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A Spectral Mapping Theorem for Representations of Compact Groups 

W . A R E N D T a n d C . D ' A N T O N I 1 ) 

Sei U eine stark stetige beschränkte Darstellung einer lokal kompakten Gruppe G auf einem 
Banachraum E. Ist /i ein beschränktes reguläres Borelmaß, so bezeichnen wir mit U(/i) den 
Operator U(ft) = j TJ(t) d/i(t). Wenn G abelsch ist, so ist bekannt, daß 

— ß(sV {U))~ 

wenn der singulare stetige Anteil von //. Null ist (wobei o(U(fi)) das Spektrum des Operators 
U(/x), sp (U) das Arveson-Spektrum von U und ß die Fourier-Stieltj es Transformierte von /1 
bezeichnet). 

Im vorliegenden Artikel wird ein entsprechender spektraler Abbildungssatz für kompakte 
(nicht-abelsche) Gruppen und absolut stetige Maße bewiesen. Ferner wird gezeigt, daß — im 
Gegensatz zum abelschen Fall — der spektrale Abbildungssatz für atomare Maße nicht gilt. 

') Supported in part by the Italian C.N.R. 

Пусть II сильно непрерывное ограниченное представление локально компактной 
группы в на банаховое пространство. Если ц ограниченная регулярная борелевская 
мера, пусть Л(^) обозначает оператор Л(/г) = ^ 77(1) йц(Ь). Если 6-абелевая, то из-
вестно, что 

если сингулярная непрерывная часть и равна нулю (где а ( Л (/л)) обозначает спектр 
оператора V(/г), зр (Е7)-арвесонский спектр II, и $-фурье-стильтьесовое преобразова-
ние /г). 

В данной статье доказана подобная спектральная теорема об отображении для ком-
пактных (не абелевых) групп и абсолютно непрерывных мер. Кроме того доказано, что 
в противоположность абелевому случаю для чисто прерывных мер спектральная теорема 
об отображении не верна. 

Let V be a strongly continuous bounded representation of a locally compact group G on a 
Banach space E. For a bounded regular Borel measure ji on G, we denote by U(/i) the operator 
U(,x) = / U(t) dp(t). If G is abelian, it is known that 

o(UM) = A ( 8 p U)~ 

holds if the continuous singular part of fi is zero (where a(TI([i)) denotes the spectrum of the 
operator V(/x), sp ( U ) the Arveson-spectrum of U and p, the Fourier-Stieltjes transformation of fi.) 

In the present article a corresponding spectral mapping theorem is proved for compact (non-
abelian) groups and absolutely continuous measures. Moreover, it is shown that — in contrary 
to the abelian case — the spectral mapping theorem fails for purely discontinuous measures. 
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1. Introduction 

Given a suitably continuous homomorphism U of a locally compact group G into the 
group of all isometries on a Banach space E, it is possible to define the representation 
of M(0), the Banach algebra of all bounded regular Borel measures on G, by 

U{p) = j Utd/i(t). 

If G is abelian (resp. compact) in the theory of spectral subspaces the spectrum sp (U) 
of TJ is defined as a certain subset of the dual group of G [2] (resp. the dual object of 
G [6]). 

In the abelian case a spectral mapping theorem is proved in [5] (see also [9]), 
stating 

a{U(v)) = A(sp (17))-

for every measure (i £ M(G) whose continuous part belongs to Lr(G). The purpose of 
this paper is to prove the analogue of this theorem for compact groups. 

It is interesting that the corresponding theorem does not hold in this generality for 
the non-abelian case: In fact, a counterexample given in this paper shows that it may 
fail to hold for purely discontinuous measures. 

2. The main theorem 

Let E be a Banach space, G a compact group and TJ a homomorphism of G into the 
group of invertible operators on E. That means: 

Ut e ?(E), Ust = USU„ Ue = I for a, t € G, where e € G is the unit of G 
and I the identity operator on E. 

Suppose U is continuous in the sense of [2: assumption 1.1]. In particular, U may be 
strongly continuous. Then for fi £ M(G) the operator U(/<) can be defined by 

U(j») = j V t dp(t) 

(see [2]). U(fi) is a bounded operator on E, ||f7(,M)[[ c|[,tt;[ for a positive constant c 
and all p £ M(G). For p,ve M{G) we have TJ{ji * v) = V{/i) U(v), and Ut = V(dt) for 
the Dirac measure dt at the point t f G. Thus U extends to a representation of M(G) 
on E. 

Denote by (i the dual object of G, i.e. (i is the set of all equivalence classes of con-
tinuous unitary irreducible representations of G. For <x 6 (l chose ua 6 «• is a homo-
morphism of G into the group of all unitary wa X na-matrices. Denote by ualj(t) the 
matrix entries of ua(t), and by uaij the coordinate function t —> uaij(t) oil G (1 i, 
j fg na). For fx £ M(G) let /ta = J* Ma(t-1) d/j,(t) for a £ d (i.e. fla is the na X wa-matrix 
( / uaijit"1) d/uitfjjj). We identify ^(G) with a subspace of M(G) in the canonical way. 
Thus we set = (frn) : (<x e and U(f) := U{fm) for / 6 L\G), where m denotes the 
Haar measure on G. * 

2.1 D e f i n i t i o n : sp (U) ~ {oc £ Cf ] fa = 0 for all / 6 I}, where I is the closed 
ideal of D(G) defined by / = {/ € TJ{G) | U(f) = 0}. 

This definition is equivalent to the one given in [6] and coincides with Arveson's 
definition in the abelian case. We can now formulate the main theorem. 
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2.2 T h e o r e m : 1. For p 6 M(G), Po(U(p)) = U o{fXx). 
x£splU) 

2. For f e D-{G), 

Am) = 

U o(/„) u {0} i/ sp (U) is infinite 

U c ( f o ) if sp (C) is finite. 
«£sp (U) 

N o t e : tr(21) denotes the spectrum and Pa(T) the point spectrum of a bounded 
operator T on E. For u 6 M(G), a f d let o-(Aa) denote the set of all eigenvalues of 
the matrix fla. 

For the proof of the theorem we need some lemmas. 

The coordinate functions are continuous and satisfy 

Uaij * u m = 1 /nadapdjhuaU 

(a, /9 € 1 iS i, j 1 ^ M ^ (see [8: 27.20]). 

Let Vaij : = U(nauxij) (<% € 1 ^ i, j ^ «•„). 
The operators FOJ;- satisfy the composition rules 

V.t,Vm = 0 if « # / J or ; + ) 

F V ; = F-, I r at) r ajl r ail • J 

" A In particular Vaii and Pa ' = 27 a r e projections (x f G, 1 i < na). 

i = l 

2 .3 L e m m a : For p € M(G), a € 

a) PJJ(fi) = tty*) Pa= Z i*«nv«ii (1 ^ j ^ i,j=l...n(X 
b) F . t f P. = P*Vaij = F .„ (1 » . ) , 

c) = PpP, = 0 for * 4= j8. 

P r o o f : By [8: 27.20], 

fla Ra 
H * Usii = / Moji = P-aijUzij 

j=1 } = 1 
and 

M«ii * P = / M««)(s) = 27 •• 
;=1 j=l 

Consequently, 
\ I "a \ • la 

n* 27 u«n * = u w« 27 = 27 
i=i / , \ t?=i / •;=! 

j 

b) and c) are obvious from (C) I 

There is an alternative description of sp (£7). 

9 Analysis Bd. 2 Heft 2, (1983) 
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2.4 L e m m a : sp (U) = {<x £ 6 | P . 4= 0}. 

P r o o f : Let 8 = {« £ .6 ] P„ 4= 0}. 

a) Let a £ sp (U). Since («•„»)«„ = 1M, (see [8: 27.19]), w^j (f I by the definition 
of sp (U). From the definition of I follows that Vai i =i= 0 (1 ^ t S »„) and consequent-
ly, pa 4= 0 (use 2.3b)). Hence * £ S. 

b) Let « £ 8. Then Vaij 4= 0 (1 ^ i, j ^ n,). From 2.3a) and (C) follows that 
V«iiPaU(f) Vajj = fajiVaij. Hence, / £ / implies /« = 0; i.e. « £ sp (V) I 

2 .5 L e m m a : If U{f) x = 0 for all f £ L\G), then x = 0. 

P r o o f : For every ip £ E+ (a separating subspace of the dual space of E according 
to the assumption in [1] (if U is strongly continuous. E+ is just the dual space of E)), 
j {Utx, <p) f(t) (It = 0 for every / £ U-(G) by hypothesis. Since the function t (Utx, <p) 
is continuous, it is identically zero, hence (x, <p) = 0. This implies x = 0, M^ being 
separating I 

2 .6 L e m m a : If Pax = 0 for every <x £ sp (U), then x = 0. 

P r o o f : The hypothesis implies that Pax = 0 for every, <% £ <$. Consequently, 
V(uaij) x — 0 for every a: £ Cf, i, j £ (1, ..na), hence U(p) x = 0 for every trigono-
metric polynomial p on G, which implies V(/) x — 0 for every / £ LX(G), the trigono-
metric polynomials being dense in L'(G). It follows from 2.5 that x = 0 I 

2.7 L e m m a : If = 0 for every a £ sp {U), then U(/a) = 0. 

P r o o f : If fia = 0 for every ot £ sp (U), then PJJ(n) = 0 for every <x £ sp (U ) by 
2.3; consequently U(p) = 0 by 2.6 I 

P r o o f of t h e t h e o r e m : 
1. Let ft £ M(G). For a £ sp (U) let F = l\E. F is not reduced to 0 and invariant 
under V(p)by 2.3. Denote by Ua the restriction of U(/u) to F. Vaii is a projection which 
leaves F invariant by 2.3 Set Fi := VaiiF (1 i SL n, n := na). We have F. = F1 

+ ... + Fn and F{ n F,j = 0 for i 4= }. From the composition rules (C) it can be seen 
that the restriction of Vaij to P; is an isomorphism of F{ onto Fj, which we denote by 
Vj/. Moreover, F ; = 7, (the identity operator on Fj), 

(Vur^r,, (1 

For x = x1 + ••• + xn £ F1 + ••• + Fn = F we have by 2.3 and (C) 

n n 

V(fl)x = U (fl) P«X = 2J = £ P-mjVjiXi- (1) 

Set H : — X Fy (n-times the Cartesian product of F1 with any norm inducing the m = 1 
product topology on H) and define V : F H by (ajx + ••• -f xn) ( F j ^ , Vnx2, . . . , 
V1Kxn). V is an isomorphism with inverse 

F - i : H F, (yu ..., yn) (F l l 2 / l + F2l2/2 + • • • + Vnlyn). 

Let {?„ = VUaV From (1) it can be seen that tia has the matrix representation 
/Aall^l P-a2\I\ • • • AanlA 

j j I • • • ficcnill 

\fialnll A">2n11 • • • fiannll 
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From this it is easy to see that o(Ua) = a(tj«) = <?(A«) a n < i o(Ua) = Po(Ua). Thus 

«esP(j7) 
To show the inverse inclusion, let X £ PoU((fi)). Then there exists x £ E such that 

x =f= 0 and U(p) x = Ax. B y 2.6 there is an a 6 sp (U) such that y = Pax =(= 0. It 
follows from 2.3 that U(fi) y = Xy. Hence X £ a(Ua) = cr(//„). 

2. Let / £ I^IG). a) If sp (£7) is infinite, 0 6 U ff(/«), because ( l i / j ) ^ tends to 0 
<sp({7) 

at oo(in the discrete topology on 
6). Hence 0 £ a(V(f)) by 1. 

We show that cr(?7(/))\ {0} c : U <r(/«). L e U <f U ff(/«) u {0}. It has to be shown that 
«esp(p) «6sp(t/) 

A $ a(U(f)). Since (||/«||)»ed tends to zero at oo, the set N := {« £ G | A £ <x(/«)} is 
finite. There exists a trigonometric polynomial g on G such that ga = /„ for all * £ N 
and ga = 0 for « $ 2V (use (uaij)pkj = (M^ * w^,) (e) = l/raa dapdudk} by [8: 27.20 (iii)]). 
Let h = / — g. Then h £ Lx(G), ha — }aior oc N and h„ = 0 for » £ N. In particular, 
X $ U which implies by [1: 4.3] that X (f a£«(e)(A), i.e. there exists k £ 1^(0) such that (X6e — h) * (l/XSe — k) — (1 j?.6t — k)* (Xde — h) = de. Hence 

(A - U(h)) (1/X - U(k)) = [HX - Z7(i)) (A - ff(A)) = I (2) 

From our assumption on X, N n sp (U) = 0 , hence = /„ for all « £ sp (U). This 
implies that U(h) = £/(/) by 2.7. Consequently (/I - E/(/)\ is invertible in 1(E) by (2), 
i.e. X <£ a(U(f)). 

b) Let sp (U) be finite and suppose 0 $ U cr(/A). In order to show that 0 $ a(U(f)), 
«€sp<io 

take a trigonometric polynomial g satisfying ga = (f,)'1 for all <% £ sp (U). Then 
(g * f)& = gjc = I = (4) = (/ * <j'U for every a. £ sp (U). I t follows from (2.7) that 
U(f) U(g) = U(g) U(f) = / . hence of 0 a{U(f)) I 

3. Discrete measures 

It has been shown in [5] that for abelian groups the theorem corresponding to the 
second part of 2.2 remains true if f is replaced by a measure on G whose singular 
part is completely discontinuous. This is no longer true for compact non-abelian 
groups. In fact, while we can prove that theorem 2.2 part 2 holds for point measures, 
we show that there exists a completely discontinuous measure / i o n s compact group G 
such that 

o{U(/x)) #= U a(fi.), 
«£sp (U) 

where U is a suitable representation of G on a Banach space E. 

3.1 P r o p o s i t i o n : For every t £ G, 

a(Ut) = l U fft^r1)))". 
\«€sp(P) ) 

P r o o f (cf. [4: 6.3] for the abelian case): One inclusion follows from 2.2 part 1. For 
the reverse inclusion suppose X $ M := I (J o(UJt~r))Y and let W an open set in 

\«6sp(t7) / 
r = {z £ C | |z| = 1} containing I f but X ff W. We can find a C2-function / on F which 

9 * 
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coincides with z (X — z) 1 on W. Then the Fourier expansion is absolutely con-
vergent and we have f(z) = 2J a„s" with 2J \an\ < Let 8 = JJ a„Utn. In order to 

show S(A — Ut) = / let fi = / 2J an&tn\ * (/I — St). B y 2.7 it is enough to show that 

Let x € sp (U). If we consider the representation V of Z given by V(n) = ujt""), 
and its lifting to P(Z) given by V(b) = JJ bnux{t~n) for b € P(Z) then by [4. 6.4] sp (F) 

= [ ^ . ( r 1 ) ) ] - 1 (being aware that the co-Fourier transformation is considered in [4]). 
By definition of W, sp (F) c= W~K Consequently, d(z) (A - dj1 {z) = /(s"1) (A — 2"1) 
= 1 for all z £ W~\ This implies F(a) F(A — = I by [4:3.3 vi], that is I £ anua(t-n)\ 

(A — u^t x)) = I. (2. — Ut) 8 = I can be shown in the same way. Hence, X (f a{Ut) I 

For the counterexample we need some additional notation. Let G be a locally com-
pact group. For B cz M(G) we define B1 = ( / ( £ M(G) | inf {\/u\, |j>|} = 0 for all 
v £ A}. A subsetB of M{G) is called a band if B = B11. If B is a band in M(G), M(G) 
is the direct sum of B and BL. B y MC(G) we denote the space of all continuous measures 
in M(G). Md(G) := MC(G)1 is the space of all completely discontinuous measures in 
M(G) and is isomorphic to lx{Gd). Md(G) is a subalgebra and MC(G) an algebraic ideal 
of M(G) (see [8]). Recall, a subalgebra A0 of an algebra A is called full if for every 
x £ A0, which is invertible in A, x 1 £ A0. 

3.2 L e m m a : Md(G) is a full subalgebra of M(G). 

P r o o f : Assume fx £ Md(G) is invertible in M(G). We have to show that p"1 £ Md(G). 
There are uniquely determined measures £ Md(G), v2 £ Md(G)L = MC(G) such that 
ft'1 = i>x + v.,. Hence de = // * vt -f- /J, * v2. Since MC(G) is an algebraic ideal, a * v2 
= de — p * v1 £ MC(G) n Md(G) = {0}. Thus /x *v2 = 0, which implies v2 — 0, i.e. 
p'1 £ Md(G) I 

Let H be a subgroup of Gd (G with the discrete topology). ll(H) can be identified 
with the band in M(G) consisting of the measures in Md(G), which are concentrated on 

3.3 L e m m a : V-(H) is a full subalgebra of ^(G^). 

P r o o f : a) P{H) is a subalgebra of V (G). This is obvious, b) ll(H) * ll(II)^ cz I1 (II)1- : 
Let p £ il{H)1. I t is enough to show that 6, * p £ I1 (II)1 for all t £ H. Let t £ II- fx can 
be written (i = £ andtn, where tn £ G\ H and £ \an\ < oo. Thus dt * /x = £ a„dttn 

«£ N n£N . n e N 
£ P-(H)1, because ttn £ G\ H, H being a subgroup of G. 

c) TMJS) is full in P-(G): Assume ,u £ I1 (II) is invertivle in IHG). Then /j,-1 = ^ + v2 

for uniquely determined measures 6 ^(/ i) , v2 £ P ( f f ) 1 . Hence de = fi * ^ + p * v2, 
and p * v2 = de — p * £ n ^(H)1 = {0} by a) and b), which implies v2 = 0, 
i.e. /x'1 £ l\H) I 

3.4 C o r o l l a r y : P-(H) can be identified with a full subalgebra of*M(G). 

To construct the counterexample, let 0 = 80(3,11), E = V-(G). D e f i n e d : 
G 1(E) by ( U t f ) (8) = /(«-!«) (s £ G) for all t £ G, f £ L\G). Then U(/x) f =•/* * f 
for fx £ M(G), f £ Ll(G), according to the definition in section 2. For ii £ M(G), 

W z 

H. 

(3) 

pLa = I, i.e. / 2Janu„(t~n)\ (l — u^t'1)) — I, for every <x £ sp (U). 
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as is well known (see also [1]). The free group on two generators is a subgroup of Gd 

(see [7]). In V-(H) there exists a hermitian measure u such that i £ c>i<(H)(p) ([3]). 
I t follows from 3.4 and (3) that % £ a[U(uf). B u t since jx is hermitian, the matrices 
floe are selfadjoint, which implies U <?(/}„) cr It. 
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