds

for all u € F. In particular, for simple functions f,g € L'(Q) we have

/Q(Bf)gdy =o(f®yg) /Q/Qf(y)k(x, y)dyg(z)dx

/ (Bef)(@)g(x)dx

It follows that Bf = Byf for all simple functions f in L'(f2). Hence B = By.
We have shown that the mapping k — By, : L=®(2 x Q) — L(LY(Q), L>=(Q)) is
surjective and isometric. Finally, since functions of the type

m
u= ij ® g; with f;,9; € LY(Q),

j=1

are dense in L' (2 x Q)4 it follows that By > 0 if and only if [ wk > 0 for all
QxQ

u e LY(Q x Q)y; ie., if and only if & > 0 a.e. O
Let B € L(LP(Q)) where 1 < p < oo. We define
1Bller ooy = sup{|BS o« £ € L' ALY, [l <1}
Corollary 4.4.5. Let 1 < p < oo, B € L(LP(QY)) such that

1Bl 2z 0y < o0 . (4.13)
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Then there exists a function k € L>(Q2 x Q) such that

(Bf)(x) = / k(. 9) f(y)dy a.c. (4.14)

for all f € LY(Q)NLP(Q). In that case B > 0 if and only if k > 0. Let 1 < p < oc.

We say that an operator B € L(LP(Q2)) has a bounded kernel if || B|| £ (11 1) <
oo. Then there exists a unique k& € L®(Q2 x Q) such that Bf = Byf for all
f € LY Q)N LP(). We call k the kernel of B. Note, if ) has finite measure, then
LP(Q) C LY(Q), thus B is given by (4.14) for all f € LP(Q). It is worth it to state
explicitely the following (obvious) domination property.

Corollary 4.4.6. Let 1 < p < oo, B1,By € L(LP(2)) such that 0 < By < Bs.
Assume that By has a bounded kernel ko. Then By has a bounded kernel ki €
L*(Qx Q) and

0 <ki(z,y) < ko(z,y) a.e. .

We apply the preceding results to the semigroup generated by the Dirichlet
Laplacian.

Theorem 4.4.7. Let Q C R™ be open. Then etA4 has a bounded kernel ky satisfying
0 < ki(z,y) < (47rt)_"/26_‘m_y|2/4t a. e.
for allt > 0.

Proof. It follows from Theorem 4.4.2 that 0 < etA8 < G(t). By the results of
Section 4.3 the operator G(t) has the bounded kernel (47rt)*"/2e"$*y|2/4t. So the
claim follows from Corollary 4.4.6. O

Corollary 4.4.8. Let Q0 C R™ be open of finite measure. Then the operator etAd
is compact for every t > 0. Consequently, AL has compact resolvent and the
embedding

Hi (Q) — L*(Q)
is compact.
Proof. Since et
otA

has a bounded kernel, it is a Hilbert-Schmidt operator. Thus
9 s compact for ¢ > 0. Consequently, R(\,AL) is compact for A > 0 (see
Exercise (4.4.9¢)). It follows from Theorem (3.4.7) that the injection H} — L?(Q)
is compact. O

Exercise 4.4.9. Let T be a Cy-semigroup on a Banach space X. Assume that T(t)
is compact for all t > 0.

a) Show that T : (0,00) — L(X) is continuous for the operator norm on L(X).
b) Deduce that Q(\) = fol e~ MT(t)dt = lsllanl f; e MT(t)dt is a compact operator.

¢) Show that R(\, A) is compact for all A € o(A).
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Hint: Use that (A — A)Q(\)z =z — e T (1)z.
Exercise 4.4.10. Let Q) C R"™ be open of finite measure. Show that
€48 || £ zagay) < ™2 (t>0) .
Hint: Use that 0 < et28 < G(t).

The next exercise gives a measure theoretic argument needed in the proof of
the Dunford-Pettis Theorem. Let Q C R™ be open. If A is a Borel set in Q x
then it is well-known that A;(y) = {z € Q : (z,y) € A} is a Borel set for all y € Q.

Exercise 4.4.11. a) Let A C QxQ be a Borel set. Show that the following assertions
are equivalent:

(i) A has a Lebesgue measure 0;

(i) there exists a Borel null set N in Q such that for each y € Q\ N, the set
A1(y) has measure zero.

Hint: Use Fubini’s theorem.

b) Convince yourself that assertion a) can be reformulated in the following way.
Let P(z,y) be an assertion for each (x,y) € Qx Q. Then P(x,y) is true for almost
all (z,y) € Q x Q if and only if for almost all y € Q, P(x,y) holds x -a.e..

c) Let f;,g; € LY(Q) such that u(z,y) = > fi(x)g:(y) =0 (z,y)-a.e.. Let B be
i=1
a bounded operator on L'(S2). Show that

> [ER @t =o.

4.5 The Neumann Laplacian and the extension prop-
erty

We have seen in the last section that A5 has compact resolvent whenever 2 C R
is a bounded open set. This is not true for the Neumann Laplacian, in general. We
give at first a 1-dimensional example which illustrates the situation very well.

Example 4.5.1. Let Q = (0,1) \{% : n € N, n > 2}. Then AY has not a compact
resolvent in L?(Q). By Theorem 3.4.7, this assertion is equivalent to saying that
the injection H'(Q2) — L?(Q) is not compact.

Proof. Let v,, = el 1y where ¢, > 0 is chosen such that ||v,||z2(q) = 1. Then

v, € HY(Q) and v/, = 0. Thus, the sequence (v, )nen is bounded in H'(). How-
ever, ||v, — vm||2L2(Q) = 2 whenever n # m. Hence the sequence has no convergent
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subsequence in L?((2). O

In the preceding example, the set 2 C R is open and bounded, but not
connected. This might look artificial. However, it is easy to modify the example a
little bit in order to produce an example of a connected bounded open set © in R?
such that AL does not have a compact resolvent:

Example 4.5.2. Let
1 1
Q=A{(z,y) € (0,1) x (0,1) : z # — for alln € N whenever 0 < y < 5} .
n

Then Q is open, bounded, connected, but the injection H'(Q) — L%*(Q) is not
compact.

Proof. Let ¢ € C*°[0,1] such that fol ¢(z)*dz = 1 and supp ¢ C [0, ). Define

(e y):{ (n+ Dne(y) if =€ (57, +)
0 if m%(%ﬂ,%)
Then u,, € C*(Q) and
1 1/n
unliioey = [ [ unto.wPdzay
0 Vi
= [ e e
N o n mn+l " nely)ay
= 1.
Moreover, % =0 and
or
Ouy [ VEEIRA) e )
dy 0 if ¢ (1),
Thus u, € H'(Q2) and
2 1 1 b2
lunlziny = 1+(= - J(n+Dn [ ¢'(y)°dy
n n+1 0
1
= 1+/ ¢'(y)*dy .
0

Thus (uy,)nen is a bounded sequence in H' (). However, since

[[un — Um||2L2(Q) =2
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whenever n # m, this sequence does not have a convergent subsequence. O

The bounded sets considered in these two examples have a very irregular
boundary. And indeed, if the boundary of a bounded open set €2 is sufficiently
regular, then the Neumann Laplacian in L?(Q2) has a compact resolvent. In order
to see this, we introduce the following extension property.

Definition 4.5.3. An open set 2 C R™ has the extension property if there exists a
bounded linear operator
Q:HY(Q) — HY(R")

such that (Qu)), = u for all w € H'(Q). Such an operator is called an extension
operator.

Examples 4.5.4. a) Assume that ) is a bounded open set whose boundary is Lips-
chitz continuous. Then Q has the extension property.

b) If Q is an open bounded set with boundary of class C', then § has the extension
property. This is a special case of a).

¢) If Q is unbounded with finite volume, then  has not the extension property.

For these examples we refer to R. Adams: Sobolev Spaces, Acad. Press 1975,
and also to H. Brézis: Analyse Fonctionelle, Masson, Paris 1983 in the case b).

Theorem 4.5.5. Let 2 C R™ be an open, bounded set. If Q) has the extension
property, then the injection H*(Q) — L?(Q) is compact. Consequently, AY has a
compact resolvent.

Proof. Denote by Q : H*(2) — H'(R") an extension operator. Let B be an open
ball containing Q. Let £ € C2°(B) such that &, = 1. Define Q; : H'(Q) — Hg(B)
by Qiu = (£Qu), (u € H'(2)). Note that {Qu has a compact support contained
in B. So (£Qu)|, € Hg(B) for all w € H*(Q) by Lemma 4.1.11 . Then Q; is a
bounded operator and (Q1u)|, = u for allu € H'(). Since the injection of Hg(B)
into L?(B) is compact, for each bounded sequence (u,)nen in H(2), there is a
subsequence (uy, )gen such that (Q1un, )ken converges in L?(B), and consequently
also in L?(Q). Thus (u,, )ren converges in L?(£2). We have shown that the injec-
tion of H(Q) into L?*(9) is compact. O

In the following exercise we show that the extension porperty is not necessary

to have a compact embedding of H'(Q) into L?(Q2).

Exercise 4.5.6. Let @ = (—1,0) U (0,1) C R. Show that Q has not the extension
property. Still, the injection of H*(Q) into L?(Q) is compact.

Exercise 4.5.7. Let Q2 C R™ be open. For u: ) — R we set

ﬂ(m):{ u(z) if €

0 if zeR"\Q.
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Let H}(Q) = {u € L*(Q) : 4 € H'(R™)}. i

a) Assume that Q has the extension property. Show that H}(Q) is an ideal in
HY(Q).

b) Show that for Q = (—1,0) U (0,1) C R, the space H(Q) is not an ideal in
HY(Q).

Exercise 4.5.8. Let Q = {(z,y) € (0,1) x (0,1) : y > 3 if 2 = 1}. Show that the
injection of H*() into L?(Q) is compact.

|

Hint: Use that the injection H'(2;) — L?*(Q;) are compact, j = 1,2, where

1 1
Q; = (0, 5) x (0,1) and Qo = (5, 1) x (0,1) .
Exercise 4.5.9. Let 21,09 C R™ be open such that Q1 C Qo and such that Qg \ 1
is a null set. Assume that the injection of H'(Qy) into L*(Q) is compact. Show

that also the injection of H(Q) into L?() is compact.

Compactness of the injection of H'(Q) into L?(Q) depends on local regularity
of the boundary of €2. This is made more precise in the following two exercises.
The first shows that we may perturb any bounded open set in an arbitrarily small
neighborhood of a boundary point in such a way that the new open set does not
have the compact embedding property.

Exercise 4.5.10. Let C~R2 an arbitrary bounded open set, z € 02, € > 0. Then
there exists an open set 0 C R? such that

QAQC B(z,¢)

and the injection of H'(Q) into L*(Q) is not compact. Here QAQ := (Q\Q)U(Q\Q)
denotes the symmetric difference of the two open sets.

Hint: Take a tiny version {2 of Example 4.5.2 such that Q; C B(z,¢). It
yields a sequence of functions w,, € C°°(€;) with compact support in B(z,¢)
bounded in H'(€;) but having no converging subsequence in L?(€;). Now choose
Q = (2\ B(z,€)) UQy. Of course, if  is connected by a slight modification one
can arrange things such that also € is connected.

In the next exercise we show how a local version of the compact embedding
property leads to the corresponding global property.

Exercise 4.5.11. Let Q C R™ be a bounded open set. Assume that for each z € 0S)

there exists an € > 0 such that the injection H'(B(z,e) NQ) — L?(B(z,e) N Q) is
compact . Show that the injection of H'(Q) into L*(Q) is compact.

Hint: Cover () by a finite number of balls By, such that the injection H*(£2N
By) into L*(Q N By,) is compact for each k.

Finally we show that the extension property implies density of smooth func-
tions in H(Q).
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Exercise 4.5.12. a) Let Q@ C R™ be a bounded open set with extension property.
show that the space

{¢,, 1 » € DR™)}
is dense in H'(Q).
b) Show that the assertion of a) is wrong for Q@ = (—1,0) U (0, 1).

Hint: Use Proposition 4.1.12.

We should mention that by the density theorem due to Meyers and Serrin,
the space C*°(Q) N H() is always dense in H'(Q), without any restriction to
the open subset Q of R"™.

4.6 Classical Solutions

In this section we prove interior regularity and deduce from this that the semi-
groups generated by the Dirichlet and Neumann Laplacian yield classical solutions
of the heat equation. However, we do not investigate the behaviour of the solutions
at the boundary of the open set.

Let © C R™ be an open set. Let

loc

L (Q) := {f : © — C measurable: /|f(x)|2dx < oo for all compact K C Q} .
K

Note that L?

loc

() C LL.(92). We define

loc
Hioo(Q) = {f € Lito(@)NW(Q) : D f € Lo () for j = 1,....n}

loc

where W () was defined in Section 4.1. Then we define inductively,

HFFYQ) = {f € HL.(Q): Djf € HE(Q), j=1,...,n} .

loc

We need the following characterization of functions in HF _(Q). As before, for
f:Q — C we define f : R" — C by

fx) if z€Q
0 if zeR"\Q.

But we identify D(£2) with a subset of D(R"™); i.e., we omit the ~ sign for test
functions.

Lemma 4.6.1. Let k € N. Then

HE(Q) = {f € LL(Q) : (v f)~ € H¥R™) for all ) € D(Q)} .
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Proof. “C”. Let k = 1. Let f € H}_(Q), 1 € D(Q). We show that (¢ f)~ € H'(R")
and

Dj(pf)™ = (Djb- f+4-Dif)™ . (4.15)
In fact, let ¢ € D(R™). Then

—/Djw(wf)wdx
R’!L

- [Dite-0)s + [ eDs) - s
Q Q

[evnst+ [ oDy aa

Q Q
- /w[w-DijrDﬂ/) f)de |
R'ﬂ

This proves the claim for £ = 1. Now assume that the inclusion “C” is proved for
kE€N. Let f € H*T1(Q), v € D(Q). Then it follows from (4.15) and the inductive

loc

hypothesis that D; (¢ f)~ € H¥(R"), j =1,...,n. Hence (1 f)~ € HFFL(R).
“37. Let k = 1. Let f € L% () such that (¢ f)~ € H'(R") for all ¢y € D(Q).
Choose wy, C 2 open and bounded such that @, C wi41 and |J wi = Q. (One

keN
may take wy = {x € Q : |z| < k, dist(z,0Q) > 1/k}. Let ¢, € D(Q) such that
Y =1 on wg. Then

Dj(if)™ = Dj(Yprs1f)~ on wy, . (4.16)

In fact, let ¢ € D(wy). Then

/(ij(’l/)kf)Ndx = —/Dj@'iﬁkfdl'
R’IL

R

P
R’n

/ oD (Wi f)

R™

Since ¢ is arbitrary this implies (4.16). In virtue of (4.16) we may define g; €
L2 _(9) by

loc

gi(x) == (Dj(nf)”)(x)

for z € wi. We claim that

D;f = g; weakly on € .
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In fact, let ¢ € D(2). Choose k € N such that supp ¢ C wg. Then

- Q/ Dyp- fds —R[ Djp(un f)~de

= /WDj(wkf)Ndx

R”

= /@gjda:.

Rn
This proves that f € HL () and D, f = g;.

loc

The inclusion “D” is proved for k = 1. Assume that it is valid for k£ € N. Let
f e L2 () such that

loc
(wf)~ € H*1(R™) for all ¢ € D(Q) .
By the case k = 1, we have f € HL _(Q2) and for all ¢y € D(),
D;(¢f)” = Do f + (D, f)~

by (4.15). Thus ¢ - (D; f)~ = D; (¢ f)~ — (D4 - f)~ € H*(R™) by the hypothesis.
Now the inductive hypothesis implies that D;f € Hf (Q), j = 1,...,n. The defi-
nition implies that f € HXT1(Q). O

loc

If p, 1 € D(Q), then the following product formula holds
Alp ) = (Ap) - +2Vp - Vb + - At .
We now prove a weak version of this identity.

Lemma 4.6.2. Let u € H} (), v € L (Q). Assume that Au = v weakly. Then

A(pu)™ = (A -u+2VeY - Vu+ - Au)™~  in D(R")

for all ¢ € D().
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Proof. Let ¢ € D(R™). Then

(Au)™, ) = [ Yulpdz
/

= /(A(W) —2VyVp — Ay - p)udz

Q
= /wapAudx—Q/zn:Dj(goDjw)udx
Q Q J=1

—|—2/<pA¢~udx—/A¢-gp-udx
Q

Q

m

= /cpz/;AuderZ/wZDj¢~Djudx+/goAz/)udz
Q

Q Q =1

= /¢(¢ cAu+2VYVu + Ay - u)Vdx .

R

O

The preceding results allow us to reduce regularity in the interior of € to reg-
ularity results on R™. Those are easily obtained with help of the Fourier transform.
We first prove a Sobolev embedding result. Recall that

Co(R™) :={f : R" — C continuous : lim |f(z)] =0} .

|z]— o0
Proposition 4.6.3. One has
(a) H*R™) C Co(R™) if k > Z;
(b) H*™(R™) ¢ C™(R") if k > 55

(c) N H*R") C C=(R").
keN

Proof. (a) Let f € H¥(R™). Then Ff € L?(R", (1 4+ 2?¥)dx). Hence

/ (F ) ()|dz / FF@)] - (14 2®)de

1+ a2k
R'ﬂ R'Vl
1 1
< NFflle e, (1402% Y dz) (/ m(l + 2?F)dx)>
Rn
< o ifk>2.

2
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In fact
1 1 r
/ mdl’ S / ﬁdl’ == /T’izk’f'nild’l" < o0 if k& > g .
|z|>1 |z|>1 1

Thus Ff € L*(R™). It follows from the Fourier inversion theorem that f € Co(R™).

If f € H*TY(R™), k > 2, then D, f € Co(R™). Hence f € C*'(R™). We obtain
(b) by an inductive argument. Moreover, (c) follows from (b). O

Combining Proposition 4.6.3 and Lemma 4.6.1 we obtain the following local
embedding theorem.

Proposition 4.6.4. Let k € N, k > 5. Then HEF™@Q) ¢ ¢™(Q) for all m € Ny.
Moreover,

() His.(2) = C>(Q) .

meN

Here we let CY(Q) = C(Q). With help of the Fourier transform one easily
proves the following global regularity result.

Proposition 4.6.5 (global elliptic regularity). Let f € L?(R"), u € H*(R") such
that w — Au = f weakly. Then

(a) u € H?(R"™);
(b) f € H*R™) implies u € H*2(R™).

Proof. Tt follows from the definition of the Dirichlet Laplacian on L?*(R™) and
the fact that HE(R") = HL(R") that v € D(ALR.). But D(AR.) = H*(R") by
Corollary 4.2.6. This proves (a). Moreover taking Fourier transforms we obtain

(1+23)Fu=F(u—Au) = Ff .

Since, by Corollary 4.2.2, f € H*(R") if and only if Ff € L?(R", (1 + 22*)dz),
(b) follows. O
Next we deduce local regularity from Proposition 4.6.5. Let 2 C R™ be open.

Proposition 4.6.6 (local elliptic regularity). Let f € L% (), u € HL () such
u— Au = f weakly. Then

(a) uwe HE (Q);
(b) f € HE(Q) implies u € HET?(Q);

(c) f e C®() implies u € C>*(Q).



4.6. CLASSICAL SOLUTIONS 79

Proof. Let ¢ € D(2). Then by Lemma 4.6.2

(Yu)™ = A(pu)™ = ()™ = 2(VeVu)™ — ((Ag)u)™ (4.17)

in D(R")'.

a) Since the right side is in L?(R") it follows from Proposition 4.6.5 that (1u)~ €
H?(R™). Since ¢ € D(Q) is arbitrary we conclude that u € H2_(Q) by Lemma
4.6.1.

b) We prove b) by induction. Letting H_ (Q) = L% (), it holds for k = 0 by
a). Assume that k € Ny such that (b) holds. Assume that f € H["'(Q). Then

by the inductive assumption u € H"t?(Q). Hence (VyyVu)~ € H¥'(R"). Thus
the right side of (4.17) is in H***(R"). Now it follows from Proposition 4.6.5 that
(u)~ € HF3(R™). Thus u € H73(Q) by Lemma 4.6.1.
c) Since () Hf () = C>=(), the last assertion follows from (b). O
kEN
Now we are ready to prove the existence of classical solutions of the heat
equation with Dirichlet or Neumann boundary conditions. In fact, we formulate
the result more generally in order to treat both problems simultaneously. Let
Q) C R™ be an open set. A closed operator A on L?(12) is called a realization of
the Laplacian in L?(Q) if
Af = Af weakly (4.18)

for all f € D(A) and
D(A) C H} () . (4.19)
Remark 4.6.7. a) Recall that (4.18) means that (Af, p) = (f, Ap) for all p € D(Q),
where (f,g) = [ fgdx for f,g € L*(R").
RTL
b) It will be shown in Exercise 4.6.16 that (4.18) actually implies (4.19).

Lemma 4.6.8. Let A be a realization of the Laplacian in L*() such that o(A) # 0.
Let k,m € No, k> 7. Then

D(AFT™) c c™(Q)
and the injection is continuous.

Proof. In view of Proposition 4.6.4 it suffices to show that
D(A®) ¢ HZE(Q) (4.20)

loc

for all k € Ny. Let A € o(A). Then D(A*) = R(\, A)*L2(Q). Let k =0, f € L%(Q),
R(M\, A)f = u. Then Au = Au = f — du weakly. It follows from Proposition 4.6.4
that u € H2_(Q). Now assume that assertion (4.20) holds for k € Ny. Let u =
R\, A)**1f where f € L?(Q). Then Au = Au = R(\, A)Ff — M € HZE(Q) by

the inductive hypothesis. It follows from Proposition 4.6.6 that u € Hﬁfzﬁ(ﬂ). O

Now we need the following lemma which describes the identification of a
function in two variables with a vector-valued function in one variable.
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Lemma 4.6.9. Let v € C((0,00), C(Q)). Define u(t,z) = v(t)(z) (t > 0,z € Q).
Then u € C((0,00) x ).
If v € C*°((0,00); C™(2)) for all m € N, then u € C*°((0,00) x ).

Proof. a) Let t,, — t in (0,00), z,, — x in Q. Choose K C € compact such that
xn, € K for all n € N. Then v(t,,) — v(t) in C(K); i.e., u(tn,y) — u(t,y) (n — o0)
uniformly in y € K. Hence u(t,,z,) — u(t,z) = u(tn, zn) — u(t,x,) + u(t, z,) —
u(t,z) — 0 (n — 00).

b) If v € C*°((0,00), C™(Q)) for all m € N, it follows that all partial derivatives
of u exist and are continuous on (0,00) x Q by a). O

Now we obtain the following regularity result for semigroups generated by a
realization of the Laplacian in L2(f2).

Theorem 4.6.10. Let A be the realization of the Laplacian in L*(Q)) which generates
a differentiable Co-semigroup T on L*(Q). Let f € L*(Q), u(t,z) = (T(t)f)(z)
(t>0,2€Q). Then u € C*((0,00) x Q).

Proof. By Proposition 2.3.3 we have T(-)f € C>((0,00); D(A¥)) for all k € N.
Hence T'(-)f € C*°((0,00); C™(Q)) for all m € N by Lemma 4.6.8. Now the claim
follows from Lemma 4.6.9. O

Remark 4.6.11. Theorem 4.6.10 should be interpreted in the right way. A priori,
T(t)f is only defined almost everywhere. The result says, that we may choose a
representative T(t)f in C°°(Q), which we always do.

Thus the orbits u(t,z) = (emgf)(x) and u(t,z) = (emgf)(x) are both
classical solutions of the heat equation

{ u € C*((0,00) x Q) (4.21)

ue(t,x) = Au(t,z) (t >0,z € Q)
(where the Laplacian is understood with respect to the space variable z only).

We mention that the boundary conditions are satisfied in a weak sense only.
For example, in the case of Dirichlet boundary conditions, we have

u(t,-) € HY (D)

for all ¢ > 0. Regularity conditions on the boundary of €2 are needed in order to
deduce that u(t,-) € Cp(£2). This is a different subject.

We conclude this section by showing that both semigroups (emg)tzo and
(etAS]?V )t>0 are strictly positive. This follows from Theorem 4.6.10 with help of the

following classical maximum principle.
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Proposition 4.6.12 (strict parabolic maximum principle). Let  C R™ be open and
connected, and let T > 0. Let

u € C2((0,7)xQ)NC([0, 7] xQ) such that uy(t,x) = Au(t,z) (t€ (0,7), z€Q).
Assume that there exist xog € Q, to € (0,7] such that

u(to, xo) = nax u(t, x) .
reEQ

Then u is constant.

Theorem 4.6.13 (strict positivity). Let Q@ C R™ be an open connected set. Let A be
a realization of the Laplacian in L*()) which generates a differentiable, positive
Co-semigroup T. For example, A = A or A= AN. Let 0 < f € L%(Q), f # 0.
Then T(t)f € C*>(Q2) and

(T()f)(x) >0
for allt >0, x € Q.

Proof. We know from Theorem 4.6.10 that u € C*°((0,00) x §2) satisfies the heat
equation (4.21). Moreover, u(t,xz) > 0 for all t > 0, z € Q, by hypothesis. Assume
that there exists to > 0, zo € Q such that u(tp,z¢) = 0. Let w be open, bounded,
connected such that w C ). The strict parabolic maximum principle applied to —u
shows that u(t,xz) = 0 for all ¢ € (0,tg], € w. A simple connectedness argument
shows that u(t,z) = 0 for all ¢ € (0,], € . Since f = 1tii%1u(t, ) in L2(Q), it

follows that f = 0. O

In the following exercises we give some further results on elliptic regularity.
Exercise 4.6.14. Let f,g € L*(R") such that Af = g weakly. Show that f €
H?(R™).

Hint: a) Let k € L'(R™). Show that A(k * f) = k * g weakly.
b) Consider the Gaussian semigroup G on L?(R™). We know that its generator A
is given by D(A) = H2(R"), Au = Au (u € H*(R")). Show that (G(s)f, Ap)=

t

(G(s)g, ¢) for all s >0, ¢ € D(R™). Show that [ G(s)gds =G(t)f — f (t > 0).

0
Exercise 4.6.15. Show that the space F = {¢ — Ap : ¢ € D(R™)} is dense in
L3(R").

Hint: Let f € L?(R") be orthogonal to F. Use Exercise 4.6.14 in order to
show that G(t)f = e'f (t > 0). Since G is contractive, this implies that f = 0.

Exercise 4.6.16. Let u,v € L2 () such that

loc

Au = v weakly .
Show that uw € HE ().
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Hint: Show the result by proving the following three steps. Let ¢ € D(Q),

f=(u)™.
a) Show that

[(fr0 = Ap)| < clle a

for all ¢ € D(R™).
b) Use the Riesz-Fréchet lemma to show that there exists g € H!(R") such that

(fro—Ap) = (g, — Agp) .

¢) Conclude with help of Exercise 4.6.15 that f = g.



Chapter 5

Forms generating holomorphic
semigroups

Sequilinear forms give a nearly algebraic tool to define holomorphic semigroups
on a Hilbert space. In addition, most interesting examples can be treated by this
method.
Let V be a complex Hilbert space. A sesquilinear form a : V xV — C is a mapping
satisfying
a(u + v, w) a(u, w) + a(v, w)
a(Au,w) = Aa(u,w)
a(u, v+ w) a(u,v) + a(u, w)

a(u, \u) = a(u,v)
for u,v,w € V, A € C. In other words, a is linear in the first and antilinear in the

second variable. We frequently say simply form instead of sesquilinear form. The
form a is continuous if (and only if) there exists a constant M > 0 such that

la(u, v)| < M[ullv[lvllv (5.1)

for all u,v € V.
Finally, the form a is called coercive if there exists a > 0 such that

Rea(u,u) > alul? (uweV). (5.2)
A mapping f:V — C is called antilinear if
flutv)=f(u)+ f(v) and fQu)=Af(u)

for all u,v € V, A € C. The space V' of all continuous antilinear forms is a Banach
space for the norm

Ifll = sup |f(u)l .

flullv <1
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We call it the antidual of V. Frequently we write

(fiu)=f(u) (weV feV').

A form a:V x V — C is called symmetric if

a(u,v) = a(v,u) .

Thus, a continuous, coercive, symmetric form on V is the same as a scalar prod-
uct on V' (we say an equivalent scalar product). So the following theorem is a
generalization of the Theorem of Riesz-Fréchet to a non-symmetric form.

Theorem 5.0.17 (Lax-Milgram). There exists an isomorphism A : V — V' such
that
(Au,v) = a(u,v) (5.3)

for all u,v € V. Moreover, |A™||zcvrvy < L.

The space V' is always isomorphic to V' (and thus a Hilbert space). We may
apply Theorem 5.017 to the usual scalar product. But for the applications we have
in mind another identification of V/ will be more useful.

Now we assume that the Hilbert space V' is continuously and densely injected
into another Hilbert space H, i.e. V. C H and there exists a constant ¢ > 0 such
that

[ull < cllully  (uweV)

and V is dense in H for the norm of H. We define a mapping from H into V' using
the scalar product of H in the following way. For v € V let j(u) € V' be given by

((u),v) =(ulv)g (veV).

Then |j(u)llv: = sup [(u]v)x|
llollo<1

< sup Jullalvlla
H'U +<1
< elully -

Thus j is a continuous, linear mapping. Moreover, j is injective. In fact, if j(u) = 0.
Then |u|% = (v | w)g = (j(u),u) = 0. Hence u = 0.

In the following we identify V with a subspace of V'’ omitting the identifica-
tion mapping j, i.e., we write

(u,v) = (u | V)u

for all u,v € V where (u,v) = (j(u),v).
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Lemma 5.0.18. V is a dense subspace of V' and H =V' if and only if H =V .

Proof. a) The first assertion means more precisely that j(V') is dense in V’. Since
V is reflexive, this is equivalent to saying that for v € V, (j(v),u) =0 forallv € V
implies that u = 0. Taking v = u we have 0 = (j(u),u) = (u | u) g, hence u = 0.

b) If H = V', then the norms || ||z and || ||+ are equivalent on V’. Hence also
|| |z and || ||v are equivalent on V. O

Example 5.0.19. Let (Q,3, ) be a o-finite measure space and m :  — [1,00)
measurable. Let H = L*(Q, ),V = L*(Q,mu). Then V. — H. We have V' =
L?(9Q, %u) if we write the duality as

(v,u) = /vﬂd,u(x)

(ueViveV).

Now we consider a continuous coercive form a : V' xV — C and the associated
operator A : V. — V'’ given by (5.3). We may see 4 as an unbounded closed
operator on the Banach space V.

Theorem 5.0.20. The operator — A generates a bounded holomorphic semigroup on
V.

Proof. For Re A > 0 we consider the form ay defined by ay(u,v) = Au | v)g +
a(u,v). Then ay is continuous and coercive and the associated operator is A + A.
Thus A+ A : V — V’ is an isomorphism and [|(A 4+ A) 7|z vy < L for all
Re A > 0 by Theorem 5.0.20. Since A(A + cA)™1 + A\ + .A)~! = I it follows that

IAA+A) ey < T+ AN+ A) g
< T+ Azl + Az
1
< 14— Allgvvy
@
for Re A > 0. This proves the claim. O

Now we consider the part A of A in H, i.e., the operator A is defined by

DA) = {ueV:Aue H}
= {ueV:3feH alu,v)=(f|v)g foral veV}
Au = wv.

The operator A is called the operator associated with a (on H). This is the
operator we are really interested in for most applications. In fact, —A generates a
bounded, holomorph semigroup on H.
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Theorem 5.0.21. The operator —A generates a bounded holomorphic semigroup on
H.

Proof. Since (A + A) : V — V' is an isomorphism and V — H — V' it follows
that (A+ A) is invertible and (A+ A) =t = (A+.4) 7|y for all ReA > 0. Let f € H
and u = (A+ A)7'f, ie.,

Au | v)g +a(u,v)=(f|v)p (veEV).
In particular
Allullgz + a(u,u) = (f [w)g -
This implies
allully: < Rea(u,u) =
Re(f | v —ReA|ullgz < [|fllallullz  and
Mlullgz < Mlullve + [Lf [z lulla -

Hence [[lullmz < (5 + DIl fllallull and so [Alllullz < (57 +1)[If]|rr. We have

proved that [|A(A + A) 7|z < (M +1). O
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